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Abstract

Two players play a zero-sum repeated game with incomplete information.
Before the game starts one player receives a private signal determined by the
information structure of the game. Different information structures induce
different equilibrium payoffs. The value-of-information function of the game
corresponds to the induced value to every information structure. We charac-
terize those functions that may be value-of-information functions. In the case
where each player can receive private information on the state we characterize
the value-of-information functions of two classes of games.
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1 Introduction

Agents sometimes interact in an unknown environment but receive some information
about the real situation. This scenario is modeled as a Bayesian game with informa-
tion structure: Players have a prior distribution on the unknown state of the world
and receive some partial information about the game actually played. This informa-
tion affects the players’ posterior distribution and thereby players’ behavior. Thus,
the information structure of the game affects its equilibrium payoffs.

An outside observer collects data about the Bayesian game. This data contains
different information structures and the outcomes associated with them. An outside
observer cannot observe players’ prior distribution nor their actions. The question
arises as to what observations can refute the possibility that the players play rationally
in a Bayesian game. In other words, what conditions the data should satisfy in order
to be consistent with a rational behavior of the agents in Bayesian games. This
question is similar in spirit to a question answered by Afriat (1967). He asked:
What conditions should a data that contains different prices and their corresponding
consumption bundles are consistent with rational behavior of a consumer?

The issue of consistency of observed outcomes with a rational behavior of a
Bayesian agent was first addressed by Gilboa and Lehrer (1991). They dealt with
a decision maker who is informed by a partition of the state space (as in Aumann
(1974)): the information he receives about the realized state is the cell of the partition
containing that state.

Different partitions determine different optimal payoffs. The function that at-
taches the optimal payoff to any partition is called a value-of-information function.
Gilboa and Lehrer (1991) found the conditions that the Bayesian model impose on
such functions. In other words, Gilboa and Lehrer (1991) characterized those func-
tions (defined on partitions) that can be realized as value-of-information functions.

As a first step toward a more comprehensive understanding of the role of informa-
tion in interactive situations, we consider zero-sum repeated games. Folk theorems
have already established that zero-sum games are not only important for their own
sake but also for non-zero-sum repeated games; the value of a zero-sum game is
involved in determining the equilibrium payoffs of non-zero-sum repeated games.

Zero-sum games have two advantages in examining the role of information. First,



they have a unique equilibrium payoff, the value. Second, receiving more information
in zero-sum games can never be harmful. That is, the equilibrium payoff of a player
cannot decrease as a result of obtaining more information. Hirshliefer (1971) was the
first to notice that in general games players might prefer dropping payoff-relevant
information, because their equilibrium payoff would then be higher (see also, Kamien
et al. (1990), Bassan et al. (1999)).

The role of information in repeated games is different from that in one-shot games.
In one-shot games it is always optimal to use all available information. In repeated
games, by contrast, it might be that fully using the information is not optimal. This
observation might lead one to expect that receiving more information is less beneficial
in repeated games than in one-shot games. Therefore, one may think that the possible
impacts of information structures on the value is different in repeated games from the
possible impacts of information in one-shot games. This intuition turns out to be

wrong.

We extend Gilboa and Lehrer (1991) to repeated interactive models. We consider
two types of informational structures: one-sided and two-sided (independent). In
both cases we characterize the functions defined over partition that can be realized
as value-of-information functions.

The first result deals with the games where only one player receives informa-
tion about the game actually played. It turns out that in such repeated games any
monotonic function defined over partitions is a value-of-information function. In other
words, for any monotonic function over partitions one can find a one-sided repeated
game whose value coincides with the function. This means in particular that the
Bayesian paradigm is rich enough to allow any monotonic function to be a value-of-
information function for some game. That is, in order for a data about information
structures and their corresponding outcomes to be consistent with the Bayesian par-
adigm, it is sufficient that the outcomes increase with the information. This result
stands in sharp contrast with one-player decision problems. There monotonicity is
not sufficient, and there is an additional non-trivial condition that a function should
satisfy in order to be a value-of-information function.

The richness of the Bayesian model is also supported by our second finding which
deals with two-sided information structures. The state space is a product space and
each player receives information only about one component of the product. In this
framework the value-of-information functions are defined on pairs of partitions; one

for each player.



We introduce a new model where players can take an action called commitment
before they receive any information about the real state. This commitment will not
change the distribution over states nor will it change players’ information. Commit-
ments will affect only the payoffs. That is, commitments will change the outcomes
of subsequent actions. It turns out that for a function defined on pairs of partitions,
monotonicity in each argument is sufficient for it to be a value-of-information function

for some repeated game with commitment.

An important tool used to investigate the issues described above is the value
function of a one-shot zero-sum Bayesian game in which players receive no information
beyond the prior. The value of such a Bayesian game can be viewed as a function
from priors to numbers, called the value of the game with no information. These
functions play a crucial role in the characterization of the values of repeated games
with incomplete information (Aumann and Maschler (1995), Mertens et al. (1994)).
The problem, which is of interest in its own right, is to characterize the real functions
defined over the set of priors that are the values of some game with no information.
This question can be fully answered when there are two states of nature, and remains
open in the general case. In the general case we provide the properties needed for the
rest of the paper.

Repeated games with incomplete information were introduced and studied by
Aumann and Maschler (1995). Mertens and Zamir characterized the value of long
repeated games with incomplete information on both sides. Gossner and Mertens
(2001) compared different information structures in zero-sum repeated games with
incomplete information. A companion paper (Lehrer and Rosenberg, 2003) considers

value-of-information functions for one-shot zero-sum games.

This paper is organized as follows. In the next section we describe the model. We
explain the notion of information structure and then introduce repeated games with
one-sided information. The main issues and the main result is described in Section 3.
A sketch of the proof is given in Section 4, and the paper ends with final comments

and open problems.



