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Abstract

This paper introduces a novel approach to integrals with respect to capac-

ities. Any random variable is decomposed as a combination of indicators. A
pre-specified vocabulary specifies which decompositions are allowed and which are
not. Each allowable decomposition has a value determined by the capacity. The
decomposition-integral of a random variable is defined as the highest of these val-
ues. Thus, different vocabularies induce different decomposition-integrals. It turns
out that this decomposition approach unifies under one roof well known integrals,
such as Choquet, the concave integral, Riemann and Shilkret, and other plausible
integration schemes. For instance, Choquet integral is induced by a vocabulary
that allows only increasing (with respect to inclusion) sequences of events. The
concave integral, on the other hand, is induced by a vocabulary that allows all
possible decompositions.
Various properties of the decomposition-integral, depending on the vocabulary
used, are investigated. The main desirable properties of an integral scheme are
concavity (risk-aversion), monotonicity with respect to stochastic dominance, and
translation-invariance. The paper characterizes the vocabularies that induce
decomposition-integrals that respect each of these properties. Finally, an advan-
tage of the decomposition approach is pointed out. The decomposition approach
enables one to extend the concave and Choquet integrals beyond the domain of
classical capacities. This advantage is illustrated through bicapacities and fuzzy
capacities.
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1 Introduction

In economics, and particularly in decision theory under uncertainty, a rational decision
maker is often described as an expected utility maximizer. The expected utility is
calculated with respect to (w.r.t.) some prior probability over the state space. Although
expected utility theory is useful and convenient to work with, different experiments,
among which the Ellsberg’s paradox [7], show that decision makers often violate this

theory.

1.1 Non-additive integral

Schmeidler [25] proposed a theory of decision making, where the belief of the decision
maker is represented by a non-additive probability (henceforth referred to as capacity).
The representation of the belief by a capacity might reflect an incomplete or imprecise
information that the decision maker has about the uncertain aspects of the decision
problem under consideration. Schmeidler [25] proposed a model where the expected
value of a random variable is calculated according to Choquet integral [3]. According to
this model, among all alternatives the decision maker chooses the one that maximizes
Choquet expected utility.

As an integration scheme, Choquet integral owns two essential properties and lacks
one. On one hand, it is monotonic w.r.t. first order stochastic dominance and it is
translation-invariant. That is, Choquet expected value of a portfolio with an added
constant is equal to the expected value of the original portfolio plus the constant. On
the other hand, Choquet integral does not respect risk aversion. In other words, the
expected value of two portfolios mixed together is not necessarily greater than, or equal
to, the mixture of the expected values of the two portfolios calculated separately.

Lehrer [17] introduced the concave integral with respect to capacities, which differs
from Choquet integral. It hinges on the idea underlying the Lebesgue integral and
thus respects risk aversion. The concave integral in based on decomposition of random
variables to simple ingredients. A decomposition is a representation of a random variable
as a positive linear combination of indicators.! When an indicator is replaced by the value
of its corresponding event, the decomposition is transformed to a linear combination of
numbers. In other words, a capacity assigns to each decomposition a value: the value

corresponding to the linear combination of indicators. This value helps the decision

! An indicator of event A, denoted I 4, is the random variable that attains the value 1 on A and the

value 0, otherwise.



maker to evaluate any portfolio, even when the information available is incomplete or
imprecise. The expected value of a random variable, according to the concave integral,
is defined as the maximum value obtained among all its decompositions.

Not only the concave integral can be expressed in terms of decompositions, Choquet
integral can also be described in these terms. While the concave integral does not
impose any restriction on the decompositions allowed, Choquet integral does. A chain
of events is a sequence of decreasing events w.r.t. inclusion. A Choquet decomposition
is a decomposition that uses only chains. Like the concave integral, Choquet integral of
a random variable is defined as the maximum value obtained among its decompositions,
but in this case only among its Choquet decompositions.

Based on the decomposition method, this paper develops a new notion of integral
w.r.t. capacities: the decomposition-integral. This integral scheme is determined by a
vocabulary that dictates which decompositions are allowed and which are not. For
instance, when all possible decompositions are allowed, the decomposition-integral co-
incides with the concave integral, and when only Choquet-decompositions are allowed,
the decomposition-integral coincides with Choquet integral.

It turns out that the decomposition approach to integration unifies many other in-
tegral schemes. A decomposition of a random variable is partitional if any two of its
indicators are disjoint (i.e., obtain the value 1 on disjoint events). Riemann integral
coincides with the decomposition-integral when the vocabulary allows only partitional
decompositions?. Another well known integral that can be expressed in terms of decom-
positions is Shilkret integral (see, Shilkret [27]). Suppose that a vocabulary allows to use
only one indicator at a time. In this case the linear combination consist of merely one
indicator. Obviously, there is no way to obtain any random variable as an indicator of
an event multiplied by a positive scalar. This is the reason why the integral scheme uses
also sub-decompositions. A sub-decomposition of a random variable is a linear combi-
nation of indicators, but unlike a decomposition, it does not necessarily coincide with
the random variable (it may be smaller). Using the language of decomposition-integrals,
Shilkret integral of a random variable is the maximum among all its sub-decompositions
that employs only one indicator.

Few desirable properties are maintained by all decomposition-integrals, regardless of
the particular vocabulary used. It is said that one random variable is greater than an-
other if the former obtains a higher value than the latter in every possible state. It turns
out that when one random variable is higher than another, its decomposition-integral

is greater than that of the other. A similar property remains valid when comparing

2No reference to the Riemann integral w.r.t. capacities was found in the literature.



two capacities. A capacity is greater than another if it assigns every event a higher
value than the other. Regardless of the vocabulary used, the decomposition-integral
of the same random variable w.r.t two capacities maintains the order among the ca-
pacities. Furthermore, decomposition-integral is homogeneous® and is independent of
irrelevant events *. However, there are desirable properties that are respected by some
decomposition-integrals but not by other, depending on the vocabularies used.

One of the advantages of the decomposition method is that it clarifies the trade-off
between different desirable properties. Once this trade-off is well formulated, it is left
for the decision maker to choose the integration method that owns the properties she
considers essential. These are the three desirable properties studied in depth: concavity
(risk-aversion), monotonicity w.r.t. first order stochastic dominance, and translation-
invariance. It turns out, for instance, that risk-aversion and monotonicity w.r.t. first
order stochastic dominance cannot live together. Roughly speaking, the concave integral
is the only plausible scheme that respects risk-aversion, while Choquet integral is the
only plausible scheme that respects monotonicity w.r.t. first order stochastic dominance,
as well as translation-invariance.

