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1 Introduction

Control under heavy uncertainty conditions is one of the central topics of the
modern control theory. The sliding-mode control approach [51, 53, 9] to the
problem is based on the exact keeping of a properly chosen constraint by means
of high-frequency control switching. Although very robust and accurate, the
approach also features certain drawbacks. The standard sliding mode may be
implemented only if the relative degree of the constraint is 1, i.e. control has
to appear explicitly already in the first total time derivative of the constraint
function. Another problem is that the high-frequency control switching may
cause dangerous vibrations (the so-called chattering effect) [15, 16, 17].

The issues can be settled in a few ways. High-gain control with saturation
is used to overcome the chattering effect approximating the sign-function in a
narrow boundary layer around the switching manifold [46], the sliding-sector
method [20] is suitable to control disturbed linear time-invariant systems. The
sliding-mode order approach [10, 26] considered in this chapter is capable
to treat successfully both the chattering and the relative-degree restrictions
preserving the sliding-mode features and improving its accuracy.

High order sliding mode (HOSM) [10, 26, 31] is actually a movement on
a discontinuity set of a dynamic system understood in Filippov’s sense [13].
The sliding order characterizes the dynamics smoothness degree in the vicinity
of the mode. Let the task be to provide for keeping a constraint given by
equality of a smooth function o to zero. While successively differentiating o
along trajectories, a discontinuity will be encountered sooner or later in the
general case. Thus, sliding modes o = 0 may be classified by the number r of
the first successive total derivative ¢(") which is not a continuous function of
the state space variables or does not exist due to some reason like trajectory
nonuniqueness. That number is called sliding order. The words ”rth order
sliding” are often abridged to ”r-sliding”.

The standard sliding mode, on which most variable structure systems
(VSS) are based, is of the first order (¢ is discontinuous). While the standard
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modes feature finite time convergence, convergence to HOSMs may be asymp-
totic as well. While the standard sliding mode precision is proportional to the
time interval between the measurements or to the switching delay, r-sliding
mode realization may provide for up to the rth order of sliding precision with
respect to the measurement interval (Levant 1993). Properly used, HOSM
practically removes the chattering effect and the rth order sliding mode is
determined by the equalities

c=6=65=..=0""Y=0. (1)

forming an r-dimensional condition on the state of the dynamic system.

Asymptotically stable HOSMs appear in many systems with traditional
sliding-mode control [18]. In particular, if the relative degree of the constraint
is higher than 1, an auxiliary constraint is usually built, being a linear com-
bination of the original constraint and its successive total time derivatives, so
that it has the first relative degree [46]. As a result, an asymptotically stable
HOSM with respect to the original constraint arises. HOSMs are also deliber-
ately introduced in systems with dynamical sliding modes [44, 37]. The limit
sliding accuracy in the asymptotic representation is the same in that case, as
that of the standard 1-sliding mode [46]. The asymptotic convergence to the
constraint inevitably complicates the overall system performance analysis.

While finite-time-convergent arbitrary-order sliding-mode controllers are
still theoretically studied [30, 31, 14], 2-sliding controllers are already success-
fully implemented for the solution of practical problems [5, 7, 12, 29, 45, 40,
22, 47, 48, 49, 50]. The term “r-sliding controller” replaces here and further
the longer expression “finite-time-convergent r-sliding-mode controller”.

Construction of r-sliding controllers, r > 3, is rather difficult due to the
high dimension of the problem. Thus, only one family of such controllers [30]
was known until recently [33, 34, 36]. Almost all known HOSM controllers
possess specific homogeneity called the r-sliding homogeneity [34]. Thus, new
finite-time convergent HOSM controllers are naturally constructed based on
the homogeneity-based approach. The homogeneity makes the convergence
proofs of the HOSM controllers standard and provides for the highest possi-
ble asymptotic accuracy in the presence of measurement noises, delays and
discrete measurements [34]. With 7 being the sampling interval, the accuracy
o = O(7") is attained. An output-feedback controller with the same asymptot-
ical features is obtained, when a recently developed robust exact homogeneous
differentiator of the order » — 1 [27, 31] is included as a standard part of the
homogeneous r-sliding controller.