2 The model

2.1 Information structures

We consider two-player zero-sum games with incomplete information. A state of
nature is drawn from a finite set according to a known probability. Before the game
starts the players receive signals which depend on the realized state. The information
structure of the game specifies how signals depend on the state selected. As in
Aumann (1976), we confine ourselves to partitional information structures.

One-sided information structure

A state k is drawn from a finite state space K according to a common prior p. The
state space is partitioned into sets called cells, and when the state k is realized, player
1 is informed of the cell containing k. Formally, a one-sided partitional information
structure (or simply information structure) is represented by a partition Q of the set
K. Denote by Q(k) the cell of Q that contains k. When £ is realized, player 1 gets
to know Q(k).

When Q = {K}, for instance, player 1 cannot distinguish between any two states.
In this case no player receives any information about k. However, if Q = {{k}, ke
K }, then player 1 is fully informed of the realized state. Whatever the one-sided
partitional information structure is, beyond the prior p, player 2 knows nothing about
k. Note that any game has finitely many partitional information structures.

Two-sided information structure

A state (k, ¢) is drawn from a finite state space K x L according to probability .
K and L are partitioned into P and Q, respectively. Player 1 is informed of P (k) and
player 2 of Q(¢). Note that the probability 7 does not need to be a product of two
independent probabilities, one on K and one on L. If 7 has full support and K and
L are not singletons, then none of the players is fully informed of the realized state
(k,¢). If K = L and k = ¢ with probability 1, then the state space is equivalent to a
regular space (not a product), where each player is informed of a different partition.

2.2 The repeated game

In this section we describe how the repeated game proceeds after the players receive
their information. The game is an extension of the incomplete information game
defined by Aumann and Maschler (1995).



2.2.1 The one-sided information game

The n-stage game with one-sided information, denoted by I',,(p, Q), is defined by an
integer n, an information structure Q, a probability p over K, a finite set of actions
for each player i € {1,2}, A;, and a payoff function g from K x A; x A, to the reals.
The payoff associated with (k, aq, as) is denoted by gx(ai, as).

The game is played as follows: At stage 0 nature chooses an element k£ of K with
probability p player 1 is then informed of Q(k). The game is played in n stages.
At stage m = 1,....,n players 1 and 2 simultaneously choose actions according to
probability distributions that may depend on the history of previous actions and
signals. If the realized state is k and the pair of chosen actions is (af*, ay") the payoff
at stage m is gx(al”,al’). The pair of chosen actions (and not the payoff) is then
announced to both players and the game proceeds to its next stage. The payoff in
[, (p, Q) is the expected average of the n-stage payoffs received during the game.

A behavior strategy of player 1 is a sequence 71 = (74,7, ..., 7", ....) , where 7"
is a function from his information at stage m, Q x (A; X A3)™! to the set’ A(4;)

of probability distributions over his set of actions. A behavior strategy of player 2

is a sequence T, = (73, Ts, ..., T4, ....), where 75" is a function from his information
at stage m, (A; x Az)™ 1 to the set A(Ay). When applied to the game I',,(p, Q), all

7™, m > n, are payoff irrelevant.

The probability distribution p, the partition O and the pair of strategies 7,7
induce a probability over the set of histories of length n, H" = K x (A; x A)™. The
expectation with respect to this probability will be denoted by E’;i% or simply by E
when no confusion can arise. If the players use the strategies 71, 75, the associated
payoff in the n-stage game is v2(m,72,p) = E22 [L 3" gi(al",a3')] . This is the
expected average payoff received along the n stages of the game.

The game I',,(p, Q) is a finite game and therefore, by the minmax theorem, has a
value denoted by v2(p, (gx)rex ). The following proposition whose proof is postponed
to the appendix states that this sequence converges. It extends the same result proved
in Aumann and Maschler (1995) that refers to the case in which player 1 gets full

information on k.

Proposition 1 The sequence v2(p, (gx)rex) has a limit denoted by ve(p, (gr)kex)-

The function v<(p, (g )rex) Will be referred to as the long-run value of the game.

This is an approximation of the equilibrium payoff in long games. The long duration

!Throughout this paper A(X) denotes the set of probability distributions over a set X.



of the games discussed implies in particular that player 1 might want to use only a
part of the information he has. This is so because any use of information may increase
his payoff in the short-run, but also reveal important information and thereby give
a relative informational advantage to player 2. This might be harmful to player 1 in

the long run. Obviously, all these arguments are imbedded in the long-run value.

Remark 1 One could also define the infinitely repeated discounted version of this
game. The strategy sets would be the same but the A-discounted payoff would then be
VR (11, 7o, p) = ERS [5°%°_ A(1 — A\ lgi(al, af)]. By a standard minimax theorem

this game has a value denoted v2(p, (gx)rex). Furthermore, limy o v (p, (gk)rex)

exists and is equal to v(p, (gr)rex). One could also define the uniform value of the
(

game as in Aumann and Maschler (1995), again this value exists and is equal to the

long-run value of the game.

2.2.2 Two-sided information games

In a game with incomplete information on both sides, both players get some infor-
mation on the state of the world. This model follows the one introduced by Aumann
and Maschler (1995). The n-stage game is defined by an integer n, two sets K and L,
two information structure P and Q, a probability m over K X L, a finite set of actions
for each player i € {1,2}, A; and a payoff function g from K x L x A; X As to the
reals. The payoff associated with (k, /¢, ay,as) is denoted by gx (a1, as). The game is
played like the one sided information game except that at the beginning of the game
nature chooses (k, /) from K x L with probability 7. Player 1 is then informed of
P(k) and player 2 of Q(¥).