The paper also points to another advantage of the decomposition method. In various
contexts Choquet integral is extended to domains that lie beyond classical capacities.
For instance, Grabisch and Labreuche [|9] introduced the notion of bicapacity which is
consonant with the prospect theory of Kahneman and Tversky [15]. Bicapacities reflect
different attitudes of decision makers toward gains and losses. Grabisch and Labreuche
[10] define an integral that extends Choquet integral to the domain of bicapacities. As
it turns out, the decomposition method provides a convenient manner to express this
definition and to display its similarity with the classical definition.

Another non-classical domain is that of fuzzy capacities (see Lehrer [17]). It is shown
that the decomposition approach allows for a natural way to expand Choquet integral

to this terrain as well.

1.2 Other integral schemes and unifying approaches

Another well known concept for integration w.r.t. capacities is Sugeno integral [28], also

known as the Fuzzy integral. When the capacity takes only the values zero and one

3The integral is homogeneous if for every random variable X, and for every positive number c,
chdv = cfde.
4The integral is independent of irrelevant events if for every A C N, f Tadv = j Tadva, where vy is

defined over A, vy (T) = v (T) for every T' C A.



(a simple game, in the terminology of cooperative games), Sugeno integral coincides
with Choquet integral [22], but it does not coincide with the expected value when the
capacity is additive. Sugeno integral is not generalized by the decomposition approach.
That is, there is no vocabulary that induces a decomposition-integral which coincides
with Sugeno integral.

Other unifying approaches were also proposed in the literature. One approach (see,
de Campos et al. [4]) unifies Choquet and Sugeno integrals through four essential prop-
erties. Another approach (see Klement et al. [16]), which builds on Choquet, Sugeno
and Shilkret integrals, defines a universal integral. Both methods use different binary
operations instead of the regular addition and multiplication, and both do not generalize
the concave integral. It is worth noting also that these unifying approaches do not nec-
essarily coincide with the Lebesgue integral (i.e., the expectation) when the underlying

capacity is a probability distribution.

1.3 Related literature

Schmeidler |25, 26] was the first to make the connection between Choquet integral and
decisions under uncertainty. Schmeidler provides an axiomatization for Choquet ex-
pected utility maximization. Among the follow-ups on Schmeidler’s work one can find
Gilboa [8] who axiomatized Choquet expected utility maximization in Savage [24] frame-
work, Wakker [31] and Nakamura [23] who examine a finite states space. Wakker [32]
characterize optimistic and pessimistic risk attidudes in Schmeidler’s model using the
Choquet integral.

Dow and Werlang [6] and Lo [21] use Choquet expected utility maximization in a
multi-agent models. They extend the notion of Nash equilibrium to cases where the
beliefs of players about others’ strategies are represented by capacities.

The Choquet integral is also used for pricing insurance contracts and financial assets
(see Chateauneuf [1], Waegenaere and Wakker [29], Wang, Young and Panjer [33]| and
others). Waegenaere, Kast and Lapied [30] show that the Choquet pricing is consistent
with a general equilibrium.

Choquet integral is also used in multi criteria decision making and game theory (see
Grabisch and Labreuche [11] for a summary on this subject). Marichal [20] uses the
Choquet integral as a tool to aggregate interacting criteria. Chiang [5] uses Choquet
integral in network implementation for decision analysis.

Lehrer [18] uses the concave integral in a model of decision making and in games

with partially-specified probabilities. Lehrer and Teper [19] use the concave integral in



a context of decision makers’ growing awareness.

1.4 Organization

Section 2 introduces the notion of decompositions and the way they are used to define
the decomposition-integral. It is shown that the decomposition-integral generalizes the
concave, Choquet, Riemann and Shilkret integrals. This section demonstrates a way to
extend Choquet integral to bicapacities and fuzzy capacities using the decomposition
approach. This section ends with an elaboration on a few general properties of the
decomposition-integral. Section 3 examines three essential properties. Concavity (the
main property of Lehrer’s concave integral) is discussed first, then monotonicity w.r.t.
stochastic dominance and finally, the property of translation-invariance. The vocabu-
laries that induce decomposition-integrals that respect each of these properties are fully

characterized.

2 Capacity, decompositions and integrals

2.1 Capacity and a decomposition of a random variable

Let N be a finite set (|[N| = n). A capacity v over N is a function v : 2% — [0, 0]
satisfying:
(i) v(¢) =0; and (ii) S €T C N implies v (S) < v (7).
A random variable (r.v.) X over N is a function X : N — R. A subset of N will
be called an event. For any event A C N, I4 denotes the characteristic function of A,
which is the random variable that takes the value 1 over A and the value 0 otherwise.
With the exception of Section 2.5, this paper deals mostly with non-negative random

variables and therefore, when we say a random variable, we refer to a non-negative one.
Definition 1 Let X be a random variable.

1. A sub-decomposition of X is a finite summation Zle a;ll4, such that
(i) S ailly, < X; and
(i) a; > 0 and A; C N for everyi=1,..., k.

2. Let D be a set of subsets of N. That is, D C 2V, Zle a;ls, 1s a D—sub-
decomposition of X if A; € D for everyi =1, ..., k.



We say that Zle a;lla, is a decomposition of X if equality replaces inequality in (i).
That is, Zle a;l4, is a decomposition of X if it is a sub-decomposition of X, and
Zle a;l4, = X. A similar definition applies to D—decomposition of X.

Suppose, for instance, that D = 2¥ and X = Iy. Then, X = > i1 Iy, and at the

same time, X = [y. Both decompositions use subsets in D.

2.2 Decompositions and integrals

Using the terminology of D-decompositions we can reiterate the definition of the concave

integral w.r.t. the capacity v (see [17]):

cav k k
/ Xdv = max {Z a;v(A;); Z a;ll4,is 2V-sub-decomposition of X} (D)
i=1 i=1
Note that since v is monotonic w.r.t inclusion, in (1) sub-decomposition can be

replaced by decomposition. That is,

cav k k
/ Xdv = max {Z a;v(4;); Z a;ll4,is 2V-decomposition of X} )
i=1

i=1

In words, [“* Xdv is the maximum of the values Zle a;v(A;) over all possible de-
compositions of X. The concave integral imposes no restriction over the decompositions
being used: all possible decompositions are taken into account when considering the
maximum.

