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SUMMARY

Any homogeneous controller asymptotically stabilizing disturbed integrator chains can be coupled
with the proposed robust homogeneous filtering observer. The type of convergence (in finite-time, in
fixed-time to any ball or exponential) is determined by the sign of the system homogeneity degree
(HD). Filtering high-gain observers and sliding-mode-based observers/differentiators are important
particular cases corresponding to zero and negative HDs respectively. Stabilization accuracy is
estimated in the presence of possibly unbounded sampling noises featuring locally-bounded iterated
integrals. Accurate stabilization and differentiation are demonstrated for extremely large noises.
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1. INTRODUCTION

Output-regulation problem is the classical problem of control theory. In the case of well defined
relative degrees [18] it can be reduced to the stabilization of interacting integrator chains of the
form o) = h 4+ gu, g # 0, where o is the output, and uncertain functions h and g depend on
the time and the system state. Substituting the unknown functions h, g with some concrete sets
depending on o, ...,V produces a separate differential inclusion (DI) to be stabilized. The
length of the chain determines the number of the real-time output derivatives to be estimated
for the output-feedback control.

The corresponding control design is often based on the homogeneous extension or domination
[7, 37]. The homogeneity degrees (HDs) are defined up to proportionality. In the following we
fix the output HD dego = 1.

The system HD is defined as the constant difference ¢ = dego® —dego=1, i =1,...,n.
In particular, if h, g admit the representation b = coo + ... + c,_10" Y ¢; € [¢;, @), g € [9,7),
g > 0, the chain is described by a homogeneous DI of the zero HD, ¢ = 0. a
 The sliding-mode (SM) control (SMC) case corresponds to the system HD ¢ = —1/n, and
bounded h, g, h € [k, h], g € [9,7], g > 0. Some solutions of that SMC problem are available
in [6, 9, 12, 13, 15, 16, 22, 23, 25]. Disturbed integrator chains for ¢ > —1/n are stabilized by
homogeneous output feedbacks in such papers as [17, 36, 37, 21].

The problem is solved in finite time (FT) for the negative system HDs, or asymptotically
for non-negative HDs [27]. The convergence time to any ball around the origin is uniformly
bounded for positive HDs, ¢ > 0, (fixed time (FxT) convergence) [1, 2, 35].
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Being very sensitive to sampling time periods and very large already at moderate distances
from the origin, FxT control is often difficult to apply. Nevertheless, it becomes the best choice
in the control of explosive systems capable of finite-time escape to infinity. In the homogeneity
theory such escaping corresponds to positive HDs. Contrary to this, closed systems of non-
positive HDs are always robust to small sampling noises and delays [23, 27].

Consider the cases ¢ =0 and ¢ = —1/n. High-gain observers (HGOs) are known to be
universally feedback applicable for ¢ = 0 providing for the global exponential stabilization
[3, 19]. In their turn SMC methods employ robust exact SM-based observers/differentiators
for the FT global system stabilization [22, 41] if ¢ = —1/n. Compared with HGOs the SM-
based differentiators do not contain high gains, feature no peaking effect, but slowly converge
from large initial errors. In both cases the separation principle [3] holds, i.e. the observer is
designed independently of the control.

Note that in spite of being exact, SM-based differentiators [22] are only semiglobally
applicable for HDs ¢ > —1/n. The incompatible observer homogeneity in that case also destroys
the accuracy asymptotics in the presence of small sampling noises.

The HGOs [3] and the SM-based differentiators [22] are known to share the same structure
for ¢ =0 and ¢ = —1/n respectively [34]. In the case of sufficiently small |g|, ¢ <0, their
output-feedback FT-stabilization application was established for perfectly known systems [34].
In the general case g # 0, —1/n such differentiators/observers are known to be only exact on
polynomials of degrees n — 1 and lower [10], and the corresponding output-feedback application
has not been established.

This paper closes the above gap. We prove that for any HD ¢ > —1/n the corresponding
observer/differentiator can be coupled with any homogeneous locally-bounded stabilizing
controller providing for the global output-feedback asymptotic stabilization of disturbed
homogeneous integrator chains. Thus, we establish the separation principle for homogeneous
observers/differentiators [10, 34] of any HDs including the case ¢ > 0.

We establish the recursion procedure for choosing the observer parameters which starts with
the trivial observer for the relative degree n = 1 and adds one parameter each time the relative
degree is increased by one. The procedure generalizes the recursion of SM-based observers [22].

The observation problem is aggravated in the presence of large sampling noises. Thus, we
equip the proposed observers with the filtering capabilities previously being only available for
q = —1/n [32, 30]. These extensions preserve the system exactness and ensure good practical
stabilization even for very large or unbounded noises having small iterated integrals. In the
case ¢ = 0 modified HGOs are produced which are naturally called filtering HGOs.

Extensive simulation demonstrates successful differentiation and output-feedback
stabilization in the presence of very large measurement noises.

Notation. A binary operation ¢ of two sets is defined as Ao B = {a<b|l a € A,b € B},

ao B ={a} o B. A function of a set is the set of function values on this set; the norm ||z||

stays for the standard Euclidian norm of z, B, = {z | ||z|| <e&}; ||z||n is a homogeneous
b b .: 0 . - T .

norm; |a]” = |a|’signa, |a]” = signa; §; = (so, 51, ..., 8¢)" for any finite sequence {so, ..., St },

-

in the corresponding context the same notation ¢(t) = (o(t), 4(t),..., ") (t))T also denotes
the sequence of derivatives of the orders 0, ..., k.

2. COORDINATE HOMOGENEITY BASICS
Recall that solutions of the differential inclusion (DI)
z € F(zx), F(x) C T,R", (1)

are defined as locally absolutely continuous functions z(t), satisfying the DI for almost all ¢.
Here T, R"= denotes the tangent space to R"= at x € R"=.
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We call the DI (1) Filippov DI, if the vector-set field F(x) C T,R"* is non-empty, compact
and convex for any x, and F' is an upper-semicontinuous set function. The latter means that
the maximal distance of the points of F'(x) from the set F'(y) tends to zero, as x — y.

Filippov DIs feature existence, and extendability of solutions, but not their uniqueness [14].
The Filippov definition replaces a discontinuous vector field f(z) with a Filippov DI (1),
F = Kp[f], where

Erlfl(z)= () ()@ f((z+ Bs)\N). 2)

wr N=05>0

Here ¢o, py, stand for the convex closure and the Lebesgue measure respectively, (2) defines
the celebrated Filippov procedure [14]. Filippov solutions are proved to appear in real systems
as the limit motions corresponding to various forms of high-frequency system switching.

Introduce the homogeneous weights my,...,m,_ > 0 of the coordinates z1,...,z,, in R,
deg x; = m;. The dilation [4] is introduced for any x > 0 as the linear transformation

de (21,20, ez, ) T = (K™ 1, K™, .y ke xy, )T

Recall [4] that a vector function g : R"* — R¥ is said to have the homogeneity degree (HD)
(weight) ¢ € R, deg g = q, if the identity g(z) = k™ %¢(d,x) holds for any z € R™ and k > 0.
Similarly we say that a set function G : R"» — 2Rk, G(z) C R*, is homogeneous of the HD ¢
if G(z) = k71G(dyx).

Consider the combined time-coordinate transformation

(t,x) = (k™9 dgz), k>0, (3)

where the number —¢g € R might naturally be interpreted as the weight of ¢, degt = —q. The
DI i € F(x),z € R™ and the vector-set field F(x) C T,R™ are called homogeneous of the
HD g, if the identity F(z) = k= 9d_ ' F(d,x) holds for any = and x > 0 [23]. It implies that the
DI (1) is invariant with respect to (3), i.e. & € F(x) < dd(ffft)) € F(dgx).

Note that we distinguish a vector function f: R" — R" f:z— f(z) € R", and a vector
field f : R™ — TR f:x+— f(x) € T,R™. In the considered fixed coordinates the difference
is in the transformation of the function/field induced by transformation (3).

A system of differential equations (DEs) #; = f;(z), f; : R™ =R, i=1,...,n,, can be
considered as a particular case of DI, when the set F(x) has only one element f(z)=
(f1(), .., fn, (2))T € T,R™=. Then the above homogeneity definition of DI and of the vector
field f:R" — TR™ turns into the classical definition deg; = degx; — degt =m; +q =
deg fi [4].

The inequalities degx; + ¢ >0, i = 1,...,n;, hold for homogeneous Filippov DIs and DEs
[28]. If the homogeneous vector field f : R"» — TR is discontinuous, the homogeneous DE
& = f(x) is equivalent to the corresponding homogeneous Filippov DI (1), F = Kg[f] [23].

A function g : R" — R is called quasi-continuous [24], if it is continuous everywhere except,
possibly, at x = 0.

Note that if g : R™» — R* is continuous and degg > 0, then g(0) = 0. If g is not identical
zero, and degg < 0 then it can be quasi-continuous, but it is never continuous at x = 0 for
deg g < 0, and is only continuous for deg g = 0 if g is a constant.

Any continuous positive-definite function of the HD 1 is called a homogeneous norm. We
denote it ||z||5. In particular, denote ||z||poo = max; |z;]"/™:. The quotient ||z||n1/||z|[n2 of
any two homogeneous norms is uniformly bounded and separated from zero for = # 0.

Note that the weights/degrees ¢, my,...,m,, are defined up to the proportionality ¢ =
vq, m; = ym; for any v > 0. Such proportional change of weights certainly does not preserve
homogeneous norms.

Lemma 1. Let g be differentiable and homogeneous, then its partial derivatives are also
homogeneous, and deg %g = deg g — m;, whereas its total time derivative §(x(t)) along any
solution x(t) of DI (1) satisfies § € G(z) = Lg(z)F(z) C R¥. Also G(z) is a homogeneous
vector-set function, and deg G = degg — degt = degg + g,
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Proof. The calculation shows that

0g _ 9(dp @t (0yernsk™i Az, 0))—g(dn) _ , degg—m; Dg (.
T%(d/{x) - hmAziHO = nmm;i = = gO°89I LTm(x)v

G(dyr) = 92 (dya)F(dyz) =
%(m) diag(kdeg9—m . gde8I=mns ) diag(k™1H9, .. kM) F(z) = kdes 9+q%g(w)F(m).

Here diag(-) denotes a diagonal matrix, diag(k™?, ..., k™= ) = d,;. O

It follows from Lemma 1 that any homogeneous function has only finite number of continuous
partial derivatives which are not identical zero.

Any asymptotically stable homogeneous Filippov DI (1) has a proper global C*° Lyapunov
function [8]. Moreover, it has a proper homogeneous C* Lyapunov function V(x), degV = a,
for any a, k satisfying a > max[q, k maxm;] [39, 7]. The following simple lemma is often used
in the homogeneous backstepping [17, 33, 37].

Lemma 2. Consider the homogeneous DI (1), differentiable homogeneous functions vy, vs :
R" — R, deguvi(z) = degva(x) = my, and a continuous homogeneous function 0(zx,s), 0 :
R+ 5 R, degs = m, > 0, degf = mg > 0. Let the function 0(z,s) be strictly increasing in
s for any fized x, 0(x,v1(x)) = 0. Define

va(z)
O(x) :/ 0(z,s)ds.
vy (z)

Then the function ©(x) is non-negative and homogeneous, {x € R"|O(zx) =0} ={z €
R | vy (x) = va(x)}, deg ©® = my + m,, and

. va ()

© € 0(z, v2(z)) Zva(z)F(x) + / 24(z,s)ds F(z),

v1(x)

where the right-hand side is a homogeneous set-valued function of the degree mg + my, + q. If
O is a single-valued function, then also deg® = my + m, + q.

