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state is associated with a finite one-shot zero-sum game. We investigate the infinitely repeated zero-
sum game with incomplete information on one side, in which the state of the game evolves according
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the beginning of any stage n, only the observer is informed of the state &, and therefore he is the
only one who knows the identity of the forthcoming one-shot game. Then, both players take actions,
which become publicly known. The paper shows the existence of a uniform value in a new class
of stationary processes: ergodic Kronecker systems. Techniques from ergodic theory, probability
theory and game theory are involved in the description of the optimal strategies of the two players.
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1. INTRODUCTION

Uniform Value and Incomplete Information on One Side - Background The study of re-
peated games with incomplete information was initiated by Aumann and Maschler [2] in the 1960’s.
They consider a dynamic model where at the beginning of the game one of finitely many states
is chosen according to a lottery whose laws are known to both players. Player 1 (the maximizer,
or the observer) is informed of the chosen state, while Player 2 (the minimizer, or the adversary)
is not. Each state is associated with a finite zero-sum game and the specific game corresponding
to the chosen state is played repeatedly either finitely or infinitely many times, with the actions
realized at each stage becoming publicly known.

Aumann and Maschler showed that the uniform value of the infinitely repeated game exists.
Moreover, they provided an explicit description of optimal strategies of the two players. In partic-
ular, Aumann and Maschler characterized how much of his extra information the observer should
reveal to his adversary in order to guarantee the value.

Ever since this pioneering work of Aumann and Maschler, repeated games with incomplete infor-
mation on one side remain a flourishing mathematical field [19]. An important development in the
field concerns the study of situations in which, different from what happens in the game of Aumann
and Maschler, the state evolves stochastically over time.

Renault (2006) dealt with a game in which the state evolves according to a Markov chain whose
laws are known to both players. Similarly to the Aumann and Maschler game, only the observer is
informed at every stage of the realized state, and thus learns which game is being played at that
stage. Renault (2006) proved that the uniform value exists. Neyman (2008) provided an alternative
proof of Renault’s result by constructing a reduction of the Markovian model to that of Aumann
and Maschler. Computing the uniform value in the model of Renault (2006), even in the case of
two states, turned out to be a difficult problem (see Horner, Rosenberg, Solan, Vieille (2010) and
Bressaud and Quas (2017)).

In general, the uniform value need not exist in every zero-sum repeated game with incomplete
information on one side. Sorin (1984) described a stochastic game over two states with absorbing
payoffs, similar to the ‘big match’ of Blackwell and Ferguson [1], in which one of the states is chosen
once and for all. He proved that in the situation of incomplete information in which only the observer
is informed of the chosen state (and thereby knows his stage payoffs), the uniform value need not
exist. Another instance exhibiting a similar phenomenon involves a controller in a stochastic game,
that is, a player whose actions at any state determine the transition rule of the states. Rosenberg,
Solan and Vieille (2004) described a stochastic game with incomplete information on one side, with
the adversary being the controller, in which the uniform value need not exist.

A first general affirmative result regarding the existence of a uniform value in games with in-
complete information on one side and controllers was obtained by Renault (2012) in the framework
of stochastic games with signals. He showed that whenever the controller is also fully informed of
the state at every stage and of the signals his adversary receives, the uniform value exists. Finally,



Gensbittel, Oliu-Barton, and Venel (2014) described the notion of a more informed controller (com-
pared to the fully informed controller studied by Renault (2012)). They generalized the results
of Renault (2012) by showing that the uniform value of any stochastic game with signals exists
whenever one of the players is a more informed controller.

The Key Role of Stationary Dynamics When the game is played only finitely many times,
it has a value that depends on its duration. In the model of Aumann and Maschler as well as in
that of Renault (2006), the uniform value of the infinite game is equal to the limit (as the duration
tends to infinity) of the values of the finitely repeated games. The analysis of these values is carried
out by using classical notions such as non-revealing strategies, and tools such as martingales of
posteriors and recursive formulas. It culminates with a closed formula for the limit of the values of
the finite games.

A connection between the formula related to the limit of the values of the finitely repeated games
and the infinitely repeated game in the models of Aumann and Maschler (1960’s) and Renault
(2006) is obtained by applying the following strategic reasoning. Consider an adversary’s strategy
that prescribes him to consecutively play optimal strategies of finite-duration games, while ignoring
any information collected at any time such an optimal strategy starts. In other words, the adversary
is prescribed to ‘patch’ optimal strategies of the finitely repeated games. The fact that future states
still follow the same Markovian laws (potentially with a different initial probability) implies that,
using this ‘patching’ strategy, the adversary can guarantee the limit of the values of the finitely
repeated games.

In order for these strategies to work, the optimal strategies used should remain optimal despite
the fact that they are played at different stages rather than at the beginning of the game. In
other words, the dynamics according to which the states evolve should be invariant under time
translations. Equivalently, in probabilistic terms, the states should follow a stationary process.!
This observation leads us to analyze repeated games based on general stationary processes.

The Research Question Consider a stationary process £ = (&,),>1 that attains finitely many
states. Similarly to Renault (2006), at any stage n, only the observer observes the realized state &,
(thus is informed of the one-shot zero-sum game to be played), and both players take actions that
become publicly known. We denote the corresponding infinite game by I'({) and the value of the
n-stage game by v, (&).

Section 2 shows that the mere stationarity assumption implies that the patching strategies of the
adversary guarantee that lim, ., v,(§) exists. Moreover, the adversary can guarantee it in I'(£).
At this point the following open problem arises naturally:

Can the observer guarantee lim,, ., v, (&) in I'(£)?

1A Markov chain over finitely many states is stationary if and only if the initial distribution over the states of the
chain is an invariant distribution for the transition matrix. However, any Markov chain becomes almost stationary
(up to a period) after a while and therefore patching strategies can be tailored to guarantee the limit of the finite

values.
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An affirmative answer to this question would imply that the uniform value of T'(§) exists and equals
to lim,, 0 v, (§).

Can the observer guarantee lim,,_,, v,(§) by employing similar patching strategies? The answer
is negative. By playing optimally in some finite-duration games the observer might reveal important
information about future steps of £ that the adversary might use later. Therefore, playing patching
strategies by the observer might lead to an inefficiency that would reduce his ability to guarantee
the values of finite-duration games in the future.

Informational Aspects and Predictive Properties Another path towards answering the
open problem posed above it to understand the tradeoff between exploiting the extra information
the observer has in order to increase his payoff and the downside of loosing an edge by revealing
valuable information. In other words, the task is to find the observer’s optimal ways to use his private
information. The private information of the observer up to stage n consists of the realization of
&1, ..., &, At this stage, the adversary is interested only in the conditional laws of future states &,
¢ > n, as they determine the games to be played in the future. This implies that the observer
must take into account the predictive properties of & whenever he decides to reveal information.
In the Aumann-Maschler model, for instance, the same game is played over and over again, and
therefore knowing the past history of states enables the observer to fully predict the future. In the
Markovian model, on the other hand, the system returns to an invariant distribution even if the
informed player uses his extra knowledge and thereby (partially) reveals the identity of the realized
state. Thus, knowing the past history of states might provide a partial predictive power for the
short run, but almost nothing for the long run.

The prediction and inference abilities of an observer of a stationary process lie at the heart of
many mathematical disciplines such as Information Theory, Ergodic Theory and Probability [12].

It is now evident that, based on the predictive properties of £, the observer should identify the
information regarding the process £ of interest to his adversary. The classic method that quantifies
the dynamics of information revelation is the martingale of beliefs technique: the observer finds a
martingale of beliefs that summmarizes the information which is of interest to his adversary, and
then manipulates its evolution through his actions to his advantage. It turns out that this kind of
martingale is not unique. Indeed, the proofs of Renault (2006) and Neyman (2008) show that in
the Markovian model there exist at least two such martingales.

A Reformulation via Ergodic Theory A basic result from ergodic theory, establishes a corre-
spondence between a stationary process that attains finitely many states and a finite partition of a
measure-preserving system (see Subsection 3.1). The correspondence is achieved by considering the
following auxiliary (stationary) process that arises from a finite partition of the measure-preserving
system: at each time period, the process reveals the partition element containing the current posi-
tion of the system. The research question may thus be reformulated in terms of measure-preserving
systems. Indeed, as different finite partitions of a given measure-preserving system give rise to
different stationary processes, one could first fix a measure preserving system, and then investigate



the research question for each and every one of its finite partitions. Thus, an affirmative answer for
a given measure-preserving system covers a wide range of stationary processes at once.

Main Results In this paper we explore the research question for a fundamental class of measure-
preserving systems, called ergodic Kronecker systems (see Furstenberg (1981)). Examples of ergodic
Kronecker systems include the irrational rotation of the unit circle and odometers. Our main result
(see Theorem 1) shows that if £ arises from a finite partition of an ergodic Kronecker system, then
the uniform value of T'(£) exists and equals lim,,_, v,,(£). In Theorem 2 we provide a formula for
the uniform value, presenting it as a limit of concave envelopes of auxiliary functions. Based on
this formula and a new game-theoretic result by Ashkenazi, Solan and Zseleva (2020), we prove a
new limit theorem for ergodic Kronecker systems, Theorem 3.

Why ergodic Kronecker Systems?  In relation to dynamic games, the interest in ergodic
Kronecker systems comes from the fact that their finite partitions generate ergodic processes with
perishing information. We expand on these two properties, emphasizing theirs relation to the
Aumann and Maschler (1960’s) and Renault (2006) models.

I. ErcobiciTy. The ergodicity property of processes generated by (partitions of) ergodic Kro-
necker systems reflects the fact they are constantly changing, as opposed to the motionless process
considered by Aumann and Maschler (1960’s). This property implies that any possible one-shot
game is, almost surely, played infinitely often. Moreover, the order in which the possible one-shot
games occur during the course of time is almost surely non-periodic, thus having a chaotic na-
ture. Those features are also common to the ergodic Markov chains (i.e., irreducible and aperiodic)
covered in Renault (2006).

II. PERISHING INFORMATION. The processes generated by ergodic Kronecker systems are highly
predictable. That is, after a long enough history of state realizations the observer learns to predict,
with a high precision, which states will show up in future stages. It means that in such systems,
the information of interest to both players lies in long histories of observations. Any exploitation of
such information by the observer may have consequences for the entire future. This informational
aspect is also shared by Aumann and Maschler’s model and thus suggests that the observer should
split the beliefs of the adversary over long histories, taking into account a certain underlying target
function.

This informational aspect stands in polar opposite to the nature of ergodic Markov chains. Indeed,
in the latter the information is generated anew in the sense that the distribution of the steps of the
chain converges to the invariant distribution at a high rate, regardless of the initial probability of the
chain. This allows the observer to exploit his extra information to his benefit for any finite duration
he desires, without having to worry about future consequences of his use of private information.
Indeed, if the observer refrains from using his information, by playing for a short while’ a non-
revealing strategy, the adversary posterior belief regarding the next step of the chain becomes

2This time depends only on the Markovian transition rule, and not on the strategy used by the observer.
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very close to its’ invariant distribution, and thus is unaffected by past information revealed by the
observer.

III. BRIDGING THE GAP BETWEEN THE PLAYERS. The problem of existence of a uniform value
in ergodic Kronecker systems shares common aspects with the works of both Aumann and Maschler
(1960’s) and of Renault (2006). Ergodic Kronecker systems share similar dynamical aspects (such
as ergodicity) with the latter, and others (predictability, perishing information) with the former.
The main difficulty ergodic Kronecker systems pose, however, is to connect the target function used
by the observer for splitting and the limit of the values of the n-stage games, which the adversary
can guarantee. The difficulty to make this connection is rooted in the chaotic dynamics of the games
under consideration: for the observer the question is how much information to use after observing a
long history of realized states, while for the adversary it is how to exploit the information revealed
by the observer. It turns out that such a connection can be made due to specific topological and
stochastic properties that ergodic Kronecker systems posses, which both players have to utilize to
their own benefit.

Key ingredients of the proof

[. LoNG-TERM PREDICTABILITY. Using classical tools from topological dynamics we identify
the specific predictive property of the processes ¢ that is used for the strategic analysis. Roughly
speaking, this property, termed long-term predictability (see Definition 3), states that with a high
probability one can, given a large enough number K of observations, predict the future correctly
over a set of stages that has a high density. This property, being a distributional property of &, is
thus commonly known among the observer and the adversary.

II. THE PREDICTOR GAME. The long-term predictability property implies that one can ap-
proximate I'(§) with an auxiliary game resembling that of Aumann and Maschler. In this auxiliary
game a state is defined as the set of states consisting of the history of realizations of (1, ...,¢x) in
the first K stages, that occur with positive probability. Each such state (again, it is a finite string of
states of the original game) is associated with an infinite (deterministic) sequence of states, so that
the long-term predictability property is satisfied with respect to those sequences of states. Such
sequences can be thought of as predictions made by the observer for future states based on histories
of length K. If we adopt this point of view, then this auxiliary game depicts a situation in which
the observer alternates the dynamics of I'(§) by assuming that the state at time K + ¢ (in I'(§)) is
the one corresponding to the /-th state in his respective prediction, rather then £x.,. The game,
called a predictor game, begins with a random choice of a state, selected according to the distri-
bution induced by (&1, ...,€k). Once a state is realized, the incomplete information game evolves
deterministically: the one-shot games played at future stages are determined by the predictions
associated with this state.

ITI. SPLITTING IN THE PREDICTOR GAME A LA AUMANN AND MASCHLER. The predictor
game differs from the classic Aumann-Maschler game in that the one-shot games played after stage
K are not identical and do not occur in a periodic manner: they posses a chaotic nature. As in the
Aumann-Maschler game, once a state is chosen, the entire future is determined. Moreover, as in the
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Aumann-Maschler game, by using non-revealing strategies one obtains a ‘value’ function defined on
the set of probability distributions over the set of states. It is important to note that the predictions
satisfying the long-term predictability property after K stages are by no means unique, and that
the ‘value’ function depends on the particular set of predictions (one for each history) chosen. The
similarity between the predictor game and that of Aumann and Maschler is also reflected in that
the observer can employ a splitting technique in the predictor game, to obtain the concave envelope
of each such ‘value’ function. We show that the long-term predictability property suffices to ensure
that the observer can guarantee the limit (as K — o0) of those concave envelopes in the original
game ['(£).