We show that Choquet integral can also be expressed in terms of decompositions.
However, unlike the concave integral, Choquet integral does impose restrictions. We say
that two subsets A and B of N are nested if either A C Bor B C A. A set D C 2V
is called a chain if any two events A, B € D are nested. Denote by F¢" the set of all
chains. Note that F¢" is a set of subsets of 2V. In terms of decompositions, Choquet

integral is defined as

Ch k k
Xdv = max {Z a;v(4;); Z all,is FO-sub-decomposition of X} (2)
i=1 i=1
k k
= max {Z a;v(A4;); Z al4,is FO-decomposition of X} . (3)
i=1 i=1

Choquet integral allows to use only chains. Stated differently, Choquet integral is the

maximum of Y% | ayv(A;), over all decompositions in which every A; and A; are nested.
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Since any chain is a subset of 2%V it is evident from (1) and (3) that

Ch cav
/ cdv < / - dv.

Example 1 Let N = {1,2,3}, v(N) = 1, v(12) = v(13) = 1/2, v(23) = 11/12
and v(1) = v(2) = v(3) = 1/3. Define X = (3,5,2) to be a variable over N. The
decomposition X = 315 + 2ls3 @s the one at which the maximum of the right hand side

of (1) is obtained. Therefore, the concave integral of X is
cav 1
/ Xdv=3-(1/2)+2- (11/12) = 3.

On the other hand, Choquet integral of X is obtained at the chain {(2),(12),(123)},
where the decomposition of X is 2l + 1115 + 2y and

Ch 1
Xdvo=2-(1/3)+1-(1/2)+2-1=3.

2.3 Allowable decompositions and the decomposition-integral

In this part we show that the method of sub-decomposition enables us to unify many
well-known and useful methods of integration under one general method. Suppose that
F is a set of subsets of 2V. Any member of F is thus a set of events. We refer to F
as a vocabulary. A sub-decomposition of X is F-allowable if it is D—sub-decomposition
of X, with the restriction that D € F. In other words, it has the form ZAiGD a;illy,,
where D € F. Thus, in the sub-decomposition of X only events (i.e., A; € D) from the
same D in the vocabulary F are allowed to be used. The key concept of this paper is

introduced in the following definition.

Definition 2 The decomposition-integral w.r.t. F s defined as follows.

/ Xdv = max{ Z a;v(A;); Z a;l4, is F — allowable sub — decomposition of X} )
F A;eD A;eD
(4)

The integral [ - dv is the maximum over all sub-decompositions that use only A;’s from
the same D € F. The sub-decomposition attaining the maximum in (4) is called the
v-optimal sub-decomposition (or decomposition) of X w.r.t. F. When no ambiguity
arises, we just call it an optimal sub-decomposition (or decomposition) of X.

The following example illustrates the reason why in Definition 2 we allow for sub-

decompositions and do not insist on decompositions.
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Example 2 [Example 1 continued| Consider F defined as follows.

F={{(1),23}.{12)}.{(2), (13)}}

Here F consists of three subsets of 2. It turns out that a sub-decomposition, rather

than a decomposition, attains the mazimum in (4). The optimal sub-decomposition of X
is 3L(1y + 2 (23) obtained at D = {(1),(23)}. Thus, [ Xdv =3-(1/3)+2-(11/12) = 212.

Denote by F¢ the vocabulary consisting of merely the set 2, then f;m‘ dv =
[ dvand® (Lo, - dv = fCh - dv. Hence, the concave and Choquet integral differ from
each other in the decompositions that they allow for. The concave integral allows for
all possible decompositions while Choquet integral allows for chain decompositions (or
Choquet decompositions) only. Since the vocabulary F allows for all decompositions,

the following statement (stated without a proof) is obtained.

Proposition 1 Suppose that F is a vocabulary. Then,

[ras [

F JFcav

for every v.

In other words, of all decomposition integrals, the concave is the highest.

2.4 Riemann integral, Shilkret integral and the minimum

It turns out that other integration schemes also conform to the decomposition method.
A partition of N is aset D = {A;, As, ..., Ay} consisting of pairwise disjoint events whose
union is N itself. Denote by FP%* the set of all partitions of N. The integral f Frart” dv
is Riemann integral.

Consider now the set F*"9 = {{A}; A C N}. This F consists of all the singletons
whose members are events. The maximum in (4) is obtained at the event that maximizes
av(A), subject to the constraint that ally < X. Formally,

Xdv = max {Z a;v(A;); Z il 4,is F5"9-allowable sub-decomposition of X}
]_‘Sing i P

= max{ow(A); all, <X, ACN, 0420}:max{a-v(X2a); 0420}.

5Coincidentally, the notation F", derived from the word chain, resonates with the notation f ch

that derives from Choquet.



The right hand side is the scheme known as Shilkret integral of X w.r.t. v.

Another natural vocabulary is the one consisting of a single member: an algebra of
sets. We say that D is an algebra of sets if it is closed under unions and complement,
That is, if A, B € D implies that AU B and N \ A are also in D. It might occur that a
decision maker is forced or would like to rely only on events in an algebra D. This might
happen, for instance, when the decision maker suspects that the information embedded
in the capacity about events out of the algebra is unreliable. In this case, employing the
integral |, (D} Xdv to evaluate the random variable X seems to be a natural choice.

Finally, consider the vocabulary F that consists of { N} alone. Then,

/ X dv = min X.
F

2.5 Decompositions as a means to extend existing integrals to

general domains

In this section we demonstrate one advantage of the decomposition method. We have
seen that Choquet integral can be defined by means of vocabulary consisting of all
possible chains. We employ this method and show that Choquet integral can be naturally
generalized to capacities defined over ordered vector spaces. This, in turn, enables us to

define Choquet integral w.r.t. bicapacities and fuzzy capacities.

2.5.1 Generalized capacities defined on ordered vector spaces

Let U be a vector space endowed with a partial order >y. A generalized capacity defined
on U is a pair (v, A), such that (i) A is a subset of U containing 0; and (ii) v is a real-
valued monotonic function w.r.t. >y and v(0) = 0.

Let D be a subset of U. Fix X € U (not necessarily non-negative). A D—sub-
decomposition of X is a sum of the type > ., a4 - a such that (i) > ., -a < X;
and (ii) o, > 0 for every a € D. Let F be a set of subsets of 2V. Similar to the
definition of decomposition-integral above, we define F—sub-decomposition of X as a
D—sub-decomposition of X for some D € F.

We are ready to define the decomposition-integral.

aceD a€D

/ Xdv = sup {Z av(a); Z a - a isF — sub-decompositionof X} . (5)
f



Note that without any restriction on F or on X, the integral is not always defined.
However, in the next two examples, that share the same space U = R"”, but differ in A

and in >y, the integral is well defined.