The r-sliding controllers [30, 31] actually require only the knowledge of
the system relative degree r. The produced control is a discontinuous function
of the tracking error o and of its real-time-calculated successive derivatives
0,6, ..., o1 The chattering effect is successfully treated, provided the
control derivative is used as a new control input [26, 4, 30]. Unfortunately,
the discontinuity set of controllers [30, 31] is a complicated stratified union of
manifolds with codimension varying in the range from 1 to r, which causes
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certain transient chattering. To avoid it one needs to increase artificially the
relative degree r, inevitably complicating the controller implementation [30,
31]. The finite-time-stable exact tracking is lost with alternative controllers
developed in [50] and [3] for » = 2 and r = 3 respectively.

A sliding-mode controller of a new type is developed in this chapter, be-
ing a feedback function of o, &, ..., ¢("~1), continuous everywhere except the
manifold (1) of the r-sliding mode. The mode o = 0 is established after a
finite-time transient. In the presence of errors in evaluation of the output o
and its derivatives, a motion in some vicinity of (1) takes place. Therefore,
control is practically a continuous function of time, since actually the trajec-
tory never hits the manifold (1) with r > 1. The controller design is based on
the homogeneity reasoning.

Provided the robust exact finite-time-convergent differentiator [27, 31] is
implemented, an output-feedback controller is obtained. It provides for exact
tracking o = 0 if the measurements of the tracking error ¢ are exact, and
for o proportional to the maximal measurement error otherwise. Its transient
features are much better than those of the known r-sliding controllers [30, 31]
(Sections 4, 7). Simulation demonstrates the practical applicability of the new
controller.

2 A “Black-box” control problem and its sliding-mode
solution

Discontinuous differential equations.

Definition 1. A differential inclusion © € F(z) is further called a Filippov
differential inclusion if the vector set F'(x) is non-empty, closed, convex, locally
bounded and upper-semicontinuous [13]. The latter condition means that the
mazximal distance of the points of F(x) from the set F(y) vanishes when © —
y. Solutions are defined as absolutely-continuous functions of time satisfying
the inclusion almost everywhere.

Solutions of Filippov inclusions exist for any initial conditions and have
most of the well-known standard properties except uniqueness [13].

Definition 2. It is said that a differential equation © = f(x) with a locally-
bounded Lebesque-measurable right-hand side is understood in the Filippov
sense, if it is replaced by a special Filippov differential inclusion & € F(x). In
the most usual case, when f is continuous almost everywhere, the procedure
is to take F'(x) being the convex closure of the set of all possible limit values
of f at a given point x, obtained when its continuity point y tends to x. In
the general case approzimate-continuity [42] points y are taken (one of the
equivalent definitions by Filippov [13]). A solution of & = f(x) is defined as a
solution of i € F(x).
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s=$=0

Fig. 1. Convergence to 2-sliding mode

Values of f on any set of the measure 0 do not influence the Filippov
solutions. Note that with continuous f the standard definition is obtained.
Following is the formal definition of the high order sliding mode. For sim-
plicity we restrict ourselves to sliding modes with respect to scalar constraint
functions.

Consider a discontinuous differential equation & = f(x), where z € R” and
f() is a locally bounded measurable vector function. Let it be understood in
the Filippov sense and let a constraint be given by an equation s(z) = 0,
where s : R® — R is a sufficiently smooth function.

Definition 3. Suppose that total time derivatives s,5,5,...,s"=Y) along the
system trajectories exist and are continuous (single-valued) functions of x.
Then, the r-th order sliding set is determined by the equalities

s=§=8=..=s""D=0 (2)

forming an r-dimensional condition on the state of the dynamic system.

Let the r-sliding set (2) be non-empty and assume that it is locally an
integral set in Filippov’s sense (i.e. it consists of Filippov’s trajectories). Then
the corresponding motion on the set (2) is said to be in the r-sliding mode with
respect to the constraint function s.

The rth derivative s(") is mostly supposed to be discontinuous, non-
existent or not a single-valued function. The definition is extended to the
non-autonomous case adding the fictitious equation £ = 1. A sliding mode is
called stable if the corresponding integral sliding set (2) is stable. A typical
possible trajectory when approaching a 2-sliding mode is shown in Fig. 1.
Note that if the sliding order is higher than 1, the entrance into the sliding
mode can require finite or infinite time as well.
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Black-Box control problem.

