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Lower Equilibrium Payoffs in Two-Player Repeated Games
with Non-Observable Actions

By E. Lehrer?

Abstract: We characterize, by the one-shot game terms, the set of lower equilibrium payoffs of the
undiscounted repeated game with non-observable actions.

1 Introduction

The classical theory of repeated games deals with standard information, i.e., after each
stage of the game the players get information about the actions (of each one of the
players) that took place in that stage. [L1] deals with the case in which each player is
informed of the equivalence class of the action of each of the other players in the
previous stage. Here we refer to the general case in which the actions are non-observable
and the information the players get is a function of the actions.

We characterize the Nash lower equilibrium payoffs in undiscounted two-player
repeated games by the one-shot game terms. Two sets, C; and C,, of pairs of strategies
are defined. C is the set of all the pairs (p;, p,), where p; is a mixed strategy of player
j(G=1,2), which have the following property: Among all those strategies p which
satisfy both that p induces the same distribution on the signals of player 2 as p; does,
and that p does not decrease the possibility to distinguish between actions of player 2,p,
is the best response against p, - C, is defined in a similar way. By playing (p,p;) €C;
many times repeatedly, player 2 can detect a deviation of player 1.

The set of the lower equilibrium payoffs is proved to be the payoffs which are
both individually rational and included in the intersection of the convex hulls of the
payoffs sets associated with C; and with C,.
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2 Definitions and Notations

Definition 2.1: A two-players repeated game G* with non-observable actions is defined
by:

1. Finite sets Z;, 2, , called action-sets.

2. Functions Iy, [3; ;1 Z1 x Xy > L;, i=1,2,. I; is called the information-function
and L; is called the signals set of player i, i =1,2./; and /, satisfy:
Q) I;(s, )F1,(s", £ Ywhens #s'forallt, ' €3,.

(i) LG, ) #1,(s" t"Ywhen t # ¢t foralls, s’ € Z4.

3. Functions i, hy3h; 1 2y x 49 >R, i=1,2, called payoff-functions.
Notation 2.2: Denote the range of 4; by X;,i=1.2.

The sets of pure strategies of a player in the repeated game, denoted by F;, are defined
as follows.

Definition 2.3
Fi={(f1.f}.f, . yforeach n€N, f' : L} 1 > 2;}

fori=1,2, where L? is any single-element set.

Intuitively, when player i chooses the pure strategy f;,7 = 1,2, the game is played
as follows. At the first stage, player i plays f,-1 , gets his payoff i;(f } I ; ), and the signal
l,-(f}.f%). At the second stage, player i acts f,-z(l,-(fhfé)), gets his payoff h,-(f?(ll
(1) F3(5(f1,£3)) and the signal 4 (7101 (f1,/3)), /3 (2 (1, £3))), and so forth.

A mixed strategy of player / is a probability measure y; on Fj.

Notation 2.4: The set of all the mixed strategies of player i is denoted by A(F}),
i=1,2.

For each pair of pure strategies f'=(f;,f2) €F x F, there is a correspondent string
of signals (s7(f), s3(fNa=1 € L1 x L))"
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The correspondence is defined as follows:

s,p(f) is the element ofL?

AR AT 3 A 1) N 2L 13 L1 () N 1))

There is also a correspondent string of payoffs:

). X2 =1 €EXy x X)W

This correspondence is defined as follows:

x} () =hi(f1,£2)

) = h (LG, ST OB, 55 )

Let w=(uy, ) €EAWF) x A(F,). By the correspondences introduced above, two
measures are induced: gy on (X, x XN, and pr on{Ly x L)N.

Definition 2.5: A behavior strategy of player i, i =1,2,in G* is a sequence f;= (f,-1 ,fiz,
...) of functions

LY AE), n=1,2,..
H H

A pair (f;,f,) of behavior strategies induces measure on F; x £,, and thus on
(X, x X,)N and on (L, x L,)N.
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Remark 2.6: A repeated game with non-observable actions is a game with perfect recall,
and thus, by Kuhn’s theorem ([Al], [K]), we are allowed to concentrate in behavior
strategies whenever it is convenient,

Definition 2.7: Let u=(uy, u2) € AF;) x A(F,)andn EN,
n 1z k
Hi(ul,uz)=EXPu(;k?lXi(f)), i=1,2.

H{'(uy, 1) is the expectation of the average-payoff of player / at the n first stages of
the repeated game, when y; is the strategy played by player 1, and y, is that played
by player 2.

Definition 2.8:
(1) Hi(uy, mp)=lim Hy(py, pp)if it exists.
n

H3(uy, pg) =lim Hy(uy, pp) if it exists.
n

(2) H*(u1,12) = HT(ky, 12), H3(y , 12)) if both
H7Y and H7 are defined.

Definition 2.9: (uy, Up) € A(F2) x A(Fy) is a lower-equilibrium if:

(i) H*(uq,us)is defined.

(i) For every iy € A(Fy),liminf HY(fty, up) <Hf(uy, 4a),and for every I, € A(F,),
n

liminf H3(uy , fip) < H3(1q, pa)-
n
Notation 2.10: LEP = {H*(u;, u3)|(y1, i) is a lower-equilibrium }.

Notation 2.11: If Z is a set and s € Z, then §; will denote the Dirac-measure on s, and
will be the measure corresponding to s in the set of the probability measures over
Z: A(Z).

Sometimes we will refer to §; as s.
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Remark 2.12: The functions & = (h,,h,) and [ = (I;,1,) can be extended to A(Z;) x
A(Z,) in a natural way, such that /; and /; will be ranged to R and to A(L;) respective-
ly(i=1,2).

Notation 2.13

(1) d; = Min Max A&(p, q).
qEA(Z ) pEA(ZY)

(2) 71 € A(Z,)is a strategy which satisfiesd, = Min  &,(rq,q).
q€A(Z))

(3) 0, € A(Z,)is a strategy which satisfiesd; = Max &, (p, 0,).
pEA(ZY)

(4) d,, 7, and o, are defined in a similar way.

(5) IR={(@@g P)ER?|a> dy and b >d, }. IR is the set of all individually rational
payoffs.

3. The Main Theorem

The characterization of the set of lower equilibrium payoffs is done mainly by a partial
order defined on A(Z;). We will give the following definitions for strategies of player 1.
One can apply similar definitions for player 2.