A behavior strategy of player 1 is a sequence 7, = (7,7, ..., 70", ....), where 7"
is a function from P x (A; x Ay)™! to A(A;). A behavior strategy of player 2 is
a sequence Ty = (74,73, ..., 5", ....), where 75" is a function from his information at
stage m, Q X (A; x A3)™ ! to the set A(Ay). As before the game is played in n stages
and we denote by v72(p, (gr.¢)rereer) its value.

Proposition 1 extends to this framework. The following proposition is an extension
of a similar proposition proved in Mertens and Zamir (1971) for the case in which
player 1 knows k£ and player 2 knows /.

Proposition 2 The sequence v1 (7, (gro)rereer) has a limit (denoted by

VP97, (g rexeer))-



2.2.3 Games with commitment

Suppose that before getting any information about the realized state the players can
make a commitment. This commitment will affect the payoffs during the game and
once taken is not amendable. To allow the possibility of making a commitment we
extend the model of repeated games and introduce a commitment stage before the
game starts.

Before receiving any information the players can choose actions from the sets
C;, v = 1,2. This pair of actions is observed and then a regular repeated game
with incomplete information is played. The distribution 7 over the states does not
depend on the actions chosen at the commitment stage, while the payoff functions
may depend on them.

Formally, a game with commitment is defined as the regular repeated game with
the addition of two sets, C} and Cy (the sets of commitments). The payoff functions
(gr.0)kexeer are defined now on the product Cy x Cy x Ay x As. Thus, the payoff at
every stage depends not only on the pair of actions taken at that stage but also on
the pair of commitments taken at the commitment stage (that takes place before the
game starts).

In order to justify the name ‘game with commitment’ one may think of the set
C; as a set of actions. Had C; been a regular set of actions, the action set of player ¢
would have been A; x C;. That is, player ¢ would have to choose at every stage a pair
from A; x C;, where the second component (the one taken from C;) may vary across
stages. However, in a game with commitment the choice of an action from C; should
be fixed along histories. In other words, player ¢ commits to choosing the same action
in C; at each stage. Furthermore, this choice is independent of his information.

Note that there are more games with commitments than repeated games with
incomplete information since any repeated game with incomplete information can be
considered as a game with commitment in which both sets C; are singletons.

Let v29(p, (gr.e)rerecr) denote the value of the n-stage game. Then a consequence
of Proposition 2 is:

Proposition 3 The sequence v72(p, (gre)rereer) has a limit (denoted by
0”2 (p, (gre)kekrer))-



2.3 The value-of-information functions

In this paper we focus on the long-run value of the game viewed as a function of
the information structure. This will be called the wvalue of information in this game.
More precisely, in the one sided information case, let (gx)rex be a payoff function
and let p be a distribution over K. In this fixed game the effect of the information Q
on the payoff is reflected by the value v9(p, (g )rex ). As we are interested in the role
of information we consider it as a function over partitions and call it the value-of-
information function of the game. In general we define value-of-information functions

as follows.

Definition 1 1. A function f defined over all partitions of K 1is the value-of-
information of an incomplete information game with one sided information and
partitional information structure if there is a distribution p over K and if there

are payoff functions (gx)rex such that for any partitions Q over K, f(Q) =
v2(p, (gr)kek)-

2. A function f defined over all the pairs of partitions of K and L is the value-
of-information of an incomplete information game with partitional informa-
tion structure if there is a distribution m over K X L and a repeated game
with incomplete information defined by some payoff functions (ge)rexier :
Ay x Ay — R such that for any partitions P, Q over K and L, f(P,Q) =

P2 (p, (grs)rek.cer)-

3. A function f defined over all the pairs of partitions of K and L is the value-
of-information function of an incomplete information game with partitional in-
formation structure and commitment if there is a distribution © over K X L
and a repeated game with incomplete information and commitment defined by
some payoff functions (gre)rexer : C1 X Cy x Ay X Ay — R such that for any
partitions P, Q over K and L, f(P, Q) = v"%(p, (gr.e)rex.ceL)-

3 The results

3.1 Omne-sided information

The main issue in this paper is to study the properties that value-of-information
functions must owe. Formally, let V' (Q) be a function over partitions Q of a fixed

state space K. The question arises as to when there exist payoff functions (gx)rex



and a distribution p over K such that for any Q, V(Q) = v<(p, (gx)rer ). Answering
this question amounts to giving an axiomatic characterization to value-of-information
functions.

The same problem in the setting of a one-player decision problem has been an-
alyzed by Gilboa and Lehrer (1991). Note that the one-player case is a particular
case of a zero-sum game (with player 2 having only one action). Since there are
more zero-sum games than one-player decision problems, there are more value-of-
information functions of zero-sum games than of one-player decision problems. Thus,
the conditions that characterize value-of-information functions of zero-sum games are
less restrictive than those characterizing value-of-information functions of one-player
decision problems.

The following monotonicity condition is clearly necessary for a value-of-information
function. Indeed, in zero-sum games it is always beneficial for a player to have more

information.

Definition 2 A function v from the set of partitions of a finite set K to the real
numbers is said to be monotonic if for any two partitions Q and Q', the fact that
Q refines Q' (i.e., for any T € Q there is an T" € Q' such that T C T') implies
v(Q) > v(Q).

The first theorem states that this condition is also sufficient.

Theorem 1 Let V' be a function from the set of partitions of K to the real numbers.
The function V' is a value-of-information function of a repeated game with state space

K, one-sided information, and partitional signaling if and only if it is monotonic.

The sketch of the proof of this theorem is given in section 4 and a detailed proof
is postponed to the Appendix.

The main implication of this theorem is that even when one takes into account the
strategic use of information there is no restriction on value-of-information functions
(except for the trivial one of monotonicity) imposed by the Bayesian paradigm. This
means that the model of Bayesian rational players is rich enough to encompass a very
wide range of possible effects of information. As long as the outcome of the game
is monotonic with information, it is consistent with rational behavior of players in
Bayesian games. Our main result implies in particular, that there is no restriction
on the first derivative of the value as a function of information: the effect of a fixed
addition information on the value can go down or up with the information already

existing.