2.5.2 First implication: Choquet integral w.r.t. bicapacity

Grabisch and Labreuche [9, 10] introduce bicapacities and define Choquet integral. We
take the decomposition approach and deal with the same issue. A bicapacity v is defined
over pairs (A, B) of disjoint subsets of NV, satisfying the following conditions: (i) v((, () =
0; (ii) v is monotonically increasing in the first argument and monotonically decreasing
in the second.

Equivalently, one may think of a bicapacity as a generalized capacity with A being
the lattice {—1,0,1}", and U = R" endowed with the order >, defined as follows: For
any two vectors Y = (y1,...,y,) and Z = (21, ..., z,), we say that Y >y Z if y; > 2, > 0
ory; < z; <0, i =1,...,n. For instance, in case n = 3, one has (2,1,—-2) > (1,0, —1).

Let F¢" be the collection of all chains (w.r.t. the partial order >p;) in A. Using only
chains to decompose X (again, not necessarily non-negative), as in the classical case, we

define Choquet integral to be,

Ch
Xdv = Xdv. (6)
FCh
This definition, it turns out, coincides with that of Grabisch and Labreuche [10] (see
also Greco et al. [12]).
A comprehensive discussion on the concave integral w.r.t. bicapacities is deferred to

another paper (see, Greco and Lehrer [13]).

2.5.3 Second implication: Choquet integral w.r.t. fuzzy capacities

A capacity might be interpreted as a way to encompass the information available regard-
ing the odds of the various states. A conventional capacity, like an additive probability
function, provides the decision maker with the probability of any event. The information
about the underlying space, however, might contain only the probability of some, but
not all, subsets of N, and the expectation of some random variables. While in the addi-
tive case it does not matter how information is given, whether through the probability
of events or the expectation of random variables, in the non-additive case it makes a

significant difference.
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Lehrer [18] gave the example of a dynamic Ellsberg urn in which the decision maker
does not know the probability of any color. The information available to the decision
maker amounts to knowing the expected value of some, but not all, random variables.
This motivated Lehrer [17] to introduce the notion of fuzzy capacities.

Consider the most familiar space of this kind, R". For any two vectors Y = (y1, ..., Yn)
and Z = (z1, ..., z,), we say that Y >ga Zify; > 2z forevery i = 1,...,n. A fuzzy capacity
is a pair (v, A), where A C R™, a >~ 0 for every a € A, and 0 € A. Choquet integral
uses chains in order to approximate the variable under consideration and is defined for
non-negative random variables as in (6) (with the difference that F" is the collection
of all chains w.r.t. the partial order >gn).

The following example illustrates the idea.

Example 3 This example is inspired by Lehrer [18]. Suppose that a decision maker
knows that there are three state of nature. Beyond the probability of the entire state space,
the decision maker does not know the probability of any event. Instead, she knows that

the expected value of the random variables (0,1,1) and (1, 1, %) are 1 and L, respectively.

27
This situation is modeled as a fuzzy capacity. Define the fuzzy capacity (v, A) as follows:

A ={(0,0,0),(1,1,1),(1,0,5) }, v(0,0,0) = 0, v(1,1,1) = 1 and v (1,0,3) = 5. The
optimal chain sub-decomposition of X = (3,2,3) is 2(1,1,1) + (1, 0, %) and fCh Xdv =

2+ % = 2%. Thus, given the information available, the expected value of X s 2%.

2.6 Properties of the decomposition-integral

2.6.1 Positive homogeneity of degree one

The decomposition-integral is positive homogeneous for any vocabulary F one takes.
Meaning, that for every A >0, [-AXdv =\ [ Xdv for every X, v and F.

2.6.2 The decomposition-integral and additive capacities

The integral w.r.t a general capacity is meant to generalize the notion of expectation
in case the capacity is probability. Riemann, Choquet and the concave integrals indeed
coincide with the expectation whenever v is probability, while Shilkret integral does not.
The objective of this chapter is to find conditions on the vocabulary which guarantee
that the decomposition-integral coincides with the expectation in case the capacity is a
probability distribution. Denote by Ep(X) the expectation of X w.r.t. probability P.

11



Proposition 2 Let P be probability and F be a vocabulary. Then, Ep(X) = ff XdP
for every r.v. X, if and only if every X has D-decomposition with D € F.

Proof Suppose first that Ep(X) = [, XdP for every r.v. X. In order to attain the
value Ep(X), F-allowable sub-decomposition of X needs to be a decomposition of X.
Thus, every X has D-decomposition with D € F. As for the inverse direction, suppose
that every X has a D-decomposition which is F-allowable. Since P is additive, any
decomposition of X induces the same value, Ep(X). Thus, Ep(X) = [, XdP for every
X. ]

2.6.3 Monotonicity

The first observation regarding monotonicity refers to fixed vocabularies and capacity.
Fix v and F, and suppose that X <Y. Then, [, Xdv < [, Ydv.

The second observation refers to comparison between two capacities. Fix a vocab-
ulary F. If for every D € F and every A € D, v(A) > u(A), then for every r.v. X,
f]__Xdu < f]_.de.

The third observation refers to the comparison between two vocabularies. Any vo-
cabulary F induces a decomposition-integral. The question arises as whether any two
different vocabularies induce different integrals. The answer to this question is negative.
The following proposition characterizes the circumstances in which the decomposition-
integral w.r.t F is always smaller than, or equal to, that w.r.t F’. For this purpose we

need the following definition and lemma.

Definition 3 Fiz a set C C 2V of subsets of N. We say that C is minimal if the

variables 14, A € C, are algebraically independent.

In other words, C' is minimal if for every variable X there are no two different C-
decompositions of X. The C' = {(12), (1)} is minimal, while C' = {(12), (1), (2)} is not
because (1), [(2) and I[(5) are linearly dependent. This is demonstrated also by the fact
that Iy + L2y and I(1) are two different decompositions of the same variable, which

employ indicators of events from C.

Lemma 1 Fiz v, F and X. Suppose that there exists an optimal D-sub-decomposition

w.r.t. F. Then, there is a minimal C' C D and an optimal C-sub-decomposition of X.

The proof is postponed to the Appendix.

12



Proposition 3 Suppose that F and F' are two vocabularies. Then, ff‘ dv < ff,- dv
for every v, if and only if for every D € F and every minimal set C C D, there is
D' e F' such that C C D'.