Let a Single-Input-Single-Output (SISO) system to be controlled have the
form

t=a(t,z) +b(t,z)u, z€R", ueR, (3)
o (t,x) — o(t,z) € R,

where ¢ is the measured output of the system, u is control. Smooth functions
a, b, o are assumed unknown, the dimension n can also be uncertain. The
task is to make o vanish in finite time by means of a possibly discontinuous
feedback and to keep 0 = 0. The solutions are understood in the Filippov sense
[13], and the system trajectories are supposed to be infinitely extendable in
time for any bounded Lebesgue-measurable input. Although it is formally not
needed, the weakly minimum-phase property is often required in practice.
Extend the system by means of a fictitious equation ¢ = 1. Let & = (z, t)?,
a() = (a(t,z),1)!, b(Z) = (b(t,z),0)". Then the system takes on the form

&= a(@) + b(@)u, o = o(i). (4)

According to [21] the equality of the relative degree of system (4) to r means
that the Lie derivatives L;o, L;Lzo, ... ,LELgﬁa equal zero identically in a
vicinity of a given point and Lngfla is not zero at the point. It is assumed
that the relative degree r [21] of the system is constant and known.

The equality of the relative degree to r means, in a simplified way, that u
first appears explicitly only in the rth total time derivative of o. As follows

from [21] the equation
o) = h(t,2) + g(t, x)u, g(t,z) #0, (5)

holds, where h(t,z) = Lo = o]z, g(t, ) = Lngfla = %U(T). Thus, h,
g may be defined on the basis of the input-output relations, and are unknown
smooth functions. The uncertainty prevents immediate reduction of (3) to the
standard form (5). Suppose that the inequalities

d
|60 < C, 0< K, < %a“‘) < K. (6)

hold for some K,,, Kj;,C' > 0. These conditions are satisfied at least locally
for any smooth system (3) having a well-defined relative degree at a given
point with ¢ = ¢ = ... = ¢(""1) = 0. Assume that (6) holds globally. Then
(5), (6) imply the differential inclusion

o™ € [=C,C) + [Kpm, K]u. (7)
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The problem is solved in two steps. First a bounded feedback control
u="(0,5,..0" ), (8)

is constructed, such that all trajectories of (7), (8) converge in finite time
to the origin ¢ = ¢ = ... = ¢("1 = 0 of the r-sliding phase space o, &,
, o'~ At the next step the lacking derivatives are real-time evaluated,
producing an output-feedback controller. The function ¥ is assumed to be
a Borel-measurable function, which provides for the Lebesgue measurability
of composite functions to be obtained further. Actually all functions used
in the sliding-mode control theory satisfy this restriction. In particular, any
superposition of piece-wise continuous functions is Borel-measurable.

The differential inclusion (7), (8) is understood here in the Filippov sense,
which means that the right-hand side set is enlarged producing a Filippov
inclusion. To this end the above Filippov procedure is applied to the function ¥
and the obtained Filippov set is substituted for u in (7), producing a Filippov
inclusion to replace (7), (8). Any solution of (7), (8) is defined as a solution of
the constructed Filippov inclusion. Every time when a differential inclusion is
considered in this chapter, an appropriate Filippov inclusion replaces it.

Note that the function ¥ has to be discontinuous at the origin. Indeed,
otherwise u is close to the constant ¥ (0, 0, ..., 0) in a small vicinity of the origin,
and, taking ¢ € [-C,C] and k € [K,,, Ku] so that ¢ + k¥(0,0,...,0) # 0,
achieve that (8) cannot stabilize the dynamic system o(") = ¢ 4 ku. Thus,
o("=1) is to be discontinuous along the trajectories of the original system (3),
(8), which means that the r-sliding mode ¢ = 0 is to be established. All
known high-order sliding controllers [4, 7, 26, 31, 36] may be considered as
controllers for (7) steering o, &, ..., 0"~ to 0 in finite time. Inclusion (7)
does not “remember” either the original system (3) or the way it was obtained.
Thus, such controllers are obviously robust with respect to any perturbations
preserving the system relative degree and (6).

3 Homogeneous sliding modes and their features

Definition 4. A function f : R* — R (respectively a set-valued function
F(z) € R, x € R") is called homogeneous of the degree ¢ € R with the
dilation dy : (21,%a,...,2y) = (K™ 21, ™22, ..., k™" xy) [2], where my, ...,
my are some positive numbers (weights), if the identity f(z) = k= 7f(dxx)
(respectively F(x) = k™ 9F (d,z)) holds for any x and k > 0 .

For example, 2% 4+ y? is a homogeneous function of the degree 6 with the
weights 2 and 3 of z and y respectively.