IV. MARTINGALE ANALYSIS IN THE PREDICTOR GAME. In the predictor game the martingale
of beliefs consists of the posterior probabilities the adversary assigns to the chosen state given the
observer’s actions. The analysis of this martingale provides upper bounds to the values of finitely
repeated predictor games which depend on the predictions (i.e., the infinite sequence of states) the
adversary associates to the histories of length K.? Based on the long-term predictability property,
those upper bounds are then linked to the behavior of the v, (£)’s.

V. THE MAIN DIirricuLTY. The main difficulty in the proof is to connect between the upper
bounds on the v, (§)’s, which take into account the predictions of the adversary, and the limit of the
concave envelopes of the non-revealing ‘value’ functions which are based on the predictions used
by the observer. In the models of Aumann and Maschler (1960’s) and Renault (2006) the proper
martingale and the game-theoretic analysis based on non-revealing strategies were sufficient to make
this connection. Here, however, these are insufficient.

VI. SoLuTioN: BACK TO ERGODIC THEORY. In order to address the main difficulty, it is
necessary to bridge between the predictions made by the two players. We do so by employing
tools from topological dynamics and ergodic theory. The key finding (see Theorem 5) is that one
can associate each point in the ergodic Kronecker system with predictions that follow histories
&1, ..., &k of length K, so that for a set of points of positive measure, the corresponding predictions
satisfy the long-term predictability property. Consequently, in view of the ergodic properties of the
system, the players can simultaneously select points from this set of positive measure for which the
corresponding predictions satisfy essential regularity conditions, global and local, over the set of
stages. By an appropriate selection of points we prove the desired connection between lim,, . v,,(§)
and the limit of concave envelopes of the ‘value’ functions. Ergodic theory, probability theory and
game theory are all involved in the description of the optimal use of information by the observer,
which is one of the main insights of this paper.

Structure of the Paper The paper is organized as follows. In Section 2 we give a formal
description of our model. Section 3 is devoted to a review of basic notions and results from Ergodic
Theory and Dynamical Systems.

3As the adversary knows &, he in particular knows those infinite sequences of states whose association to K
histories satisfies the long-term predictability property.
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The main results of the paper are stated in Section 4. This section starts with a formal exposition
to ergodic Kronecker systems and proceeds with the statements and discussion of the main results,
given in Theorems 1, 2, and 3.

The proofs in the paper involve many technical arguments. Therefore, we urge the interested
reader to begin with the sketch of the proof, provided in Section 5. After becoming familiar with
the main ideas, tools, and difficulties, the transition to Section 6, the one that provides the detailed
proofs, should be easier.

Finally, we have devoted two Appendices to the proofs of important technical steps involved in
the proofs of our main results. Appendix A starts with a review of basic definitions and results
from topological dynamics, and proceeds with all the ergodic-theory related proofs in the paper.
Appendix B is devoted to game-theoretic proofs.

2. THE MODEL

This section introduces the zero-sum repeated game with incomplete information on one-side
based on a stationary process.

Definition 1. A stationary process £ is a sequence of real-valued random variables (&,,),>1 defined
on a probability space (2, F,P), such that:

P((&1,60,...) € B) = P((€k, &psr, o) € B), Yk >1,YB € B(R®).*

We proceed to the description of the zero-sum repeated game with incomplete information on
one side I'(£). This game is specified by a 5-tuple (A, &, I, J, g), where (i) A is a finite set of states,
(i) & = (§)n>1 Is a stationary process on the probability space (2, F,P) whose steps take values
in A, (iii) / and J are finite action sets of the observer and the adversary, respectively, and (iv)
g:AxIxJ— R, is a payoff function.

The game I'(§) proceeds as follows. A point w € 2 is chosen at random according to P. Then, at
each stage n € N, the observer is informed of ¢,(w) € A and the players choose actions i,, € I and
Jn € J, which are then publicly announced and become known to both players. The stage payoft
to the observer equals g(&,(w), in, jn). It is assumed that the description of the model is known to
both players.

Since the players have perfect recall, by Aumann (1964) (e.g., [3]), we may restrict ourselves
to behavioral strategies. A behavioral strateqy o of the observer is a sequence of stage strategies
(04)n>1, such that o, : (A x I x J)"t x A— A(I).” That is, at stage n, based on his information
(e, (&1(w), i1, J1s oy En1(W), in—1, jn—1,&(w))), the observer chooses a mixed action. Similarly, a
behavioral strategy T of the adversary consists of sequences of stage strategies (7,,),>1, such that
Ts (I x )" = A(J).

Denote by ¥ (resp., T) the set of behavioral strategies of the observer (resp. adversary). Consider
the measurable space O = Q x (I x J)N. The Ionescu-Tulcea extension theorem (see Neveu, 1970,

4For a topological space X we denote by B(X) the Borel o-field on X and R* is endowed with the product
topology.
SFor a finite set C' we define A(C) to be the simplex of probability distributions on the elements of C.
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Proposition V.1.1) implies that each pair (o,7) € ¥ x T, together with the process (,),>1 induce
a probability measure P$_ on O. Indeed, for every A € B(Q2) and every finite history of actions

o, T

h = (i1, 71, .-, in, jN), the measure PS,T is uniquely determined by the laws

IPfW(A x {h}) = / ( H Ta(i1, 1 ooy tne1, Jn—1) [Jn)

A n<N

x [ onléw).iv i, --~,£n—1(W),in—l,jn-hfn(W))[in]) dP(w).

n<N

We denote by I'y(€) the N-stage game in which the payoff corresponding to the pair (o,7) € ¥ xT
is the expected average payoft, i.e.,

N
1 o
In(o,7) = Eg,‘r (N Zg(éﬁ;%;]ﬂ) )
n=1

where EgT is the expectation operator w.r.t. PEJ. As T'y(€) can be viewed as a finite game in
extensive form, its value, denoted by vy(&), exists. The standard notion of value for the infinitely
repeated game is that of the uniform value.

The scalar v € R, is called the uniform value of I'(€) if the following two conditions are satisfied:

1. The observer can guarantee v, i.e.,

Ve >0,3o. €3, ANy €N, st.yn(o.,7) >v—¢, VN >Ny, VreT.
2. The adversary can guarantee v, i.e.,

Ve >0,d7. € T,INg €N, st. (o) <v+e, VN> Ny, Vo€ X.

If the uniform value of I'(§) exists, we denote it by v(£). In that case, a strategy o € ¥ of the
observer is said to be optimal if it satisfies

Ve >0, ANy €N, s.t. yn(o,7) >0v(€) —e, VN >Ny, VreT,
whereas a strategy 7 € T of the adversary is said to be an optimal strategy if it satisfies

Ve >0, INy €N, s.t. yy(o,7) <v(€) +¢e, VN > Ny, Vo € 3.

Remark 1. The assumption that the observer and his adversary know (Q, B(Q),P) can be relazed to
the one that both of them are only familiar with the distribution laws of &. Indeed, the uniform value
takes into account only the finite duration payoffs yn(o,7), N > 1, and the latter are determined
by the distribution laws of £, and not the pointwise laws §(w), w € Q.

Remark 2. The game I'(§) can be viewed as a repeated game with more informed observer (e.g.,
Subsection 3.3. of [9]) in which the state space is infinite. Indeed, consider the state space K = AN
of infinite sequences over the alphabet A. The evolution of the state over time is described by the
deterministic motion kpy1 = T k,, where T : AN — AN is the backward shift operator defined

by T (a1, as,as,...) := (as,as,ayq,...). The actions sets are I,J as before. The prior probability ™
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is given by w(B) = P(¢ € B) for every B € B(AY). The private signal of the observer at stage n,
denoted s, is independent of the actions played and equals a, if the state (ay,as, ..., ayp,...) € AN
was chosen initially according to w. Since the signals (sp)n>1, defined on the Borel probability space
(AN ), have the same distribution as & (e.g., p. 405 in [22]), Remark 1 implies that such a game
is equivalent to T'(§).

The following cornerstone observation inspired our research.
Observation 1. The sequence (v,(€))n>1 converges.

Proof. We claim that the sequence (nv,,(§)),>1 is sub-additive, i.e., ((+m)vp1m (&) < Lvg(§)+mvy,(§)
for all £,m € N. Indeed, consider the following strategy 7" € T of the adversary: play an optimal
strategy of I',(§) along the first ¢ stages, then, regardless of the past history of actions observed, play
an optimal strategy of I',,(§) in the following m stages; lastly, at every stage n > ¢+m, 7* instructs
the adversary to play the same arbitrary action j, € J. The stationarity of ¢ implies that under 7*
the payoff voym (o, 7%) in Tppym (€) is less than (Cvg(€)+mup, (€))/(€+m) across all o € X . Therefore,
by the minimax theorem applied to I'y1,,(€), we obtain vey,, (£) < (Lve(&)+muy,(§))/(l+m), proving
the sub-additivity of (nv,(£)),>1. In particular, we obtain that lim,, . v, (&) exists.’

0

The patching strategy 7, € T of the adversary is defined as follows: play an optimal strategy
of T'1(§), then regardless of the past history of actions observed, play an optimal strategy of I's(),
etc. Described differently, for every n € N, play an optimal strategy of T',(§) along the stages
n(n—1)/2+1,...,n(n+1)/2. Observation 1 is sufficient to deduce that:

Corollary 1. For every € > 0 there exists Ny € N such that
(2.1) (o, 7) > lim v, (&) —e, VN > Ny, Vo € 2.
n—oo

In particular, Corollary 1 implies that the adversary can guarantee lim,, ., v,(§) in I'(§). Let &
be a stationary process taking values in a finite set A. It is natural to pose the following three open
questions.

Main Questions. Let £ be a stationary process taking values in a finite set A.

Question 1. Can the observer guarantee lim,,_,o, v, (&) in I'(§)?

Question 2. Does the uniform value of I'(§) exists?

Question 3. Is it possible that the uniform value exists and is strictly less then lim,, o v,(£)?

In view of Observation 1, a positive answer to Question 1 implies that lim,, ., v,,(£) is the uniform
value of T'(§), giving a positive answer to Question 2. On the contrary, if the answer to Question
3 is positive, then an affirmative answer to Question 2 would in some cases (those processes £ for
which the answer to Question 3 is positive) imply a negative answer to Question 1.

61t is known that if (an)n>1 is sub-additive, then lim,, ., %= exists.
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In this paper, we will address these problems by reformulating them in terms and notions from
Ergodic Theory. In the next section we recall important facts related to measure-preserving systems,
survey the relations between stationary process taking finitely many values and finite partitions of
measure-preserving systems, and finally, review some basic definitions and results from Ergodic
Theory and Topological Dynamics.

3. PRELIMINARIES FROM ERGODIC THEORY AND DYNAMICAL SYSTEMS

3.1. Measure-Preseving Systems and Stationary processes. A measure-preserving system
consists of a 4-tuple (X, B, u,T), where (X, B, u) is a probability space and T' : X — X is an
invertible, measurable, measure-preserving transformation, that is,

T'BeB and u(T'B) = u(B) VB € B,

where T'B ={z € X : Tz € B}.

We shall now describe how every finite partition of a measure-preserving system gives rise to a
stationary process. We first need some notations. The orbit of * € X is defined to be the set
{T Yz : n € N}. Consider now a finite measurable partition P = {Py,..., P} of X. The n’th
step, n € N, of the process generated by (P,T) is described by the formula

k k
(3.1) &) =) (a= )T " P }z) = (a— DYPHT" Vz), z€X.
a=1 a=1

Consider now an observer of this process. Prior to his first observation, the observer’s belief is that
a point x € X was chosen at random according to the law p. By observing &, he learns in which of
the partition elements {Pi, ..., Py} the orbit of the chosen point x € X lies at time n. To simplify
notation we write £ = (P, T'), where £ = (&,)n>1 is defined by (3.1). The following simple identity,
which follows immediately from (3.1), will be repeatedly used throughout the paper:

(3.2) Enim(z) =&(TT"x), Vn,méeN, Vo e X.

Since T' is measure-preserving, the process (&,),>1 is stationary. Conversely, each stationary
process £ = (&,)n>1 defined on a probability space (€2, F,P) whose steps take value in a finite
alphabet A can be regarded as being generated by a finite partition of a measure-preserving system.
Indeed, consider AY equipped with the product topology, and let B(AY) be the Borel o-field on AY.
Let the probability measure y¢ be the push forward of P on (AN, B(AY)) by &, that is:

pe(B) = P((€1,&,...) € B) VB € B(AY).

Together with the backward shift operator T, defined in Remark 2, the system (AN, B(AY), ue, T:-)
is measure-preserving. The stationary process £ = (§,),>1 is distributed as the stationary process
generated by (P, T, ), where P = {{[a]}aca} and [a] = {(a1,az,...) € AV : a; = a}.

To summarize the discussion, we may reformulate the main research questions in terms of
measure-preserving systems and theirs finite partitions. For instance, Question 2 can now be
reformulated as follows: Let (X, B, u,T) be a measure-preserving system, and let P be a finite

measurable partition of X. Does the uniform value of I'(§) exists, where £ = (P,T)?
10



3.2. Basic facts from Ergodic Theory. The measure-preserving system (X, B, u, T) is said to
be ergodic if for every A, B € B such that p(A) > 0 and p(B) > 0 there exists an n € N such that

w(ANT"B) > 0.

That is, if we look at T" as a transformation describing the time evolution of the system, then in
ergodic systems, regardless of which positive-measure set A € BB one starts with, for each positive
measure set B € B there exists a time n € N at which a positive-measure set of points from A will
visit B. An equivalent definition of ergodicity is the following: a set A € B is called invariant if
T~1A = A; then, the measure-preserving system (X, B, i, T) is ergodic if and only if u(A) € {0, 1}
for every invariant set A. We say that the stationary process (,),>1 taking values in a finite
alphabet A is ergodic, whenever the measure-preserving system (AN, B(AN), e, T.) is ergodic.