Proof Suppose that for every D € F and minimal C' C D, there is D’ € F’ such that
C C D'. Fix v and X. Suppose that the optimal sub-decomposition of X w.r.t. F
is obtained at D. By Lemma 1, there is a minimal subset C' of D and an optimal C-
sub-decomposition of X. By assumption, there is D’ € F’ that contains C' as a subset.
Thus, there is a D’-sub-decomposition of X that achieves at least the level attained by
the D-sub-decomposition of X. Thus, [ FX dv < | 7 X dv and since X is arbitrary,
f]__- dv < f]_.,- dv.

Now assume that [.- dv < [, - dv for every v. Suppose, to the contrary of the
proposition, that there are C' and D € F such that C'is minimal, C C D andno D' € F’
that contains C' as a subset. We construct v and X such that ffX dv > ff,X dv.
Consider the smallest capacity such that v(A) = 14l for every A € C. That is, v(B) = 0,

N
unless A C B for some A € C, in which case v(B) = %, where A is the largest set in
C such that A C B. Define, X =3, T4 Thus, [, X dv =73, . %. Define P to

be a uniform distribution — the probability that assigns each point in N a weight of ﬁ
Note that

/f Xdv = Ep(X). (7)

Suppose that the optimal sub-decomposition of X w.r.t. ' is obtained at D’. Denote

this sub-decomposition as ) 5. Splp. Thus,
X dv="> Byv(B). (8)

We can assume that each B € D’ whose (g is strictly positive contains at least one
A € C as a subset (since otherwise, v (B) = 0). Denote A(B) the largest event in C'
that is a subset of B, B € D'. By the definition of v,

> Bsu(B) =Y Bpv(A(B)) =Ep (Z BBHA(B>) < Ep(X). 9)

BeD’ BeD' BeD'

The reason of the last inequality is ) s.p Belam) < D pep Bl < X. Since
> gep Bv(B) < Ep(X) and due to (7) and (8), we obtain

X dv < / X dv. (10)
F F

We show now that this inequality is strict.
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There exist two cases. the first case is when every A € C' has B € D’ such that
A = A(B). Since C is not a subset of D', there is A € C such that A ¢ D', implying
that A & B. This, in turn, implies that ), ., Bslas) # > pep Osls. Thus,

Z Bpla) # X. (11)

BeD’

Since P assigns every point in N positive probability, Egs. (9) and (11) imply

Ep (Z 5B]1A(B)> < Ep(X).

BeD'

Thus, in light of (8) and (9) inequality (10) is strict.

The second case is where not every A € C' has B € D’ such that A = A(B). It means
that not every A in C appears in ), Bplap). Since C' is minimal, there are no two
C-decompositions of X. This means that >, ., Bplap)) # X. Asin the previous case,
this implies that Ep (ZBGD, BB]IA(B)) < Ep(X). Thus, again, inequality (10) is strict. m

2.6.4 Additivity

A well known property of Choquet integral is comonotone additivity. Two variables
X and Y are comonotone if for every i,5 € N, X(i) > X(j) iff Y (i) > Y(j). It
turns out that this property can be expressed in terms of vocabularies and optimal
decompositions. Consider the vocabulary F" (recall, it consists of all chains). Then,
X and Y are comonotone iff the optimal decompositions of X and Y use the same D in
FC" . Comonotone additivity means that if X and Y use the same D for their optimal
decomposition, then [,o, Xdv+ [0, Ydv = [;0, (X +Y)dv. A natural question arises
as whether this is a general property of the decomposition-integral. That is, whether for
any vocabulary F, if X and Y use the same D € F for their optimal sub-decomposition,
then [, Xdv+ [,Ydv= [ (X+Y)dv.

The answer to this question proves to be negative. Indeed, consider the vocabulary
FPert (recall, the one consisting of all partitions of N), and a capacity v, defined on
N = {1,2} as follows: v(1) =v(2) =1/3 and v (12) = 1. Define X = (¢,1),Y = (1,¢),
e > 0. Assume that e is small enough, so that the optimal decomposition of both X
and Y use D = {(1),(2)}. In this case, [, Xdv = [, Ydv = (1/3) (1 +¢). As for the
sum X + Y, taking D' = {(12)} yields [, (X +Y)dv = 1+ ¢, which is strictly greater
than [, Xdv+ [, Ydv = (2/3)(1+¢).

The following proposition refers to additivity in case two integrands use the same

D € F for their optimal decomposition w.r.t to F and a specific v.
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Fix a vocabulary F and a capacity v. We say that the variable Y is leaner than
the variable X if there exist (i) an optimal decomposition of Y: Y~ , -, Balla with ay >
0, A€ (' and (ii) an optimal decomposition of X : >, - aally with ay > 0,4 € C,
such that C" C C. In words, Y is leaner than X, if there are optimal decompositions in

which X employs every indicator that Y employs.

Proposition 4 [Co-decomposition additivity| Fiz a vocabulary F such that ev-
ery X has an optimal decomposition w.r.t. F for every capacity. Suppose that for ev-
ery D, D" € F, whenever there are two different decompositions of the same variable,
Yoaep 0alla = > pep vBlB, there is D" € F that contains all the A’s with 54 > 0 and
all the B’s with vg > 0. Then, for every v and every two variables X and Y where Y

/fde+/dev=/f(X+Y)dv. (12)

Note that the condition of the proposition is readily satisfied by F¢*. The reason is

15 leaner than X,

that every random variable essentially (ignoring indicators whose coefficients are zero)
has a unique decomposition. This proposition implies the comonotone additivity of
Choquet integral. Indeed, considering F¢”, if Y is leaner than X, then Y and X
are comonotone. Proposition 4 thus implies Eq. (12), which is precisely comonotone
additivity.

This proposition implies that whenever F consists of only one D, like F°* its
decomposition-integral respects the additivity property (12). It implies that if each of X
and Y are equivalently lean (i.e., the same indicators possess positive coefficients in their
optimal decompositions), then Eq. (12) holds true. In particular, the concave integral is
linear over those variables that use the same indicators in their optimal decompositions.

The additivity of Choquet integral, as expressed in Eq. (12), does not depend on the
underlying capacity. Two random variables are comonotone regardless of the capacity
v, and for such variables, Eq. (12) would be always true. On the other hand, whether
or not Eq. (12) applies to the variables X and Y and the concave integral, does depend
on v. The reason for this difference between the integrals is that in Choquet integral
the optimal decomposition does not depend on v (it is always the same chain for every

v), while it does depend on v when the concave integral is concerned.

Proof of Proposition 4 Fix v and suppose that X =), aals with ay >0,A € C
is an optimal decomposition of X and ), - Bal4 with 34 > 0,A € C is an optimal
decomposition of Y. We show Eq. (12).