The proof is straightforward.

Lemma 3 ([1]). Let two homogeneous quasi-continuous functions wvi,ve: R"™ — R,
deg vy (z) = degva(x), feature the property that for x # 0 the function vy is positive on the
set vo =0, whereas vy is non-negative. Then for sufficiently large ~v > 0 the combination
v1(x) + yva(x) is positive definite.

Proof. It is enough to consider the functions on the homogeneous sphere S; = {z| ||z||, = 1}.
Due to the continuity v; remains positive in some open vicinity €2 of the set v =0 on 5.
The function vs is strictly positive and separated from zero on the compact set S7\€2. O

Contractivity principle. It is proved in [23, 28, 27] that Filippov homogeneous DI (1) is
asymptotically stable iff there exist numbers T, Ry, R, > 0, Ry > R, such that all solutions
starting in Bp,, at ¢ =0 concentrate in Bpr , at ¢ =T. Moreover, if ¢ > 0 then asymptotic
stability (AS) implies FxT convergence to any ball around 0, AS is exponential for ¢ = 0, and
if ¢ < 0 then AS implies FT stability.

Consider (1) in the presence of the maximal delay 7 > 0 and noises of the magnitudes ¢; > 0,
i=1,2,...,n,,

i€ F(z(t —7(0,1]) + ([—e1,€1], ooy [—€nas enn))T)- (4)

For simplicity suppose that solutions depend on the initial condition x(¢g), but do not depend
on the values of x(t) for ¢ < to. In particular, that condition holds for sampling-based zero-hold
control and Euler approximations. The general case is considered in [27, 28].
Accuracy. All extendable-in-time solutions of the disturbed DI (4) starting from some time
satisfy the inequalities |z;| < p;p™ for some p; > 0. Here p = max]||e||po0, 7~ /9] for q < 0;
p = ||e]|nso for ¢ = 0 and sufficiently small 7; p = ||||noo for ¢ > 0. In the latter case, in order
to avoid the possible solution escape to infinity, the initial value x(¢p) is to be sufficiently small
for each fixed 7, or 7 is to be sufficiently small for each fixed R > 0, ||z(t0)||hoo < R.
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3. HOMOGENEOUS OBSERVATION AND FILTERING

In this section we introduce homogeneous filtering differentiators which generalize the SM-
based filtering differentiators [32], [30] to any HD and extend some well-known results on
SM-based exact differentiation from [22]. New differentiators do not contain discontinuities,
and under usual circumstances are only capable of exactly differentiating polynomials.
Alternatively, their application can be based on the high-gain technique [3, 34]. Nevertheless,
further in Section 4 we establish their direct application for the output-feedback stabilization
of disturbed homogeneous integrator chains.

3.1. Homogeneous differentiation

Let the measured input f(t) = fo(t) + n(¢) consist of a Lebesgue-measurable noise 7(t) and
an unknown basic signal fy(¢) with the locally Lipschitzian nth derivative. Restrictions on
the noise and fy are introduced later. The problem is to evaluate the derivatives féz) (1),
1=0,1,...,nq, in real time.

Introduce the weights deg z; = 1 +iq, i =0, 1, ...,ng. The homogeneous filtering differentia-
tor of the differentiation order ng > 0, the HD ¢ > —1/(ngq + 1), with the input f(¢) and the
parameter L > 0 has the form

Zp = —E\ndL‘q‘ l20 — F(B)]'7 + 21,
4= =, LA [z — ()] + 2,

()

Z.nd _ _S\OL(ndJrl)\q\ LZO o f(tﬂ 1+(nd+1)q.
Here \; > 0, j = 0,...,ng. The outputs z(t) are to estimate the derivatives fél) (t). System (5)
is understood in the Filippov sense and is homogeneous for f(¢) = 0.

Here and further we assume that non-existing variables are replaced with zero. In particular,
get the differentiator o = —AoLlI! |29 — £(£)]" 1 for ng = 0.

The introduced differentiator coincides with the ”continuous differentiator” [40] for
—1/(ng+1) < q<0, L=1. A stable linear filter [3] is produced for ¢ = 0, if the polynomial
statl 4 X, ™ 4 . 4 Ao is Hurwitz. It is called high gain observer (HGO [3]), if the
eigenvalues are large. The nonlinear filter is stable, provided the above polynomial is Hurwitz,
and |q| is small enough. Such filter for small ¢ <0, L =1 is considered in [34], whereas
small ¢ > 0 is considered in [2]. The well-known SM-based differentiator [22] is produced for
q= —1/(nq+1). The general case ¢ > 0 has never been previously considered.

Theorem 1. Fiz any v >0 and let n=0. Then there exist such :\0,...,5\nd >0 that
differentiator (5) produces asymptotically exact estimations z; of fél) (t) provided L > 1 and

(6)

(@)
0

(ng+1—i)|q| 1+(”d+1)Qj|

MO < pax (LT () - 47 (0]

holds for all t > 0. The convergence is in FT for q <0, in FzT to any ball of errors z; —
for ¢ > 0 and exponential for ¢ = 0.

It is formally assumed here that A° = 1 for any A > 0. Here and further theorem proofs are
placed in the Appendiz.

In the particular case ¢ = —1/(ng + 1) convergence condition (6) reduces to the simple
inequality | féndﬂ)(t)\ < ~rL. In that case differentiator (5) in FT provides for the exact
derivatives of fy for n =0,y =1 and L > 0 [22].

In the case v, = 0 condition (6) means exactness on polynomials of degrees not exceeding ng.
Naturally, if ¢ > —1/(nq + 1), in stand-alone (signal processing) applications that convergence
condition practically only holds for such polynomials. Nevertheless, this differentiator is further
proved to be applicable for the global output-feedback stabilization of homogeneous systems
(Section 4).
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3.2. Recursion of differentiators and their parameters

It is not easy to find ng + 1 coefficients of an ngth-order differentiator for ngy > 1. Finding
them using Lyapunov functions is possible, but is numerically difficult and still seems to always
include some numeric procedure. In particular, the recent important paper [11] only succeeds
to find parameters of the SM-based differentiators (i.e. for ¢ = —1/(ng + 1)) for ng = 1,2, 3.
A bit later we present the coefficients till ng = 12 (Section 3.3).

Introduce the short notation for (5):

2=Dnd,q(20—f7Z;La5\nd)- (7)

The following recursion theorem establishes the step-by-step way of choosing the

coefficients S\H 4+1 of the (ng + 1)th-order differentiator, provided coefficients of the ngth-order
differentiator (7) of the same HD q are available, and ¢ > —1/(nq + 2), vz > 0 are fized.

Theorem 2. Any Ao > YL, 7L 2 0, ¢ = —1 constitute a proper parametric choice for Theorem
1ifng=0. Let ng >0, and ¢ > —1/(ng +2), Ao, .., An, > 0 be properly chosen according to
Theorem 1. Consider the (nq + 1)th-order differentiator

20 = —Angr1 L1 |2 — F(O)]F9 + 21,
g1 = (2150 Zng41) 7 (8)

21 mg+1 = Dy (71 — 20, 21 ng+1, L Any)-

It is reduced to form (5) by substituting 2y from the first equation into the last line and the
obvious algebraic simplification. Then for sufficiently large An,+1 > 1 the resulting coefficients
constitute a proper set of coefficients for the differentiator (5) of the order ng + 1.

Theorem 2 builds a sequence of valid differentiators for each fixed ¢,v; starting from an
initial differentiator of a lower order. Only one number A, 41 is to be assigned to increase the
differentiation order ng by one. The proof is based on the Lyapunov approach, and a numeric
procedure similar to [11] can be established.

Note that the coefficient \,,(; in (8) is preserved by the transformation of (8) to the
standard form (5) corresponding to the differentiation order ng + 1.

Due to the restriction ¢ > —1/(ngq + 1) the length of a differentiators’ recursion sequence
does not exceed the integer part of 1/|q| for each fixed ¢ < 0. It constitutes a serious obstacle
for the recursive parametric choice in that important case. In the case ¢ = 0 the sequence is
infinitely extendable, but classic linear methods are probably more effective. In the case ¢ > 0
Theorem 2 allows sequences of any length, but only a finite number of steps are available for
each initial differentiator.

Let ¢ # 0, and s, =signg = £1. Change all weights proportionally so that the HD be
q/|g| = sq. The corresponding weights are degt = —s,, deg2,, =d = (1+ (nqg + 1)q)/|q| > 0,
degz; =d— (ng+1—1)sq, 1 =0,1,...,n4, and the convergence condition (6) is rewritten as

d=1/|q| + (nqg+1)sq, sq =signg, ¢ #0, L > 1,

ng+1—1 . d
‘fénd+1)(t)| < ypmaxi—o. n, |:Ld(n‘i+li)sq Zz<t) _ fél)(t)|d—(nd+lfi)sq . (9)

Correspondingly, differentiator (5) is identically rewritten as

B 1 d—ngsq
Zo = —)\nde—("d‘H)sq LZO — f(tﬂ d—(ng+1)s, + 21,
B 2 d—(nqg—1)s,
= —/\ndilLd*(”d+1)5q |_ZO — f(t)-| d—(na+1)sq + 29,
(10)
. na __d—sq
2714*1 — _)\lLdf(ndnLl)sq |_ZO _ f(t)'l d—(ng+1)sq + Zngs
- ng+1 d
= R LTI |2 — (1)) O,
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Note that if ¢ # 0 then the condition ¢ > —1/(ng + 1) is equivalent to d > 0 and implies
d — (ng+1)sq > 0. The following alternative recursion theorem is now formulated.

Theorem 3. Let ng > 0, sq =signg # 0, v >0, 5\0, e :\nd > 0 be properly chosen according
to Theorem 1 for some HD § # 0. Letd = 1/|4| + (na+1)sq > 0, d — (nqg + 2)sq > 0. Consider
the following differentiator scheme of the differentiation order ng + 1,

N 1 d—(na+1)sq
20 = —Angp1 L4 (Mat2sa |z — f(t)] 4= (at2sa 4 2,
lendﬂ = (21,...,an+1)T, (11)

21 mg+1 = Dy (71 — 205 21 ng+1, L Any)-

It is reducible to form (10) (and also to (5)) by substituting Zo from the first equation into
the dynamics of Z1 n,+1 and algebraic simplification. Then for sufficiently large j\nd+1 > 1 the
resulting coefficients constitute a proper set of coefficients for the differentiator (10) (and (5))
of the order ng + 1 with the same parameter d, but of the new HD q = s4/(d — (ng + 2)s,).

Contrary to Theorem 2, Theorem 3 builds infinite recursion sequences for negative HDs,
since s, = —1 implies d — (nq + 2)s, > 0. In the case ¢ > 0 the recursion sequences stay finite.