Definition 3.1

(1) Lets, s"€ 2. sis equivalent to s’ (s ~5") if for every t € Z, (s, £) =L, (5", 1).
(2) Lets€Z,. Theset [s]={s' € Z,|s' ~x} is the equivalent class of s.

(3) Letp, p' EA(Z,). p is equivalent to p' if for every t €,

L(P',t)=0(p, ) (inthe sense of Remark 2.12)

In words, p’ ~ p if the distributions over the signals of player 2 are the same under pas
under p', for any action ¢.-
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Definition 3.2

(1) Lets.s"€Z,.sis greater than s(s' > s)if s’ ~ s and if forevery 1, t' € Z,
LiGs, )#1,(s, ') implies I4(s', 1) # 1,5, t")

(2) Let p, p' €A(Z,). p' is greater than p (p' > p) if p' ~ p and if there are two ran-
dom variables X, X' ranged to I, with distributions p and p’, respectively, and
finally X' > X.

In words, p' is greater than p, in the sense of the partial order >, if p’ ~ p and if by
playing p' the player can distinguish between two actions of his opponent with a
greater probability than he can do so by playing p.

We could define the relation > in another way: p’ > p if p’ ~ p and if there are
nonnegative constants Sy s such that pg= 28 g, Py = ZeBy s and if Bs s> 0 then
s' > s,

Definition 3.3
(1) €y ={(p. @) EA(Z1) x A(Z2) |11 (p, q) = MgXphl(p', q)}
p

@) G = {2 D EAMT) x AEZ2) ha(p, q) = Max s (p, a'%,

7 >q
i.e., C; is the set of pairs of the one-shot game mixed strategies, in which player i can-
nat profit by any deviation without being discovered by player 3-i, or without decreas-
ing his potential of getting information. Intuitively, if (p, g) € C; is played repeatedly
many times, then player 1 can profit only by a detectable deviation.

Definition 3.4
(1) D1 =1{(p, P EAE ) x AZ) |1 (p, q) = pMa; hi(p', 9)}

() D ={(p. P EAE ) x AZ2)|h2(p, @) = é\/,lf;( hy (D, a")}.

Here the element of decreasing the potential to get information is dropped. D and D,
will play a role whenever at least one of the players has a trivial information function,
namely, whenever one player cannot get any information about his opponent’s actions.
This player, on one hand, cannot lose the possibility of getting information because he
has no such possibility, and in the other hand he cannot recognize that his opponent
had decreased his possibility of getting information.
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Definition 3.5

(1) Player 1 has trivial information if forany s €EZ, and ¢, £ €Z,,1,(s, t) =1;(s, 1),
and a similar definition for player 2.

(2) A game G* is a game with trivial information if at least one player has a trivial in-
formation, and otherwise it is a game with non-trivial information.

Main Theorem: In a two-players repeated game with non-observable actions the fol-
lowing hold:

(i) If the game is a game with non-trivial information, then

LEP = conv A(Cy) N conv A(C3) N IR,

(ii) If the game is a game with trivial information, then

LEP = conv (D) Nconv h(D,) N IR,

where. forall E C A(Z1) x A(Z;), h(E) = {h(p, q)|(p, q) EE}.

Example 3.6: Standard information.

A game with standard information is a game where [;(s, £) = (s, ¢) for all (5, t) €
23 xZy. In such a game, C;=D; = A(Z)x A(Z,), i=1,2, and therefore LEP =
H(A(Z1) x A(Z,)) N IR. This, in fact, is a part of the content of the folk theorem.

Example 3.7: Repeated prisoner’s dilemma with non-observable actions:

L R L R
T 1,1 4,0 T n,n n,n'
B 0,4 3,3 B|ln',n c,c

payoffs signals
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In this game a player gets a signal ¢ (for cooperation) only when both players act the
cooperative actions. Here T# B and L # R, thus LEP is again all the individually
rational and feasible payoffs.

Example 3.8: Trivial information for both players.
Let l;(sy,5,) =s;,i=1,2. Here,

D; = {(p1.p2)|p; is the best response against p3_;}.

Note that D; N D, is the set of all Nash equilibria in the one-shot game. In this
example we have

h(conv (Dy N D,)) C LEP = conv #(D,) Nconv h(D,) N IR.

= conv A(D;) N conv h(Dy).

Example 3.9: The repeated game of

L M R L M R
u 2,2 0,3 0,0 u a,x a,x' a,x"
B 1,1 3,0 0,0 Bla',x a',x' a',x"
D 0,0 0,0 0,0 D|a",y a",x' b,x"
payoffs signals

L~M but ML, because I,(U, L)=x #y =1,(D, L) but I,(U, M)=x"=1,(D, M).
Therefore A(U, L) = (2,2) € h(C,). Obviously (2,2) €4(Cy). U > B and B > U. There-
fore (U M), B,LYEC, (hy(U,L)Y>h(B, L), and h{(B, M)>h(U M)). L > M,
therefore (B, M) & C,. Also the Nash equilibrium ((1/2, 1/2, 0), (3/4, 1/4, 0)) of the

1 1
one-shot game is in C; N C,. The payoff associated with this equilibrium is (15,1 E) ,
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Since (dy,d5)=(0,0), we get

LEP = conv

(0,0),(2,2), (1%, 1%) } =conv {(0,0), (2, 2)}.

Example 3.10: If we would change the former example so that I,(U, M) =z then U
would not be equivalent to B any more and thus (U, M) € C; N C, and

LEP = conv {(0,0), (2, 2), (0, 3)}.

In examples 3.7, 3.9 and 3.10, 2(Cy; N Cy) = h(Cy) N A(C,). However, in the follow-
ing example the situation is different:

Example 3.11: The repeated game of

L M R L M R
U 3,0 2,2 0,0 U a,x a,x' a,x"
B 2,2 2%,3 0,0 B a,x a,x' c,x"
D} 0,0 0,0 0,0 Dja",x a",z a",x"
payoffs signals

M>L so (B, L), (U L)¢C,. B>U then (U M) ¢ C,. However, (U, M)€ C, and
since U ¥ B, (B, L)€ C, . Hence,

(2.2) €conv A(C;y) N conv A(Cy )\ conv A{(Cy N Cy).
(2%/2, 3) is also included in #(C; ) N k(C,). Thus,

LEP = conv {(0,0)(2,2), (21/,,3)}.
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Lemma 3.12: h(Cy) and h(C,) are closed sets.