In Lehrer and Rosenberg (2003) it is proved that the same characterization holds
for value-of-information functions of one-shot games. Therefore, repetition does not
affect the set of value-of-information functions, although it might affect the value of

a particular game.

3.2 Two-sided information

In this subsection we extend the previous result to games with two-sided information.

Theorem 2 Let V' be a real function defined over pairs of partitions: one of K and
one of L. The function V' is a value-of-information function of a repeated game with
incomplete information on both sides with state space K x L and with commitment if

and only if it is increasing in P and it is decreasing in Q.

The conditions are necessary as a consequence of the Theorem 1. As in Theorem
1, this theorem states that these conditions are also sufficient. In other words, as
soon as the players can commit to some action independently of the information they
receive, the Bayesian model does not impose any restriction beyond monotonicity on
the nature of the value as a function of information.

The set of value-of-information functions of games with one-sided information and
commitment is larger than the set of value-of-information functions of games with one-
sided information and no commitment. On the other hand any value-of-information
function of a game with commitment is increasing. Thus, Theorem 1 implies that
in the one-sided information case the set of value-of-information functions of games
with and without commitment coincide.

A close examination of the proof of the theorem reveals that the probability
used to define the game can be taken to be a product of independent probabilities.
Moreover, the payoff function of the repeated game is the sum of a payoff that depends
only on k£ and on the actions and a payoff that depends only on ¢ and the actions.

A natural question to ask is which functions are value-of-information functions of
repeated games with no commitment. The following result gives a partial answer in
the case in which k and ¢ are independent and payoffs satisfy the following condition
of separability.

Definition 3 Let K, L, Ay, As be finite sets. A payoff function g : K x Lx Ay x Ay —
R is separable, if (i) each set A; can be written as a product A; = A} x Al, (ii) there
exist two functions g1 and g such that g; : K x A\ x A, — R and go : LXA] XAy — R

10



such that for any (k,1,d), d, a],ay) € KX Lx A\ x AL x AV x AY, g(k,l, a),ab,ay,aly) =

gl(k7 CL/17 a/2) + 92(l7 a/1/7 a/2/)

Let 7 denote the trivial partition. The following definition is needed for the
stating the result.

Definition 4 A real function V' defined over pairs of partitions, one of K and one of
L, satisfies the independence condition if for any partition Q of L, V(P,Q)—V (P, T)
is independent of P.

V(P,Q)—V (P, T) is the value of player 2’s partition, Q, when player 1 is informed
through P. When the distribution over states is a product probability and the payoft
function is separable this value does not depend on the information player 1 has on
k and therefore the value-of-information satisfies the independence condition.

Theorem 3 Let V be a real function defined over pairs of partitions, one of of K
and one of L. The function V is a value-of-information function of a repeated game
with incomplete information on both sides with state space K x L, in which k and
¢ are chosen independently and the payoff function is separable if and only if it s

increasing in P and it is decreasing in Q and satisfies the independence condition.

The set of games with commitment includes the set of games with no commit-
ment. Therefore, the set of value-of-information functions of games with commitment
contains the set of value-of-information functions of games with no commitment. The
set of value-of-information functions in games with no commitment is unknown. How-
ever, in the case of independent information and a separable payoff we provide a full
characterization. Theorem 3 states in particular that any increasing in P, decreas-
ing in @ function that satisfies the independence condition is value-of-information
function of a game with a separable payoff and independent information.

4 The proofs

In this section we provide a sketch of Theorem 1’s proof and the proofs of Theorems
2 and 3. An elaborate proof of Theorem 1 is deferred to the Appendix. The proofs
employ a few tools that will be described in the following subsections.

11



4.1 The one-shot game

The first tool we need is the value of the one-shot Bayesian game.

Notation 1 Suppose that p = (pr) € A(K). u(p) is the value of the game defined by
the action sets Ay, Ay and the payoff .. p(k)gr(a1,az), when the pair of actions
(a1,a9) is played.

The value of the one-shot Bayesian game with null information (i.e., no player
obtains additional information about the realized state beyond the prior p) is denoted
u(p). This function plays also a central role in the theory of repeated games with

incomplete information (see Aumann and Maschler, 1995).

Definition 5 A function u defined on A(K) is realizable if there are games Gy,
k € K with the same action sets, such that the value of G(p) = Y, P(k)Gy is u(p)
for every p in A(K).

The proof of Theorem 1 relies on the fact that the set of realizable functions is
large. Mertens and Zamir (1971) proved that the set of realizable functions is dense
in the set of continuous functions. This is not sufficient for our purposes since we need
a precise realization and not merely an approximated one. The following proposition

is what we need.

Proposition 4

(i) Given a finite number of pairs (xe,ye) € A(K) x IR , ¢ = 1,..., L, there is a
realizable function u such that u(xy) =y, £ =1, ..., L.

(i) If Cy is finite, Cy is a union of closed polygons, C1 N Cy = 0 and ¢; and ¢y are
two numbers such that c; > co, then there is a realizable function u that satisfies

u(z) < ¢y when x € Cy, u(x) = ¢ when x € C1, and u(z) < ¢ otherwise.

(i) Let Cy and Cy be two disjoint closed semi-algebraic sets, and fi and fo two
realizable functions. Then, there is a realizable function u that satisfies u(x) =
fi(z) when x € Cy, and u(x) = fo(x) when x € Cy.

12



4.2 The long-run value

The main results of the paper are based on a well-known result by Aumann and
Maschler (1995). It characterizes the long-run value of the game. In order to describe
this result we need the following notation.

Notation 2 Let f be a real-valued function defined on A(K). cav(f) denotes the
minimal concave function which is greater than or equal to f.