Therefore, Theorem 3 establishes a step-by-step algorithm of finding proper coefficients
for any differentiator with the HD ¢ # 0 by calculating the corresponding parameter d =
1/|q] + (nq + 1) sign g and building the sequence from ng = 0.

In the important particular case § = —1/(nqg + 1) get d = 0 and the HD q of the differentiator
(11) of the order ng+ 1 is ¢ = —1/(nqg + 2). In that concrete case the convergence condition
turns to be |fénd+1)| < . L, and the differentiator equations are valid for any L > 0 (i.e. the
requirement L > 1 is removed [22]). The corresponding SM-based differentiators are FT exact
[22] and asymptotically optimal in the presence of bounded sampling noises [31].

Theorem 4. Let Ao, ..., S\nd > 0 be properly chosen according to Theorem 1 for some ng > 0,

vr >0, ¢ > —=1/(ng+1). Then any other sufficiently close choice of parameters S\nd,'yL,q
keeping vy, > 0 and ¢ > —1/(nq + 1) is also valid.

3.3. Filtering homogeneous observation

The homogeneous filtering differentiator of the differentiation order ng > 0, the filtering order
ny > 0 and the HD ¢, —=1/(nqg+ 1) < ¢ < 1/ny, with the input f(¢) and the parameter L > 0
has the form

1—(ny—1)q

~ lal
P i—n T—n
W1 = —Apgin, L7 [wr] F9 + wa,
- 2|q] 1-(nf—2)a
. T—n T—n
wo = —)\ndJrnf,lL 14 |_'U)1-| 4+ ws,
(12)

N (ny—1ldl 1—g
. _ i—n T—n
wnffl — _)\nd+2L F4 I_wl—‘ £ + wn‘,w

- nylal 1
. _ i—n T—n _
U)nf = _>\nd+1L £ I_U)l—‘ f1 4 wnf+17 wn‘f+1 =20 — f(t)a
~ (147 g)lal 149
2:’0 = _AndL Ty Lwl-‘ tonyd + 21,
_ (24+ng)ldl 11+2q
. T—n -
21 = _/\nd—lL 4 Lw1-| "+ 2, (13)
B (ng+1+ny)lal 14+(ng+1)q
énd = 7>‘0L tonra Lwﬂ e

In the case f(t) =0 system (12), (13) becomes homogeneous with the weights degt = —g,
degw; =1—(ny+1—1d)q, i=1,...,np+1,degz; =1+1iq, i =0,1,...,nq.

The parameters 5\j >0,4=0,...,ng +ny, are assumed to constitute a valid parametric set
for the differentiator of the form (5) corresponding to the differentiation order ng + ny.
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Note that in the case ny = 0 the DEs in (12) disappear, wy; = zo — f(t), and (12), (13) are
reduced to (5). That arrangement turns differentiator (5) into the particular case of (12), (13)
for ny = 0.

In the case ¢ = —1/(nq + 1) the SM-based filtering differentiator [30] is obtained.

Theorem 5. Fiz any vy >0. Let L>1, n=0, and (6) hold. Then the parameters

A0y ooy Mgty > 0 chosen as in Theorem 1, but applied in filter (12), (13) provide for the
asymptotic convergence of the outputs z; to fél)(t). The convergence is in FT for ¢ <0, in
FzT to any ball of errors z; — (gl) for ¢ > 0, and exponential for ¢ = 0.

Finding proper parameters is facilitated by the identical recursive form of the filter

lal 1-(ny—Da
. T—n T—n
w1 = _)\ndJrnfL 4 \_wl—‘ 4 4 wa,
lal I-(ng=2)a
Wy = —Apging—1 L0 wy — iy [TV 4w,
: =353 : -2
Wny—1 = 7)\nd+2‘L‘172q Lwnf—l - wnfl—2—| ¢ +wnfa
q -
. o L . T—
wnf - _>\nd+1L1 E |‘wn‘f - wnffl-‘ 4+ wnf+1;
Wnyp+1 = 20 — f(t)v
. lal Lo
20 = _)\ndL 1 wnf+1 wnf“ + Zl?
. lal . it2a
21 = =g L |21 — 20| T+ 29, (15)
) lal ) Lt (ng+1)a
z’ﬂd - _)\OL1+"dq I_Z’I’Ld - Z’I’Ldfl—l tHmnaq

If ny =0 the value w,, =0 is taken in (15). If ng = 0 then (15) only contains the first
equation, and z; is replaced with 0. It is easy to see that

)\ndJrnf = )\nd+nf7
1—(ny—i—1)q

Y Y l1—(ng—i)g .
/\nd+nf—i = /\nd+nf—i : >\nd+nf7i+1 y 1= 1727 sy T, (16)
. _1+(+1)ag
— T+i -
)\ndfi _)‘nd*i'And—;il , 1= 1,2,...,nd.

Let ¢ # 0. Recall that s, = signg. Then the recursive form (14), (15) is rewritten as

1 d—(nd+nf)5q
w]_ — _)\nd+nde7(nd+nf+l)sq Lw1'| d*(nd+nf+1)sq _|_ w2’
B d—(ng+ny—1)sq
wo = *)\nd+nf—1Ld_(nd+nf)Sq ng - wl] d-tnatngoa 4 w3, (17)
1 d-(ngt1)sq
H — d—(ng+2)sq K d—(r 2):
Wn, = —Apgq1 L= rate Lwnf - wnf*1—| (a¥2%0 w41,
wn, 1 = 20 — f(t), sq =signg,
. 1 . - d—"dslq
20 = _Ande7(7Ld+l)sq Lwnf+1 - wnf—| ~(nathsq + 21,
. 1 ’ . d—(ng—1)sq
= =Apg1 LT et [z — Z9] TTrats 4 2, (18)
Zng = —AgL?sa |_an - an*1-| 4o
and (16) gets the simpler form
A=A, k=ng+ng;
- e (19)
)‘k*i:)‘k*i'Ak—H-l Toi=1,2,.., k.

The following theorem establishes the recursive choice of parameters A\;, i = 0,1, ..., for ¢ = 0,
or, in the case q # 0, for each fixed d > 0. It is the direct corollary of Theorems 2, 3.
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Theorem 6. Let \g > v, > 0. Then the parameters \; of the filter (14), (15) can be taken
from parametric sequences X = {Xo, A1, ...} which are valid for any admissible ng,ng >0 (i.e.
for =1/(nqg+1) < g <1/ny) and are specified below. The estimations z;(t) asymptotically
converge to the exact derivatives f)(t) for any input f(t) satisfying (6). Parameters \; > 1
are chosen one-by-one sufficiently large starting from A1. Concretely, the following holds:

o Let q <0 andd > 0. Then the sequence X is separately build for each d and is infinite.
The convergence of the filter (12), (13) (and (17), (18)) is in F'T.

o Let ¢ >0 and d > 0. Then the sequence X is separately build for each d and is finite,
ng+ng <max{k € Z|d—k—1>0}. The convergence of the filter (12), (13) (and
(17), (18)) is slower then exponential, but it features FxT convergence to any ball around
the origin of the errors’ space.

o Let q=0. Then L disappears both from the filter (14), (15) (and (12), (13)) and the
convergence condition (6). The corresponding sequence X is infinite. The convergence
of the resulting filter (14), (15) is exponential.

Note that both recursion Theorems 2, 3 at each step directly provide for the next element
of the sequence X, since S\nﬁnf = Mgtn, - All three forms (12), (13); (14), (15); (17), (18) are
completely identical for q # 0.

The particular case d = 0 implies the SMC case ¢ = —1/(ng + 1). That is the important
case of the exact SM-based filtering differentiation [30]. In that concrete case the convergence

condition turns to be |fénd+1)| < 41 L, and the differentiator equations are valid for any L > 0
(i.e. the requirement L > 1 is removed).

The simulation-based step-by-step assignment of \;, i = 1,2, ..., turns out to be surprisingly
easy. Let \g =1.1, v, =1, d =0. The following is the corresponding parametric set well
validated up to the order ng 4+ ny = 12:

g=——1=,d=0,0<ng+n; <12, X = (1.1,1.5,2,3,5,7,10,12, 14,17, 20, 26, 32). (20)

- ng+1’

Parameters \, , are calculated according to (19) for d =0 (also (16) produces the same
numbers). The authors prefer to directly apply the recursive form (17), (18) (or (14), (15)).

Note that parameters (20) extend another known set valid up to the order ng+mny =7
[29, 30]. The first known set [22] was valid for ng +ny < 5. It is not difficult to further extend
this sequence basing on Theorem 3. The corresponding filtering SM-based differentiators are
FT exact in the absence of noises and asymptotically optimal in the presence of bounded
sampling noises [30, 32].

It follows from Theorem 6 that one can choose a sequence {);} valid simultaneously for any
predefined finite set of HDs ¢, and vr,, > 0. In particular, the sequence (20) is also valid for
¢ = 0 with vz = 0, i.e. the corresponding linear filters produced for ¢ = 0, ng +ny < 12, are
Hurwitz. There exists a hypothesis that it is always true in the SM case d = 0 [38].

Introduce the short notation for (12), (13):

Qndmf,q(wv 20 — fa La )\nd+nf)7 w e Rnf,

L (21)
z= Dnd,nf,q(wla z, L, )\nd+nf>7 zZE€ Rnd+1a

where Xnd+nf = {0y s Ang4n, } are provided by Theorem 6.

Note that the parameter d = 1/|q| + (nqg + 1) sign ¢ introduced in (9) tends to infinity as
q approaches zero. Correspondingly the formal substitution d = co implies the convergence
condition \fé"d+1)(t)| < vy max; |z (t) — (gl) (t)|, L disappears from (17), (18) and all powers
turn into 1. The same condition is obtained from (6) by the direct substitution of ¢ = 0. That
case is considered in Section 3.4 below.
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3.4. The linear case g =0

In the important particular case ¢ = 0 filter (12), (13) turns into the modified linear filter [3]
of the form

,Li}l = _%\nd+nf' w1 + wa,
11'}2 = _)\nd-i-nf—l w1 + ws,
(22)
Un;—1 = —Ap,42 W1 + Wny,
wnf - _)\nd-‘rl w1 + wnf+17 wnf+l =20 — f(t)7
Zo = —An, w1 + 21,
2.:1 = —)\nd,1 wq + 22, (23)
'énd == 7>\0 wy,

with the corresponding convergence condition |f(§nd+1)(t)| <y max; |z;(t) — féz)(t)|.

Asymptotic stability of filter (22) is completely determined by its characteristic polynomial
p(s) = shatnstl 4 5\nd+nf §™t"5 4+ Ag. The classical HGO corresponds to nf =0 and
large eigenvalues. It is suggested in [42] to choose the multiple eigenvalue é71, 0 < & << 1.
In that case p(s) = (s 4+ & 1)t +1 and

A = < ng + ?f +1 ) g=(matns+1=) N = g=(natns+1) (24)

In the case ny = 0 the transfer function from f to z; takes the form %((:;)), where p;, p are
some polynomial functions [42].

Filter (22) is to be naturally called a filtering HGO for ny > 0. In that case it gets new
filtering capabilities (Section 5) due to its transfer function from f to z; having the form
()\osi + )\18i+1 + ...+ )\nd_is"d)/p(s).