Proof: We will prove that C, is a closed set. Let {(p,,q,)}In=1 C C; be a sequence
that converge to (p, q). If (p, ¢) € C; |hen there is p' > p and € >0 s.t. i (p',q) >
hy(p, q) + €. In particular there is a set ‘function ¢(s) and constants (B’ s)s'eq(s) Such

that ¢ > 8, fors' €¢(s),p = Z agdg, 0y = 2 By gandp'= Z 2 By sbs
s'ep(s) sE€ET ) s'Ep(s)

Denote p, = Z  ag8s. Let (85 s)s'cqp(s) be avectorin the set {(By s)s'eq(s) SEX
SET, €T

lBs',s >0, X fyg=a? for all s} which achieves the minimum distance (with
s'€o(s)

respect to the maximum norm) from the vector (B ¢)s'cqg(sy- Define Pn= 2
SEX SEXY

Z B 8y. Obviously p,, > p, and p,, —p’. By the continuity of 4, whenever n is
s'ee(s)

big enough. 7, (Pn, 4)>H 1 (Pr.q,) +€/2. a contradition to the fact that (p,,, g,) € Cy.
Q.E.D.

Lemma 3.13: Let L be a straight line in R? s.t. conv 2(C, ) C L* (the open half of the
plan). Then there is an a >0 such that for any h(p;,p,)EL™ =(L")°, there is
Py > py st hy(py.pa)>hi(py,p2) +a

Proof- Assume to the contrary that for any » there is (p,, ¢,,) s.t. i(p,, q,) € L™, but
forallp'>pnah1(p,’4n)<hl(pmqn)+l/n- .

We can assume that (p,, q,) tends to (p, g). L™ is closed. Therefore, h(p, g) €L~

and (p. q) € C;. By a similar argument to that of the previous lemma, if p' > p and

h(p'.q)>hy(p, q) + € for a certain € >0, then one can find p,, > p,, so that k;(p,,,
qn) > hi(pn.q,) + /2 for any sufficiently large n, which contradicts the assumption.

Q.E.D.

Denote? for any y >0 Ly = {x €L |dist (x, L) > 7},

Lemma 3.14: Let L be as in the preceding lemma. Then there is a § > 0 such that if

! 1
2 agh(pg,qp) €L, where Zog =1 and ot >0, k=1,..,1
k=1 1

2 IfxeR"and 4 ¢ R” is a closed set then dist (x, 4) = min X = ¥l cor
yEA
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then

z o > 6.
h(py,ax)EL™

Proof: Clear. Q.E.D.

Lemma 3.15

@) If (p, q)¢ C, then thereis p'>pst. (p,q)EC;,p= Z afbsandp’'= Z
SEZ sEZ

58 o (s)» Where 855 > 8.

(i) If (p, q) ¢ C, then thereis ¢’ >¢g st. (p,q)ECy,q= X abgandqg'= Z
. SEZ o SEZ,

a8 5 (s)» where 845 > 8.

Proof: We will prove (i).

Let p" > p be the strategy which achieves Max {4 (P, g)|p > p}. In particular
there are set function ¢(s) and constants (B s)s'ed(s) Which satisfy X BT

SEX 1 s €¢(S)

and 8§y > 8 for all s € ¢(s). Let ¢(s) € ¢(s) be one of the actionsin ¢(s) which achieves
Max {h (8, q)ls’ € §(s)}. Define p' = = a8 4(5. By definition, 2 (p', ¢) = k1 (p", q),
and p'>p. Now if (p', p)& C; then there is p >p' s.t. hy (D, q) > h(p', q). The
partial order > is transitive, so p > p and we have got h1(D, ¢) > h1(p, ¢) = h1(p", q),
in contradiction to the choice of p". QE.D.

Lemma 3.16: Let 0 <e<1and 9 r', r € A(CZ;)so that r > r'. Then
(1-epw+ea >(l-epvte'.
Proof: Clear. Q.E.D.

Lemma 3.17: Let (p, q) EA(Z) x A(Z,). Then,

(1) If (p,q)€Cy and p =

(6417 Q)ECI

Z oy8,(0, 20, Z a,=1), then a; >0 implies that
a€X, 1S

Q) If(p,g)ECyand g= X Bp65 (B =0, Z By =1),then B, > 0 implies that
bEZ bEZ,H

(P, 8p)EC,.
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Proof: We will prove (1) and by a similar argument one can prove (2).

If the conditions of (1) hold but there is one action ¢ € £, s.t. a, > 0 and
(64, @) € Cy, then there is a strategy r € A(Z,) s.t. r>a and 2,(r, ) > h (8, q).
Define p' = bE apdp + agr. p’' > p by the preceding lemma. Furthermore,

a

@, )= Z ap hi(8p, q)+aghi(,q)
b+#a
=hy(p, @)~ ag(h1(r, @)= 11(84,9)) > ki (D, q).

This is in contradiction with (p, ¢) € C;. Q.E.D.

4 Proof of the Main Theorem

The proof is divided into four steps; the first three steps deal with the non-trivial in-
formation.

Step 1: LEP C IR.

Step 2: LEP C conv A(C,) N conv A(Cy ) N IR.
Step 3: conv A(C;) N conv #(C,) N IR C LEP.
The fourth step deals with the trivial information:
Step 4: LEP = conv (D) N conv A(D,) N IR.

At steps 1 and 2 we will concentrate only in beliavior-strategy. (Recall Definition 2.5
and Remark 2.6.)

Step 1: LEP C IR.
Let (f),f2) be a pair of behaviorstrategies. If HY(f,f2) <d;, then by deviating
to the behavior-strategy g; = (g{,g%, ...) where, for each n, g7 is defined to be 7,

n
player 1 can increase his expected payoff, i.e., iminf Exp(g, 52) (— z x’f) =>d;.
NEgp=1

We have got that (f}, f, ) is not a lower-equilibrium strategy.
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Step 2: LEP C conv h(C;) N conv A(Cy) N IR.

Assume that A*(f;,f2) €IR \ (conv 2(C,) N conv h(C;)). Therefore, without
loss of generality it can be assumed that H*(f,f;) & conv i(C;). According to
Lemma 3.12, conv /#(C;) is a closed set. Hence, there is a separation line L, that divides
R? into two parts: L™ (the close one)and L*. H*(f,,f>) € L3, and conv (Cy) C L*.
(Recall the notation of L} before Lemma 3.14.)