Theorem 4 (Aumann and Maschler, 1995) In a repeated one-sided information game
where player 1 is fully informed of the state (i.e., when Q@ = {{k}, k € K}), the value
of information, v(p, (gr)rex ), 5 equal to cav(u)(p).

Our proofs resort to an extension of this characterization.
For a partition Q and B € Q denote by p(B) the probability )", 5 p(k). Denote

by 7, (| B) the conditional probability over K, given the set B C K; that is, m,(k|B) =
p(k)

p(B)”

Notation 3 For a partition Q denote by M(Q) the set of matrices M = (m;g)i<p
BeQ
with D lines (D can be any positive integer) and |Q| columns such that for any i, B,

m;p > 0, and for any B, ZigD m;p = p(B). For such a matriz we denote by m; the
quantity ZBEQ m;p, and by p;(M) the probability distribution over K defined by,
; k|B
pa)(h) = Zoce e EHE)

m;

The following proposition extends Theorem 4.

Proposition 5 The value of the game with one-sided information is

ve(p, (gr)kex) = max {Zmlu(pl(]\/[))‘ M e M(Q)} : (1)

<D

The concavification of u can be defined also as cav(u)(p) = max{},p mzu(pz)‘
m; > 0,> . m; =1, . m;p; = p}. Proposition 5 states that the long-run value is the
maximum over a smaller class of possible (m;, p;), i < D. In this sense v(p, (gx )rex)

is a local concavification of the function w.

13



4.3 A sketch of the proof of Theorem 1

Let V be a monotonic function of partitions. Our goal is to construct a game for
which the long-run value associated with the partition Q is equal to V(Q). To this
end we construct a realizable function u such that V(Q) = v<(p, (g )rex) as defined
by equation (1).

1
TAERRE

state space is represented by a point in the simplex. A subset B of K is represented

Let p be the uniform probability ( %K) A probability distribution over the
by the point in the simplex associated with the conditional probability «(.|B). A
partition is represented by a linear subspace, denoted by H(Q), spanned by 7(.|B),
where B runs over all the cells of the partition. Note that H(Q) C H(Q’) if and only
if @' refines Q. Note moreover that for every partition Q, p € H(Q) (see the figure
below).

To satisfy equation (1) it is sufficient to find w that satisfies the following two
conditions: (i) If @’ refines Q, then w is less than or equal to V(Q’) on H(Q); and (ii)
For each partition Q there exist points pi, ..., pjg) in H(Q), such that u(p,) = V(Q)
and p can be written as a convex combination of py, ..., pjg|. Such a realizable function

exists by the Proposition 4.

The following figure illustrates the case of K = {1,2,3}. The partition Q =
{1,2, 3} is represented by the 0-dimensional space H({1,2,3}), which is the center of
the triangle, denoted in the figure as {1, 2, 3}; the partitions of K into two sets are
represented by lines and H({{1}, {2}, {3}}) is the whole simplex. The points marked
« are on H({{1},{2,3}}) and the center of the triangle is a convex combination of
them.

H{{3}1.{1.2}})
{3}
H({{2},{1.3}}) H({{1}.{2:3}})

{1, 12,3}

{1 12} S\q2)
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The detailed proof, provided in the appendix, shows that if V' is monotonic, then
there is a realizable function u such that the value u attains at the center is less than
or equal to V({{1},{2,3}}) while the values u attains at the points marked * is equal
to it.

4.4 Proof of Theorem 2

Let p be the product of two independent probability distributions: p over K and v
over L, both with full support. Suppose that V is an increasing function in P and
decreasing in Q.

4.4.1 A duality relation

In this section we define a notion of duality that will be used in the sequel. For
each function V' which is increasing in P and decreasing in Q, one can define a dual
function W as follows: W is a function of a partition of K and an increasing cost
function ¢ defined over partitions of L.
Set,
W(P,c) = inn [V(P, Q)+ ¢(Q)].

W is a minimum of linear functions in ¢ and it is therefore concave in ¢. This
function is reminiscent of the Fenchel conjugate of a convex function (see, Rockefeller
(1970)). The introduction of such functions into the area of repeated games is due to
De Meyer (1996).

Assuming that V' (P, Q) indeed represents the value of a game G(P, Q), we inter-
pret the function W (P, c) as the value of the dual game. In the dual game, player
2 first buys an information structure Q at cost ¢(Q), and then the game G(P, Q) is
played. It turns out that when the cost is ¢, the value of the dual game is W (P, ¢).

Remark 2 V is increasing in its first argument. Thus, W is also increasing in its

first argument.

The following lemma, proved in the Appendix, states that there is a duality rela-
tion between V and W.

Lemma 1 IfV is increasing in P and decreasing in Q, then
V(P, Q) = max [W(P,c) — c(Q)],

where the maximum is taken over increasing cost functions c(-).
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4.4.2 Two auxiliary games

We employ Theorem 1 and define two auxiliary games. The repeated game needed
for the proof of Theorem 2 will combine these two games.

Suppose that player 2 is the informed player in a one-sided game. For each in-
creasing cost function ¢, Theorem 1 ensures that —c is a value-of-information function.
Thus, there is a one-sided information game (player 2 is informed of Q), I'. with state
space L, whose long-run value is —¢(Q).

Fix a cost function ¢. By Remark 2, W is increasing in P. Therefore, by Theorem
1 there is a one-sided information game, G., with state space K whose long-run value

is W(P, c) when player 1 gets the information P.

4.4.3 The game

Define the following repeated game with commitment: Let C; be the set of all in-
creasing cost functions ¢ and let Cy be a singleton. At the commitment stage, which
takes place at the beginning of the game, player 1 commits to a cost function c¢. The
state (k,?) is then drawn from K x L according to the commonly known product
probability p; player 1 is informed by P and player 2 by Q. In all subsequent stages,
the players play simultaneously in the stage games of I'. and G.. The payoff is the
sum of the payoffs.