In the case ¢ = 0 the recursive equations (14), (15) take the form

W1 = —Apgtn, W1 + W,
w? = _)\nd-',-nf—l(wQ - wl) + ws, (25)
wnf = _>‘nd+1(wnf - u-)nffl) + Wnpt+1ly Wnp+l = 20 — f(t)v
20 = _)\nd(wnf+1 - wnf) + 21,
2 = =Ang—1(21 — Z0) + 22, (26)
’énd = 7>‘0(an - ’énd—1)5

which is formally obtained from (17), (18) for L =1, d = 1, s, = 0. While Theorem 6 is also
true for ¢ = 0 the corresponding standard linear technique (24) [42] of choosing the parameters
is obviously more adequate.

4. HOMOGENEOUS STABILIZATION

4.1. The problem statement

Let o € R, introduce the homogeneous weights dego(? =1 +ig, i =0, 1,...,n. Denote &}, =
(0,6,....,0")T k€ NU{0}. Consider the DI

o™ € [=C, |G|l + [Km, Knr]u, (27)
CZOa O<KmSKM7
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where u € R is the control, || - ||, is some homogeneous norm. The problem is to globally
asymptotically stabilize the system while only using the real-time measurements of o. The
solution is to be robust with respect to unaccounted for sampling noises.

A number of homogeneous output-feedback stabilizers are known for ¢ > —1/n [36, 37, 21].
The robustness of homogeneous systems to sampling noises is established in [27].

In the case ¢ = 0 the problem is universally solved by the HGO feedback application of linear
control [3, 19]. The problem also has a well-known robust output-feedback SMC solution for
q = —1/n [22, 23]. The standard differentiators with constant [22] or variable [29] gains are only
locally applicable for ¢ # —1/n, since ||&,,—1]|n is not available and possibly features higher
than exponential growth.

Assuming that a locally-bounded homogeneous stabilizing controller is available, below we
present a robust homogeneous observer applicable with any such stabilizer. That separation-
principle problem remains unsolved for g # 0, —1/n.

4.2. Output feedback stabilization and separation principle

In practice condition (6) is not natural for ¢ # —1/(nq+ 1), and, generally speaking,
differentiators (12), (13) require f(®¢+t1) = 0, i.e. only differentiate polynomials of the order ng
and less. Nevertheless, they still can be used as observers in a homogeneous feedback.

Theorem 7. Let ¢ #0, v >0, and assume that a locally-bounded homogeneous control
u=U(Fn-1), degU = 1+ nq, asymptotically stabilizes system (27). Then the output-feedback
control

u="U(z),

w = anl,nf,q(wa 20 — O’_,’L, >\n+nf71), (28)

z= Dn—l,nf,q<wla 2 L7 )\n-ﬁ-nf—l)

globally asymptotically stabilizes system (27) for any ny >0 and sufficiently large L. The
convergence is in FT for ¢ <0 and in FxT to any ball around the origin for g > 0.

In the case ¢ = 0 choosing X1 corresponding to sufficiently large v, (Theorem 6) renders
the closed-loop system globally exponentially stable.

Note that in the case ¢ = 0 it is reasonable to simply assign a large multiple eigenvalue ¢!

taking the coefficients (24) [42].

5. PERFORMANCE IN THE PRESENCE OF NOISE

Let us first explain the idea of the filtering extension. Consider the case ny =1, f(t) =
Jolt) +mo(t) +m(8), and let no(t)] < =0, () = [ (s)ds, |€(1)] < 21 hold for any ¢ 0.
Consider the dynamics of wy taken from (12):

al 1—(nf71)q

Wy = ~Apgr1 L0 [wi] T T+ 20 — fo — nolt) — m(t).

It can be rewritten as

B al 1—(nj—1)q

A (wy +&(t) = —Apyr L7770 [wr + E(8) —E()] 777 + 20 — fo —mo(t).

Now denoting wy = w1 +£(t), § = 2z — éi)7 1=0,1,...,n4, obtain

1—(ny—1)q

. N _lal S
w1 € —Apgp1LTa |wy + [—e1,e1]] T+ Co + [—<0, €0)s

and the overall dynamics of wy, z coinciding with the disturbed asymptotically stable error
dynamics of the differentiator (5), but of the order ng + 1.

In spite of 7, possibly being a very large signal, its integral can be small, |¢] < &1, in which
case also the disturbance of the error dynamics is small for g, e; << 1. In its turn it implies
small differentiation errors. The following is the corresponding notion from [30].
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Definition 1 ([30]). A signal v(t), v:[0,00) = R, is called globally filterable, or a signal
of the (global) filtering order k > 0, if it is a locally integrable Lebesque-measurable function,
and there exists a globally bounded Caratheodory solution £(t), € : [0,00) — R, of the equation
¢ = v, Correspondingly €= (t) is locally absolutely-continuous if k > 0, and the signal v(t)
has the filtering order k = 0, if v is essentially bounded. Any number exceeding esssup |£(t)]| is
called a kth-order (global) integral magnitude of v.

Let the input fo(t) of the differentiator (12), (13) be sampled as f(t) = fo(t) + n(t) with
the noise 7(t) = no(t) +n1(t) + ... + 1, (t), where each ny, k=0,...,ns, is a signal of the
global filtering order k and the kth-order integral magnitude e > 0. Correspondingly, the
noise components 74, ..., 7, are possibly unbounded, whereas esssup |1o| < &o.

Theorem 8. Let —1/(nq+1) < g < 1/ng, v, >0, coefficients of the filtering differentiator

(12), (13) be properly chosen, and (6) hold. Then after some transient the differentiator
provides for the accuracy

(i) —5g o1+ s .
Z’Lif SN%L p qa 2*07"'771(1’
B = 1 1 (29)
p = max{(L¥veo) T, (L)) T4, . (Live,,, ) 7],

Here u; only depend on the differentiator parameters X, and sq = 0 is taken for g =0.

Note that in spite of the complicated dependence on L the upper steady-state error
estimations (29) monotonously grow for growing L and g # 0. One can also rewrite (29) as

|zi — féi)| < L , nax (Laeg) 8=k i =0, ..., ng, (30)

which shows that the estimation does not depend on rescaling the weights.

Example 1. The noise n = 7 cos(wxt) features any global filtering order k > 0 with the integral
magnitude v for k=0 and 2v/w.* for k> 0. It means that it has at least ny + 1 trivial
expansions of the form n=mn, for any k=0,1,...,ny and other components being equal 0.
Therefore, Theorem 8 implies that the estimation (30) holds for each possible representation

of m, i.e.
d—(ng+1—1i)sq

|2; — féi)| < ;L% X rlnin (LSWw;k)d—(”d*'kH)sq, 1=0,...,nq, (31)
=L...,nf
for ¢ # 0. Note that ¢ = 0 corresponds to the limit case d — oo both for ¢ > 0 and q < 0.

Continue that consideration. From (31) taking 1 =7,, one gets the conservative upper
estimation of the steady-state accuracy

ny+i d—ng—1+i d—ng—1+i

—_np—_ad——
Ld—nd—nffl,ydfndfnf—lw* fdfndfnf—l’ q> 0
(i) ny+i dtng+1—i dtng+1—i
|2 — 0 | < LT ratn Ty Tinany 1, —ns TEnatn g <) (32)
—nyg —
yws 7, q =0,

which holds for any w, > 0.

Suppose that w, > 1 and is large, then indefinitely increasing n¢ is probably beneficial for
g < 0. In particular, the case ¢ = 0 in (32) is then adequately described by the filter transfer
function. _

In the case ¢ <0 one gets for large ny from (32) that |z; — fél)| = O(Lws
i=20,...,nq. The coeflicient ~ is "killed” for sufficiently large n;! That sudden conclusion
is further confirmed by simulation (Section 7.1).

If ¢ > 0 the filtering order ny is bounded for each fixed d, and for some values of d the power
denominator d — nqg — ny — 1 can turn out to be very small. In such a case the representation
7 = 7, is obviously not optimal.

Other simple examples of the signals of global filtering orders are arbitrary-order derivatives
of periodic functions and their linear combinations.

(d+nd+17i) )

)
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Example 2. The signal n = ,YddT)j" lcos(wt)]" %%, k €N, w, >0, is unbounded and features

the global filtering order k with the integral magnitude ~y.

It is not obvious that globally filterable noises are widespread in practice, but that condition
can be significantly relaxed. The following definition extends the corresponding definition from
[30].

Definition 2. A locally integrable Lebesgue-measurable function v(t), v:[0,00) = R, is
called locally T-filterable signal of the filtering order k >0 and the integral magnitudes
ao, a1, ...,ax_1 > 0, if there exists an infinite sequence to,ty,..., to >0, tepq1 —ts >T >0,
5s=0,1,..., such that for each s there exists a Caratheodory solution &(t), t € [ts,ts11], of
the equation £ (t) = v(t) which satisfies |V (t)] < a; for 1 =0,1,...k — 1. The number a;
is called the local (k — l)th-order integral magnitude of v. Signals of local filtering order 0 are
trivially defined as uniformly essentially bounded Lebesgue-measurable signals of the magnitude
ap, €sssup,sq V()| < ao.

In particular, locally filterable noises can be concatenated producing a new locally filterable
noise (see Example 3 below). The following lemma shows that filtering differentiators can be
applied when the noises are only locally filterable.

Lemma 4 ([30]). Any signal v(t) of the local T-filtering order k > 0 can be represented as
v =19+ m + Nk, where ng,n1,n are signals of the (global) filtering orders 0,1, k respectively.
Their magnitudes continuously depend on dyp_, and T.

In particular, in the important case k =1 get v = ng + n1, where |no| < aog/T, and the first-
order integral magnitude of m is 2ag. In the general case k > 1 fix any number pg > 0.
Then, provided p < po holds for p= max[aé/k,ai/(k_l), ey ag—1], the integral magnitudes of
the signals n9,n1,m, are calculated as Yop/T, V1p, Yep® respectively, where the constants
Y0, Y1, Yk > 0 only depend on k and pg.

Example 3. Construct a new combined signal v(t) from the signals of the form coswit,
w; > wy, 1 =1,2,..., by applying them over the consecutive time intervals exceeding T in their
length. The new signal is a locally T-filterable signal of any order k and the magnitudes
1,2w; Y, . 2w k. According to Lemma (4) one can represent this signal as a sum of globally
filterable discrete signals, v =1y + 11 + 1k, of the sampling filtering orders 0,1 and k. The
bounded component ng is small provided T s taken large.

5.1. Output-feedback stabilization in the presence of noise

Assumption 1. The output o(t) of system (27) is sampled with the noise n(t) = no(t) +
M(t) + ... + 10, (t), where each g, k =0,...,ny, is a signal of the global filtering order k and
the kth-order integral magnitude € > 0.

Theorem 9. Let ¢ #0, —1/n < g <1/ng, v > 0. Consider the proposed output-feedback
controls. Then all solutions stabilize in the set

o] < i, i = 0,..n — 1 (33)
1 1 1
p = max[eg ,5117q R Eé;nfq], (34)

where fi; > 0 only depend on the system parameters C', K,,, K, X, q, the chosen controller
and L. In the case ¢ = 0 any dependence on L disappears.