Let >z v8lB be v-optimal decomposition of X + Y. If this decomposition equals

Y oacc(aa+PBa)la, then Eq. (12) is true. Otherwise, >, -(a+Ba)la and > 5, v8l5
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are both different decompositions of X + Y. This implies that [, Xdv 4+ [,Ydv <
ff (X +Y)dv. By assumption, there is D” that contains all the A’s with aq + 54 > 0
and all the B’s with vg > 0. Thus, X, Y and X +Y all have D" optimal decompositions
(i.e., optimal decompositions of X, Y and X + Y that use only members in D").

Suppose, to the contrary of the proposition, that ff Xdv+ ff Ydv < ff (X +Y)dv.
Recall that in the optimal decomposition of X, >, .~ aaly, all the coefficients a4 are
strictly positive. Thus, for ¢ > 0 sufficiently small, >, o aalla =>4 co(oa + Ba)la +
€Y pep vBlp is a D"-decomposition of X (that is, all the coefficients are non-negative).
Thus,

/fde > ZaAv(A)—€Z(aA+BA)v(A)+5Z”va(B) >

AeC AeC BeD!
/de—a/de—e/de—l—é(/ de—l—/Y) :/de.
F F F F F F
Since this is a contradiction, Eq. (12) is proven. ]

Definition 4 Two vocabularies F and F' are equivalent if they induce the same integral.
That is, for every v, [,-dv= [, -dv.

The following lemma also refers to a vocabulary, similar to F“*, that consists of only

one D.

Lemma 2 A vocabulary F is equivalent to a singleton vocabulary F' iff for every min-
imal set C C UF 6 there exists D € F such that C C D.

The proof is postponed to the Appendix.

3 Three essential properties

In this section we state and prove three theorems that deal with the essential proper-
ties: concavity, monotonicity w.r.t. stochastic dominance and translation-invariance.
We characterize the vocabularies corresponding to decomposition-integrals that main-
tain each of these properties. Amongst the known integrals we discussed, Choquet inte-
gral maintains monotonicity w.r.t. stochastic dominance and translation-invariance, but
does not maintain concavity. The concave integral, on the other hand, maintains con-
cavity, but does not maintain monotonicity w.r.t. stochastic dominance and translation-

invariance. As we can see, there is a trade-off between the different properties, meaning

6UF is a set that contains all D € F. That is, UF = {A| A€ D e F}

16



that if we want the integral to maintain concavity, we have to give up on monotonicity

w.r.t. stochastic dominance, for instance, and vice verse.

3.1 Concavity

In this section we characterize the vocabularies F for which [ 7 dv is concave. We say
that [ - dv is concave if for every two variables X and Y, and v € [0,1] the following
inequality holds true,

/J_L_('YX—l-(l—’Y)Y)dvZ’Y/]:de—i—(l—’y)/de.

F

3.1.1 Decomposition-integrals that are concave

Theorem 1 The decomposition-integral ff~ dv s concave for every v, if and only if
there exists a vocabulary F' containing only one D (D C 2V ) such that f]_.- dv = f]_., - dv

Obviously, the concave integral maintains the condition of this theorem, since the
vocabulary inducing it is a singleton — it includes only the power set of N.

Proof Suppose there exists a vocabulary F’ containing only one D' (D' C 2V) such
that [ dv = [, - dv. Fix two variables X and Y and y € [0, 1]. Consider 7" and denote
the optimal sub-decompositions of X and Y by, >, aally and >, Bala, respec-
tively. The combination )", aalla + (1 — ) > 4cp Balla is a sub-decompositions
of X +Y, and its value is v [, Xdv+ (1 —~) [, Ydv. Thus, [, (vX + (1 —~)Y)dv is
greater than, or equal to, this figure. Since, ff dv = [, - dv, we obtain that [ dv is
concave.

As for the inverse direction, assume that [ 7+ dv is concave and, in a way of con-
tradiction, that for every F’ that includes only one D, from Lemma 2, there is a min-
imal ¢ C UF, with no D € F, such that C C D. This ensures the existence of
two disjoint subsets of C, say C) and Cy, each contained in a different D € F (i.e.,
C; C D; € F,i=1,2) and that no other D € F contains both. Since C' is minimal, so
are C; and Cs.

We construct two variables X, Y, and a capacity v, and find 0 < v < 1 such that

[z Xdv+ [L(1—~)Ydv > [L(yX 4+ (1 —=7)Y)dv. Define X = > Iyand Y = 3 L.
AeCy AeCy

Consider the smallest capacity such that v(A) = ‘ N| for every A € C’1 U Cy. That is,

v(B) = 0 unless A C B for some A € Cy Uy, in which case v(B) = |N| where A is the
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largest set in C; U Cy, such that A C B. From the definition of v we have obtained that

A A
[rXdv = Az i and [LYdo= > KL
eCy AeCy

Fix 0 < 7 < 1 and suppose that the optimal sub-decomposition of vX + (1 — )Y is
> Belg. Thus, [(YX + (1 —v)Y)dv = 3 Bgv(E), where D € F. We can assume

EeD EED
that each £ € D, whose (g is strictly positive, contains at least one A € C; U (5 as a

subset (since otherwise, v (F) = 0). Denote A(FE) the largest set in C; U Cy that is a

subset of E, E € D. Thus, Y Bgv(E) = > Brv(A(FE)). There exist two cases. The
E€D E€D

first case is when every A € C; U Cy has E € D such that A = A(E). Since D does
not contain C; U Csy, there is at least one E with 8g > 0 such that A(FE) ; E. Thus,

>~ Belae) is not a decomposition of X + (1 — )Y but rather a sub-decomposition of
EED
it, implying that

/F(dev—F(l—v)Y)dv = ZBEU(A E
WZU(A)—I-(I—’y)Zv(A) = /de+ (1-— )/de

AeCq AeCy
which contradicts concavity. The second case is where not every A € C;UC5 has E € D

such that A = A(F). Since C; U} is minimal, there are no two Cy U Cy-decompositions

of X. This means that ) gl is not a decomposition of yX + (1 —v) Y. As in the
E€D

previous case, this implies that [,(yXdv + (1 —~)Y)dv <~ [ Xdv+ (1 —7) [-Ydv.
m

3.1.2 An alternative characterization of the concave integral

Another contribution of the decomposition approach is that it provides a new character-
ization to the concave integrals. The following characterization is corollary of Theorem
1. The first condition enforces that for every event A there is a D € F such that A € D,

and combined with the second condition we get the concave integral.