4.4.4 Analysis

Given the commitment ¢, the players play I'. and G, simultaneously. Since k& and /¢
are independent, the optimal strategy of player 2 in GG. does not depend on and is
unaffected by information that he may have about k. Likewise, the optimal strategy
of player 1 in I'. does not depend on and is unaffected by information that he may
have about ¢. Therefore, the value of the repeated game after the commitment ¢
has been made is the sum of W(P,¢) and —¢(Q). The optimal commitment of
player 1 is therefore to take ¢ that maximizes this quantity. Thus, the value is
max.cc W(P,c) — c(Q) = V(P, Q), by Lemma 1.

4.5 Proof of theorem 3
4.5.1 The ‘If’ side

We first prove that if V' satisfies the conditions of Theorem 3, then it is a value-of-
information function of a game with independent information and separable payoffs.
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Suppose that V satisfies the conditions of Theorem 3. We define a dual function
W as in subsection 4.4.1 and two auxiliary games as in subsection 4.4.2. Note that
each game depends on either k or on ¢ but not on both, and that they have different
action sets. We now define a game similar to the game defined in subsection 4.4.3.

For each cost function ¢, we define the following repeated game with incomplete
information, denoted I'(¢). (k, £) is drawn from K x L according to a product proba-
bility, player 1 is informed by P and player 2 by Q. Then, the players simultaneously
play G, and T'..

The independence condition (recall Definition 4) implies the following lemma
whose proof appears in the appendix.

Lemma 2 Assume V is increasing in P, decreasing in Q and satisfies independence.

Then, there exits an increasing cost function c¢* such that for any partitions P and Q,

W(P,c*) =V(P, Q)+ c*(Q).

As above, since p is a product probability, the value of f‘(c) is W(P,c) — c(Q).
Therefore, the value of the repeated game I'(c*) is W (P, ¢*) —c¢*(Q) = V(P, Q). Since
f(c*) is a game with separable payoffs, it completes the proof of the ‘If” direction.

4.5.2 The ‘Only If’ side

We now prove that for any repeated game G with independent information and sep-
arable payoffs the value of information satisfies the independence condition. Assume
that g = g1 + g2 where g; depends only on k and the actions (a}, @), and g, depends
only on ¢ and the actions (af,ay). Let V; (resp. V3) be the value of information func-
tion associated with the repeated game (G; with one-sided information, state space
K and payoff function g; (resp. Gy with state space L and payoff function gs).

Since k and ¢ are independent, the fact that player 2 receives information about
¢ (resp. player 1 about k) does not affect his behavior in G; (resp in Gg). Therefore,
the value of this game is Vi(P) 4+ V5(Q) = V(P, Q). Thus, for any P and Q,

V(P,Q) =V (P, T) =Vi(P)+ Va(Q) — Vi(P) = Va(T)
:‘/Q(Q)_%<T>7 .

Since V5(Q) — Vo(7) does not depend of P, the proof is complete.
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5 Comments and open problems

5.1 General information structures

The main theorem focuses on partitional structures. It would be interesting to char-
acterize the value-of-information functions defined over more general signaling struc-
tures.

5.2 The value of information in repeated games with incom-
plete information on both sides

We extended theorem 1 to the case in which both players get some information and
the state space is S = K x L and in which commitment is allowed at least to one
player. We do not know how to characterize the set of value of information functions
of games without commitment. We conjecture that any function that is increasing in
P and decreasing in Q is a value of information function.

Moreover, even in games with commitment, we constructed a game in which the
probability over the state space is a product of two independent probabilities. This
result does not extend to the case in which the players are informed through distinct
partitions of the same space S. Characterizing the value-of-information functions for
games with incomplete information on both sides and a general state space is an open
problem.

5.3 The value of one-shot games with one-sided information

In the proofs, we relied on some properties of the function u(p); the value of the one-
shot Bayesian game with null information. A similar analysis of a one-sided game
is of interest. More elaborately, suppose that a game G}, is chosen with probability
p(k), is informed to the maximizing player and is played once. Denote the value of
this game by w(p).

It is clear that every such function w is a function u of some game with null infor-
mation. Moreover, any such function is concave. The question arises as to whether
every concave function which is a value-of-information function of a game with null
information is a value-of-information function of a one-shot one-sided information

game.
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5.4 The general null information case

One can fully characterize the value of games with null information and only two
states. Indeed, along the same lines as the one provided in the appendix, one can
prove that when there are two states, if f is a real polynomial that does not vanish,
then 1/f is realizable. This in turn implies that a function is realizable if and only if
it is piecewise rational.

In the case where there are more than two states, we have only partial results.
We could prove that every polynomial is realizable, and that for every continuous
piecewise rational function ¢ and every € > 0, there is a realizable function u that
coincides with ¢ over a set whose Lesbegue measure is 1 — ¢ (where the entire A(K)
has measure 1).

We conjecture that every continuous piecewise rational function over A(K), as in
the two-state case, is realizable.
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7 Appendix

Proof of Proposition 1.

We rewrite the game as a zero-sum game with incomplete information on one
side, as defined in Aumann and Maschler (1995). Denote by p the probability on
Q defined by u(B) = p(B). Consider a zero-sum game with incomplete information
with state space Q. Player 1 is informed of B € Q and player 2 is not, the set of
actions of the players is respectively A; and As, and the stage payoff is gg(a;,as) =
>_kep T(K[B)gr(ar, az).

The corresponding value of the n—th stage game is denoted by w,(u). It can be
seen that w, (1) = v2(p, (gr)rex ). By Aumann and Maschler (1995), w, (1) converges
to w(u), as n goes to infinity. Therefore, v2(p, (gr)rcx) also converges to w(p). m

The proof of Proposition 2 goes along the same lines.