A measure-preserving system (X, B, i, T') is said to be uniquely ergodic if 11 is the only probability
measure for which (X, B, u,T') is a measure-preserving system; that is, if (X, B,v,T) is measure-
preserving then v = u. By the Ergodic Decomposition Theorem (e.g., Theorem 6.2. in [0]), every
uniquely ergodic system is ergodic.

A central tool from ergodic theory that will play a key role in the paper is Birkhoff’s Pointwise
Ergodic Theorem:

Theorem (Birkhoft’s Pointwise Ergodic Theorem). Let (X, B, pu,T) be an ergodic system. Then
for any f € LY (X, B, 1) we have

N
1
(3.3) NZf(T(”’l)x) — /fdu as N — oo p-a.e. and in L'(X, B, ).
n=1

Conversely, let us now describe how a relatively simple topological structure suffices to produce
a measure-preserving system.

3.3. Topological Dynamical Systems. A topological dynamical system (X, T) consists of a com-
pact metric space (X,d) and a homeomorphism 7' : X — X of X onto itself. The Krylov-
Bogolyubov Theorem asserts that there exists a Borel probability measure p that is supported
on X such that (X,B(X),u,T) is a measure-preserving system. Two topological dynamical sys-
tems (X,T) and (), S) are said to be topologically conjugate if there exists a homeomorphism
¢: X — Y such that g oT = S o ¢.

4. THE MAIN RESULTS

Definition 2. A topological dynamical system (X,T") is said to be a Kronecker system if it is
topologically conjugate to a system of the form (G, S,), where (G,+) is a compact metrizable

Abelian topological group and S, : h +— g + h is the group rotation by g € G.
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Kronecker systems enjoy many special properties and are considered among the most fundamental
systems studied in Ergodic Theory’. By Haar’s Theorem, every Kronecker system (X, T) can be
viewed as a measure-preserving system (X, B(X), T, u), where p corresponds to the Haar measure.
If such a system is ergodic, then it is well known that it must also be uniquely ergodic. In such
a case we say that (X,T) is an ergodic Kronecker system. The following examples are all ergodic
Kronecker systems.

Example 1. The irrational rotation of the circle (T, R,). We identify the unit circle T with the
compact metrizable Abelian group® (R/Z,+), and R, : T — T, defined by R.(z) := x + a, is the
rotation by o € T. The Haar measure y is the Lebesgue measure on T. It is well known that the
Kronecker system (T, R,,) is ergodic if and only if « € T\ Q, i.e., if « is irrational. We will now
show the necessity of the latter, and for the sufficiency refer the reader to Proposition 2.16. on p.
26 in Einsiedler and Ward [0].

Assume that o = m/n + Z. Consider the interval (arc) I = [0, 5-) +Z C T. Define

1
7 2n
A=TUR'TU---UR, ™ V]

Since R” is the identity mapping on T, we see that A is invariant. Thus, as 5= = u(l) < p(4) <
nu(I) =1/2, we deduce that (T, R,) is not ergodic whenever a € Q.

Example 2. Odometers (O,0). Let (k, : n € N) be a sequence of integers greater then or equal
to 2. Let Zy, = Z/k,Z be equipped with the discrete topology. Consider the product space

0 =TIz
n=1

equipped with the product topology. Let 4. be the addition and “carry to the right” binary
operation on O. Formally, for any two element a = (a,),>1 and b = (b,),>1 in O we define the
sequence of binary remainders r = (7,),>0 by the following recursive law:

_— 0, ifn=20
" MHap +by e >k}, ifn>17

We now define for n > 1 the n’th coordinate, (a 4+ b),, of a +. b to equal (a, + b, + 7,—1) mod k.
To illustrate the formal definition, let us take k, = 3 for every n, and the two elements a =

7Fulrstenberg’s seminal multiple recurrence theorem, proved in 1977, states that in a measure-preserving system
(X,B,1,T), for every A € B with u(A) > 0 and every k > 1, there exists n € N such that

p(ANT"ANT>"ANn---NT*"4) > 0.

Showing that the latter implies the famous Szemerédi theorem, gave rise to a branch of mathematics now known as
Ergodic Ramsey Theory. The remarkable proof of Furstenberg was done by a sequence of reductions designed to
lower at each step the complexity of the systems obtained along the sequence (see Chapter 7 in [(]). At the basis of
this reductions stand ergodic Kronecker systems (see Proposition 7.12. on p. 189 in [6] for a proof of Furstenberg’s
multiple recurrence theorem for ergodic Kronecker systems).

8The binary addition operator + on T is defined as follows; If # = (a +Z) € T and y = (b+ Z) € T, then
z+y:=(a+b)+ZeT.
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(2,1,0,1,2,0,0,...) and b = (2,1,2,2,2,0,0,...) in O. The reader may verify easily that a 4+, b =
(1,0,0,1,2,1,0,0,...).

We have that (O, +.,) is a compact metrizable Abelian topological group. Denote by 1 the group
element (1,0,0,...) € O. Let 0 : O — O be the group rotation by 1, i.e., 0 : a — a +, 1 for every
a € O. The transformation ¢ obeys the following rules:

(i) o (k1 —1,ke — 1,...) = (0,0, ...) if each coordinate corresponding to Zj, equals k, — 1.
(i) o (k1 —1,ka—1, .. kn— 1,21, 29, ...) = (0,...,0,21 + 1, 29, ...) when x1 # k,11 — 1. Note that
x1 + 1 appears in the (n 4 1)’st coordinate of (0,...,0, 21 + 1, o, ...).
The Haar measure p on O is the product measure Q) -, v;, where v; is the probability measure on
Zy, that assigns to each point a 1/k; distribution mass. For more information and new results on
odometers we refer the reader to Foreman and Weiss (2020).

Example 3. Finite ergodic systems (Z,, ), where m € S, is a cyclic permutation on Z,, and the
Haar measure p is the uniform measure on Z,,.

The main theorem of the paper gives positive answers to Questions 1 and 2 in the following case:

Theorem 1. Let (X,T) be an ergodic Kronecker system. Then, for every finite Borel-measurable
partition P, the uniform value v(§) of I'(€), where &€ = (P, T), exists and equals lim,, o0 v, (§).

Let us note first that the ergodicity assumption on the Kronecker system implies that the state
changes over time and does not remain fixed as in Aumann and Maschler’s model. Secondly, the
states in the processes ¢ considered in Theorem 1 do not evolve according to a non-deterministic’
Markov chain'®. Therefore, previous results in the literature on repeated games with incomplete
information on one side do not imply the result stated in Theorem 1, nor follow from it.

The following corollary follows immediately from Theorem 1 and Corollary 1.

Corollary 2. Let (X,T) be an ergodic Kronecker system. Then, for every finite Borel-measurable
partition P, the adversary has an optimal strategy in T'(§), where € = (P, T).

Let us fix the finite Borel-measurable partition P of the ergodic Kronecker system (X,7") once
and for all. Let £ = (P, T) be the process it generates, and'' A = {0, ..., |P| — 1} be the set of states
in I'(§). Our goal is now to describe a formula for v(¢). We need a few notations and definitions.
For each n € N we denote by v(n) the number of elements of positive py-measure (Haar measure)
in the joining of the transformed partitions \/,_, T-“=YP. Denote those elements by P!, ..., P} ),
By Eq. (3.1), for every n € N and 1 < r < v(n) there exists a sequence (af, ...,al) € A" such that

(41) Pl = (2 € X+ (6@ a(e)) = (o],
In words, each of the sets P!, ..., P/ ™) contains all infinite histories that share the same positive-
probability n-prefix of £. Set S, = {PL, ..., P, (”)} for every n € N. Hence, with pg-measure 1 the

9n a deterministic Markov chain the transition matrix consists only of 0’s and 1’s.
10T his is due to the notion of entropy (e.g., Chapter V in Smorodinsky (1971)). Non-deterministic Markov chains
over finite state spaces have positive entropy, whereas ergodic Kronecker systems have zero entropy.
HFor every set B we denote by |B| the cardinality of B.
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observer learns in which element of S, the chosen point x € X lies, upon observing the first n
outcomes of £.'%. Next, for every n € N define 7, € A(S,) by

(4.2) m(Py) = u(Pr), Yr=1,..,v(n).

Also, as each ¢ € A(S,) can be viewed as a probability vector in R it is convenient to denote
the r’th coordinate of ¢ by ¢", so that ¢" = q(P?).

Denote by W, = A7 the set of all words of length ~(n) over the alphabet A. For every
q € A(S,) and w € W, define the one-shot game G(q, w) by

(4.3) Glgw)=>_ qgw,- ),

where w” is the r’th letter of w. That is, G(q,w) is a convex combination of the games g(w",-,-),
r =1,...,7(n), where the weight of a particular g(w",-,-) is ¢". We define u : A(S,) x W,, = R,
by13

(4.4) u(q, w) = val G(q,w).

Also, for every bounded real-valued function h, defined on a set D, we denote ||h||s = sup{|h(x)]| :

r € D}. Finally, for any function f : E — R, where £ C R? is a closed convex set, define the
function Cav f by

(Cav f)(y) = inf{g(y) : g: E — R concave, g > f}, Vye€ E.

The formula for the uniform value is provided in the following theorem.

v(n)

Theorem 2. There exists a triangular array t = (),

that
(a) p <T*t#P; N---N T’tz(n)PfZ(")> > 0 for every n € N.

> 1, consisting of positive integers, such

(b) Define ®,, : A(S,) — R, by

ula) = E [u(g, (€ s Eqen))|

where E is the expectation operator w.r.t. . In words, ®,(q) is the expected value of u(q, w),
where w € W, is the random word (§g , ..., € »m). Then, v(§) = lim (Cav ®,,)(m,).
n n—o0

Item (a) in Theorem 2 guarantees the existence of sequences such that in each row n, the times

(t;)z(:"l), satisfy a ‘visit time property’. That is, along those times, a set of points of positive u-

measure should visit all of the ‘information sets’ available to the observer (with p-measure 1) at

21y light of Remark 1, even if the observer and his adversary are assumed to know only the distribution of &, they
are indifferent about the underlying probability space (€2, B,P) on which £ is defined. Thus, both of them can choose
this underlying space to be the probability space induced by the ergodic Kronecker system (X, T, u), and assume
that £ is given by (3.1)

13We omit the parameter n from the mappings G and w as it will be unambiguous, given the context and based

on the relevant dimensions of the ¢’s and w’s.
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time n. In view of Eq. (4.1), this means that the process £ evaluated at those points, would print

the history (ay, ..., a}) starting from the ¢} 4+ 1'st step &4, the history (ai,...,a2) starting from

the t2 + 1’st step 241, and so on, so that generally the history (af,...,a;,) would be printed by &
starting from the t] + 1’st step & 1, where 7 = 1,2, ..., y(n).

As for item (b), note that it describes the uniform value v(§) of I'(§) in terms of the primitives
of the model. The payoff functions g(a,-,-), a € A, leave their mark through the function u (see
(4.4)). The process £ has a double role in the formula. First in the random word (&, ..., t?f")) cW,
appearing in the second argument of u in the definition of ®,. Second, in the probability vector 7,
which describes the distribution of the n-prefix (£, ...,&,) of .

Another phenomenon worth mentioning is that in some cases, the uniform value depends on the
distribution laws of infinitely many steps of the process (£,),>1. Indeed, as the sets P!, ..., B (n)
are pairwise disjoint, it follows that (t;);’(:”l) are pairwise disjoint times as well. Therefore, such a
phenomenon holds if y(n) — oo as n — oo. For instance, in the irrational rotation of the unit circle
(T, R.), g(n) — oo as n — oo for every non-degenerate'* partition P.

It turns out that this formula coupled with a new result of Ashkenazi-Golan, Solan, and Zseleva
(2020) and some additional game-theoretic arguments, suffices to deduce a new underlying dynam-
ical property of ergodic Kronecker systems, in the case where ¢ is generated by a binary partition.
This property concerns the asymptotic behavior of the random word (&, ..., tl(’”)’ which, as we
saw, has a central role in the formula for the uniform value.

Theorem 3. Let (X,T) be an ergodic Kronecker system and let Q be a finite partition of X with
|Q| =2 (i.e., Q is a partition of X into two subsets). Denote by {Q?, ...,Q%(Q’n)} the elements of
positive p-measure in the joining of the transformed partitions \/,_, T-U=1DQ. Then, there exists a

ffi?z)zio of positive integers such that

(a) p <T*t}tQ}L N---N T*t%(gm)Qg(g’n)) >0 for every n € N.

(b) p(QL)mes + -+ Q™ yacem — By in LN(X, B(X), ),
where n = (Q,T), and E is the expectation operator w.r.t. .

triangular array t = (t)

First, note that the theorem is stated in terms of the partition Q and not P, as the partition P
was fixed to simplify notation in future analysis. As a consequence, the quantity y(n) used before
was strictly adapted to the fixed partition P. For a general partition Q, the number of elements of
positive y-measure in the partition \/,_, T-%1DQ does depend on Q, which justifies the notation
a(Q,n).

Next, let us try and elaborate on the result of Theorem 3. Formally, Theorem 3 states that if one
takes the weighted average of the steps of 1 at the times given by the n’th row of the array ¢ w.r.t.
the weights (u(Q}), ..., N(Q%(Q’n))), then for sufficiently large values of n, such an average is close
to the expected value of the first step of the process, 7. One can also describe the result in terms
of the notions of Theorem 2. In that case, Theorem 3 implies that whenever |P| = 2, if one takes

14 e., contains an element with y-measure different from 0 and 1.
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the weighted average of the letters of the word (&, ...,{ t2<”)) € W, w.r.t. the probability vector m,
(describing the distribution of (&1, ...,&,)), then for sufficiently large n, this average will be close to
the expected letter of the process &, being E& =E& =--- =E& = --- . Thus, the limit law given
in Theorem 3 can be thought of combining two asymptotic behaviors associated with the process 7.
The first, is the distribution of the n-prefix (1, ...,n,) (described by the p(Q')’s, I =1,...,a(Q,n))
and second, the random variable (7, ..., ﬁtz(g,n)).