In order to define the behavior-strategy f; by which player 1 can increase his ex-
pected payoff, we first have to prove a few lemmata.

Definition 4.1: 1et V, U be finite sets, and P a probability measure on V x U. If there
are non-negative constants {xy}pey, {¥u luer, and a {0, 1 }-valued function ¢(v, u)
st. P(v,u) =¢(v,u) - xy ' ¥y, then Pis ({Xy}pey, Yy tucy, ¢)semi-independent or
simply semi-independent.

Lemma 4.2: Let A, B and B be finite sets, u is a ({xz}aca, Vb lpep, ¢)semi-inde-
pendent probability on 4 x B, and ¢ is a ({x;}ze4, {25 }5ch. ®)-semi-independent
probability on 4 x B. Also let

g:B—>A" and Y :AxB—->AxB.

Suppose that the following three conditions hold:3
(1) If (a: b) Esupp (I‘L) then lJl/].(a: b) =q, where w = (‘pl s l11}2)a
) u(¥ '@ b)) =0, b),

(3) V(g b)=(a, b), ¥(@', b")=(a’, b) and (g, b), (a’, b") Esupp (u) imply that (g, b"),
(@', b) Esupp () and Y (a, b')= Y, (@’, b) = b-

Then, there is a function g : B> A s.t.

E,(gla)=E;Ela) forevery a €A

Proof: Denote by uy, u, the marginal probabilities of u on A4 and B respectively, and
by 0, 03 the marginal probabilities of 0 on A and B respectively. By (1), (2) we get
for every a €4, uy (@) = 0,(a).

3 supp (u) and supp (o) are the supports of u and ¢ in 4 x B and in 4 x B respectively.
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By (3),if (4, b). (@', b) €supp (o) and if Y ~'(a, b) Nsupp (w) = {a} x B;, v~ (',
B)Nsupp () = {a'} x B, then, By = B,.

Thus, we can define by B(p) the projection of Yy ~(a, b) N supp (1) to B, for
some (g, b) € supp (0). B(b) is well defined.

Let (2, b) Esupp (o). Writing ¢(a, b) as ¢, we get,

0@ B)=xaz5 =u(W '@ B)= I xpbm= T _ Xp
bEB(D) bER(d)

Hence,

Z_ Yp=1p,
bEB(b)

Define for every b €B

2z yp-g(b)
_ bEB(b)
g(b)=
Zp
Now,
_ ula, b) -g(d) $ap "Xg Vb 8(B)

Eugla)y= Z =

bEB (@) bERB (@)

- Xg: Vp - 8(0)
(a, b)Esupp (1) p1(@)

- Xg¥p - &(b)
= 2 Pap AR -
beB = @b)ey "l(a,b)  M1(@)
(a, b)Esupp(u)
xa‘ial_)
T M@ (a,p)ey e, b)
bes (a, b)Esupp(u)

Vb &)

XoPab
=3 2 3 -g(b
beB M1(@) beB(b) Yo &)




Lower Equilibrium Payoffs 71

X — _
= 2 — 6. 25 gb)
beB M1(a)

o(a, b

_ ) _
= EEB 0@ SO =Eo(zla). Q.ED.

Lemma 4.3: 1et (eq,e,) be a pair of behavior strategies ¢; = (e,-1 , e,?, ...),i=1,2,and
n €N. If y, is the probability induced by ((e’f), (e’{))’,f,:l on L} x L%, then y, is
semi-independent.

Proof: Through induction on ».
Forn=1,define ¢; : Ly x L, > {0,1}.
If (g, b)) €L, x Ly, then

1 ifthereareu €2, and v€ X, st. [y (y, v)=aand l,(u, v) = b
¢l(a! b)=

0 otherwise
and
Probie; ey)(@ b) = ei() - €3(2) - $:1(a, b),
where
(1, ), L, )= (@ b)
and
e =(ei(1),6i @), . ef (TN EAE), i=1,2.

Furthermore, since a player knows his actions, the same u is good for every b’ €L,.
Le.forevery b' €L, , thereis v' € 2, s.t.

Probe, e,)(@ b)) =ei(u) - e3(v") - ¢1(a, b")

and the same vis good for all ' € L;. That concludes the proof of n = 1.
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By assuming that prob(y, () reduced to (Ly x L3)" is ({x, Yaer? b loert,
¢p,)-semi-independent, we will prove that probys, ,5,)(") reduced to (L, xLy)"* s
semi-independent.

Let there be 2’ €L} *! and b’ € L5 *!. Denote the first n coordinates of a' by a
and its last coordinate by «, and the first n coordinates of b’ by b, and itslast one by p.

PIOb(e; 60y (@, D)= x5 ¥+ Pnla, b)- €1 (@) ()~ €5(D) (V) - $1(e, B),
where

e1(@) = (€1@)(1), e1@)(2), ..., eT@ (2, ) € ACZy)

e3(@) = (e3(@)(1), 5 (@)(2), ..., 3 (@) (| 22 1)) € A(Z,)

and

L, V=a, U v)=8.

Furthermore, the constant x, - e7(a)(«) holds for every b’ € L3 %!, and the constant
Vs - €5(b)(®) holds for every ' €LT*1. Set ¢,41(a’, b") = ¢n(a, b) - ¢1(e, ). This
concludes the proof of the inductive step. Q.ED.

f1 will be defined in the following way. To begin with,a sequence of behavior strategies
of player 1:g¢, g3, ..., will be defined. This sequence will satisfy the following proper-
ties:

(1) (gn,--8n) = @n+1,--»8ne1)s N=1,2,...
In words, g, +, coincides with g,, on the first # functions.
(P2) There is a constant « > 0 and an integer N s.t. if n > N, then
HY(gn.f2) > H1(f1,f2) + @

(recall Definition 2.7).
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After this, f; will be defined by
f?=g2’ n=1!23""

In Lemma 4.4 it will be proved that if {g,},=; is a sequence as here described, then
f1 is a “good” deviating strategy for player 1.

Lemma 4.4: If there is a sequence {g,}n=; of player 1’s strategies in the repeated
game that have properties (P1) and (P2), then, provided that f; is defined to be the
diagonal, i.e., ¥ =gn(n=1,2,...), we have

liminf HY(f1,f2) > Hi(f1,12).

Proof: By (P2), there are « > 0 and an integer N s.t. if n > N, then

?(gn’f2)>H*(fl,f2) + .