Definition 5. A vector field f : R* —» R" , x € R", (respectively a vector-set
field F(z) € R™ ) is called homogeneous of the degree ¢ € R with the dilation
di (1, @, ., y) = (K™, ™22, ..., K™ xy,) [2], where myq, ..., m, are



Homogeneous Quasi-Continuous Sliding Mode Control 149

some positive numbers (weights), if the identity f(z) = xk=9d_' f(d.x) holds
for any x and k > 0 (respectively F(z) = k= 4d; ' F(d.x) ).

The non-zero homogeneity degree ¢ of a vector field (vector-set inclusion) can
always be scaled to +1 by an appropriate proportional change of the weights
M1y ooy Mp.

Definition 6. A discontinuous differential equation & = f(x) is called homo-
geneous in the Filippov sense, provided it is understood in the Filippov sense
and the corresponding equivalent Filippov inclusion & € F(x) is homogeneous.

Hence, the Filippov homogeneity property is not affected by the val-
ues of f on a point set of the measure 0. Note that the homogeneity of
a vector field f(z) (a vector-set field F(x)) can equivalently be defined as
the invariance of the differential equation # = f(z) (differential inclusion
% € F(z)) with respect to the combined time-coordinate transformation
G : (t,x) = (kPt,dez), p = —q, where p can be considered as the weight
of t.

The natural question arises what is the difference between a function and
a scalar vector field (a set-valued function and a scalar vector-set field) in this
context. The answer is that the latter is associated with a scalar differential
equation (inclusion), i.e. the differentiation with respect to time implicitly
appears. For example, the function z? is a homogeneous function of the degree
3 with the dilation d,, : x — Kz, i.e. with the weight 1 of x. At the same time
the vector field z? is associated with the differential equation # = 2® and has
the degree 2, which corresponds to the weight -2 of the time variable ¢. The
corresponding weight balance equation is as follows: weight of z minus weight
of ¢ equals homogeneity degree of the right-hand side function, i.e. 1 - (-2) =

2/3
3. Thus ( +

1/5
vy 1/3 > is an example of a homogeneous vector field with the

215 4y
dilation d : (z,y) = (k°z, k%y), weights 5, 3, and the homogeneity degree -2.

Definition 7. A differential inclusion & € F(z) (equation & = f(x)) is fur-
ther called globally uniformly finite-time stable at 0, if it is Lyapunov stable
and for any R > 0 there exists T > 0 such that any trajectory starting within
the disk ||z|| < R stabilizes at zero in the time T.

Definition 8. A differential inclusion & € F(z) (equation & = f(zx)) is fur-
ther called globally uniformly asymptotically stable at 0, if it is Lyapunov stable
and for any R > 0, € > 0 exists T > 0 such that any trajectory starting within
the disk ||z|| < R enters the disk ||z|| < € in the time T to stay there forever.

A set D is called dilation retractable if d, D C D for any k < 1.

Definition 9. A homogeneous differential inclusion & € F(z) (equation & =
f(x)) is further called contractive if there are 2 compact sets Dy, Dy and
T > 0 such that Dy lies in the interior of D1 and contains the origin; Dy is
dilation-retractable; and all trajectories starting at the time 0 within Dy are
localized in Do at the time moment T.
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Theorem 1. [3/] Let & € F(z) be a homogeneous Filippov inclusion with
a negative homogeneous degree —p, then definitions 7-9 are equivalent and
the mazimal settling time is a continuous homogeneous function of the initial
conditions of the degree p.

Equivalence of definitions 7, 8 with negative homogeneous degrees is proved
also in [41]. An important consequence is that, due to the obvious robustness
of the contractivity property, finite-time stability of a homogeneous differen-
tial inclusion with negative homogeneous degree is insensitive with respect to
homogeneous perturbations small in some bounded region.

Let & € F(x) be a homogeneous Filippov differential inclusion. Consider
the case of “noisy measurements” of z; with the noise magnitude 7™i¢;, i =
1,...,n,

& € F(zy + ™ [—c1,¢1], oo, n + T [—Cnycn]), 7> 0,¢; > 0.

Applying successively the closure of the right-hand-side graph and the convex
closure at each point z, obtain some new Filippov differential inclusion & €
F, ().