5. A SKETCH OF THE PROOF

The dynamics. The proofs of Theorems 1 and 2 begin by identifying the information the
observer can extract from his first K observations of £. This information is valuable, as it enables
the observer to predict future outcomes. To describe it, we resort to two basic definitions. First,
the lower density of a set £ C N is defined as
En{l,..
liminf| {1, ,n}|

n—oo n

The second definition is related to a key probabilistic property of the process £, termed long-term
predictability.

Definition 3. We say that the process & is long-term predictable if for every € > 0 there exists a
number K, such that with p-measure of at least 1 — e, upon observing &;(z), ..., {x (), the observer
is able to correctly predict (&,(x))n>xk over a set of stages Z C N whose lower density is greater
then or equal to 1 — €.

Assume that for some large value of K, the observer decides to assign to each history h =
(ai,...,ax) a prediction y" = (yt, vk, ....y", ...), where y* € A for every history h and n € N. The
role of these infinite sequences is to predict the entire future of outcomes. In other words, after
the history h, the observer predicts that at time K + n the outcome will be y". As the payoffs
in the game take into account only histories of positive measure, using (4.1) we may denote for
those histories y* by 4", r = 1,...,7(K), with the interpretation that 3" is the set of predictions
assigned to the history corresponding to Pj.. Whenever the set of predictions ¥ = {yT}Z(:II() satisfies
the long-term predictability property with precision € > 0 we say that YV is a (K, 1 — ¢)-long-term

predictor for £ (see Subsection 6.1 for exact details).

The predictor game. The long-term predictability property enables one to approximate I'(&)
with an auxiliary repeated game whose dynamics follow those governed by some (K, 1 —¢)-long-term
predictor Y for £. Such a game begins with a random choice of an element Pj; from Sk according
to the probability distribution 7 (see (4.2)). Equivalently, wx selects the sequence of predictions
y" from Y. This choice is known to the observer, as he obtains this information in I'(¢) at the
beginning of the K'th stage. The adversary, on the other hand, is assumed to know only the law of
the lottery mx'®. Then, at every stage n > 1, the zero-sum one-shot game g(y”,-,-) : [ x J — R, is

15 his assumption is natural, as the adversary’s knowledge of the distribution of ¢ in T'(§) implies that he knowns

T in D(€).
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being played. As in I'(£), the actions iy, j, played by the observer and his adversary, respectively,
at stage n are publicly announced and become common knowledge among the two. The payoff to
the observer after IV stages equals 25:1 9yl in, Jn)-

For every (K,1 — ¢)-long-term predictor ¥V = {y"}z(j) we denote the corresponding game by
f(Y) Also, we denote by v,,(Y') the value of the finite n-stage game corresponding to f(Y) Those
auxiliary games, which all depend on the predictions made by the observer, are called predictor
games (see Subsection 6.2).

In a given predictor game, there are only finitely many information sets Pj, ..., P;{(K), and each
uniquely determines all of the future states. The game thus obtained resembles that of Aumann
and Maschler ([2]). It stands to reason that the optimal use of information by the observer should,
as in the Aumann-Maschler game, be carried out via a splitting scheme. However, there is a major
difference between the current model and that of Aumann and Maschler.

In Aumann and Maschler’s game, the information set coincides with the state of the game, which
remains fixed for ever. Here, in contrast, when the information set Pj is chosen, the sequence of
future states follows (y.,),>1. This sequence typically exhibits an erratic behavior, in particular it
is neither constant nor periodic. This makes it difficult to identify which target function should
the observer split in order to obtain its concave envelope. Moreover, such an optimal split clearly
depends on the choice of the (K, 1 — ¢)-long-term predictor Y.

Non-revealing strategies and splitting. = We proceed with the non-revealing strategy of the
observer in the predictor game f(Y) When playing this strategy, the observer completely ignores
his additional private information. Specifically, at each stage n € N the observer plays an optimal
action in the one-shot zero-sum game G(mx, w,) (see (4.3)), where w,, = (y;, .. Lyt )) will be called
the n’th word induced by Y.

Based on long-term predictability, Proposition 1 shows that whenever Y is a (K, 1 — ¢)-long-term
predictor, there exists ¥ € ¥ such that for any duration N sufficiently large,

Y 1 ¢

(5.1) (ot 1) > thLg.}f 7 ;u(ﬂ'[(,wg) 2e — 3||g||lce, VT ET.
The strategy 0¥ € ¥ is parallel to the non-revealing strategy in f(Y) We now define two mappings.
For ¢ € A(Sk) (which now can be thought of as a distribution over the predictions {y” }ng)) let

(5.2) Ik[Y](q) = hNHi}oIgf — Zu q,wy)
and
L L
(5.3) IPMY](q) = 7 Zu(q, Winrie)y, m >0, LeN.
=1

Note that the dependence of these mappings on Y is through the words {w,},>1 it induces. We

need to keep Y in the notation because we later introduce another predictor and compare between
17



the two. Note also that the mapping [}?’L[Y] is determined by the words in the m’th L-block (i.e.,
{me+17 ey w(m—‘rl)L})‘

Subsection 6.3 describes a standard ‘splitting’ strategy o) with respect to the mapping Ix[Y],
and Proposition 2 shows that, whenever Y is a (K, 1 — ¢)-long-term predictor, then for every N
sufficiently large,

(5.4) ’)/N(O'Z,T) > (Cav I[Y]) (7x) — 26 — 3||g||oce, VYT ET.

In words, for a large number of observations K, the splitting strategy of the observer can guarantee
almost (Cav I[Y]) (7).

The adversary side. We now switch our attention to the adversary. To show that the
uniform value exists, we describe a strategy of the adversary that guarantees a payoff close to
(Cav Ik[Y]) (k) for large values of K. By Observation 1, the adversary can guarantee lim,, o v,(€).
Thus, in order to prove Theorem 1 it is sufficient to show that for large values of n and K, v, (§) is
close to (Cav I[Y]) (7k).

It seems, at a first glance, that the adversary can analyze v, (§) using the predictor game f(Y)
However, by the definition of the uniform value, the adversary should come up with a strategy
independent of that of the observer. In particular, it should be independent of the choice of the
observer’s (K, 1 — €)-long-term predictor Y and so of the number of observations K on which the
observer decides to base his predictions.®

The adversary can construct his own (K’,1 — ¢)-long-term predictor Y’ = {y" Zlf ). Let us
elaborate on this somewhat confusing statement. The adversary himself might not have his own
prediction y'" on the future states, as he does not observe the outcomes of the first K’ steps of &.
Nevertheless, the existence of an (K’, 1 — ¢)-long-term predictor of ¢ is guaranteed based on the
distribution of &, which is known to the adversary. That is, the adversary can construct a predictor

{y”}“’(K (that ascribes the history of outcomes that corresponds to P}, the prediction y'")
Wthh is a (K’,1 — ¢)-long-term predictor for . Proposition 4 shows that in order to get a tight
upper bound on v, (&), it suffices to analyze v, (Y”), for large values of n. Thus, the adversary might
as well play as if the underlying process follows Y”, rather than &.

The analysis of F(Y/ ) is made possible by the fact that F(Y’ ) is a repeated game with incomplete
information on one side over a finitely many information sets. To this game we apply the classical
technique known as ‘martingales of posteriors’ (see Subsection 6.4). This analysis culminates with
Corollary 3 which states that for every L € N,

5.5 <! iy Cav I Y 6

(5.5) v (§) < 47 mzo( av Iy " [Y'])(7xr) 4 6] glloce,

whenever M is large enough. In words, since £ is stationary the adversary can guarantee vy, (§)
for all M, L € N. Thus, roughly speaking, we have shown that for large values of K’ and M the

Note that the existence of a (K,1 — ¢)-long-term predictor implies the existence of (K + ¢,1 — £)-long term
predictor, for every £ € N. Thus, a precision level of 1 — € can be achieved for infinitely many sets of observations.
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adversary can guarantee almost Z%;&(Cav I Y')) (wkr). Hence, Eqs. (5.4) and (5.5) suggest
that the main question regarding the existence of the uniform value is reduced to the following
problem.

Do there exist two predictors Y and Y’, which are, respectively, (K, 1—¢) and (K’, 1—¢)-long-term
predictors, and a positive integer L, such that

(5.6) (Cav I Y (mx) — (Cav Ig[Y]) (k)| < 3e, Vm=0,...,M —1?

In order to find such predictors one should know what kind of predictors there are at the disposal
of the observer and the adversary, how many of them exist, and whether or not they posses useful
properties. While so far we have applied well-known game-theoretic techniques, addressing these
issues requires new dynamical methods.

Satisfactory long-term predictors and where to find them. It turns out that the unique
topological structure of the ergodic Kronecker system (X, T'), together with the properties of the
Haar measure p, can be employed in order to obtain a ‘positive-measure’ set of long-term predictors.

Let t = (t:’l):(fl)le be a triangular array of times (positive integers). Based on this array, for

every n € N and = € X, define

Y (1) = Enrin11(2), S r2(T)s o St (T), 05

y™"(z) is the sequence of future realizations of states that starts at time n +t! + 1 and corresponds
to the point z. Let Y"(z) = {y™"(2)}7") be the predictor determined by the predictions y™"(z),

T

r =1,...,7(n). The key step in the proof is described in Theorem 5. It states that there exists

a triangular array of times t = (tg)l(ﬁ)’;il, satisfying item (a) of Theorem 2, for which Y"(z) =

{y™" () Z(:nl) has the following key property: for every ¢ > 0 there exists a required number of
observation K. such that for any K > K. there exists a set of points x € X of positive measure for
which Y (z) is a (K, 1 — ¢)-long-term predictor.

In words, both the observer and his adversary can choose a long-term predictor from a relatively
large pool of predictors, namely one that has a positive Haar measure. The latter will play a crucial
role in finding Y and Y’ (see Lemmas 2, 3, and 4, which lead to the choice of points (long-term

predictors) x, 2’ € X that determine Y)Y, respectively).

The existence of the two predictors. = We begin with the observer. Let the observer choose
K > K, such that

’(Cav ) (i) — lim sup(Cav @,,) ()| < e.

n—o0

We argue in Subsection 6.6 that the observer can choose x € X such that (i) Y& (z) is a (K,1—¢)-
long-term predictor, and (ii) Ix[Y ¥ (x)] = ®k. By (ii) and the choice of K,

(5.7) ‘ (Cav Ix[Y]) (x) — limsup(Cav @) ()

n—o0
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Now let us look at the adversary. The adversary will choose K’ > K, such that
(Cav @k ) (7 ) — liminf(Cav @,,)(m,)| < €.
n—oo

Lemmas 3 and 4 describe how to find a sufficiently large M such that for each 5 > 0 the adversary
can choose ' and L such that for the (K’,1 — ¢)-long-term predictor Y’ = Y*'(2/) the following
two properties hold:

(1) vare(€) < 37 Zomso (Cav LEH Y] (i) + 6|9 oce, and

(i) [(Cav I [V (7x) — (Cav @x:) (mx)| < [Wir|l|lgllseB,  ¥m =0, ..., M — 1.
The combination of (i) and (ii), together with the choice of K’, implies that
(5-8) vnr(§) < liminf(Cav @,)(m,) + 6][gllce + & + [Wie[[|glloo -

We next note that the adversary cannot guarantee less than what the observer can guarantee.
Thus, by applying (5.4) to Y = Y () and using the fact that the adversary can guarantee vy (€),
we obtain, with the help of Egs. (5.6) and (5.8), that

(5.9) limsup(Cav ®,)(m,) — 26 — 2||g||oe < lirrllliolgf(CaV D) (m,) + 6|9|ce + € + [Wk|||9]| 00 B-

n—oo

Since € > 0 and 8 > 0 are arbitrary, we see that

(5.10) lim inf(Cav ®,,)(7,,) = limsup(Cav ®,,)(m,).

n—00 n—00

The latter is sufficient to deduce that for the choices Y = Y% (z), Y’ = Y&'(2/) and L, we have
(5.11) (Cav I Y (mxer) — (Cav Ix[Y]) (mx) | < [Wie|[|gllooB + 2¢.

Thus, by taking (3 sufficiently small, we obtain an affirmative answer to the question posed in (5.6).
Moreover, it follows that the observer can guarantee lim,,_,, v,(£) and that the uniform value v ()
must be equal to lim,_,.(Cav ®,,)(7,), as stated in Theorem 2.

6. DETAILED PROOFS

We divide the outline of the proofs into multiple steps. We start with the notion of long-term
predictors.

6.1. Long-Term Predictors. The analysis of the predictive properties of the stationary processes
considered in the paper has led us to the following new definition:

Definition 4. Let Z = (Z,),>1 and Y = (Y,,),>1 be two sequences of random variables defined on
a probability space (Q2, F,P). Y is said to be a (K, 1 — ¢)-long-term predictor (LT-predictor) for Z
if

(i) Y, € Fk for all n € N, where Fg := 0(Z, ..., Zk).

(i) P (liminf, oo = >0 H{Zy =Y} > 1 —€) > 1 —e.
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That is, with probability of at least 1 — ¢, after observing the first K steps of Z we can predict the
future steps of Z correctly at times whose lower density is at least 1 — . In that case we say that
Z admits a (K, 1 — ¢)-LT-predictor.

Theorem 4. For every € > 0 there exists K € N such that £ admits a (K, 1 — ¢)-LT-predictor.

The proof of Theorem 4 is given in Appendix A.

Each (K,1 — ¢)-LT-predictor Y for ¢ induces a sequence of words {wy,},>1 in Wg. Indeed,
denote the unique value Y, | i attains on the event Py by y-, r = 1,...,7(K) (all the steps of Y are

measurable w.r.t. (&, ...,£x)). The n’'th word induced by Y is set to be w, = (y., ...,yZ(K)).

6.2. The Predictor Game f(Y) The goal of this subsection is to introduce the predictor game
[(Y) associated with a (K, 1 —&)-LT-predictor Y for £. This game will also be a zero-sum repeated
game with incomplete information on one side.