The desired inequality holds because by (P1) and the definition of f, H](f,f2) =
H?(gnafZ)' QED

Define now the sequence {g,}n=1 by induction. gg =f;. Assume that g,,...,8,_1
were defined to be behaviorstrategies of player 1 which satisfy (P1). Namely, g;+
coincides with g; on the first i functions, 1 <i<n—1. Assume, furthermore, that
these behavior-strategies satisfy the following properties:

For any integers 1 <i<n-—1,i<mandwe L} !

vELE'I"—l probesy 5)(@IW) -1 (v) = veLZ'f’—l probg; 1,)(@1w) - &1" (v). “4.1)
andforall1 <i<n—1

E(gl.,fz)(x"l,xé)€conv h(Cy). (42)

In words, in player 2’s point of view, player 1 plays the same strategy, no matter if he
follows the strategy f, or the strategy g;. g, will be defined as follows:

gh=gl_,, i=1,...,n—1. 4.3)
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Denote for every a €L7~!,

k"(a)zbazg—l probg, 1) (0 a) - f2(b). (4.4)
Let a€L]1. If (&h_1@), k,(@)) ECy, then define gh(a)=gh_;(¢). However, if

(gh_1(a), k,(@)) & C;, then there is a strategy p(a) € A(Z,), s.t. p(a) > gy._1(@), and
(p(@), k,(2)) € C; . So, define:

gn(@) = p(a). (4.5)
At this point we have for eacha € L} ~!
(n@), k,@)EC, and gp=gpy for i<n-1.

In order to define g¥ for k > n in such a way that it will satisfy (4.1) for i = n, we have
to use Lemma 4.2,
Denote L] =4, L1 =B =5.

£=8n-1-

= pIOb(gfz_l yfi)?: 1(.)’

i.e., uis the probability induced by (g5_,fi)l-, on 4 x B.
0= prob(gz yfé ;1=1()

Accordingto Lemma4.3, u and o are semi-independent and, by the proof of Lemma 4.3,
we learn that the constants of y and of o on A4 are the same ones. There remains to define
Y :AxB—>AxB. Fix u€L]~1. Denote for the moment g _, (u)=(ay, ..., ¥z, ))-
Since gl (1) = p(u) > g _; (1), by Lemma 3.15, p(u) can be chosen to be:-

pu)y= 2 abgyi), where ¢(s)>s.
SEEI

Fucll™! vel}™ ! s€=, and t€Z,, let u and /;(s, £) be joined to become a
string of signals in € L%, and let vand /5 (5, ¢) be joined to become a string of signals in
L% ; denote them by (u, I, (s, 1)), and by (v, I, (s, £)) respectively.
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Define for every s €2,,1 EZ, and (u, v) €LT ! x L5~}

V(0. L2 (s, 1)), (, 1 (s, 1)) = (0, 1 (8(5), 1)), (w, 11((5), 1))

On all the remaining points of A x B, Y can be defined arbitrarily. ¢(s) > s, in particu-
lar ¢(s) ~ s; therefore,

L(#s).)=h(s, 1) and  (v,12(8(s), 1)) = (v, 2 (s, 7).

So, ¢ satisfies (1) of Lemma 4.2.
In order to prove that  satisfies (3), assume that

U2 (0. (s, 1)), (w, 1y (s, ) = Yo (0, 1%, 1), @', (s, £)));

then, u =u' and 1,(¢(s), 1)) =1;(é(s"), t"). Because player 1 knows his actions ¢(s) =
¢(s")and because ¢(s) > s and ¢(s') > s, we get I; (s, £) =1, (s, t) and I, (s, 1) =1, (s", ¢").
Furthermore ¢(s)~s and ¢(s")~s'. Thus, s ~s', in particular I,(s, £) =I,(s', ¢) and
L', 1) =1, l") It u((, lz(S 1), , (1(s, ))>0 and p(@', L' 1), @' LG,
1)) >0, then gh~}@)(s), " =1 )s), 271 @)(¢) and fF1(@')¢') are all positive
numbers. We have got that

(@, (', ), @, 146, D) = (0,150, 1), @, 11 (5, 1))

and

((7)5 12(5', t))’ (u’ ll (S’, t'))) = (('U, lZ(S" t))s (Ll, ll(s" t)))

are in supp (u). The other conclusion required in (3) follows immediatedly from the
definition of Y on the points of this form.

The proof that i satisfies (2) is derived from the definition of gj;.

Apply, now, Lemma 4.2 to get 2. Define g% *! to be 7. We have got

+1
(g,,,fz)l(gn Wy=E i ciyn(En= “ilw)

for every w € L} . Moreover, by the definition of g},
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. =prob  ; .
prob ¢ ’fi)'f(w) pro (3;:~1’f5)'1'(w)’
thus,
n+ly_ n+l1 -
. £ =F . . 4 =12
Bt pppe1 @i )= Et gty G002 12,

i.e., the expected payoff for both players in the n + 1 stage is the same, whether g*}

or g7* 1 is played by player 1.
By applying Lemma 42 repeatedly, we will define g}, for all /> n + 1, and get the

strategy g, .
(4.1) for i =n is given by the following: if » <m and w € LY 1 then by the de-

finition of (g7, )i=1 and by adding (4.1) for i <n, we get:

E i imaa@iw)=£ ; imo1 @l W) =E T w).
(glwfé);‘r;ll(gnl ) (git—lyfé)j"ill(gn 1| ) (flaf2)(f1| )

We have got g, ..., g, which satisfy (4.1) and (4.2) for 1 <i < n. Continue inductive-
ly this way in order to get the sequence g,,g, ... It remains to prove that this se-
quence has (P1) and (P2). (P1) results immediately from the definition (see (4.3)). In
order to prove that the sequence g¢,£,, ... has (P2) we need some notions and lem-
mata:

Definition 4.5: Let M be a set of integers. The lower density of M, denoted by LD(M),

is liminf #M N {1, ..., t}/t.
t

Lemma 4.6: If H*(f1,f2) & conv Cy, then the set M= {n € N|E(x7,x3)E€ L]} hasa
positive lower density, namely, LD(M) =7n>0.