Proof of Proposition 4.
The proof is broken into three parts, one for each item of the proposition.

Proof of Proposition 4 (i)
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Lemma 3 If u is realizable, then so is u?.

Proof. If u is realizable by the game G, ..., G|k, then the game whose i-th matrix
ame is G 0 realizes u?
& 26, —1 G, ' "
Lemma 4 Any polynomial is realizable.

Proof. Mertens and Zamir (1971) showed that if v and v are realizable then
so is w +v. By Lemma 3, (u + v)? is also realizable as are u? and v?. Therefore,
uwv = 3 ((u+v)* —u? —v?) is also realizable.

Moreover, any constant function is realizable. The game G, ..., G|k all of whose
matrices are identically 0, except for the ¢-th one which is identically 1, realizes the
polynomial f;(p) = p;. Any polynomial is therefore realizable by iteratively adding
and multiplying constants and the polynomials f;. n

Proposition 4 (i) follows from the fact that for every (z,y,) € A(K) x IR, { =
1,..., L, there is a polynomial u such that u(z,) = y,, £ =1, ..., L.

Proof of Proposition 4 (ii)

Lemma 5 Let C be a closed semi-algebraic set. Then there is a realizable function
u that satisfies u(x) <0 when x € C, and u(x) > 0, otherwise.

Proof. Let D be a set of the form

{x e B fi(x) = fol@) = ... = fo(a) = 0,71 (2) = 0,ra(z) > 0, ... i () > o},

where fi, ..., fo,71, ..., 7 are polynomials. By Proposition 4, fi, ..., fo, 71, ..., 7 are re-
alizable and by Mertens and Zamir (1971), up = min{ f1, ..., fo, = f1, e, = ft, 71, e T }
is realizable. Clearly, up(z) > 0 when x € C' and up(z) < 0, otherwise. Since any
closed semi-algebraic set is a finite union of such D’s (see Bochnak et al. (1988), p.
46), the desired u is u = —max{up}p, which is also realizable. "

A union of closed polygons is a closed semi-algebraic set. By Lemma 5, there
is a realizable function w which is less than or equal to 0 on (5 and greater than
0 otherwise. Let ¢ be the minimum of u over the set Cj. By multiplying v with
the constant =% and adding c, one obtains a realizable function u’ that satisfies
u'(x) < cg when z € Cy and u/(z) > ¢; when x € C;. Taking the minimum of «" and
¢ would yield the realizable function needed for Proposition 4 (ii).
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Proof of Proposition 4 (iii)

By Lemma 5, for i = 1,2, there is u; which is at least 0 on C; and less than 0
otherwise. Consider w; = max{min{u, + 1,1},0}. u; is realizable, bounded between
0 and 1, and equal to 1 on C}, and less than 1 otherwise.

For any integer ¢;, ufz is also realizable. It is bounded between 0 and 1, and is
equal to 1 on C; and less than 1 otherwise. By adding a large positive number, say
M, we may assume that the functions f; and f; are positive. There are sufficiently
large ¢;’s such that f; > fiu /'7 t # j, on C;. Thus, max{flu1 , 2u2 *} is realizable and
(subtracting M, if necessary) satisfies Proposition 4 (iii). n

Proof of Proposition 5.

We first define an auxiliary game with one-sided information in which player 1 is
fully informed of the state of nature. The set of states of nature in this game is P, the
sets of actions of the players remain unchanged, and the payoff for a pair of actions
ay, ap in state B is gp(a1,a2) = Y g Tp(k|B)gr(ar, az). The probability of the state
Bis p(B). It will be convenient to denote this probability on P by r.

The original game is now viewed as a game with incomplete information as defined
in Aumann and Maschler (1995), where the states are player 1’s signals. The payoff
function in the auxiliary game is naturally defined as the appropriate expected payoff
of the original game. It is easily seen that the values of the n-stage repetitions of
both games, the original and the auxiliary, are the same.

Thus, r is the distribution over the new set of states. By Theorem 4 the long run
value of this game is cav(@)(r), where @ denotes the value of the auxiliary game in
which player 1 gets no information about Q.

For any ¢ in A(Q), let p, € A(K) satisfy py(k) = > pco a(B)m,(k|B). We prove
first that @(q) = u(p,). Indeed, @(q) is the value of the game with the following payoff:

S a(B)gplar.as) = Z(Zm(mmgk(ahag)) a(B)

BeQ BeQ \keK
= Z <Zq )mp(k|B) ) gr(ar, az) qu )gx(ar, az).
keK \BecQ keK

Therefore, the value of this game is indeed u(p,). We now compute

cav(uw)(r) = max {Z miu(q;)

¢ € A(P),> migi =1 [~
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For any ¢; in A(Q), denote m;p = m;q;(B) and define the matrix M = (m;g).
Since, >, pmip = >_;m; = 1 and ), m;p = r(B), we conclude that M € M(Q).
Moreover,

Hence, u(q;) = u(p;(M)) and

cav(u)(r )<max{2mupl( ))]MEM(P)}. (3)
On the other hand, for any M € M(Q), due to (2), Y. mu(p;(M)) = >, m;u(g:),
with ¢;(B) = “22. Therefore, u(p;(M)) = u(g;) and

max {Zml u(p;(M)) | M e M(Q)} < cav(T)(). (4)

i<D

Equations (3) and (4) yield the desired result.

A detailed Proof of Theorem 1.
Let V be a monotonic function over partitions. Let p be (‘17‘ ] K‘) Order all
partitions of K: Py, ..., Py, so that if j < i then V(P;) < V( P;), and therefore P;

does not refine P;.

Notation 4 Let P be a partition. Denote by H(P) the space in R spanned by
{Iy; T € P}, where Iy denotes the characteristic vector of the set T'.

Note that the partition P refines P’ if and only if H(P’) is a subspace of H(P). This
implies in particular that if ¢ > j, then? dim[H (P;) N H(P;)] <dimH (P;).