The description of T(Y) goes as follows. As in I'(€), the actions available to the observer and
his adversary are I and J, respectively. At the start of the game an element P}, € Sk is chosen at
random according to the probability vector mx defined by Eq. (4.2). The observer is informed of the
chosen element, whereas his adversary only knows the law of wx. At each stage n € N the observer
and his adversary are instructed to choose actions. The pair of chosen actions (i,,7,) € I x J is
publicly announced and becomes common knowledge among the two. The n’th stage payoff to the
observer is defined to be g(y!, i, jn). The payoff evaluation along the first N stages of f(Y) is the
average per-stage payoff, i.e., ij:l Gyl i, Jn)-

The information setup in f(Y) is strongly reminiscent to that considered in the original Aumann
and Maschler model (e.g., Chapter 3 in [2]). Indeed, upon learning the chosen element P}, € Sk,
the observer learns the state of the game at any given stage n € N. The difference of course lies
in the fact that, unlike in the Aumann and Maschler model, this state is not fixed across all future
stages, but rather follows the dynamics of the deterministic sequence (y/),>1. As we shall see in
the paper, the dynamics of the latter can be chosen to be of the form (&, (z,)),>1 for some z, € X.
In ergodic Kronecker systems, such as in the irrational rotation of the circle, such dynamics are
extremely non-periodic. Nevertheless, the only information of interest to the adversary remains
which Py € Sk was chosen. Thus, as in the Aumann-Maschler model, it should not be a surprise
that the true ‘state’ space for the adversary is the belief space A(Sk). The dynamics in this ‘state’
space are fully controlled by the observer’s actions.

6.3. Non-Revealing and Splitting Strategies of the Observer. Let Y be some (K, 1—¢)-LT-
predictor for £&. Consider the following non-revealing strategy o¥ of the observer:

e At stages 1,..., K, play the same pure action iy € I.
e At each stage K +n, n € N, play an optimal mixed action in the one-shot zero-sum game

G(7p, wy), where w, is the n’th word induced by Y.
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The simple idea behind this strategy is that the observer essentially waits for K steps, and then
plays an optimal non-revealing mixed action in each of the stages in the game I'(Y").

Proposition 1. Let Y = (Y,)n,>1 be a (K, 1 — ¢)-LT-predictor for £&. Then, there exists My € N
such that

Mh

(6.1) v (oY, 7) > lim inf%

L—oo

u(q, wp) — 2¢ — 3||g)loe, VN > My, VT €T.
=1

The proof of Proposition 1 is quite technical and can be found in Appendix B.
Let us proceed by defining the function Ix[Y]: A(Skx) — Ry by

(6.2 &M@=%§%;¥@w%

where we note that the dependence on the (K,1 — ¢)-LT-predictor Y is through the sequence
of words {wy},>1 induced by it. Carathéodory’s Theorem ensures that there exist non-negative
weights ()75 %! and distributions (g,);" %" € A(Sk) such that

(1) S oy =1,
2) S0 auge = 7k

(3) (Cav I Y])(mie) < S22 e LY )(ae) + .
Consider the lottery Z : X — {1,...,7(K)} whose distribution satisfies

. auqy
(6.3) p(Z=10|Pg)=—*,
K

for every £ € {1,....,7(K) + 1} and r € {1,...,7(K)}. Standard computations show that for every
Ce{l,...,v(K)+1} we have (i) u(Z =¢) = ay as well as (ii) u(Py | Z =0) = q; forr = 1,...,v(K).
Define the strategy o) of the observer as follows:
e At stages 1, ..., K, play the same pure action iy € I.
e ‘Splitting’: observe ({1, ..., {i) and learn which of the elements of the partition that generates
Fr was realized. If the realized partition element is some Pj; € Sk (note that this happens
p-a.s.), perform the lottery Z conditional on Pj, i.e., according to Eq. (6.3). Otherwise,
play the arbitrary pure action ig € I in any future stage.
e Conditional on the event {Z = ¢}, play at each stage K +n, n > 1, an optimal mixed action
in the one-shot game G(q, w,), where w, is the n’th word induced by Y.

Proposition 2. Let Y = (Y,,)n>1 be a (K, 1 — ¢)-LT-predictor for £&. Then, there exists Ny € N
such that

(6.4) (ol 1) > (Cav Ig[Y))(7k) — 26 — 3||gllss, VN > Ny, V7 € T.

As the proof of Proposition 2 is quite technical, we relegate it to Appendix B as well.
We now switch our focus to the strategic behavior of the adversary. Our starting point is the

following.
22



6.4. Martingales of Posteriors for the Adversary. The goal of this subsection is to show how
martingales of posteriors, a common tool in the field of repeated games with incomplete information
on one side, apply to f(Y’ ), where Y is some (K’, 1—¢)-LT-predictor for £ that the adversary decides
to construct. Denote by {w] },>1 the sequence of words induced by Y.

The description of T'(Y”) implies that the set of behavior strategies of the observer in T'(Y” ) can
be represented as

(6.5) S =

o = (Op)n>1: 0n = {0)}ses,, such that
o (I x J)y" 1 — A(I) '

The space of behavior strategies of the adversary in F(Y’ ) is the same as in I'(§), i.e., 7. Thus, the
space of finite histories H in T'(Y’) can be described as H = Unen Sk x (I x J)". Consider the
product space H = Sk x (I x J)N, equipped with the product topology. The cylinder sets in ﬁ,
induced by the elements of H , form a basis for the product topology on H. By the Ionescu-Tulcea
Extension Theorem (see Neveu, 1970, Proposition V.1.1), each pair (0,7) € & x T, together with
T induce a Borel probability measure on ’H denoted PX” | which is determined by the laws

o,7T)

IP’ff'T(h) =mrls] X H Oy (i1, 15 -or In—1s Jn—1) [in]
n<N

X H Tn@lajla"')in—l)jn—l)[.n}'

n<N

The sequence h = (8,11, j1,...,iN,JN) € H is identified with the cylinder it induces on H. Next,
for each n € N we let 7/-27% denote the o-field generated by the elements of (I x J)"~! on #H. The
martingale of posteriors p = (pn)n>1 induced by (o, 7) is a sequence of random variables such that
pn € A(Sk) is given by

6.6 o =PE(Pr | HE), Vr=1,...v(K'), Vn € N.
n o,7\" K n

The random sequence (p},),>1 corresponds to the sequence of posterior probabilities the adversary
ascribes for Pj, € Sks, being the chosen state, given that he knows the strategy o of the observer.
Note that p; = mgs. It is well known that the distribution of the martingale of posteriors p
is determined solely by mxs and o. Thus, if the adversary knows the strategy o € S of the
observer, he can compute p, at any stage n, based on the history of actions played up to that stage,
(41, J1s -y in—1, Jn—1)- Consider now the following behavior strategy 7. of the adversary. At stage n
compute p,, and play an optimal mixed action in the one-shot game G(p,,w)) (e.g., (4.3)), where

' is the n’th word induced by Y’. By following the footsteps of the proofs of Lemmas V.2.3-2.4

n

and Proposition V.2.7 in Mertens et. al. (2014), we obtain'":
67) B (90 %esinedo) [ H2) < 0 (0n 1)) + gl B, (Ipass = palli | 72)

where IE{f' is the expectation operator w.r.t. IP’M cand ||pps1 — palli = D) K) D541 — pp|. The
meticulous reader will notice that Yy, , is not measurable w.r.t. the o- ﬁeld generated by the

ITThis footsteps are made available due to the special structure of S
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elements of Sk, i.e., P[', ..., PK(,K/). As a result, one cannot take the expectation on the left-hand
side of Eq. (6.7). To overcome this difficulty, we identify Y7,
defined on the probability space (Sk+, mx+), whose values on each Py, € Sk agree with the values
of Yj.,, on Pg,. By taking the expectation in Eq. (6.7) and averaging over n = 1, ..., N, we get

4, With the random variable ?I’(, n

that the expected payoff along the first N stages of f(Y/ ) under (o, 7.), denoted Fn (o, 7i), satisfies

(6.8) (0,7) < — ZEUT* (P, w |9Hco Z]EJT*HPHH — pnlh

Neyman (2013) proved the sharp upper bound

N
(6.9) S TEE pust — palli < V2N H(mger)

where H(mg:) = — :(j ) 7 log(ml) is Shannon’s entropy function, which together with Eq. (6.8)

implies that

9110 /2 H (k1)
i .

(6.10) (0,7.) < —ZE U (Pny wy,) +

We now proceed with the following technical result.

Proposition 3. For any two positive integers M, L, it holds that

1 = gllocy(K")
K' 00
(6.11) ML E B, (pn, w),) < Mm:OEUT* <L E U (Pmrs1,w mL+e)> + A

Proposition 3 implies that for large values of M, there is an arbitrary small gain in payoff (from
the adversary’s perspective) if one fixes the belief p,,1 1 throughout the m’th block of length L, i.e.,
along stages mL +1,...,(m+ 1)L, for all m =0, ..., M — 1. The proof of Proposition 3 can be found
in Appendix B. Let us define, for every m € N and L € N, the function I5*[Y"] : A(Sk/) — Ry by

I’I’)’LL

Mh

mL—i—Z
Z:

Note that the dependence on the (K’,1 — ¢)-LT-predictor Y” is through the sequence {w/ },>1 of
words induced by it. Jensen’s inequality, in conjunction with the martingale of posteriors property
of (pn)n>1, implies that

B | G5 Y Wpmars)| < R |(Cav LMY ) (ps)
(6.12) < (Cav I [Y')(EE [prr])

= (CavIB Y] (mg).
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Thus, by combining Eqgs. (6.10), (6.11) with the upper bound given in Eq. (6.12) we obtain
M-1

~ 1 m.Lpy gllocy(K") | llgllocv/2 H (k)
(6.13) VML(U,T*)SMZ(C;WJK, Y (rxr) + N NG T

m=0
Hence, by the minimax theorem, for every M, L € N
M-1

~ 1 9lloov(K") | llglloov/2 H ()
6.14 o (Y) < — Cav I Y (7 ) + + .
The next proposition, whose proof is relegated to Appendix B, relates the values v,(§) to the
values v, (Y”), where Y is some (K’, 1 — ¢)-LT-predictor for .

m=0

Proposition 4. Let Y’ be a (K',1 — ¢)-LT-predictor for £&. Then, there exists Ny, € N such that
(&) < 0,(Y") + 59|t for every n > Ny-.

Combining the upper bound on Uy (Y’) given in Eq. (6.14) with Proposition 4 we get the
following corollary.

Corollary 3. Let Y’ be a (K',1 — ¢)-predictor for . Then, there exists Ry . € N such that
M-1

3 (Cav I Y] (i) + 6]l g|ce

m=0

1

(6.15) ounl6) < -
for every M > Ry, . and L € N.

Proof of Corollary 3. In view of Proposition 4 and Eq. (6.14), it suffices to take Ry+. > Ny, where
Ny is described in Proposition 4 to satisfy
I9llocy(K") | lglloov/2 H (i)

o T < [glloce-

6.5. Long-term predictors of a special form.
7(n)

r=1

(a) p <T*t#P7} n..nr-o" PJ(")> > 0 for every n € N.

Theorem 5. There exists a triangular-array t = (t) ’ﬁil of positive integers, such that

(b) Define for each x € X a sequence Y™(x) = (Y"(2))e>1 of Fn-measurable random variables

by
v(n) v(n)
(6.16) Y/ (@) =) &I ) I{P} =) &y () 1{P}}, VLEN,
r=1 r=1
and define the event
(6.17) Cke= {x € X :Y®(z) is an (K, 1 — ¢)-LT-predictor for f}.

Then, for every € > 0 there exists K. € N such that u(Ck.) > 0 for every K > K..
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The proof of Theorem 5 is based on tools and techniques from Topological Dynamics and classic
Ergodic Theory. Let us give a very brief introduction to some of these tools (a formal exposition
can be found in Subsection A.1 of Appendix A).

The field of topological dynamics comes into play in several directions. First, it is well known
(see Theorem A.1) that 7' must be an isometry of X, i.e., T preserves distances in the metric space
X. Second, the set of visit times N(z,U) ={n € N : T"x € U} in any open set U C X of the orbit
of any x € X has bounded gaps, or in other words is syndetic.

The connection between the topological dynamics of 7" on X and the Haar measure y is achieved
via the basic notion of a generic point z € X. The frequency of times, + ij:l 1{A}(T"z), in
which the orbit of a generic point x visits a set A, converges (as N — o0) to the Haar measure of
A, in the case where the topological boundary of A has vanishing Haar measure. The key point is
that any x € X in an ergodic Kronecker system must be generic. The proof of this theorem, given
in Appendix A, is a significant part of the mathematical novelty of this paper.

Prior to showing why Theorem 5 solves our dynamical difficulties, we provide some intuition as
to why the special form of LT-predictors described in Theorem 5 exists. First, for a given n € N
the existence of (t;);’(:"l) satisfying item (a) in Theorem 5 is guaranteed by the assumed ergodicity
of the Kronecker system (X,T") (note that the sets P! are of positive py-measure). Second, in view
of Theorem 4, for most r = 1, ..., y(K), the (deterministic) sequence of outcomes (y),>; predicts
well most of the outcomes of (&,),>1 on Py . An a posteriori transitivity argument thus implies
that the sequences of outcomes (&,(x)),>1 on Pj are ‘close’ (agree most of the times on average)
on most points inside x € Pj. Thus, the remaining goal is to choose a set of points z € X of
positive p-measure such that Tz € P} are elements of this set of most ‘close’ points, across most
r=1,..,7(K).

We now introduce some key definitions, which play a central role in establishing a formula for
the uniform value. For every K € N and every w € Wy define the event

(6.18) w {x €X: <§K+t{<+1(x), ...,5K+tw(m1(x)> - w}.

Define the process 1% = (IX

n

") ,>1 by the rule
(6.19) 15v(z) .= 1{T~"""YRY}(z), Vzec X, VneN.

It follows from the definition given in Eq. (6.16) that I%%(x) indicates whether or not the n’th
word induced by Y*(z) equals w. Thus, SOV TE#(2) measures the frequency of occurrences of

the word w along the first N words induced by Y (z).

6.6. The predictions of interest to the observer. The observer begins by fixing K > K. for
which,

(6.20) (Cav @k ) (7 ) — lim sup(Cav @,)(7m,)| < e.

n—o0
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Next, define the set

(6.21) Ok = () {xeX Z]IK“’ %MRw)}

wEWK

In words, Ok consists of those points x € X for which the limit frequency of occurrences of every
word w € Wy along the entire sequence of words induced by Y5 (x) equals pu(R%).