Proof: Clear.
Let n €M. Because of (4.1),

Egy 1.1, X3) = E(py )T, x3) ELY (4.6)
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By Lemma 3.14 there is a § > 0 such that

probe, y.p5) (@ € LT 1 h(gh_1 (@), kn@) EL™} >3 @7

(recall (4 .4)).
By Lemma 3.13 and by (4.5), there is a >0 such that if 2(gh_,(2), k(@))€ L™,
then

hy(gn(@), kn(@)) > h1(gn—1(@), kn(@)) +a. (4.8)

(4.6),(4.7) and (4.8) give that

Egn. ;)& > Egy 1,101 +8 - a=Eqp £)(x7)+6 -a (4.9)

Because the sequence g1,£4, ... has (P1), by (4.9) and according to Lemma 4.6, if » is
big enough, then

HY(gn [2) > HI(f1.£2)+6 - o n/2.

This means that the sequence gq,g,, ... has also (P2), and the proof of this step is
finished.

Step 3: conv k(C;) N conv A(C,) N IR C LEP.

We will show that for every (ay, ;) € A(conv C;) N A(conv ;) N IR, there is a
lower equilibrium strategy f = (fy, f2) s.t. H*(f) = (o1, o).

Let (o, a,) € h(conv C;) N h(conv C,). By the Caratheodory Theorem, for each
i€ {1,2} there are 3 pairs of mixed strategies {(p; ; q,-,,)}li 1 C C; and three positive
constants 75, [=1, 2,3, with total sum 1 so that

3
1
1§1 Yi - h(pi 1, g0 = (g, o).

Furthermore, by Lemma 3.17, py; is a pure strategy of player 1 and g, ; is a pure
strategy of player 2,/=1,2,3.
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In order to define f'we need the following notation:
Notation 4.7: Let e >0and x =(xq, ..., x,) € A", the simplex of dimensionn — 1.
x®is the pointin {(yy,...,¥,) €A {y; =€, 1 <i<n},

which achieves the minimum distance from x with respect to the maximum norm.
Foreveryx €A and e >0

lx —xlw < (n—1e.
Divide N into an infinite number of sets My, M,, B, B,, B3, Bs, ... as follows:
(1) By ={1} 2e&M,

B,={3} 4€M,.
(2) If By has been defined, then let b, = Max B,y

boyp * 1 EM,.

Bog+1={bax +2.b35 3, ....byy -2tk + 1)}

and let

bak+1=Max Bygsq.

Bog+2 = 1{bag+1 *2, .., bap 4y " 2(k + 1)}
and so forth.

Remark 4.8

I-1
(1) Forany IEIN, #B,/# U By >1 and
k-1
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(2) M, and M, are infinite and
limsup #M; N {1,...,¢}/t=0, i=1,2.

In the sequel, By, B,, ... will be called blocks. All the blocks with odd indices will be
devoted to player 1 and all the others to player 2, in the sense that in blocks with odd
indices, player 2 (by playing a modification of strategies in Cy ) checks player 1 while
in the remaining blocks player 1 (by playing a modification of strategies in C,) checks
player 2.

The payoffs at stages of M; UM, will have no influence on the payoff’s average
because of the zero density.

In addition to the information player i gets during the play in block By, he also
gets information about the block By, during the stages of M;. By these data player 7 will
be able to check if his opponent has deviated in block Bj or not. The additional in-
formation received in M; is needed because the information received in “real-time” is
not sufficient to detect all possible deviations. The information collected in “real-time”
is available for a discovery of deviations to strategies which are non-equivalent to the
strategy that should have been played. The information collected not in “real-time”,
namely in My or in M,, is required for a discovery of deviations to strategies which are
not greater (in the sense of >) than the strategy that should have been played.

How player i can get information about what was going on at stage ¢ long after
stage ¢ has passed? Both players have non-trivial information, therefore player 1 has
three actions 7,5, 8, € 2, and player 2 has three actions v, , ¢, ; € Z, such that

Li . t)#F1 (v, 1) and  [h(s1, 1) #15(52, 02). (4.11)

Since L, and L, are finite, by a finite number of “Yes-No” questions, player i can
identify the signal player 3-i got at any former stage.

In a precise way:

Let Ly = {xy,...,x;z 1} and Ly = {yy, ..., ¥|1, |}, and denote the question “Did
you get the signal s at stage 7 by ¢*(s).

To each stage ¢ in a block with an even index we will correlate |L,|— 1 stages in
M, , say the stages of the set R,(¢), and for each stage ¢ in a block with an odd index
we will correlate |L; |— 1 stages in M, say the stages of R;(z). Now, at the j-th stage
of R,(¢) player 2 has to answer the question w’(yl-) i.e.toact ¢, for “Yes” and ¢, for
“No”, and player 1 has to play v, in order to get the answer. If player 1 gets the signal
1, (vy,t1), he understands that the answer to question w’(y]-) is “Yes” and he under-
stands “No” otherwise (see (4.11)). The procedure is similar to stages in M; with ex-
changed roles.
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Player 2 has to answer honestly because in the stages of even index blocks he
plays pure strategies, and therefore player 1 (knowing his own actions) knows what
signals player 2 should have received. Hence, he knows on which action player 2 has
to report “Yes” and on which “No”.

The strategy f will be defined as follows: Divide the block By into three parts
B,lc, B% and B,?,, in such a way that for any segment S in By of length k and for any
1<I<3:

[#B, NS/k—+,1<2/k if kisodd and

[#By N S/k—~51<2/k if kiseven. 4.12)

If r € Bﬁc and k& is odd, then player 1 has to play p, ; and player 2 has to play qi/ f (see
Notation 4.7), unless player 2 has come to the conclusion that player 1 had deviated
some time before By had started. In this case player 2 will play o,, by which the
punishment is executed, forever.

Alternatively, if 1 € By and & is even, then player 1 has to playp%{ fand player 2
has to play g, ; unless player 1 comes to the conclusion that player 2 had deviated
sometime in the past, before By. In this case player 1 will punish his opponent forever
by playing o,.

How does a player decide whether or not his opponent has deviated? In blocks
with odd indices, player 1 plays only pure strategies, therefore when player 2 is acting
some @ € Z,, he is expected to get some signal with probability 1. If he does not get
it, he knows that player 1 has deviated. Furthermore, he knows what signal (in L)
player 1 should have got and thus on what signal player 1 should have reported (in the
corresponding stages of M,). If the signal reported does not fit the expected one, then
player 2 comes to the conclusion that player 1 had deviated.

Player 1 checks player 2 in a similar way.