Theorem 2. [34] Let & € F(z) be a globally uniformly finite-time-stable ho-
mogeneous Filippov inclusion with the homogeneity weights my, ..., m, and
the degree —p < 0, and let 7 > 0, ¢1, ..., ¢ > 0. Suppose that a continuous
function x(t) be defined for any t > —7P and satisfy some initial conditions
x(t) = &(t), t € [-7P,0]. Then if z(t) is a solution of the disturbed inclusion
(t) € Fr(z(t + [-7P,0])), 0 < ¢t < oo , the inequalities |z;| < v,7™ are
established in finite time with some positive constants 7; dependent only on
the constants ¢; and independent of T and &.

Note that Theorem 2 covers the cases of retarded or discrete noisy mea-
surements of all or some of the coordinates and any mixed cases. In particular,
infinitely extendable solutions certainly exist in the case of noisy discrete mea-
surements of some variables or in the constant time-delay case.

4 Quasi-continuous homogeneous sliding-mode control

Suppose that feedback (8) imparts homogeneity properties to the closed-loop
inclusion (7), (8). Due to the term [—C, C], with C' > 0 the right-hand side of
(7) can only be a homogeneous set-valued function of the homogeneity degree
0. Indeed, with a positive degree the right hand side of (7), (8) approaches
zero near the origin, which is not possible with C' > 0. With a negative degree
it is not bounded near the origin, which contradicts the local boundedness
of ¥. Thus, the homogeneity degree of the right-hand side of (7) is to be 0,
and the homogeneity degree of the function o("~1) is to be opposite to the
homogeneity degree of the whole system (i.e. equals the weight of the time
variable).
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Scaling the system homogeneity degree to -1, achieve that the homogeneity
weights of ¢, 0, &, ..., 0"~V are 1, r, r—1, ..., 1 respectively. This homogeneity
is further called the r-sliding homogeneity.

Definition 10. The inclusion (7), (8) and controller (8) are called r-sliding
homogeneous if for any k > 0 and 0,6, ...,V the combined time-coordinate
transformation

1

Gy : (tao:d: "':U(T_l)) s (Kat;/‘ﬁro',l‘ér_ o, ...,K’,O'(r_l)) (9)

preserves the closed-loop differential inclusion (7), (8).

Note that the Filippov differential inclusion corresponding to the closed-
loop inclusion (7), (8) is also r-sliding homogeneous. Indeed, the convexity,
the limiting process and the Lebesgue measurability are invariant with respect
to the linear time-coordinate transformation (9).

Transformation (9) transfers (7), (8) into

o™ € [=C,0l + [Kpm, Kp|# (K0, k" 26, ..., ko™ D).
Hence, (8) is r-sliding homogeneous iff
(Ko, k16, ., ke "Y) = (0, 6,..., 0" Y). (10)

Such a homogeneous controller is inevitably discontinuous at the origin
(0,...,0), unless ¥ is a constant function. It is also uniformly bounded, since
it is locally bounded and takes on all its values in any vicinity of the origin.

A controller is called r-sliding homogeneous in the broader sense if (9)
preserves the resulting trajectories of (7). In particular, the sub-optimal 2-
sliding controller [4, 7] is homogeneous, though it does not have the feedback
form (8). Since the values of ¥ on any zero-measure set do not affect the
corresponding Filippov inclusion and the homogeneity in the Filippov sense,
such changes of ¥ also do not affect the trajectories and the controller homo-
geneity in the broader sense. Almost all known r-sliding controllers, r > 2,
are r-sliding homogeneous. The only important exception is the terminal slid-
ing mode controller u = —asign(d + Bo?), where p = (2k + 1)/(2m + 1),
a,f8 > 0, k < m, and k, m are natural numbers [38]. Indeed, the identity
sign(ké + B(k?0)?) = sign(d + Bo*) requires p = 1/2 and ¢ > 0. The fol-
lowing r-sliding homogeneous controllers solve the general problem stated in
Section 2.

Nested-sliding-mode (nested-SM) controller [30, 31].

This controller is based on a complicated switching motion, which can be
approximately described by a sequence of nested sliding modes (Section 6).
Letp>r,i=1,...,r—1, 84,...,5,_; be some positive numbers. Denote
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Ny = |o|"=D/" N = (Jo|P/" + |6[P/ =D 4 4 |l p/(r=it Dy (=) /p

7r_

Yy, = signo, ¥;, = sign(cr(i) + B;Niy¥i_1 ).