Remark 1. Obtained accuracy estimations hold for any possible expansion of the sampling
noise n(t) = no(t) +n1(t) + ... + 0n;(t). Thus the real accuracy observed in the practice
inevitably satisfies such estimation obtained for the "optimal” noise expansion often unknown
to the "user” (see (44) and Fig. 2, Section 7.1).
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6. DISCRETIZATION ISSUES

In reality a filter is a discrete dynamic system obtaining discretely sampled input f(¢). Since
in fact f is an output of a continuous-time dynamic system, the resulting closed-loop system
is a hybrid one [5, 20]. Some dicretization strategy is needed to preserve the features of the
continuous-time systems studied in Sections 3, 4.

Let the sampling take place at the times tg,t1,...,t0 = 0,0 < t;11 — t; = 75, lim;_, o0 t; = 00.
The sampling steps are assumed bounded, 7; < 7, though 7 itself can be unknown.

It follows from the Nyquist-Shannon sampling rate principle that not all sampling-time
sequences are admissible, since noises small in average under one sequence can be large under
another. Therefore, we assume that the set of admissible sampling-time sequences contains
sequences for any 7 > 0. In particular, the number of sequences is infinite.

Notation. Denote §;¢ = ¢(t;41) — ¢(t;) for any sampled vector signal ¢(¢;).

Definition 3. A discretely sampled signal v: Ry — R is said to be a signal of the global
sampling filtering order k > 0 and the global kth order integral sampling magnitude a > 0 if
for each admissible sequence t; there exists a discrete vector signal £(t;) = (£o(t;), ..., &k(t)T €
RF+L 5 =0,1,..., which satisfies the relations

§;& =&ip1(tj)m, i=0,1,....k—1,
E(ty) = v(ty), o(t))] < a.

Example 4 ([30]). Choose any 7,a >0, 0 <7 =tj11 —t; <7, to =0, and let &(t;) =
(=1)7a. Introduce &(t;) by the equalities &(0) =0, §;§—1 = &(t;)7), i.e. &(tjr1) =& (L) +
0;&—1/7, 3 =1,2,..., for1=1,2,.., k. Now v(t;) = &k(t;) is a signal of the global sampling
filtering order k. Even if a is very small, v turns to be very large for large k, provided T < 1.

The following assumption on noises is naturally replacing Assumption 1.

Assumption 2. The sampled noise signal is comprised of ny+1 components, n(t;) =
no(tj) +mi(t;) + ... +nn, (t;). The discretely sampled signals m;(t;) are of the global sampling
filtering order | and integral magnitude €;, | = 0,1,...,ny. Components 0y, ..., N, possibly are
unbounded.

That assumption is proved to hold for the steady-state SMC and ny = 1, if the deviation of

the SMC from the equivalent-control u., is considered the noise. That allows direct extraction

of Ueq, ..oy uéz) by the filtering differentiator [32]. The assumption also often holds due to the

statistical features of the noise (see [26]).
The proposed homogeneous discretization of the filtering differentiator (21) has the form

5jw = Qndynf»Q(w(tj)’ ZO(tj) - fgj)vLa Xnd+nf)7—j’ (35)
5jz = Dndvnfyq(wl(tj)7Z(tj)’L7)\nd+’ﬂf)Tj + Tnd(z(tj)’Tj)7

where the Taylor-like term T,,, € R™¢ %! is defined as

1

Tnd,l = j23(tj)7-j2 + ...+ ﬁznd(tj)T;ldi s

Y

(36)
T, O O (7)
ndg,Nd—2 or<na\vj)7j5
Tnd,ndfl = 07 Tnd,nd = 0
That discretization is proposed for the case ¢ = —(ng + 1)~! in [30] for the stand-alone signal-

processing applications. In the case ¢ = 0 the alternative discretization can be the exact one,
based on the calculation of the matrix exponent. In both cases the error asymptotics (29) is
preserved [30].
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Note that (35) does not contain Taylor-like terms in the dynamics of w. Insertion of such
terms would interfere with filtering out inherently discontinuous signals (Example 4, Fig. 2g,h.i,
Section 7.1).

In the case ¢ > —1/(nqg+ 1) differentiator (12), (13) is practically only exact on the
polynomials of the degrees not exceeding ny. Therefore, we are mainly interested in its output-
feedback application.

Theorem 10. Under the conditions of Theorem 7 and Assumption 2 let system (27)

o™ € [=C,C[|Gn-1, " + [Km, Knrlu,
C>0,0< K< K,

be closed by the feedback

u(t) = U(Z(tj))a te [tjatj + 1)7
5jw = Qndﬂlf;q(w? ZO(tj) - U(tj)ﬁ_ n(tj)a L, )‘nd+nf)7j7 (37)
5j2: D"d,”fyq(wl(tj)vz(tj)vL7>‘nd+"f)7-]"

based on the zero-hold and the explicit Euler integration methods. Then the same accuracy (33)
is obtained in some FT T,, but for different value of p. In particular,

1 1

e for q <0 obtain |cD| < pip'=1 i =0,...,n—1, p= max[Tm,maxoggnf slH_llq']

)

° |a(i)| < i maxo<i<n, €1 for ¢ =0 and sufficiently small 7, also T, — oo as &,, — 0;

1

e for ¢ >0 obtain |oW| < pip*ti, p= maxo<i<n, Ellflq, also Te — 00 as &,; — 0. In
order to avoid the possible solution escape to infinity, the initial values z(ty), w(ty) are
to be sufficiently small for each fixed T, or T is to be sufficiently small for each fixed
||Z(t0)aw(t0)”hoo

Here p; > 0 only depend on the controller U and parameters q, K, Ky, C, L, XnJrnf,l of the
system and the observer.

The theorem formally remains true also for &,, = 0 and 7 = 0 if T.. = oo is taken for ¢ > 0. It
is natural to always take w(tp) = 0. If the noise is known to be small one can choose the initial
sampled value zo(tg) = o(t9) + n(to), and determine other initial values using finite differences
in order to shorten the transient. If the noise is large, it is reasonable to assign z(to) = 0.

The following definition slightly extends the similar definition from [30].

Definition 4. A discretely sampled signal v(t;) is said to be locally T-filterable of the local
sampling filtering order k > 0 and the integral magnitudes ag, a1, ...,ax—1 > 0, if there exists an
infinite sequence to,t1,..., to >0, i1 —4 > T >0, 1=0,1,..., such that for any sufficiently
small T, admissible sequence {t;}, and any l > 0 there exists a discrete vector signal

E(t5) = (Co(ts), - &))" €RMY G =jo,jo + 1,0, 41, o € [t +7), ty, € (fipr — 7, 8144
which satisfies the relations

0;& =&1(tj)my, i=0,1,..,k—1,
1&i(t)] < aiy i=0,1,....k — 1.

Numbers a; are called the local (k — i)th-order sampling integral magnitudes of v. Signals of
local sampling filtering order 0 by definition are just bounded signals of the magnitude ag.

Similarly to the continuous-time case, one can concatenate locally filterable signals. The
following lemma is analogous to Lemma 4 and allows application of Theorem 10 in the case of
locally filterable sampled noises.
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Lemma 5 ([30]). Let all admissible sampling time sequences satisfy the condition
sup;/infr; < ¢, for some c¢; > 0. Then any discretely sampled signal v(t;) of the local
sampling T'-filtering order k > 0 can be represented as v = ng + n1 + N, where ng,n1, N, are
signals of the global sampling filtering orders 0,1, k.

In particular, if k=1 get v=mn9+m, where |no| < ao/T, and the first-order integral
sampling magnitude of n1 is 2aq. If k> 1 fix any number pg > 0. Then, provided p =
max[aé/k, ai/(k_l), ey ap—1] < po the sampling integral magnitudes of the signals 1o, m, N, are
calculated as yop/T, v1p, Yep® respectively, where the constants ~o,v1,ve > 0 only depend on
k and pg.

Lemma 6. Let v(t) be bounded and locally T-filterable of the order k with the integral
magnitudes ag, a1, ...,ax_1 > 0 and the bounded sequence £s+1 —t,>T from Definition 2. Let
it also be uniformly equicontinuous (in particular, absolutely continuous) over the intervals
(fs, sz). Then the sampled signal v(t;) is a locally T-filterable signal of the sampling filtering
order k and some integral magnitudes ag, ay, ...,ax—1 > 0. Moreover, Ek_l — dp—1 as T — 0.

By uniform equicontinuity we mean that Ve; > 0 Je; > 0Vs € Z,s > 0, Vit1,ts € (fs, sz) :
[t1 — ta] < €3 = |v(t1) — v(t2)| < €1. The lemma follows from the uniform convergence of the
Euler approximations to the unique DE solution (see the Appendix).

Similarly to Remark 1 also here one might avoid checking Assumption 2 (Fig. 2g,h.i).

Remark 2. Discretely sampling a globally filterable signal of the order k can produce a discrete
signal of the global sampling filtering order k. Indeed, an iterated numeric integral of the signal
from Example 2 can be itself unbounded and even locally not filterable. It completely depends
on the concrete sampling sequence t;.

On the other hand, if the signal is large and fast, but bounded and Lipschitzian (for example,
see Example 1), then for sufficiently small T its local iterated numeric integrals approach their
continuous-time counterparts (Lemma 6). A discrete locally T-filterable signal is produced for
any fived T > 0. Such signals can be processed due to Lemma 5. Similarly the saturated sampled
signal of Example 2 is locally filterable for any (even large) saturation value.

7. NUMERIC EXPERIMENTS

7.1. Numeric differentiation

It is well-known that filtering differentiators (12), (13) of the HD g = —1/(ng + 1) converge
in FT and are exact under condition (6). Contrary to this, filtering differentiators of the
HD ¢ > —1/(n4 + 1) are only capable to asymptotically exactly differentiate polynomials of
the degrees 0,1, ..., n4. Nevertheless, they still can be used for the high-gain observation and
differentiation [3, 19, 42].

In the case ¢ # 0 high-gain differentiation is obtained by taking L >> 1. In the case
¢ =0 the filtering HGO (FHGO) (22), (23) is produced, and high-gain differentiation
is obtained by taking \; = A\g;é~(matns+1=0 (0 < & << 1, for any characteristic Hurwitz
polynomial pr,4n,41(s) = 4T 4 5x0md+nf §"at7 4 4+ Xgo. Recall that the HGO [3]
is also described by (22), (23), but corresponds to ny = 0.

It is easy to see that in the absence of noises the error dynamics of the HGO of the
differentiation order ng + ny and of the FHGO of the differentiation and filtering orders ng4, ny,
coincide (see the proof of Theorem 5 in the Appendix). It implies the accuracies

|z; — féi)| < ’ynd+nf7iLé(".f+"d+1*i) for HGO of the order ng +nys, i =0, ...,nq + ny,
|z — f(gz)| < fynd+nf7nf+iLé(”d+1_i) for FHGO of the orders ng,ny, i =0, ..., nq,

for some constants v, 4n, j > 0,j =0, ...,nq + ny, only depending on choice of Xoyndﬂlf 3, 42].
Note that due to the different differentiation orders the corresponding conditions on the inputs
are [ £ < L for the HGO and [£{"**V| < L for the FHGO.
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In the following numeric experiment we compare the FHGO of the orders ng =2, ny =8
with the HGO of the order ngy = 2, correspondingly providing for the accuracies

2 — F$] < 0. LEBD and |z — f] < 4, LEGD i =0,1,2, |Fol < L. (39)

Thus, in the absence of sampling noises (and for the ideal continuous sampling) the accuracies
of HGO and FHGO are of the same order.