Lemma 4.9: H*(f)=(a;. ;)

Proof: Let t €IN. Denote by v the expected payoff of player i at stage ¢, i.e., 9} =
E(xf), 1 =1,2. Player 2 checks player 1 in blocks with odd indices. In addition, in
these blocks, player 1 plays only pure strategies. Therefore, the probability that player
2 will punish player 1 because he found a deviation in block B, (although, actually,
player 1 did not deviate at all) is zero. Similarly, the probability that player 2 is being
punished although he did not deviate is zero. Let n = Max (|Z,], |Z,1). For every
odd k, 1 <I<3,and ¢t € B}, we have
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1@, v5) — k(P11 1)l < (0 = 1YW/, (4.132)

where W =2 Max {llh(s, M |(s, DEZ; x 25 }.
For every even k and 1 </< 3,if t € B}, then

15, 28) —h(p3lF, g2, Dl < (n = HW/k. (4.13b)
Because of (4.12), (4.132) and (4.13b), we have
I1(1/#8y) % (@1, 05) (@, el < (n — DIW/k + 2W/k.
teBy,

By Remark 4.8(1),

1 %%
||b— Z 0, v5)—(ag, )< (n— DW/k + 2W/k + Wik + kW/by. (4.14)
Kk t=1

The term W/k appears because #By/ X #B)'<1/k, and kW/b, appears because
k'<k

#(M, N"My)N {1, ..., b }) <k The right hand term of (4.14) tends to zero. Since
By, B, B3 are distributed homogeneously in By, (in the sense of (4.12)), the average
of the expected payoffs at a stage in the middle of By is not far from (ay,03). In a
precise way, let '€ By,. By (4.12), (4.13a) and (4.13b),

T
T (b1 +1)) I (@1,05)— (a1, %)l
t=bp_q1t2
<[k = DWIT— (by_y +1)] + [(n — DW/K] + 2W/k. (4.15)

The first term of the right hand of (4.15) appears because the evaluation of the ex-
pected average is done on segments of length k and there are at most k¥ — 1 stages that
are not contained in such a segment.

by

1 T 1 1
- Z @, v)—(u, @)lle=l= Z @1L25)+=( 2 @,05)~ (e, )l
T t=1 T ¢=y T “teBy

P/AN
| =

br—1 1
E (Ivti3 ’Ué)_(al’QZ)”w + ”_ Z (vi,vg)_(ala 0[2)”“,
r=1 T tesy
t<T
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By (4.14) and (4.15), this is less or equal to

i1 /D = W[k = 1)+ 3W/[(k = 1) + (k — )W/bg 1]

+t{(T—(bp_1 * )T - VDWH(T — (b + 1)) +(n— D)Wk +2W/k] k:wO.
This concludes the proof. Q.E.D.

In order to prove that fis a lower equilibrium strategy we need the following probabi-
listic proposition.

Proposition 4.10: Let {B,} be a decreasing sequence of positive reals such that
2 nB, <o, and let {4,} be a sequence of events which satisfies A$ C 4,, for all

n=1 Bn
n <m. Then,

prob (4,) ~> 1,
n

—> 0o

where A¢ is the complement of 4,,, and 4 C B if prob (A\B) < ¢ - prob (4).
€

Proof: Assume in the contrary that there is 1/2 > 6 >0 and a subsequence {4 ngt st
prob (4,,)<1 -6 forall k. Let / be an integer such that the following holds:

[>1/62 and I kB <1.
k=1

It is known that A7, ﬁC Ay, for every k <k'. So,
n

21 21
prob ( U Af,k) = prob (Aﬁl)+prob( U A,‘;k)
k=1 k=1+1

21
—prob(( U 4z, | N4g,

k=i+1

21
> (1 -16;)6 + prob ( U Af,k)
k=l+1
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Continue this way inductively and get:
21 21 o
prob ( ) Af,k) > 2 (1-QI-k)B)S>I6-6 Z kB, >(1—-1)6>1,
k=l k=l k=1

a contradiction. Q.E.D.
Lemma 4.11: f is a lower equilibrium strategy.
Proof: Let g, be a strategy of player 2. We will show that
lintlinf Hi(f1,82)< .
By a similar argument one can show that
lintlinf Hi(g:,f2)<a, forevery g;.

Both arguments will give the desired proof. Denote by u the probability measure in-
duced by (f;,82) on F; x F, (see Definition 2.3). Fix an 1> 0. We will define a se-
quence {A, },,=; of events inductively.

A, will be the event in which the average of the random variables {x} }, 11s less
than a; +n, where by is the end stage of the block By, which has an even index and
starts after all the questions about the block B, | have already been asked. In a
precise way: A, is the event

by

(1/b2) El x5 <ap i

If A, is defined, let B;, be the first block with an even index which satisfies

Min B;, > Max Ry(2)
-1

(recall the definition of R,(¢) at the beginning of this step), and let 4,, be the event

biy
(1/bl ) E X2 <a2+77
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xi+.+xf
2 g,

Claim: If w(A,) ~> 1, then liminf £ ( T

Proof of Claim: The random variables {x5} are uniformly bounded. The proof is,
therefore, clear.

According to Proposition 4.10, and by the preceding claim, it is enough to prove that

for every nand n<n', A5 C A, for some sequence {8, } whichsatisfies Z ng, <oo.
B n=1
We will show that whenever # is big enough,

prob (4,14¢) > 1 —&(l; 10 +1,1%)
for some constant ¢, provided that prob (4%) >0, and thus

AL C A,
e-g 10+ 510) o

Since 1, <1I,,’, we can define 8, =2¢l, % and get ¥ B, -n< X B,l, <. Fix an
n=1 n=1

n, and assume that A% is given from this moment on. The event A5’ (n <n') is in-
cluded in the union of two events. The first one is that player 1 did not discern any
deviation in block B;, and the second is that player 1 did discern a deviation in block
By, and from that moment on he takes measures in order to punish player 2 (this he
does also in block B,n,), but after all this happened, 45 did, all the same, occur.

For evaluating the probabilities of these events we need Lemma 5.5 of [L1]:

Proposition 4.12: 1et Yy, ..., Y, be a sequence of identically distributed Bernoulli
random variables with parameter p, and let Ry, ..., R, be a sequence of Bernoulli
random variables such that for each 1 <[/<n, Y;is independent of R,,...,R;, ¥y, ...,
Y;_1,then

-p-

R,Y,+...+R,Y, R, +...+R,
prob " -

for every € > 0.
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The event A is included in the event {(1/#B,n) Z  x% >a, +1/2} whenever
I‘EBln

n is big enough because #B,n/ 2 #B; =1, — . Fixj€{l,2,3}, and for the
_ I<ly n—oo
moment let [ =1,.