We prove that for any ¢ < ¢ the following property, denoted by E;, holds: there is
a realizable function u such that for any j < i and every p € H(P;), u(p) < V(P;).
Furthermore, for any j < i there is a D; X ¢ matrix®* M; € M(P;) such that for any
r < Dj, u(p:(M;)) = V(P;)).

We proceed by induction over ¢. Let ¢ = 1. The partition P; is the trivial partition
and u can be taken to be the constant function V(P;). Now assume that E;_; holds

and denote by wu;_; the corresponding realizable function.

2dim(H) denotes the dimension of H.
3Recall Notation 3. P; in M(P;) stands for the information structure that corresponds to the
partition P;.
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Step 1: Definition of a class of matrices.

Consider the following square matrix, My, with |P;| columns, all of whose entries
except for those on the diagonal are zero. The diagonal entry corresponding to T' € P;
is p(T'). Note that for every row r of My, p,.(M;) # p. Define M, as a matrix of the
same dimension whose entries in the column corresponding to the cell T' € P; are
all equal to Z%T). Obviously, My, My € M(P;). Define M = aM; + (1 — a)M,. If
« is positive and sufficiently small, then M € M(P;) and for every row r of M,
pr(M) # p. Furthermore, all entries of M are strictly positive.

Define H(P;)° = {v; v =3 ermp(|T), Y rep, ér = 0}. For every v € H(P;)° let
ayr = mper{p, (M) —p,v), r < D, T € P;. Consider the matrix M" whose (r, T)-th
entry is m,r + a,7. If the ep’s that define v are small enough, then the entries of M"
are positive.

We show now that A" is in M(P;). This is so since Y m,r + a,p = p(T) +
> mper(pr(M) — p,v) = p(T) + e (32, myp.(M) — p,v) = p(T). The last equality
is due to the fact that > m,p,(M) = p.

Step 2: Proof of the claim that there is v € H(P;)? such that for any row
L) pr(Mv) gé Uj<iH(Pj)'

Note that 3 rep. arr = D rep, mrer(pr(M)—p,v) = my(p,(M)—p,v) X rep, e =
0. Therefore, p,(M") = p,(M) + (p,(M) — p,v) > permp(:|T) = p.(M) + (p.(M) —
p,v)v. Assume by contradiction that the claim is incorrect. Then there is a neigh-
borhood of H(P;)° around the origin, denoted W, such that for every v € W there is
J < i and a row r such that p,(M") = p,(M) + (p,(M) — p,v)v € H(P;). Define the
set F,; to be the set containing v € W such that p,(M) + (p,(M) — p,v)v € H(P;),
where W is the closure (the relative one in H(P;)?) of W. F,; is a closed set for every
r and j.

By assumption, the union of the closed sets F,; contains W. Since W, as a
complete space, is of category II, at least one of the F};’s contains an open set. Thus,
there are j and r so that p,.(M) + (p,(M) — p,v)v € H(Pj) for v's in an open (in W)
set.

Note that for every v € W, p.(M) + (p,(M) — p,v)v € H(P;) N A(K). Fur-
thermore, since p,.(M) — p # 0, the map v — p.(M) + (p,(M) — p,v)v is an open
map. Thus, H(P;) N A(K) contains an open set of H(P;) N A(K). Since both
are intersections of linear spaces whose spanning vectors are in A(K) with A(K),
it implies that H(P;) N A(K) contains H(P;) N A(K). However, when j < 1,
dim[H (P;) N H(P;)] <dimH (P;). This implies that H(P;) N A(K) is not included in
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H(P;) N A(K). We therefore conclude that there exists a matrix, which we denote
now by M;, in M(P;) that satisfies p,(M;) ¢ U;<;H(P;) for every row r of M.

Step 3: Conclusion of the proof.
By Proposition 4 (ii), there is a realizable function f that satisfies:

o for every row r of M;, f attains its maximum, V(P;), on p,(M;); and

° f is smaller than or equal to minlgjgi_l V(P]) on Ulgjgi—lH(Pj) N A(K)

By taking the maximum of f and the function u; ; we get a realizable function

u; that satisfies:
(a) for any j < i, u; is smaller than or equal to V(P;) on H(P;) N A(K); and

(b) for any j <4, there is a D; x | matrix M; € M(P;) such that for any 1 <r < D;,
u(pr(M;)) =V (P;).
Property E; is therefore proven by induction. Let (gx)rex be the payoff functions

that realize u;. (a) implies that v7i(p, (gr)kex ) < V(P;) for every i < I. Proposition
5 and (b) imply that v (p, (g )rer) = V(P;), which completes the proof. "

Proof of Lemma 1.
By definition of W it is clear that for all ¢ and all Q,

V(P, Q) > W<P7 C) - C(Q)

Therefore, what needs to be proved is that for all P, there exists an increasing cost
function cp such that
V<P7 Q) < W(Pa CP) - CP(Q)'
Let c¢p := V(P,T) — V(P, Q), where T is the trivial partition. This function is
indeed increasing in Q. Moreover
W(P,cp) —cp(Q) =ming V(P, Q) + cp(Q) — cp(Q)
= V(Pa Ql) + V<7)7 T) - V(Pa Ql) - V(Pa T) + V(Pa Q)
=V(P, 7))+ V(P,Q),

where Q* is the partition that attains the minimum. This is the desired result. n

Proof of Lemma 2.

The proof of Lemma 1 shows that for each P there is a cost function ¢p such that
W(P,cp) =V (P, Q)+cp(Q). We now prove that ¢p is independent of P. Indeed, by
the proof of Lemma 1, c¢p(Q) = V(P,7T)—V (P, Q), which means that the right-hand
side does not depend on P. Thus, V satisfies the independence condition, as desired.
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