Concretely, consider the FHGO and the HGO with the characteristic polynomials py1(s) =
(s + 1) and ps3(s) = (s + 1)3 respectively and & = 0.01. For both of them we take z(0) = 0,
also w(0) = 0 is taken for the FHGO.

Consider the noisy input signal

F@) = fo(t) +n(t), fo(t) =0.8cost — sin(0.6t), ng = 2, (40)

where | f,(t)] < 1, n(t) is a noise, L = 1.

For the comparison we also take the filtering SM-based differentiator (12), (13)
rewritten in the equivalent recursive form (14), (15) for ng=2, ny=3§, Xio =
(1.1,1.5,2,3,5,7,10,12,14,17,20), g = —(ng +1)~* = —1/3. We once more take z(0) =0,
w(0) = 0.

Due to the Shannon sampling-rate principle, performance of any filter in the presence of
large high-frequency noises is very sensitive to the sampling/integration step. Thus we take
equal sampling steps of the length 7 = 107% to reliably demonstrate the filter features. The
discrete form (35), (36) is applied.

Performance in the absence of noises of the HGO and the filtering HGO, corresponding
to ny =0 and ny =8 respectively, is shown in Fig. 1. Both linear filters demonstrate
fast convergence, good precision and some peaking phenomena ( max |z2| ~ 2000 for HGO,
max |z2| &~ 250 for FHGO). The corresponding steady-state accuracies of all three filters are
provided by the following component-wise inequalities:

(120 = fols |21 = fol, 122 — fol) < (8.1-1077,2.8-107%,2.4 - 1072), ny = 0, ¢ = 0;
(|ZO - f0|a |Zl - f0|7 |Z2 - f0|) < (13 : 10_4a4~4 ' 10_3,8'9 . 10_2)7 ng = 87 q= 0; (41)
(|Zo — f0|, |21 — f0|, |ZQ — f0|) < (65 . 10712,7.5 . 1075,2.9 . 1074), ny = 8, q= —%.

Comparing (41) with the theoretical accuracy (39), we see that probably 72, < v10s+is

1=20,1,2, hold for our specific choices of 5\0,10 and 5\072.

Note that homogeneous SM-based filtering differentiators remain practically stable for any
bounded noise and any 7 > 0 [30]. The above accuracies do not significantly improve for smaller
values of 7 due to the computer double-precision round-up errors [29, 5].

Introduce now the sampling noise 7(t) = ng(t) + cos(11111¢t), ne(t) € N(0,0.5%), where n¢ is
the Gaussian noise of the standard deviation 0.5 (Fig. 1). Values sampled at different sampling
times are independent. The corresponding steady-state accuracies are

(|ZO - f0|a |Zl - f:.0|7 |Z2 - f0|) S (56 . 10_235~2a 167)a nyg = 07 q= 0;

(lZo — f0|, |21 — fp|, |22 — f0|) < (28 . 10_2,0.53,4.9), ny = 8, q=0; (42)
(lZO - f0|7 |Zl - f0|7 |Z2 - f0|) < (81 . 1073770 ' 10727036)7 ny= 8; q= _%~

The HGO does not evaluate derivatives, whereas the FHGO provides some first-derivative

approximation, and only the SM-based differentiator remains reasonably accurate even in the
second derivative.
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No noise

) + cos(11111t), ng(t) € N(0,0.5%)

4 1

6f0:ZI fO’ 2 jz‘)’zl
M L/\MW ) |

0 15
200 ﬁ)y Zz | 6 J}o'; 2, I AA
200 L— — -4 “ ‘ l I 5 t
0 0 15 0 15
HGO FHGO FSMD

Figure 1: Performance of the HGO for ng = 2,ny =0, ¢ = 0, the filtering HGO (FHGO) for
ng = 2,n5 =8, ¢ =0, with the high-gain parameter £~! = 100 and of the filtering SM-based
differentiator (FSMD) for ng = 2,ny = 8,L = 1, ¢ = —1/3, without noise and for the sampling
noise 1 = 1 + cos(11111¢) with the Gaussian component ng € N(0,0.5%). The HGO is the
most sensitive to noise. Graphs of z1, zo for HGO, FHGO are cut from above and from below.

Both linear filters are linear also in noise, which means that proportionally increasing noises
completely destroys both HGO and FHGO performance. Check the performance of the SM-
based filter for different noises, including very large ones:

ng=2,ny=38, ¢= 3,Tfl() 6,7]@()6N(0,0.52),
(Iz0 — fol, |1 — f0| |22 — fol) < (7.1-107 6,7.3-1074,0.038) for n = cos(11111¢),
(lzo0 — fol,]21 — f0| |20 — f0|) < (5.3-107%,1.3-1072,0.16) for = 107 cos(11111¢),
(120 — fol, 121 — fol, |22 — fol) < (5.4-107%,1.3-1072,0.16)

for n = 107 cos(11111¢) — 2 - 107 cos(22222t),
(7.0-1073,6.4-1072,0.34) for n = ng,
(8.1-1073,7.0-102,0.36)

for n = ng + 107 cos(11111¢).

(43)

(120 = fol, |21 = fol, |22 — fol)
(Iz0 = fol, |21 — fol, |22 — fol)

IAIA

One sees that the superposition principle does not work here. Performance corresponding
to the third line (the noise 7 = 107 cos(11111¢) — 2 - 107 cos(22222t)) is shown in Fig. 2a-f.
Obviously wr, wg absorb the main part of the noise, in particular, |wg| < 1584 is kept.
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Comparing the last lines of (42) and (43) we find out that practically identical accuracies
are obtained for 1 = ng + cos(11111t) and 7 = ng + 107 cos(11111¢). The difference is that
whereas in the first case |wg| < 7-107% is kept, in the second case |wg| < 900 holds (not
shown). Other components of w stay small.

The normally distributed noise component 7 in practice has the local sampling filtering
order 1 [26], and is the most difficult to deal with (still simulation in [30] shows similar or
possibly better performance than the Kalman filter).

The filter also suppresses noises for which Assumption 2 is at least not obvious. Introduce
very large noises of a complicated structure:

(120 = fol: 121 = fol, |22 — fol) < (4.4-107°,2.1-1073,6.3 - 1072),

for n = 107 cos(10°¢ + 3w sin(10%t));
(|ZO — f0|, |Z1 — f0|, |22 — fo‘) < (12 . 10_2, 8.8 - 10_270.38),

for n = 107 cos(108¢ + 37 sin(10%¢)).

(44)

Note that the noise n = 107 cos(10%¢ + 37 sin(10%¢)) from the second line is practically random
due to the ”large” sampling step 7 = 107°. The corresponding performance is shown in Fig.
2g hi. Also here wg absorbs the main part of the noise. Other components of w look similar
to Fig. 2b. Changing 10* to 10° causes explosion-like divergence of the estimations.

n = 107cos(11111¢)—2-107 sin(22222t) 7 = 107 cos(103¢+ 3 sin(10%t))

2 2107 |gs o'l
N 0 0
—6 —f:J’ZO ﬁ);Zl f():ZZ t _3.107 t _107 t
0 25 0 25 0 25
a. Convergence d. Noisy input g. Noisy input
0.7 A 2 f:nzl\ 102y
0 /Ws /wl,wz,ws,w4
-0.21V t 5 t
0 25 10 25 10 25
b. Filtering variables e. Steady state h. Steady state
Lrw 2:10° Ws 25 8
0 0 0
t t - t
-0.5 2103 25
0 25 2105 25 0 25
c. Filtering variable f. Filtering variable i. Filtering variable

Figure 2: ¢ = —1/(nq+ 1) = —1/3. Performance of the SM-based filtering differentiator
for ng=2,n;=8,L=1, 7=10"% in the presence of the noise n =107 cos(11111¢) —2 -
107 sin(22222t) (a-f) and the noise n = 107 cos(108¢ + 37 sin(10%t)) (g-i).

7.2. Output-feedback stabilization
Consider the discontinuous nonlinear dynamic system

2

& = cos(120f + satioo 0))|<'f|%q +(2+ COS(Sa“OO(g)))“ ()

where the function saty(s) = max(—w, min(w, s)) saturates at +w. The control can be
discontinuous, therefore system (45) is understood in the Filippov sense [14]. Obviously its
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solutions satisfy the DI
1

o€ [_lv I]HEQHhi_jq + [173]’““’ (46)
where ||72|[noo = max; |o¥|1/(1+9) is the homogeneous norm, dego® =1+iq, i =0,1,2.
DI (46) is a Filippov homogeneous DI of the HD ¢, provided u = U(&2) is homogeneous,
degU =1+ 3q.

Choose a homogeneous stabilizing control template [25] of the form

R R Y T TR S S o1 1
u = —a||G2||5o [[F]12TH29 + 1 [6] 20D + fo|o]?], (47)
which is valid for the relative degree 3 and any ¢ € R, provided Sy, 81 > 0 are properly chosen
and « is sufficiently large. Note that this control is quasi-continuous, but not smooth, and it
does not allow developing a Lyapunov function in the standard way [9].

The value ¢ = —1/3 corresponds to homogeneous SMC and is well studied. Thus only
consider ¢ = 0,—0.2,0.2. The same control parameters (8o, 81, «) = (1,2,5) have been found
accidentally valid for all these values of q. .

The authors have taken vy, = 1 and found parameters A one by one by simulation, using
the recursive form (17), (18) for the corresponding d, ¢, ng =2, ny = 3. The initial values
w(0) =0, 2(0) = (10, —10,10), &2(0) = (50, —50,50) are taken to show the transient. In the
case ¢ = 0 the filtering HGO of the form (22), (23) is applied with the multiple eigenvalue 100.
The integration is performed by the Euler method with the integration step 7 = 1075.

8108, U 6'106 0.02
AN 00035
6
-8-10° L 610° !
1 0 1
6%50"" 200
z‘ z,,6
0 0
-400 Y A
0 90 0 20

Figure 3: The case ¢ = 0.2. Asymptotic stability is got for the exact sampling. The system
remains practically exact in spite of the very large sampling noise 7.

1. Let ¢ = 0.2. The filtering differentiator, nq = 2, ny = 3, d = 8, is employed in the feedback.

Its parameters are = {1.1,2,3,9,30,200}, L = 5-10°. Note that actual coefficients are not
so large, since form (17), (18) involves L'/7, ..., L1/2.
In the absence of noises the accuracy is described by the component-wise inequality

(o, |o],16]) < (3.5-1072,1.5-107%,8 - 1075) for t > 70.

Introduce the sampling noise 7(t) = 100 cos(10000t) — 200 cos(50000t) 4+ 100 sin(70000¢). In
spite of the large noise the system converges into the region (|o|,|d|,|5]) < (5-1072,4-107*,4 -
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10~%) (Fig. 3). Note that the accuracies are practically the same in the presence and the absence
of noises. It is the result of the positive HD. Such systems are very sensitive to large initial
values and the sampling period, but are less sensitive to noises ([27] and Section 2).