Lemma 1. Ix[YE(2)] = & for any x € O.

Proof of Lemma 1. Since }, .y, I () = 1 for every n € N, and {I}>*(x)},, are all binary, we
have

LYK @) = tgninf <> ST T (@)ule,w)

n=1 weWg
| X
T Kaw
(6.22) = hNHl}OIif [N Z]In (:U)] u(q, w).
weWgK n=1

Since x € Ok, we may move to the limit in Eq. (6.22) to obtain

(6.23) I[Y¥@)(@) = ) n(Bi)ulg,w) = ®x(q)-

weEWK

Lemma 2. The observer can guarantee limsup (Cav ®,,)(m,).
n—o0

Proof of Lemma 2. Since (X, T, u) is ergodic and |Wg| < oo, Birkhoft’s Pointwise Ergodic Theorem
implies that O is a finite intersection of probability 1 events, so that u(Ok) = 1. Since K > K,
Theorem 5 implies that

(624) [L(C}ga N OK) >0

Hence, the observer can choose some z € Ck. N Og. Since Y (z) is a (K, 1 — ¢)-LT-predictor, we
can apply Proposition 2 (for Y = Y% (z)) to obtain that

(ol 1) > (Cav IV (@)])(mx) — 2 = 3]|gloe

(6.25) = (Cav k) (pr) — & = 2l[glle
> limsup(Cav ®,)(m,) — 2¢ — 2||g||ce, VN > Nyx(,), V71 €T,
n—oo

where the equality is due to Lemma 1, and the second inequality follows from the choice of K. [
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6.7. The predictions of interest to the adversary. The adversary begins by fixing K’ > K.
such that
(6.26) (Cav @ g/ )(mgs) — lim inf(Cav ®@,)(7,)| < €.

n— o0

We will need the following measurable version of Corollary 3.

Lemma 3. There ezist a positive integer My . € N and an event Ggr . C Cgr . with u(Ggr ) > 0,
such that if v € G then

,_.

M—
1 m
(6.27) ou(€) < 57 D (Cav I Y ¥ (2))) (mier) + 6] glloce
m:O

for every M > Mg . and L € N.

This proposition is of great importance for us, as the cutoff My is uniform across all (K’,1—¢)-
LT-predictors {Y*' (2)},eq «..» unlike the cutoff Ry~ . given in Corollary 3, whose value depend on
a specific (K’,1 — ¢)-LT-predictor Y’ the adversary decides to use. The proof of Lemma 3 relies
heavily on the proof of Proposition 4 and will be given in Appendix B.

In order to relate (Cav ;5" [V (2)])(ngs), m = 0,..., M — 1, to (Cav ®g)(mx) for some z’ €
Gk, the adversary desires that at each block mL+1, ..., (m+ 1)L of words induced by Y*' (') the
frequency of every word w € Wy is ‘close’ to p(RY,). For this purpose we define for each L € N
and m € NU {0} the event

< B}.

L
Dim(B) = ) {xeX : ‘1 PR E: v,
WEWyer =1
Note that + Ze L fi I4e() is equal to the frequency of w along the m’th L-block of words induced
by Y& (z). Thus, the event Dy, ,,(3) collects those # € X for which the frequency of each word
w € Wy along the m’th L-block of words induced by YX'(z) is B-close to u(R%,).
The following lemma will help the adversary choose the predictor Y'*'(x) he is interested in.

Lemma 4. For every positive integer M and every B > 0, there exists a positive integer L = L(M, )
such that

(628) ol (GK/,E N <J\hl DL7m(ﬁ)>> > 0.

The proof of Lemma 4, which mostly relies on Birkhoff’s Pointwise Ergodic Theorem, is deferred
to Appendix B.

Let us fix M > Mk .. Lemma 4 implies that, for a given § > 0, the adversary can choose L € N
and 2’ € G, N (N MM Dp.m(B)) so that Y/ = Y&'(2/) satisfies the following two key properties:

(i) varr(€ ) < LM N Cav IEE[Y)) () + 6] gl oe (since o € G ).

(ii) For every m =0, ..., M — 1 the frequency of each word w E Wy along the m’th L-block of

words induced by Y is S-close to u(R%,) (since € _y Dpm(B)).
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The following simple claim, whose proof appears in Appendix B, is important for later analysis.

Claim 1. Let f,h: E — R be two continuous functions, where E is a closed convexr subset of RY,
d € N. Then

(6.29) lf = hlleo < p = ||Cav f — Cavhl, < p.

The approximation of Cav I75"[Y”] to (Cav ®x/) (k) is achieved as follows. First, observe that
the definitions imply the identity

(630) ];?}L[Y’](q Z [ Z]ImL-i—E ] q, ), VQEA(SK/).
wEW1

Second, since # € (o—g Drm(B) (where L = L(M, ) is described in Lemma 4), we have for every
=0,...,M — 1 that

I Y =Pl = || D ( Z]Imue o 3’6)) u (-, w)
wEWper 0
(6.31) < > Zﬂmwg (R |[lu (- w) floo < Wierlllglloo 5.
wEWper
Third, by Claim 1,
(6.32) ICav I [Y'] = Cav @ [l < [Wir|l|glloob.

which in conjunction with property (i) of Y’ yields
M-1

oal6) < MZ[Cav<I>Kf)(7rKf)+!WKfIHgHooﬂ]+6HgHoo6
(6.33) < liminf(Cav ®)(ma) + & + [Wicllglloof + 6llgll<e.

where the last inequality is due to the choice of K'. As M > Mk . is arbitrary, we can let M — oo,
and since v, (§) converges as n — oo (see Observation 1) we see that

(6.34) Jim v,(6) < lim inf(Cav ®,)(m,) + & + Wil 9]l + 6]
Since € > 0 and 8 > 0 were arbitrary all along, we conclude that
Corollary 4. lim, .. v,(§) < liminf, . (Cav ®,)(m,).

Let us now prove Theorems 1 and 2 simultaneously.

Proof of Theorems 1 and 2. By Lemma 2 and Corollary 4,
(6.35) lim sup(Cav ®,,)(7,) < liminf(Cav ®,,)(m,).
n—oo

n—0o0
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Hence, v(§) exists and equals lim,, o (Cav ®,,)(7,,), which proves Theorem 2. Next, by Observation
1, Lemma 2 and Corollary 4,

(6.36) lim v,(§) < liminf(Cav ®,)(m,) < limsup(Cav ®,)(m,) < lim v,(§),
n—00 n—00 n—o00 n—0o0
which proves Theorem 1. [l

6.8. Proof of the result on visiting times to Kronecker systems. Let us prove now Theorem
3.

Proof of Theorem 3. We first note that it suffices to show that
(6.37) p(P))En, + -+ n(PY™)pm — E&  in LNX, B(X), p),

v(n)

122 | described in Theorem 2, whenever |P| = 2. As P is an

for the triangular array ¢t = ()
arbitrary partition we do not lose generality. We find such a reduction useful, as it significantly
helps simplify notation.

Define w : [0,1] — R, by
’U)(S) = val ((1 - S).g(oa ) ) + 89(17 K )) :
That is, w(s) is the value of the zero-sum game in which the payoff for the actions pair (i,j) € I x J
equals (1 —s)g(0,4,j) + sg(1,4,7). Also, for each n € N, define ¥,, : A(S,,) — R by
(6.38) Walg) == B [w((q, (€ €0)))]

where E is the expectation operator w.r.t. u, (-,-) is the scalar product on R?™ and ¢ € A(S,)
is viewed as a probability vector in RY™. Since we assume that |P| = 2, the process ¢ has binary
steps (see (3.1)). Consequently, ¥,, = ®,,, which implies Cav ®,, = Cav ¥,, for every n € N. By
Theorem 2, lim,,_,o, (Cav ¥,, ) (7,) exists and is equal to the uniform value of I'(£).

We now state the following key proposition.

Proposition 5. Assume that w is a concave function. Then

(6.39) lim W, (m,) = w(B&).

The proof can be found in Appendix B. We now proceed with the definition of a piecewise rational
function.

Definition 5. A function h : [0,1] — R is said to be piecewise rational, if there exist a positive
integer N and points in the unit interval 0 = sy < 51 < s < --- < sy = 1 such that

by
@n

(6.40) h= Z_: {801, 8n) } = + 1{[sn_1, 1]}%,

where (P,)"_, and (Q,)"_, are polynomials.

Recently, Ashkenazi-Golan, Solan, and Zseleva (2020) proved the following result:
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Theorem 5. A function h : [0,1] — R is a continuous piecewise rational function iff there exist
two matrices A and B of equal dimensions such that:

(6.41) h(s) =val(sA+ (1 —s)B).

Consider the sequence of concave polynomials wy : [0,1] — [—1,0] defined by wy(s) := —s* for
every k € N. Using Theorem 5 one can select for each k matrices G¥(0) and G*(1) such that

wy(s) = val((1 — s)G*(0) + sG*(1))
for all s € [0, 1]. By considering the repeated game ' () with payoff function g(a, i,7) = G*(a)li, j],
we deduce from Proposition 5 that

(6.42) lim E [( (T (€4t oes Er) )ﬂ = E[(&,)"], Vk € N.

n—o0

Since the constant random variable E(&;) satisfies the Carleman condition, i.e.,

oo

(6.43) > (B(E)™) F =3 g = oe

n=1 n=1

it is uniquely determined by its moments. The method of moments [10] implies that (m,, (&1, ... §oom))
converges in distribution to E&;. As the latter is a constant random variable, one obtains conver-
gence in probability. Hence, as € has binary steps, convergence in L'(X,B(X), ) holds as well,
thus proving (6.37). O
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APPENDIX A. LONG-TERM PREDICTORS OF A SPECIAL FORM

A.1. Tools from Topological Dynamics. The goal of this section is to introduce some basic
notions and review fundamental theorems and facts from topological dynamics which will play a
key role in the proofs of Theorems 4 and 5. The items in this short list together with their proofs
are scattered throughout Chapters 1 and 3 in Furstenberg (1981).

Theorem A.l1. Any Kronecker system (), S) is isometric, i.e., it admits a compatible metric d on

Y with respect to which S is an isometry, i.e., d(Sy, Sy') = d(y,y') for all y,y/ € V.
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A topological dynamical system (), .S) is said to be transitive if (S™y),ez is a dense subset of )
for every y € Y. A subset I C N is syndetic it there is a constant L such that

(m,m+ LINI#0, VmeN,

that is, the gaps in I are of lengths bounded from above by L. The number L is called the syndeticity
constant of I. The interplay between these properties is summarized in the following fundamental
theorem:

Theorem A.2. The following assertions are equivalent:

1. (), S) is transitive.
2. For every y € Y and every non-empty open set U C Y, the set N(y,U) :={n e N : S"y €
U} is syndetic.

It is well known that ergodic Kronecker systems are transitive. We conclude with a useful result
on generic points. Let (), S) be a topological dynamical system. A point y € ) is said to be generic
for a Borel measure p on Y if

1 N
25 > [ vreco),

where we recall that C'()) stands for the space of real-valued continuous functions with domain ).
It is well known that in a uniquely ergodic topological dynamical system (), S) every point y € )
is generic with respect to the (unique) invariant measure p. The following fact regarding generic
points will be crucial for our proofs:

Fact A.1. Ify is generic for p and A € B(Y) satisfies 1(0A) = 0 (OA denotes the boundary of the
set A), then SN 1{A}(S"x) = pu(A) as N — oo.

A.2. Proofs. Recall that in Section 4 we fixed an ergodic Kronecker system (X,7) and a finite
partition P of X. We also denoted £ = (P, T). The set of states is thus A = {0, ...,|P| — 1}. Our
starting point is the following proposition.

Proposition A.1. There exists a countable basis B for the topology on X, such that for every
finite partition Q measurable w.r.t. A(A) (the algebra of sets generated by the elements of %) and
every € > 0 there exist a positive integer N and a number 6 > 0 such that for every x,y € X we
have

dry) <6 = 3 Hnle) £nly)} <e Yo >N,

=1
where n = (Q,T).

Proof of Proposition A.1. We first need to exhibit a countable basis # for which the conclusion
of Proposition A.1 is true. To do so, we recall that, by the definition of a Kronecker system (see

Definition 2), there exists a homeomorphism ¢ : X — G such that ¢ o T' = S, o ¢, where (G, S,) is
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a topological dynamical system, with (G,4) a compact metrizable Abelian topological group and
Sy : h+— g+ h is the group rotation by g € G.

By Theorem A.1, there exists a compatible metric d, on G such that S, is an isometry of d,. As
the Haar measure p on G is invariant under left rotations and S, is an isometry, one can choose
a decreasing sequence 1, N\, 0 such that (0B, (ng,rm)) = 0 for all n € Z and m € N (here ng
is the element of G obtained by adding g (resp. —g) to itself n times if n > 0 (resp. n < 0), and
Bg,(ng, ) denotes the ball of radius r,, around ng w.r.t. the metric d,). Since (G, S,) is transitive,
the set {ng : n € Z} is dense in G. Hence, the family %, = {B,,(ng,rm) : n € Z,m € N} forms a
countable basis of G. Since ¢ is a homeomorphism, we may define the countable basis % by

(A.1) B =¢ ' By :={¢"'By,(ng,rm) : n € ZL,m € N}.

Fix a finite partition Q@ = {Q1,..., @} measurable w.r.t. A(%,) and fix ¢ > 0. For each a =
L.,k let R, =¢Qr ={o(x): z € Q,}. Thus, the finite partition R = {Ry, ..., Ry} is measurable
w.r.t. A(%,). Consider the process ¢ = (R, 5;). Then, for every x € X and ¢ € N,

19

ne(w) = Y (a=HUTVQ o™ (4(2)))

a=1

12

= Y (a—1)1{p o T™* Q. }(e(x))

a=1

19

(A.2) = Y (a—1)1{S;“ Vo ¢ Qu}(¢(x))

a=1
IR|

= Y (a—1)1{(S;“"VR,)Ho())

a=1

= G(o(x)).
Eq. (A.2) implies that, for every n > 1,

n

(A3) 3 nle) £ ml)h = - S0 1G6() £ o)

(=1

We now claim that to prove Proposition A.1 it suffices to find an N € N and ¢’ > 0 such that for
every h, f € G it holds that

(A4) By D) <8 = -3 LG £ G} <5 YnN.
(=1

To see this, we note that since (X, d) is compact, ¢ is uniformly continuous, and thus there exists
d > 0 such that d(z,y) < ¢ implies d,(¢(x), p(y)) < ¢ for all z,y € X. Then, Eq. (A.3) would

guarantee that the conclusion of Proposition A.1 holds.
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Thus, it remains to prove the reduction described in (A.4). We begin by introducing the open
sets

(A.5) Uso ={h € G : d(h,0R,) < a}, Va=1,..,|R|.