Corollary 1 A decomposition-integral ff -dv satisfies (i) fIHAdv > v(A) for every
event A and capacity v; and (ii) ff -dv 1s concave, if and only if ff- dv = faw~ dv.
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3.2 Monotonicity w.r.t. stochastic dominance

In this section we characterize F for which f = dv is monotonic w.r.t. stochastic domi-

nance.

Definition 5 (i) Let v be a capacity defined over N, and X, Y be two variables over
N. We say that X stochastically dominates Y w.r.t. v (denoted X =Y ), if for every
numbert € R, v (X >t) > v (Y >1t).

(11) In case X =Y and Y =" X, we say that X and Y are stochastically equivalent
and denote it X ~"Y.

(11i) We say that ff -dv is monotonic w.r.t. first order stochastic dominance (or simply,
monotonic w.r.t. stochastic dominance) if X =*Y implies [, Xdv > [, Ydv.

The following definition is important only for the proof and bears no conceptual

significance.

Definition 6 We say that two chains of size k are similar if there is a size-preserving
one-to-one map between them. Formally, the chains D and G are similar if there is
one-to-one map ¢ : D — G, such that for every A € D,|p(A)| = |A|.

The following example demonstrates Definitions 5 and 6 and an idea that appears in

the proof of Theorem 2.

Example 4 Let N = {1,2,3,4} and D = {(1234),(124)}. Consider X = > Ip =
TeD

(2,2,1,2). We complete D to a chain of size 4: D' = {(1),(12),(124),(1234)}. Define
F'={(3),(34),(234),(1234)}. Notice that F' is the complementary chain of D' in the
sense that for every A € D' which is not N, the event N \ A belongs to F".

Let F be the sub-chain of F' that is similar to D. Thus, F' = {(234),(1234)}.

Consider Y = > Ip = (1,2,2,2). In order to define v, we start with the events in
BEF

G’ orin F'. For every A € G' U F', define v(A) = |4ﬂ. This definition makes X
and Y stochastically equivalent (X ~" Y). On every B ¢ G' U F' define v to be the
minimum possible, while maintaining monotonicity w.r.t. inclusion. That is, v(B) =
max{v(A); A e G'"UF and A C B}.

Now suppose that the vocabulary F includes only D (i.e., F = {D}). Then, the

optimal sub-decomposition of X is in fact a decomposition: X = > Ip. Thus, ff Xdv =
TeD

Yu(T)=3/4+1= 1%. On the other hand, the optimal sub-decomposition of Y is Iy.
T€D

Therefore, [,Ydv = v(N) = 1. We obtain that although X ~"Y, [ Xdv > [.Ydv

and hence, ff -dv is not monotonic w.r.t. first order stochastic dominance.
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Notice that F consists only of chains. Theorem 2 states that in order for ff -dv to
be monotonic w.r.t. first order stochastic dominance, F must include only chains, and
iof it includes one chain, it must include all the other chains that have the same size.
Thus, the reason for the lack of monotonicity w.r.t. first order stochastic dominance in

this example is that F does not include all chains whose size is the same as D.

3.2.1 The decomposition-integrals that are monotonic w.r.t. stochastic dom-

inance

Theorem 2 The decomposition-integral ff- dv is monotonic w.r.t. stochastic domi-
nance, if and only if F is the collection of all chains of the same size k (k € N).

Proof It is easy to show that if F is the collection of all chains of the same size k
(k € N), then it is monotonic w.r.t. stochastic dominance.

We first show that F consists only of chains. Assume to the contrary that F includes
at least one Dy that is not a chain. We construct two variables X, Y, and a capacity
v, such that X ~" Y, but [, Xdv > [.Ydv. Since Dy is not a chain, there are
at least two events A, B that are not nested. There are two possible cases. First,
ANB = (. Define X = Iy and Y = I4. Consider the smallest capacity such that
v(A) =v(B) =v(N) =1 Obviously, X ~* Y, but [, Xdv =v(A)+v(B) =2 and
fdev =v(A)=1.

The second case is where AN B # (). Define X =14 + Iz and Y = Iy. With the v
before, X ~*Y, but [, Xdv=v(A)+v(B)=2and [,Ydv=v(N) =1

Next we prove that if F includes one chain of size k, it must include all chains
of the same size. Assume the opposite. Suppose the longest chain (i.e., one that in-
cludes the maximal number of events) in F is of the size k. First, suppose that D

and G are similar chains of size k. If D € F and G ¢ F, define X = > I, and
AeD

Y = > I¢, and v as the uniform additive probability. We obtain, X ~” Y and there-
cea
fore, E,(Y) = E,(X). Since we proved that the vocabulary F consists of chains only,

the optimal sub-decomposition of Y is a chain. The variable Y (like any other vari-
able) has exactly one chain decomposition. However, G that used in this decompo-
sition is not in F. Thus, Y has only an optimal sub-decomposition, which is not a
decomposition. Suppose that this sub-decomposition is ), . Bplp, where G' € F.
Thus, Y peer BBl <Y and Y 5. Belp # Y. Since v is the uniform distribution,
[zYdv =3 5o Bev(B) < Ey(Y) = Ey(X) = [ Xdv. Therefore, [ Xdv > [,Ydv,
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which contradicts monotonicity w.r.t. first order stochastic dominance. We therefore
conclude that similar chains of size k are either all in F, or all out of F.
We show now that all chains of size k are in F. Suppose that D € F. We complete

D to a chain of size n (in an arbitrary way), say Dy = ). B,. Thus, D; is a chain
1<j<n

of size n that contains D. Define Gy to be the chain that includes F,, = N and E; =
NN B,_j, 7=1,..,n—1. In a sense, GG is the complementary chain of D;.
Let G be a sub-chain of G of size k, such that (i) G ¢ F, and (ii) D and G are

not similar. As before, define X = > I4, and Y = ) I,. Consider the smallest
AiED C,eG

capacity such that v (4;) = v (C;) = % for every 1 < i < k. By construction, every
A; € D and C; € G are not nested unless A; = N or C; = N. Thus, the definition of v
does not violate monotonicity w.r.t. inclusion and is therefore well defined. Furthermore,
X ~VY.

Since G ¢ F, the integral of Y is attained at a chain that is a sub-decomposition,

say G'. From the definition of v we obtain > v (C) > > v(T), and thus, [ Xdv >
ceq Teq

ff Ydv, which also contradicts monotonicity w.r.t. first order stochastic dominance.
Thus, G must be in F. We conclude that any sub-chain of GG; whose size is k belongs
to F.