1000, U 150

Figure 4: The case ¢ = —0.2. FT stability is got for the exact sampling. The system
remains practically stable in spite of the very large sampling noise n(t) = 100 cos(10000¢) —
200 cos(50000¢) 4 100 sin(70000¢)

2. Let ¢ = —0.2. Once more apply the filtering differentiator with ng = 2,ny = 3. This time
d =2, and the parameters are A5 = {1.1,1.4,2.4,5,6,8}, L =5-105. Also here the actual
coefficients are much smaller.

The system stabilizes in FT at ¢ = 26. In the absence of noises the accuracy is described by
the component-wise inequality

(lo],16],16]) < (7-1071,2-107110719) for ¢t > 30.
Introduce the same large noise (Fig. 4). In spite of it the system converges into the region
(lol,lol,16]) < (5-1072,6-1072,1.5).
3. Let ¢ = 0. Apply the filtering HGO (22), (23) with ng =2, ny = 3 and the parameters

corresponding to the multiple eigenvalue 100, i.e. A5 = {1005, 6 - 1005, 15 - 100*, 20 - 1003, 15 -
100%,6 - 100}. In the absence of noises the accuracy is described by the component-wise
inequality
(lo], 6], |6]) < (6-1072,2-1078,2-1075) for t > 25.

Introduce the noise 7(t) = 10 cos(11111¢). In spite of this noise the filtering HGO provides for
practically the same accuracy. Also the graphs are indistinguishable (Fig. 5).

Also the HGO performs quite well in that framework providing for the very high accuracy
in the absence of noises,

(lo], 6], |6]) < (8-107%,6-1078,5-107®) for t > 25.
In the presence of noises the steady-state accuracy is significantly lower, but still acceptable,

(Io], |51, 15]) < (0.02,0.05,3) for t > 14.
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Figure 5: The case ¢ = 0, filtering HGO with the multiple eigenvalue 100 is applied. The system
remains practically exact in spite of the sampling noise 1(t) = 10 cos(11111¢).

8. CONCLUSION

The robust homogeneous output-feedback stabilization of disturbed integrator chains has been
obtained for any homogeneous degree. The corresponding separation principle is formulated.

The proposed new homogeneous observers feature strong filtering properties and ensure
system robustness for any homogeneity degree in the presence of very large noises featuring
locally bounded iterated integrals. No knowledge on the presence of noises or their nature is
required.

The recursive method of choosing the coefficients has been established for any homogeneity
degree, extending and strengthening the known method for the SM-based differentiators [22].

The proposed filtering high-gain observers can be applied instead of the high-gain observers
to suppress large sampling noises.

The authors believe that the proposed extremely robust observers with positive homogeneity
degrees can prove themselves in observation and control of potentially ”explosive” systems like
nuclear and thermonuclear reactors.

9. APPENDIX: PROOFS

The stability proofs in this paper are based on the Lyapunov approach inspired by

[17,9, 37, 33].

Proof of Theorem 1. Obtain the error dynamics equations for (5). For this end subtract

féiﬂ) from the both sides of the equation for Z;. If ¢ > 0 multiply both sides by L, and denote

G =1L(z — éi)), 1=0,1,...,nq, fo(t) = Lfo(t). If ¢ <0 divide both sides by L and denote

G = (zi — fS9)/L, fo(t) = fo(t)/L. In the case ¢ = 0 just define ¢; = z; — £, fo(t) = fo(t).
In the new coordinates condition (6) obtains the form

. 1+(nat+l)g
O] < YLlGrallpe™ T = yp max g T (48)

hoo

(na+1)

| fo
Correspondingly (5) is transformed into

o= —Ang LCO]H(;Z C1,
G=Any—1 ] T+ (o, (49)
Cng € = Ao [Go] T o [21,1))1G, |0,
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Strictly speaking the last line of (49) can contain discontinuity, and should have the form
Gna € =LK [ |00 (Go) oy [0, 1)1 G [,

producing a Filippov DI in the case ¢ = —1/(nq + 1). Here and further in the similar cases we
omit the Filippov procedure for the brevity.

In fact Theorem 5 is a corollary of Theorem 2. That is why the following is only a sketch of
the independent proof.

Due to the robustness of the AS of homogeneous systems [27] it is enough to prove the
existence of parameters for v, = 0. After a suitable recursive change of coefficients the reduced
errors’ dynamics get the form

Co ( LCOHIQ

[Go] ' T mat e,

Cnd = —Cn,

A proper choice of ¢; > 0 is to asymptotically stabilize (50). Fix any a > 3max[1,1+ (ng +
1)g]. The following Lyapunov function (LF) candidate is inspired by [17, 11]:

Co a—1 a—1
V%) AT - 11 R ot

¢ T+e

Cng—1 a—1—(ng—1)q a—1—(ng—1)q
/ L*(ﬂd*UtJ(L‘ﬂ 1+(ra=Da _|_Cnd~| Hnas )dS

[Gna] TFmat

Cha  _a—i-ngg
+/ Ls] Trad ds, (51)
0

It is easily checked that V' is positive definite due to Lemma 2. According to the same lemma
its derivative has the form

V= —[eoW, 40(2) + el _o(2)] =

[CZW ~1=0,; 7’50( z) + Ci+1Héi—17¢i:0(Z)] -

- Cnd Wénd71:07c‘nd #0 (2)7

where all components are continuous homogeneous functions, degV =a+q >0, Wéo 20 18
positive whenever ¢ #£0, We, 0,20 18 Positive whenever ¢;_1 = 0 and (; £0,i=1,...n
The function H =0 vanishes whenever Q 1= Q =0, and HC _o=0if C.-Q =0.

Now one takes any Cny > 0, then chooses ¢; sufficiently large to provide for the negative-

definiteness of V on the set (g = ... = (i1 =0,i=ng—1,...,1 (Lemma 3). At last step co is
chosen sufficiently large to prov1de for the global negative- deﬁniteness of V. O

Proof of Theorems 2, 3. The case ¢ # 0. In the case of Theorem 2 perform the proportional
change of the homogeneity weights, so that the new HD be s, = signg. Once more define
CG=(z — fél))LSQ. Thus, the recursive error dynamics (14), (15) for ny = 0 corresponding to
(8) and (11) take the same form

. d—ngsq
Co=—An, [Co] 7~ et 4 ¢y,
A d—(ng—1)sq
d—ngs
Go=—Anao1 |G =G0 @+ (y,
(52)
3 d—sgq
C’I’Ld*l = _)\1 Lcnd 1= Cnd 2-‘ i 25,1 + Cnan
Cnd € _>‘0 LCnd Cnd 1—| e Sq +7L[ 1 ]‘”‘CndHhOO
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Recall that in the case of Theorem 2 the HD g¢ is fixed, and d = 1/|q| + (nq + 2)s4, d > 0
hold. Under the conditions of Theorem 3 d > 0 is fixed in advance, and ¢ actually depends on
ng according to the equations

Vla(na + 1) + (na +2)sq = d, 1/lg(na)| + (na + 1), = d.

In both cases s, remains fixed.

The coefficients A, satisfy the recursive formulas (16) for ny = 0. Note that A,, = S\nd,
Ao = Ao. The homogeneity degree of the system (52) is s, = sign ¢, and does not depend on the
differentiation order. Moreover, adding one to the order ny simply leads to the addition of one
more equation from above and renumbering the variables. Thus, provided d — (k + 1)s, > 0,
the weight deg (,,—x = d — (k + 1)s, only depends on k and d.

Using (52) rewrite the error dynamics of (8) as

d—(ng+1)sq

Co = —c(|Go| et ;§1S),
G =~y {Q - %Lo—‘

d—(ng+1)sq

+ (o,

Cna = —A1 L(nd - Cnd—1—| BRI Cra+1s
. . _d =
C”d+1 € —Xo Lcnd-i-l - C"d-| o +7L[_17 1]||<nd+1”;lzoo'
37§nd+2;sq
“(ng+Ds
)‘ndikld q
functions (o, Co,C1s -5 Cny, as well as (o, (1, - Cny» Cng+1, form a set of alternative algebraic

Here ¢ = , Co = cCo, Ang+1 = S\ndﬂ. It is easy to check that the homogeneous

coordinates for the space (,,+1-
In the case ng = 0 get ¢ = 1,y = (o. Then the Lyapunov function of the homogeneity degree
a > d— sq for (52) is defined as

One easily checks that

% € LCO—I%(f)\O LCOWﬁ + [—f}/L’fYL] . |C0|ﬁ)

and Vp < —(Xo —VL)|§O|ﬁ for Ao > L.

Now prove that provided the coefficients Ag, A1, ..., An, are properly chosen, any sufficiently
large ¢ > 1 (and A, 41 > 1) provides a proper choice of the coefficients for the differentiator
of the order ng + 1. Construct a homogeneous Lyapunov function V,,,4; by induction.
Induction step. Choose any a, a > 2max[d — (ng+ 2)sq,d] + 1, and let V,,(C,,) be a
homogeneous Lyapunov function of the homogeneity degree a for system (52) of the order
nd, Vp, € C. Such function always exists [7].

In order to simplify the further calculations, consider the lower subsystem of (53). After
renumbering the variables ¢ +— i+ 1, it is identical to (52) if Co=Co=Co=0. The time
derivative of V,,,(C1, ..., (n,+1) With respect to that subsystem is negative definite, which means
that

Vnd (Ch neey Cnd-i-l) S
OVn,

Vnd"YL:O + 7L|84‘T{11‘ H(07 Cla '-'7C’ﬂd+1)||ioo < 0 for (Cla ceny CndJrl) 7& 0. (54>
Let the Lyapunov function for (53) have the form

Via+1 = W@d+1(§0, C1) + Vi, (G1y e Crg+1)s

a7d+(nd+2)sq a7d+(nd+2)‘sq (55)

Wit = [ actnpm (151 080" — ] Tt s
Kl] d—(ng+1)sq

Copyright © 0000 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (0000)
Prepared using rncauth.cls DOLI: 10.1002/rnc



25

According to Lemma 2 the function W, i is non-negative, deg W, +1 = a, and it only

vanishes for 50 = 0. Thus, V,,,+1 only vanishes for CNO =0, (1 =... = (ny4+1 = 0, in which case
(53) implies that (,,+1 = 0. Therefore, V,,,+1 is positive definite.
Denote r; = deg(; = d — (ng + 2 — i)s4. Obviously,

50 a—rq a—rq
waﬁ1=/‘ﬂxw1m a1 s
[¢i]m

and

. _a=rg a—rg

. . Co a_
W = (6] 161796 — 252 [ 6l s s =

a—ro

I R ([
ez~ a1 11T Q|G- 26| =) (56)
Recall that for any A, B >0, (A+ B)? < 2P~!1(AP + BP) holds for p > 1, and (A + B)P <

(AP + BP) holds for 0 < p < 1. Taking into account that 0 < ro/r; < 1for ¢ < 0, and ro/r; > 1
for ¢ > 0 get

:r2 T T2

G = 2ol S\C1|"1+|1C0|” =1 \~+|L<ol’° —Gl, >0
Lorg ro T

|G — 1G] <277 "G e HCO] -G ’1) qg<0.