Since OR, is closed, U, o \y OR, as a \, 0, for all a. Moreover, since u(0R,) = 0 for all a (recall the
definition of %,), we can choose g such that (1) > p(Usa,) < €/2 and (ii) p(0Uqq,) = 0 for all
a. Set ' := /4, and let ~{hj}37:1 be a ¢’-net in G. Since (G, S,) is uniquely ergodic, h; is generic
for every j =1,...,J. Thus, as

IR| IR IR|

(A.6) 0| UUuao | €U Waao = 1|0 JUVsao | | =0

a=1
Fact A.1 ensures the existence of a positive integer N such that for every n > N it holds that

n IR| IR|

(A7) ! =3 H{{U Va8 'hy) U Unoo | | < g Vi=1,..J.

Kl a=1

If S5y & U, Ussao, the ball By, (S57'h;, a/2) must lie entirely inside one of the elements of the
partition R. Hence, by exploiting the fact that S, is an isometry of d, once more, we see that, for
every h, f € G such that d,(h, f) < ¢,

n IR

_ZH{CE #CZ )} S _ZII‘{UUCLOCO} Se 1h

IR

£
(A.8) < §+,u L:JlUMO <e Vn>N,

where h € {hj}le satisfies dg(iz, h) < ¢'. This proves our reduction and thus completes the proof
of Proposition A.1. O

Let us fix a countable basis £ for the topology on X satisfying the conclusion of Proposition
A.1. We need a number of additional definitions and notations. For each n € N, we define
pn t AN x AN — 10, 1] by

1 n
nla, B) i= — 1 .
pu(c, B) n; {aw # Be}
As the functions (p,),>1 are measurable w.r.t. the product o-field B(AY) @ B(AY), so is the function
p: AN x AN — [0, 1] defined by
ple, ) == limsup pp(cv, 5).

n—oo
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Lemma A.1. Let Q be a partition measurable w.r.t. A(A), |Q| = |P|, and let n = (Nn)n>1 be the
process generated by (Q,T). For every e > 0 there exists a positive integer N(n,e) such that for
every n > N(n,€) and all z,y € X,

(A.9) pa(n(z),n(y)) <e = p(n(z),n(y)) < 2.

Proof of Lemma A.1. First, by Theorem A.1, we may assume that 7T is an isometry of the metric
d on X. By Proposition A.1, there exist 6 > 0 and N > 1 such that for all z, 2’ € X we have

(A.10) d(z,2") <6 = pu(n(x),n(a")) <e/4, VYn> N.

Since (X, T') is transitive, by Theorem A.2 for every x € X there exists a positive integer L, which is
the syndeticity constant of N(z, By(x,0)). Since T' is an isometry, N(x, Bq4(x,d)) = N(y, Ba(y,9))
for all z,y € X. Thus L, = L, for all z,y € X. To simplify notation, we write L = L, for
some x € X. Choose N(n,e) > N such that L < (¢/2)N(n,e). Take n > N(n,e). We have
pn(n(x),n(y)) < €. Thereafter, we have a waiting time of at most L till the orbit of 7"z returns to
By(z, ). Since T is an isometry, whenever T"x returns to By(x, ), T"y returns to By(y, d). Let m =
min{0 < ¢ < L : T""*z € By(z,0)}. Combining Eq. (A.10) with the fact that p,(n(x),n(y)) < e,
we see that p,(n(T"™z),n(T"™y)) < 3e/2. We continue the same line of logic iteratively, using
the fact that the waiting time it takes 7%"*™x to return to a small neighborhood of x is at most
L < (¢/2)N(n,e), and thereafter we once again get a 3¢/2 proximity of the corresponding orbits
in the p, metric, and so on and so forth. The result follows since the waiting times, which are at
most L < (¢/2)N(n,¢), are always negligible compared to the duration n > N(n, ¢) of proximity of
orbits in the p, metric. OJ

Lemma A.2. For every € > 0, there exists a partition Q°, |Q°| = |P|, measurable w.r.t. A(A),
such that the process n° = (15 )n>1 generated by (Q°,T) satisfies

(A.11) p({zeX o p(Elx),n(z)) <e}) =1

Proof of Lemma A.2. Fix e > 0. First, we recall that the Haar measure is outer-regular, that is,
(A.12) w(B) = inf{u(U) : Uopen, BC U}, VB e B(X).

Thus, as 4 is a countable basis, we can approximate'® the partition P by a partition Q° =

{Q5,.... Qfp} measurable w.r.t. A(%), so that p(P,AQ7) < e/|P|* for every a = 1, ..., |P|. Let n°

8This claim can be proved using induction on the cardinality of P.
We denote by A the symmetric difference operation.
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be the process generated by (Q°, T'). By Birkhoft’s Pointwise Ergodic Theorem,

n [Pl

1 n
e (¢-1) (-1) e
~> M A0t < —ZZMT P,AT™ N5}
(=1 {=1 a=1
P n
= Z Zﬂ{T CO(P.AQY)
\Pl
(A.13) — ZN(PQAQZ) <eg, p-ae.,
a=1
which proves (A.11). O

Proof of Theorems and 4 and 5. For each k € N, Lemma A.2 ensures the existence of a partition
QF, |Q%| = |P|, measurable w.r.t. A(Z), such that the event Oy = {z € X : p(&(x),n*(x)) < 11,
where n* = (QF, T), satisfies ;(Oy) = 1. Moreover, there exists a positive integer M (k) such that

1 1
(A14) w({rex s mewnateon < gz} ) 2 1- 1
Forn € N, and r =1, ...,y(n), define

1
Ey =Py N {x e X : pn(f(x),nk(:c)) S_k} N Oy.
Denote J, , := {r € {1,...,y(n)} : p(E},) >0} and J?2, = {1,...,y(n)} \ J},. Since T is ergodic,
for every n, k € N, there exist positive integers t), ., t2 ;.. ,t:LEZ) such that
() T7"+E 0 () T %Py
reJ) reJ?

satisfies (A, ) > 0. We now define for each pair k,n € N and z € X the sequence Y"F(z) =
(Y;""(2))¢>1 of random variables, measurable w.r.t. F, = o(&, ..., &), b

v(n) v(n)

V)M (x Z& kg ) 1{PT} = Z@Hr )1{P’}, VleN.

The following proposition describes an event of positive p-probability associated with a family of
LT-predictors. Note that Theorem 4 follows immediately from it.
Proposition A.2. For each pair n, k € N define

By = {.CE € X : Y™ (z)is an (n,1 — k~')-LT-predictor for f}.

Then pi(Byy) > 0 for all k € N and n > max{M(k), N(n*, )}, where M(k) is described in Eq.

(A.14) and N(n*, ) is described in the statement of Lemma A.1.
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Proof of Proposition A.2. Fix n > max{M(k), N(n*, =-)}. We start by showing that the events
B, are measurable for all k,n € N. For each r = 1,...,7(n) we define the function e], , : X — [0, 1]
by

(A15) e (z) = / L{p(€(2), £(y)) < k) dpu(y).

Py

By Tonelli’s theorem, e; , is measurable for every 7. Now let us introduce the measurable functions
h o =enol k. As Y"k(:z:) € F, for every £ € N and z € X, the definition of Y™*(z) implies
that

v(n)
(A.16) Y™ (x) is an (n,1 — k~')-LT-predictor for { <= Z hr (7)) >1— k7

r=1
Thus we have established that B, ; is measurable.

Next, consider Ej , for some r € {1,...,y(n)}. Since (&1,...,&,) are constant on Ej ;. we have

that p,({(z),&(y)) = 0 for all 7,y € E] ;. Thus, for all 2,y € E},

n,k>’

(A.17) P (@), 1 (1)) < pu(n"(2),£(2)) + pu(€(x),£W)) + pulE(y), 0" () < 41k

Since QF is measurable w.r.t. A(%) and n > N(n*, ), Lemma A.1 coupled with Eq. (A. 17) implies
that p(n*(z),n"(y)) < 5 for all z,y € EJ, . Since EI , C Oy, we get that p(¢(z),&(y)) < ¢ for all
z,y € E} ;, which in conjunction with the fact that Ttn FAnk C By for every r € J, ! & nnphes that,
for every x € A, ,

(A18) [ Hole(00),60)) < 6 duly) = (B, € Ty
Bk
Consequently, for every x € A, 1,

v(n)

Zh > Z B ()

1
rEJn,k

> /ﬂ{p(é(th’kx),é(y))Sk1}du(y)

T‘EJ 2k E'r

v

(A19) = 3 B = (e X st ) < ) ) 21

TEJ}L,k

where the equality follows from Eq. (A.18) while the last inequality follows from the fact that
n > M(k) (see Eq. (A.14)). Using the criterion (A.16), we see that Y™*(z) is an (n,1 — k=1)-LT-

predictor for £ for all z € A, , i.e., A, x C B, . Since (A, ;) > 0, the proof is complete. O
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To get the triangular array ¢ described in the statement of Theorem 5 we shall perform a “diag-
onalization” procedure on the array consisting of &7 ,, r=1,..., v(n), n,k € N. Roughly speaking,
the purpose is to reduce the dimension of the family {Y™*(z)}, 1. so as to obtain a new family
{Y"™(x)}n 4, such that the precision of the long-term predictors in this family tends to 1 as n — oo.
We proceed as follows. For every k € N, set aj, := max{M (k), N(n*, 2-)}. Without loss of generality
we can assume that the sequence (ay)y is strictly increasing. For each n > aq, and r = 1, ...,v(n),

set t;, :=t,, , whenever ay < n < agy1. For n <ay, let (t’”)W(n be an arbitrary sequence satisfying
item (a) of Theorem 5. Consider the triangular array t := (t:z)r(:l), -—1- We note that this array
satisfies item (a) in Theorem 5. As in the statement of Theorem 5, define for each z € X a sequence

Y™(x) = (Y (2))e>1 of F,-measurable random variables by

Z& (T 2)1{P;} = Z&—i—ﬂ JI{P’}, VleN.

Also, in the statement of Theorem 5, we defined for every K € N and £ > 0 the event
Cke= {x € X :Y¥(2) is an (K, 1 — &)-LT-predictor for 5}.

Fix € > 0 and take k. € N with k;l <e. Set K. = ay,. Fix some K > K. and let k > k. be such
that ay < K < agy1. Since YX(z) = YE*(z) and k™! < &, we have Bg C Ck.. Since a; < K,
Proposition A.2 implies that p(Bg ) > 0. Hence p(Ck ) > 0. The proof of Theorem 5 is complete,
as K > K. was arbitrary. O

APPENDIX B. GAME-THEORETIC PROOFS

The following two claims will be necessary for proving several of the propositions stated in Section
6.

Claim B.1. Let (Y, )n>1 be a sequence of A-valued random variables on X. Then, for every pair
(0.7) €T X T,

(B.1) _|TZ (&0 £ Yy),

’YN(O- T ( Zg Y’ml’m]n >

Proof of Claim B.1. For every n = 1,..., N we have

ES (& in, ) — ES . g(Yn,in, ju)| < 9y ins gn) — (Yo in, gn)

(B.2) < lglloo ES 1{&n # Yo} = llglloopt (60 # Ya) -

where we used the fact that the marginal of ]P’gﬁ on X is u, for every o and 7. We complete the
proof by applying the triangle inequality to the left-hand side in Eq. (B.1) and plugging in the

upper bound given in Eq. (B.2). O
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Claim B.2. If Y = (Y,)n>1 is a (K, 1 — ¢)-LT-predictor for & then

(B.3) hmsup—Zu (&n # Yn) < 2¢.

N—oo

Proof of Claim B.2. By the definition of a (K, 1 — ¢)-LT-predictor for &,

N
1
im inf — = > 1 — >1 —e€.
ﬂ<hjvni>1£f]\fzﬂ{£" Y.} >1 5)_1 €

n=1

Applying Markov’s inequality first, and then Fatou’s inequality, we obtain

_ < il — 1 _ il
(1—¢) thriloréf Zu =1 hzr\]fajolip Z,u En # Yn).
The proof follows immediately. 0J

We are now in position to prove Propositions 1 and 2. As Proposition 1 is a special case of
Proposition 2 whenever (Cav Ix[Y])(7x) = Ix[Y](7k), it suffices to prove the latter.

Proof of Proposition 2. Combining Claims B.1 and B.2 for the (K, 1 — ¢)-LT-predictor Y, we see
that there exists Ny > K such that

N

1
(B.4) (ol 1) > ES . (N > g(Yn,in,jn)) —3||gllce, VN > N, VreT.

n=K+1

By conditioning on the outcome of the lottery Z we obtain for every N > K 4+ 1 and every 7 € T,
1 X Y(K)+1 I 1 X
3 S _ 13 . .
Ey ., (ﬁ . Q(Ynﬂndn)) > ; mZ=10)|E,y . (ﬁ > 9Vasingdn) |2 = f) ]

n=K+1 n=K+1
7= e) ]

> B (90 in )

N
=K+1
K

1
= ; M(sz)_ﬁ

2
3
F
—
= 3

(B.5) > w(Z =1) % z_: w (qe, wy, ],

=1

~

where the last inequality follows from the definition of o). Next, by the definition of the function
Ik[Y], we may choose N& > K so that for every N > N2 it holds that

(B.6) % i u(qe,wn) > Ix[Y](q) —e, Ve {l,..,v(K)+1}.
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Set Ny = max{Ny-, N2 }. Combining Egs. (B.4), (B.5), and (B.6) we see that

wiol 1) > Z (2 = 0 IV V() = ] = 3llglle

(B.7) > (Cav Ig[Y))(mk) — 26 — 3||g||lce;, VN > Ny, V7T €T,

where the second inequality follows from the properties of the lottery Z. This completes the
proof. 0

We break now the order of proofs, and continue with the proof of Proposition 4, as its proof
heavily relies on Claims B.1 and B.2 as well.