We conclude the proof by noting that any chain of size k is similar to a sub-chain of

(G1, and as such must be also in F. [

3.2.2 A new characterization of Choquet integral

Using the notion of decomposition-integral, Theorem 2 provides a new characterization
of Choquet integral, one that does not use comonotone additivity. Alongside with the
requirement that every variable X has a decomposition, which implies that £ = n in
Theorem 2, (or alternatively, by Proposition 2, that Ep(X) = [ + X dP for every variable
X and P additive), we get the following corollary.

Corollary 2 A decomposition-integral [.- dv satisfies (i) [-- dP = Ep(-) for every

probability P; and (ii) it is monotonic w.r.t. stochastic dominance for every v, if and
only szf dv = fCh- dv.

3.3 Translation-invariance

This section provides a characterization of those vocabularies F that induce a decomposition-

integral which is translation-invariant for every v: for every ¢ > 0, [(X + ¢)dv =
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J=Xdv+ ¢, when v (N) = 1. The following illustrates an example where the integral is

not translation-invariant.

Example 5 Let N = {1,2,3}. Consider F defined as follows. F = {(12),(23), (123)}.
Define X = (2,4,1) and c =1 . v(N) =1, v(12) = v(23) = 2/3. Then [, Xdv =
2-(2/3)+1-(2/3) =2 and [(X +1)dv=3-(2/3)+2-(2/3) =35 >2+1.

3.3.1 The decomposition-integrals that respect translation-invariance

The following theorem characterizes the vocabularies that always induce an integral

which is translation-invariant, regardless of v.

Theorem 3 The integral ff- dv s translation-invariant for every v, if and only if the
vocabulary F is (i) composed of chains; and (ii) any D € F is contained in D' € F that

mncludes Ty .

Proof Suppose first that the vocabulary F is (i) composed of chains; and (ii) Any
D € F is contained in D" € F that includes Iy. Fix X. W.lLo.g. one can assume that
the optimal sub-decomposition of X is obtained in D’ € F that includes Iy. Thus,
if > pep aplp is an optimal sub-decomposition of X, then » ., aplp + cly is an
optimal sub-decomposition of X + ¢, for every ¢ > 0. This implies translation-invariance
of [, -dv for every v.

As for the inverse direction, assume that [ 7 dv is translation-invariant for every
v. We show first that every D € F must be a chain. Else, there is D which contains
two non-nested events, say A and B. Let v be the smallest capacity such that v(A) =
v(B) = 2/3 and v(N) = 1. We divide the proof into two cases. The first case is
when AN B = (. In this case I4 + Ip is a sub-decomposition of X = Iy. Thus,
J=X dv>4/3. But then, [(X +1) dv= [,2X dv=2 [, X dv > 8/3, which implies
that [,(X+1) dv # [, X dv+1. This constitutes a violation of translation-invariance.
[t remains to show that in the second case, where AN B # (), there is also a violation of

translation invariance. Consider the variable X defined (similar to Example 5),

2, ifse A\ B
X(s)=1 4, ifse ANB
1, ifse B\ A

The sum 2[4 + Iz is an optimal sub-decomposition of X, and therefore ffX dv =
2. However, 34 4 2Ip is a decomposition of X + 1 and therefore, [-(X + 1) dv

IV
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5(2/3) > [ X dv+1. Thus, [,- dv is not translation-invariant. We therefore conclude
that Fis composed of chains. We now show that any D € F is contained in D' € F
that includes Iy. Suppose, in a way of contradiction, there exists D € F and no

D' € F that includes Iy and contains D. Define X = > I and v as the uniform
TeD

additive probability. Thus, [, X dv = E,(X). The variable X+1 has exactly one
chain decomposition, which is D U N. By our assumption, G = DU N ¢ F, thus,
X-+1 has only an optimal sub-decomposition, which is not a decomposition, say G'.
Y peer BBl < X +1and ) 5. Bplp # X + 1. Since v is the uniform distribution,
J(X +1)dv =3 e Bv(B) < Ey(X +1) = E,(X) + 1. This contradicts translation-

invariance. [ ]

3.3.2 Choquet integral as a decomposition-integral that satisfy translation-

invariance

Together with Proposition 2, Theorem 3 provides another characterization of Choquet

integral.

Corollary 3 A decomposition-integral ff -dv satisfies (i) f]_. -dP = Ep(-) for every prob-

ability P; and (i) it is translation-invariant for every v, if and only if F = F".
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Appendix

Proof of Lemma 1: Suppose that there exists an optimal sub-decomposition of X
w.rt. F, > aaly, D € F. Define the set Dx = {A € D | oy > 0}. We may choose

AeD

a sub-decomposition such that |Dyx| is minimal. If Dy is a minimal set, the proof is
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complete. Otherwise, the variables 14, A € Dy, are algebraically dependent. Meaning,
that there is a linear combination ZAGDX 044 = 0 where at least one 64 # 0. Let
. (6% . .
Ay = argmmAeDX,(;A#O% and € = WA(? . Since all the coefficients ay —e-J4 are greater
than or equal to 0, AZDaA]IA — €Y acpy 9ala is an optimal sub-decomposition of X.
€
Moreover, for at least one A € Dy, the coefficient ay — e -9, = 0. Thus, X has an

optimal sub-decomposition that involves a smaller number of indicators than does Dyx.

This leads a contradiction to the choice of Dy, implying that Dy is indeed minimal. m

Proof of Lemma 2: Suppose that for every minimal set C' C UF there exists D € F
such that C' C D. Define the singleton vocabulary ' = UF. By assumption, for every
D' € F' and every minimal set C C D’ there is D € F such that C' C D. Thus,
from Proposition 3, [, - dv < [,- dv. On the other hand, from the definition of F,
for every D € F and every minimal set C' C D, there is D’ € F’ such that C C D'.
Thus, again, due to Proposition 3, [, - dv < [, - dv, which leads us to conclude that
ff- dv = ff,- dv.

As for the inverse direction, suppose [,, - dv = [.- dv, and F' = {D'} (i.e., F' is
a singleton). We show that UF C D’. Assume to the contrary that UF ¢ D’. Then,
there exists D € F such that Dy ¢ D’. By assumption, [, - dv > [, - dv, and from
Proposition 3 we infer that for every minimal set C' C Dy, there is D € F’ such that
C C D. Any event in D, is a minimal set, thus D’ must include any event in D;, and
thus must contain Dy itself (i.e., D; C D’).

Finally, since [, - dv > [, - dv, we obtain from Proposition 3 that for every minimal
set C' C D', there exists D € F such that C' C D, which completes the proof. ]
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