Thus, substituting the value of ¢ obtain from (56) that

Wnd+1 S )\nd Wnd+1 1 + Wnd+1 2

W11 = q&rﬁg Kﬂ MK&“ ),

Woatrz = MG |G — LCﬂ " 1G] ™ —alt (57)
+V|Cl| A1l — 1G] I¢l,

. % for ¢ < 0,

’}/ P

azragi 1 for q>0.

1

Also note that

a—rq

(6] ™ = 161 (|6 =) > 0 for &y £0,

(1617 = 1617 (|6 =) =0 for & =0, (58)
Co-LCﬂ”—Ofor(o_O .
||Cﬂd+1”h00 - H(O’Clwnvcnqul)Hhoo for CO =0.

The last equality is due to A, 41 > 1.
Now combining (55), (54), (57) obtain

o

Vi1 < =AM i Waata1 + Wags12 + Vi lyo=o + 72 3@"‘1 | 11Gna+1] 1 so- (59)

Obviously, due to (58), (54) and Lemma 3, the right-hand side of (59) is negative definite
for sufficiently large Ay, +1. It finishes the proof for ¢ # 0.
The case ¢ =0 (Theorem 2) formally corresponds to sq =0, d = 1 in (53), correspondingly
r;=1,1=0,1,...,nqy + 1. The further proof is exactly the same. O

Proof of Theorem 4. The theorem immediately follows from the contractivity principle
([22], Section2) and the continuous dependence of the DI solutions on the right-hand-side
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graph [14]. O

Proof of Theorem 5. Consider (12), (13). Subtract féiﬂ) from the both sides of the equation
for 2;, 1 =0,...,nq. Define (; = w; L%, for j = 0,ny — 1, and {; = (2j_pn, — fé]_"f))qu for
j =nyg,...,n5 +ng. The resulting dynamics of errors coincide with the dynamics (49) of the
pure differentiator (5), but of the order ng + ny. Correspondingly the choice of coefficients is
reduced to the case of the pure differentiator (5), i.e. to Theorem 1. O

Proof of Theorem 6. The error dynamics of the filtering differentiator coincides with those
of differentiator (5), but of the order ng + ny. Thus, the theorem is reduced to differentiator
(5), and Theorem 2 for ¢ = 0, and Theorem 3 for ¢ # 0. O

Proof of Theorem 7. Define ¢; = z; — o, deg(; = degz; = dego™ =1+iq, degw; =
1—(ny — i+ 1)q. The closed loop system can be rewritten as the homogeneous DI of the HD
q’
o™ € [-C,C]||Gn-1|l, ™
[Km,KM}U(Un 1+ C),
W= 1 Nf, q(w Cos L, )‘n+nf 1)
C D, _ 1,ny, q(wl,C,L >\n+nf 1)

(60)

Under the exact measurements of &,_1 get
0™ < ClIGn [y + Kn|U(Fn1)] < Lol[Fn1 [0

for some Lo > 0. It is easy to see that (6) is satisfied for ng =n — 1, provided |fén)| <
Y LO||20 = foy ooy Zn_1 — fénfl)Hi;Lq, where ¢ = |¢| for ¢ < 0, and 6 = ﬁ’_l)q for ¢ > 0.
Show that the statement of Theorem 5 follows from the AS of the homogeneous DI

w = Qn—l,nf,q(w7 COv L, >\n+nf—1)a
\ Y U (61)
C S anl,n‘f,q(whga L7 )\n+n‘f71) + (O 0 /YLL HCH )

Choose L > 1 such that v,L° > Lo, and let V,,(#,_1) and Vi(w,¢) be the homogeneous
C' LFs for (27) closed by u = U(&,—1) and (61) respectively, deg V,, = deg V¢ = a > —q. Such
functions always exist [7].

Note that V, (Gn-1) = {VVu@ Fn_1} and similarly Vi(w,¢) are compact numeric sets.
Concequently sup Vy,(Fp_1) < —Wu(Gn_1), supVi(w,¢) < —Wy(w,¢) where W,,W; are
positive-definite functions of their arguments, deg Wy =degWy =a+q>0.

Search for the LF in the form V(&,-1,w, () = Vi (n-1) + V¢ (w,{), > 0. Then

V = Vau(Gn1) + gaio=y ValKom, Ka(U(Gn-1 +¢) = U(Gn-1)) + uVi(w, ().
SUPV S *Wu(gnfl) + Wl(o_:nflaC) - ,U*Wf(waC)a

where the continuous homogeneous function Wy(&,,—1,¢) vanishes for ¢ = 0. It follows now
from Lemma 3 that the right hand side is negative definite for u large enough. O

Proof of Theorem 8. According to the filtering-order definition introduce the functions
§(0), [66] < ex, &7 (1) = mu(t), k= 1,..ony. et

w17w1+€’nf’w2*w2+§7lf +€nf 1y
ny = wny STV L+ 6+ (62)
G=z—f8i=0,.,n
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Then f = fo+mn0 + & + ... + 5&;”, and one can rewrite (12), (13) in the form

. - lal 1=(ny=Da
W1 = =g, LT |Gy — &, | T+l — 6y
. - _2la| 1=(ny=2a
w2 = *And-i-nf—lLl_nfq Lwl - g“f] R w3 — é."f_2’
(63)

) B (ny—1)|ql 14
gt = —Duggal T (31~ 6,7 45, — 6
. - rylad I S
Wny = —Angr1 LT [ @1 — &n, | T + Go + 0,

. ~ (A4nyg)lal 1+4gq -

CO = _)\ndL 1-nga Ld)l - gnf—| 1onga + Cl?

. B (2+nyg)lal 1+2q ~

Go=—Apg1 L T @ — &, | T 4 G, (64)

B - (ng+1+ny)lql 14 (ng+1)q
— 1— "~ 1—
Cng = —AoL I [ S

Multiply by L for ¢ > 0, or divide by L for ¢ < 0. Denote wy, = wy L%, ( = ékLSQ. In the
case ¢ = 0 simply let wy, = &k, (x = (k. Rewrite (63), (64) as the inclusion

1—(nf—1)q

wl c _And+nf If’dl _,'_pl—nfq[_l’ 1]-‘ T-nyfq +(U2 _;'_pl—(nf—l)(I[_L 1}7

1—(ny—2)q

W2 € =Apggng—1|wi +p TI=1,1]] T 4wy + plm (D1, 1],

(65)
Wny—1 € —Apgyz w1 + p' 7™ [—1,1]] =T + wn, +pt-1,1],
Gny € —Angir w1 + pV09[=1,1]] T 4 o + p[—1,1],
Co € —Any w1 +pt =1, 1]] T (1,
(1€ Ayt |wi + pt 7 —1,1]] T + (o, (66)

1+(ng+1)g

Cna € =0 w1+ p =L AT g |G I
which actually is the perturbation of the FT stable homogeneous error dynamics (49) of the
(ng + ng)th-order differentiator (5) obtained by substituting ng + ny for ng and renaming
the first ny variables to wy, k =1,...,n¢, and the rest to (;, ¢ =0, ...,n4. Obviously, degwy =
1—(ny+1—k)q, deg(; =1+1iq, degt = —q, the system HD is ¢, deg p = 1 is assigned.

It follows from [27] (also see Section 2) that sup [(;| < pip' =, sup |wi| < flrp'™ (1R
for some p;, fiyr > 0. Now the accuracies of z; and w; are directly obtained from these
relations. Estimations of wyg, k> 1, can be similarly obtained from (62) under additional
assumptions on the noises. O

Proof of Theorem 9. The closed-loop system gets the form

o) € [=C,CY|Fn-ll ™" + Ky KnlU (GFn—1 + Znm1 = Fn),
y} = Qn 1,0y q(w,20 — 0 — 1, Ll)\”+”f_1)’ (67)
2n71 = anl,nf,q(wh 2,1,1, La )\nJrnffl)-

Using Theorem 8 obtain that after the differentiator transient the dynamics of o satisfy the
DI
o) € [=C, OG5 + [Kpny Knr)U (Gt + h),

h = V(p17p1+q7 “.7p1+(n—1)q)T[_17 1} (68)

for some v > 0. The DI is asymptotically stable and homogeneous of the HD ¢. Assigning the
weight deg p = 1 obtain a homogeneously disturbed DI. The resulting accuracy now follows
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from [27] (also see Section 2). O
Proof of Theorem 10. First let ¢ # 0. The closed-loop system gets the form

ot € [=C, OG-l + [Koms KnrU (Zm1(8)), £ € [t:541),
§jw =0, g, q(w(t') ZO(t') - U(tj> - Q(tj)aLa)\n—O—nf—l)Tja (69>
5j5n71 = Dn 1 nf,q(wl(t ) zn 1( j>7L7)\n+nf71)7—j-

Introduce 51 k(tj) satisfying 6;§; x = & ey for k =0,1,..,0 = 1,&,(t5) = m(t5), |&0(ts)] <
e, 1 =1,2,...,ny. Define

wi(ty) = wi(ty) +&n,0(t)),
wa(ty) = wa(ty) +&ny1(ty) + &ny—1,0(t5),

Wiy (tj) = wny (t5) + Enpong—1(t5) + o +&21(85) + &1,0(25),
Then system (67) gets the form

oM € [~C, OG-l + [Km, KU (Zn1(t )) t € [tj,tjt1),
0w = T 1.y .q(W(t;) = dy(t;),0(t;) +n0(t;), Ly Angng—1),
0jZn—1=T;Dn_ 1”f7‘1(w1( i) — fnf 0( )Zn 1(tj) L )\n+nf 1),
df( ) (€nf0( )gnf 10( )7 7510( )) .

Discrete solutions (w(t;), z(t;)) can be considered as the node points of the piece-wise linear
Euler solutions (w(t), z(t)). The corresponding continuous time solutions satisfy the DI

o™ € [=C, OG-l + [Kms Kar]U (Zamr (¢ = [0,7])),

(‘E)Eanl,nf,q( ( [077])+huﬂ5(tj)+p[_1vl]»La )‘n+nf71)7 .

5n—1 S Dn—l,nf,q(wl(t - [077-]) + ,uwpl_nfq[_la l]a 271—1(1; - [O,T]), L7 An-l—nf—l)y
h’w = /“Lw(plinfq7 "'7p17q)T[_15 1]a

for some p,, > 0. This DI is asymptotically stable and homogeneous for p = 0. Assigning the
weight deg p = 1 to the disturbance get the desired accuracy from [27] (also see Section 2). O

Proof of Lemma 6. Introducing virtual division points if needed, without loss of generality
assume that T < t,q —ts < 2T, s =1,2,.... Let t;, and t;,, be the closest approximations
from above of t, and ¢, by the time d1v1510n t;, 7 =0,1,...,tj41 —t; =7, < 7. Let [v(t)] <
M,. Let 7 be small enough to provide for |v(tj11) — v(¢;)] § 0, due to the equicontinuity,
6 >0as 71— 0.

Approximate the DEs

§i=Cipi=1.. k-1 &=v
by the Euler approximation
él(t) = £i+1<tj>7 i=1,...,k—1, ék(t) = l/(t]‘)7 t e [tj,tj+1).
Let AE = fl —¢&;. Then %A{k € 6,]—1,1] holds. Correspondingly, taking into account two

sampling intervals added at the ends of the segment [t, %, 1] get that ||A¢|| = O(S, 4+ M,7)
holds over the intervals [t;, ,¢;, ] uniformly in s. O
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