Proof of Proposition 4. By Claims B.1 and B.2, there exists Ny, such that for every pair (o,7) €
Y x T it holds that

(B.8) (o, 7) < ES ( Zg Vs Jn ) + 3[|glloce, YN > Ny

Let us denote by G[Y,] the random |I| x |J| zero-sum matrix game corresponding to g(Y/ -, -).
Thus, if we identify o, and 7, as 1 x |I| and |J| x 1 matrices respectively, we obtain:

(B.9) Eg,r (9(Yys i, ) = Eg’ﬂ' (0.G[Y ]70), Vn€N.
Consider the subspace of behavioral strategies Tk of the adversary, defined by
(Bl()) TK’ = {’7’ = (Tn)nzl eT: TK'+4n - ([ X J)nil — A(J), Vn > 1}

A behavioral strategy 7 € Tg can be thought of as one in which the adversary losses his
memory after the K'"’th stage, but thereafter remembers all moves from the (K’ + 1)’st stage
onward. For every n > 1 denote by G, the o-field generated by (&, ..., k) and the random
variables 1x 41, JK/41, oy Ui 4n—1, JK'+n—1 (Which stand for the pairs of actions played along stages
K'+1,..,K'+n—1) on the Borel space X x (I x J)N. By the definition of Tx+ and the fact that
Y’ is Fg-measurable, for every pair (o,7) € ¥ X Tk it holds that

(B.11) ES,T (0K 4nGYEr 0] TR 4n) = ES,T (EST (0K 4n | Gn) G[YK’+n]TK’+n) ; Vn>1
Next, for every 0 = (0)n>1 € X and 7 € T define 07 = (07,)n>1, so that o], = {07} ses,.,, Where
ors (I x J)" = A(J), by
(B.12) 07 (iy, Jys sty 15 dn1) = ES . <aK,+n EXT T A T
’iK’-‘rn—l - i;z—lij’+n—1 = j;—l) .

It is evident that 0™ = (07 ),>1 € 5. for every o € ¥ and 7 € T. The definition of 07, coupled with
Eq. (B.11) and the definition of 7Tk, shows that the key relation

(B.13) EE,T (0xrnG Yk pnl i) = Effl,? (00 GYirn]Tn)
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holds for every pair (0,7) € ¥ X Tx and n > 1, where we set 7,, = Txry, for every n > 1, and
7T = (Tw)n>1. We can rewrite Eq. (B.13), using Eq. (B.9), as

(B14> EE’,T (g(YK'+n7 iK/+n7jK/+n)) = Ef"j,‘? (Q(YKUHH vajﬂ)) :

Summing over n = 1, ..., N for N > Nj, and using Eq. (B.8), we conclude that for every ¢ € ¥ and
T € Tk,

(B.15) vkr4n(0,7) <An(07,7) + 3|9l

K’
1 K

£ . e
+ N_'_ K/ Z]Eo',‘r (g<Yn>Zn7]n)) g ’YN(O_ ,7—) —'— Hg”oo (N + K/ _|_ 35) .

n=1

Thus, for every 7 € Tk it holds that

K/
, < An(o", T
max g in(o, 1) < Iglgg”m(a ,7) + l19lloo (N i 35)

K/

B.16 < (G, T . 3¢,
(B.16) < w7 + ol (5 + )
which in turn implies that

K/

(B.17) Ioin max g,y (0,7) < min rggg%(a )+ llgll ( Ntk 36) :
On the one hand, the definition of 7T implies that
(B.18) min maxqy(0,7) = minmaxyy(a,7) = vn(Y’), VN € N.

T€TK Fes T€T &5
On the other hand, the stationarity of £ and the definition of Tx+ imply that

(B.19) min max g5 (o, 7) = K'vr(€) + Noy(€)

N .
TET 1 0EX K'+N ’ VN EN

Combining Egs. (B.17), (B.18), and (B.19) and performing some simple algebraic manipulations
yields the inequality

N K’ K’
(B.20) ol <o)+ ol (5 +3¢) + (o) o
which holds for every N > N;. Since vy(§) < ||g]lco, we complete the proof by setting Ny =
max{ Ny, [K?/} — K'}. O

Proof of Lemma 3. For every a € N define the set

1 ,
(B.21) Py, = {x € X: i ;u(fn £Y5 (2)) <3, YN > a}.

We claim that F, . € B(X) for every a € N, that is that the I, s are measurable. Indeed, recall
that in Appendix A we defined for each n € N the mapping p, : AN x AY — [0,1] by p,(a, B) :=

L3571 H{ay # B¢} This mapping is measurable w.r.t. the product o-field B(AY) @ B(AY). Since, by
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Tonelli’s Theorem, the mapping z — [, pn(£(y), &(x)) du(y) is measurable, and since T : X — X
K/

is measurable, we have

(B.22) {x €X: %Zu(gn £YE (1)) < 35}

v(K')
= {x €X: ), / pn(E(y), E(T1 ) dp(y) < 36} € B(X).

The measurability of F, . now follows because

(B.23) Fr.= ) {x €X: %;u(gn £YE (2)) < 35} e B(X).

N>a

By following the steps in the proof of Proposition 4, we see that if » € Ff, _ for some a > [K?/} —-K',
then

(B.24) 0 (&) < T (YE'(2)) + 5l9llce, V> a.

By Claim B.2 and Theorem 5, Cx/. C U,y Fg. .. Since {F]‘é,’e}aeN is an increasing sequence of
events, there must exist b = b(K’,¢) > [K?,} — K’ such that u(Cxs. N Fg, ) > 0 for every a > b.
Moreover, for # € Cgs. we may apply the bound given in Eq. (3) to the predictor Y'(z) and
deduce the existence of a number Mg . > b such that

(5.25) B (Y (1) € 2 3 (Cav L S @) () + gl

for every M > My and L € N. Set Ggr o = CK@EmF[Af,fj’E. Since Mg+ . > b, we have p(Ggr ) > 0.
By Egs. (B.24) and (B.25), for every x € Gk we have that

M-1
1 -
(B.26) vme(€) < 57 > (Cav LEHY ™ (2)]) (i) + 6|9l oo,
m=0
for every M > Mg and L € N. This completes the proof. O

We move on to the proof of Proposition 3.

Proof of Proposition 3. We start by recalling the following basic fact regarding the value of zero-sum
matrix games:

Fact B.1. For every two zero-sum matriz games A and B of equal dimensions we have
[val(A) — val(B)| < ||A — B||oo-
Claim B.3. For every p,q € A(Sk+) and every w € Wy,

lu (p,w) —u(q,w)| < |glle lp — qll1-
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Proof of Claim B.3. The definition of u together with Fact B.1 imply that

On the other hand, by definition (see (4.3)),

V(K7)
B2 16 G -G law)l = s | 30— a0 < ol o ala
r=1
which in combination with Eq. (B.27) proves the claim. O

We return to the proof of Proposition 3. For each m =0, ..., M — 1 denote

(B.29) ZE U (PmLtes Whp i __ZE U (Pmit1s Whpye) |
=1

By the triangle inequality and Claim B.3,

1 /
(BS()) -[m < z E : ||g||OOEK ||me+f _me+1||17 Vm = 07 SEE) M —1.
=1

Changing the order of summation and then using the Holder inequality for vector-valued functions
(with p = ¢ = 2) we see that, for every m =0,..., M — 1,

y(K')

IgHoo
Pmite — Pmrti 1 = Z o7 Z Prrse = Prussal

(=1

L
(B.31) Z lglloe EX.
Z:

lgllso &= 2 2
< I Z EX.. Z 12 ), | EXC Z(p:nL+Z — Prrt1)?
r=1 /=1

(=1

Y(K') 1 L
ol 3 (D o)

r=1 /=1

Utilizing first the martingale property of (pl),>1, and second, the sub-martingale property of
((P))?)n>1, We obtain

L L
1 ! r r ! r
EE{:T* (Z(me-M - me+1)2> = Z O, Tx me—i—Z ] - Ef,v'* [(me+1)2]

(=1 z
(B-32> < Ef,m[(me-‘rL)} Ef;*[(p:nL—i-l)Q]'

Combining the above upper bound with Egs. (B.30) and (B.31), we see that, for every m = 0, ..., M —
1

Y

Y(K')
(B.33) - <Hg!looz\/Eff; Pmsnn)) = EXL ()]
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Summing over m = 0, ..., M — 1, changing the order of summation, and utilizing the concavity of
the square root function we obtain

1

[O + e+ [Mfl 1 , 7, ’ P
7 < 72 gl Z VS (D)) — EEL (00
m=0

Y(K') 1 M1
= lglloe Y 57 2 V/EER Peny )] — B (s 0)?
r=1 m=0

Y(K") 1 M-1
< lglloo D w77 D0 (BE[Pni0))2 = BEL [(hri0)?))
r=1 m=0
Y(K') 1
(B.34) < ol Y oy (BEC (0)7) — B[00,
r=1

where the last inequality requires uses the sub-martingale property of ((pl)?),>1. As the latter
sequence of random variables is bounded from above by 1 for every r = 1,...,vy(K’), the triangle
inequality and Eq. (B.34) imply that

1 ML 1 M-1 1 L
(B35> mz:IEOIST*u Pn, W n - M Z (ZZEUT* Pmi+1, W mL+€)) |

clot ot Ty ||9||o<>7 K'
< i < lglloo Z \/

as required. 0

Proof of Claim 1. Fix x € E. Carathéodory’s theorem (e.g., Rockafellar (1970), Corollary 17.1.5
p. 157) ensures the existence of convex weights (;)¢; and points (z;)%, such that (Cav f)(z) =
Z?Zl a; f(x;). Thus, using the concavity of Cav h we obtain

(B.36) (Cavh)(z) > Zal x;) > Zal z;) —p = (Cav f)(z) —
As the opposite inequality follows from symmetry, the proof is complete. O
Proof of Lemma 4. Fix M € N and § > 0. Set
_ MGrere)
2M |Wier|”

Note that a > 0 since K’ > K’.. Birkhoff’s Pointwise Ergodic Theorem implies that for every
w € Wy we can choose L,, = L, (M, ) such that for every L > L,, it holds that

(B.37) u({xGX : ‘%éﬂf’w(%)—#( “) <5}) >1-a
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Since the sequence of random variables (]IK '7“’)n>1 is stationary for every w € Wy, it follows that

(B.38) m ({:UEX : ‘ Zﬂmw w) <B}) >1—a,

for every m > 1, w € Wg+ and L > L,,. Consequently,
(B.39) w(Dr,.m(B)) > 1—|Wgia, Ym >1,

where L, = maxyeyw,, L. The proof now follows because

M-1 M-1
p ( ﬂ DL*,m) > 1- Z Wicr |
m=0

m=0
(B.40) = 1— MWga
- 1_ w(Gre)
2 )
as the latter implies that Eq. (6.28) holds with L = L,. O

Proof of Proposition 5. Since w is concave and the scalar product and expectation operators are
linear, it follows that W, is concave as well. Thus, as ¥,, = ®,,, we have the string of equalities

(B.41) Cav®, = Cav¥, = U, =,

Hence, by Theorem 2, v(§) = limy, 0o ¥,,(7m,). Thus, to show that (6.39) holds, it suffices to show
that v(§) = w(E&). Assume that the observer ignores his private information and plays at every
stage n € N his optimal mixed action in the zero-sum one-shot game

(1 - Qn>g<07 ) ) + Qng<17 ) ')7

where ¢, = p(§, = 1). Since ¢ is a binary stationary process, g, = (& = 1) = E& for every n > 1.
In this manner the observer guarantees himself a payoff of w(E(&;)) in ' (&). Thus we have shown
that

(B.42) w(E&) <wv(é).

To show that the opposite inequality holds as well, we return to the analysis carried out in Subsection
6.4. In particular, let us return to Eq. (6.10):

~ glloc /2 H(mx)
o7 < — ]E i, W
'YN( ) Z p ) \/N
N
1 / 19lloo /2 H ()
= _Z]Eé(fr*w((pnaw;»_‘_ I~
Nn:l N
N
1 : 9]l /2 H ()
B.43 < — w (T, w,)) + ,



where the equality follows from the definitions of u, w and the fact that A = {0, 1}, while the second
inequality is obtained by applying Jensen’s inequality to the concave mapping ¢ — w ({g,w],)).
Next, it holds that

(B44> <7TK/, w%) = EY[,(-/+TL, Vn € N.

Combining the Eqgs. (B.43) and (B.43), and using the von Neumann Minmax Theorem we obtain
that

~ / a / 00 H(mg
(B.45) UN(Y)S%;w(EYK,M)JngII \/\/2N( )

By Fact B.1 and the fact that E& = E&, for all n > 1, we see that, for every n > 1,

W (EYiryy) —w(E&)| < llgllll(l —EYir i EYir ) = (1= E€xrin, E€xrrn) 1
(B.46) < 2[9lloe ElY Ky = €kl = 21glloo #(Vicr i # Exc4m),
where the equality follows from the relation Yy, —{xrqn| = I{Y%/ ., 7 Exr4n}- Now Egs. (B.46)
and (B.45) imply that

9110 /2 H (k1)
i .

~ / 1 al !/
(BAT) (V) S w(EE) + 2] gy D iy # Ercrin) +
n=1

Applying Proposition 4 together with Claim B.2, we obtain

lim vy (§) < limsupoy(Y') + 5||gllece
N—o00

N—oo

N
. 1
< w(ELH)+ hglsupz HgHooN > 1(Yeryp # Exen) + 5 [1glloce
—00

n=1

(B.48) < w(E&) +4|gllecs + 5 lg]loce-

As e was arbitrary all along, we have that lim,, . v,(§) < w (E&;), and thus by Theorem 1 we
obtain,

(B.49) o(6) = lim v,(6) < w(E&).
which together with Eq. (B.42) shows that v(§) = w (E&;), and thus completes the proof. O
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