Define for every s € £,,r €, and ¢ € B,

Y«(s)=1 if player 1 acted s at stage ¢, and O otherwise,

and

R,(r)y=1 if player 2 acted r at stage ¢, and O otherwise;

finally define
(6= T, R ¥s)
wi(s, r)=—— , r)- s
: Y A

and

ul(r)

R,(r).

=— X
#B] teB /
By this definitions we have

(/#B)) T, x5=(/#B) . I R Yds) hols1)
t€B] teB] regz
s€X

= X X h(s,r)-w{(s,r).

SEZ| reXs

According to Proposition 4.12, with probability of at least 1 — (/2 /#B{), the last term
is less or equal to

T2 [pds)ul) G )+ W
r&Zy SEZ

= I [@iLr @ +w- 1z
r€22

=hy (3} ul) + W 1211 12511,

where uj = (u{(r))rezz.



86 E. Lehrer

If (1/#B)) £ x4 >a, +n/2, then for somej € {1,2,3}
tEB;

ha(py/fouf) + W 1241 12511 > 0y + mf4,
where a3 j = hy(ps j, qa,7). Whenever [ =1, is big enough, we have

Yyl j
h2(p2,/ja uf) >y ; + /8.
Since h, is continuous,

ha(pa js ul) > ay ;j *n/10.

However, (p3 j,q2,;)) € C,, therefore u{ *F q3,j, and furthermore, there is a certain
ro € Xy 8.t.7g F qp jand uf(re) > 2/1.
Two cases:

() ro~4qa,; In this case there is some s € X, such that I;(s, 7o) #/,(s, ¢, ;) and
according to Proposition 4.12,

prob {I(1/#B]) T Y,(5) Rero) = palfs) - ulro)| > 1/1°} <1/#B].  (4.16)
€8y

In particular with probability of at least 1 — /8 /#Bj ,
(1/#B]) T Y{s) Relro) #0.
tEB]

Say Y;o(s) *Reo(ro) = 1. In other words, at stage ¢, player 1 acted s and player 2
acted ry. However, player 1 had expected to get the signal I, (s, qa, ) but he got
11(s, ro) which is different. Therefore, player 1 comes to the concluswn that player 2
has deviated and thus he punishes player 2 (by playing g,) from block By,+1 on for-
ever.

ii) ro ~ g3 ;butrg ¥# q, ;. This means that there are 54, s, € T, such that
0~ q2, 0 2, 2

Dh(s1,q2,)F12(52,q2,;) but  Ih(sy,79) =12(s2,70).
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Since pzl,/;(s)> 1/ for all s € Z, by (4.16) with probability of at least 1 — 2I%/#B]
there holds:

T YA)RAro)> #Bij212.
reB]

Now, player 2 has to report (at the stages of M, ) about his signals. In particular he has
to report whether l,(s;,7¢) or /5(s2,rg) were the signals at those stages whereby
Y(s1)RHro) + Y,(s2)RH(r¢) = 1. But player 2 does not know this difference, because
by acting r, he cannot distinguish between s; and s,. The probability to guess correct-
ly (without any mistake) in which stages s; was carried out by player 1 and in which
stages s, was carried out is less than 277 (because #B{ 212 > 13 whenever I =1, is
big enough).

To recapitulate, the probability of the first event (i.e. that player 1, given that 4§
had occurred, did not discern a deviation) is less than

12#B] + 18 /#B] + 218 |#B] +27°° < (1710

for some constant ¢’, whenever / = I,, is big enough.

We come now to the evaluation of the probability of the second event (i.e., that
player 1 played so as to punish player 2, but it so happened that the average payoff of
player 2 at block By, is greater than o, + 1/2). Denote I =1,- and define Y,(s) and
R,(r)foralls €Z, andr € Z, as above.

By a calculation similar to the former one, we can get the following: With prob-
ability of at most |Z,|- |12, |- 2/#B;<c" -I;'lo there are s € X, and r €Z, that
satisfy:

[(1/#B1) T Yi(s) Re(r) = (01()/#B) Z R, ()| > 1/,
tEB] tEBr-

and therefore with probability of at least 1 — ¢"7,;'°.

(1/#B) Z x5<dy +iZ| 1221 Wi<ap +1/2
tCBy

whenever I =1, is big enough (so that [Z ] - |Z,|- W/I< n/2).
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Summary: Let & =Max (¢’,c").
We obtain that

prob (4, | 4S)>1-¢(l, 1% +1,;:19)
as desired. The proof of Lemma 4.11 is finished. Q.E.D.

Step 4: Trivial information.

Step 1 does not depend on the information, therefore LEP C IR.

Let player 1 be the player with trivial information. By the definitions, C; = D;.
The proof of step 2 provides that LEP C conv A(D;). LEP C conv #(D,), because
otherwise let f=(fy,f;) be a lower equilibrium strategy with H*(f) € conv #(D,).
Since the information of player 1 is trivial the actions of player 1 do not depend on
the previous actions of player 2. Therefore a deviation g, of player 2 can be defined as
follows: for every m €IN and w € LT ! let g7 (w) be the strategy q(w) which is the
best response against Em . probg, («)f1 (). The proof that g, =(g3,£3,...) is a

uELT ™
“good” deviation is similar to the proof appearing at Step 2.

The opposite direction of the inclusion, namely that conv (D) N conv A(D,) N
IR C LEP is proved in a way similar to that in Step 3, except for the element of asking
questions during the game, which is dropped here.

5 Concluding Remarks

5.1 We required in Definition 2.1.2(i) that a player will be informed about his own
actions. By Dalkey’s Theorem [D], any mixed (or behavior) strategies in which a player
can rely on his own previous actions has an equivalent mixed strategy in which a
player does not rely on his actions. Therefore, we could drop that requirement and get
the same results.

5.2 We could define the notion of upper equilibrium by exchanging liminf with
limsup (in Definition 2.9), or instead define an equilibrium by any Banach limit. The
question of characterization the set of all the payoffs associated with upper (Banach)
equilibria in the general case is still open. In [L2], which relies on this paper, a charac-
terization of these sets in the case of observable payoffs is given. Another case in
which we have a full characterization is the case of semi-standard information in which
a player is informed about the class that includes his opponent’s action (see [L1]).
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