Obviously, N; , and ¥; , are r-sliding homogeneous functions of the weights r—
i and 0 respectively, N; , is also a positive-definite function of 0,5, ...,a=1).
Then the corresponding r-sliding homogeneous controller is defined as u =
—a¥,._1,(0,0,.., a(r’l)). The proposed controller is easily generalized: coef-
ficients of IV;, may be any positive numbers, etc. Certainly, the number of
choices of f; is infinite. Following are the controllers with » < 5, and p
tested for r < 4. p is here the least common multiple of 1,2, ..., r. The first is

the relay controller, the second is close to [38].

1. u=—asigno

2. u=—asign(o + |o|'/?signo),

3. u=—asign(g + 2(|6> + |o]?)"/Ssign(s + |o|*/3signo),
4. u=—asign{d +3(6° + ¢* + |0]?)"/Zsign[o+

o' +0]?)/%sign(o + 0.5|0|3/*signo)]},

5. u=—asign(@® + B,(|lo'* + |6|"° + |57+
[5]%) Osign(a®) + Bs(|lo|" + [o]'* + 16]*°)"/*sign(5
+By(lo "> +16]'%)"/*%sign(s + B, |o|*/*signo)))).

Quasi-continuous controller [33, 36].

As it was shown in Section 2, any controller (8) solving the stated problem of
the finite-time establishment and keeping of ¢ = 0 is inevitably discontinuous
at the r-sliding mode set 0 = ¢ = ... = ¢("~1) = 0. In order to reduce the
chattering, a controller is designed, which is continuous everywhere except
this set. Such a controller is naturally called quasi-continuous, for in practice,
in the presence of measurement noises, singular perturbations and switching
delays, the motion will take place in some vicinity of the r-sliding set 0 = ¢ =
.. = o"=1) = 0 never hitting it with » > 1. This means that the control will
actually be a continuous function of time. Let i = 1,...,r — 1. Denote

Po,r = 0 NO,T = |0‘7 WO,T = ‘pO,r/NO,T =signo,
cpi,r = 0(2) + BiN(TI,iqﬂ)/(r_i+l)Wifl,ra Ni,r = ‘0(2)| + 62’N'(T_i)/(r_i+1)a

i— i—1,r

P = ;0 /Nir,

where f,..., f,_; are positive numbers. The following proposition is easily
proved by induction.

Proposition 1. Let i = 0,...,7 — 1. N;, is positive definite, i.e. N;, = 0 iff
0=06=..=0" =0. The inequality |@; »| <1 holds whenever N; . > 0. The
function ¥; (0,6, ...,a)) is continuous everywhere (i.e. it can be redefined by
continuity) except the point c =6 = ... = ol = 0.
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Theorem 3. Provided f3+,..., B,_1, @ > 0 are chosen sufficiently large in the
list order, both above designs result in the r-sliding homogeneous controller

u=—-a¥ 1,.(0,6,..,00"V) (11)

providing for the finite-time stability of (7), (11). The finite-time stable r-
sliding mode o = 0 is established in the system (3), (11).

Any time the finite-time stability is mentioned in this chapter it means
that the maximal possible transient time is a locally bounded function of
initial conditions [34]. The main points of the proof are given in Section 6. It
follows from Proposition 1 that control (11) is continuous everywhere except
the r-sliding mode 0 = ¢ = ... = o("=Y = 0. Another quasi-continuous
controller is constructed in [34] as a homogeneous regularization of the above
nested-sliding-mode controller.

Each choice of g4, ..., 8,_; determines a controller family applicable to all
systems (3) of relative degree r. Parameter @ > 0 is chosen specifically for
any fixed C, K,,, Kjs, most conveniently by computer simulation, avoiding
redundantly large estimations of C, Km, KM. Obviously, « is to be negative
with 8%0(") < 0. Following are quasi-continuous controllers with » < 4 and
simulation-tested ;.

1. u = —asigno,
2. u=—a(6 +|o|"?signo) /(6| + |o]'/?),
3. u=—al5+2(|g] + |0]*/?)"V2(6 + |0 >/ signo)]/
18] +2(l6] + |0 /%)),
4. @y 4 =0 +3[6+ (|0] + 0.50[**) 735 + 0.5|0*/* sign o))
18]+ (o] + 0.5[a]*/4]~"/2,
Naa = [5]+3[l6] + (|6] + 0.50]**)*]'2, u = —ap; 4/Naa.
While the control is a continuous function of time everywhere except the
r-sliding set, it may have infinite derivatives when certain surfaces are crossed.

All further Theorems are standard consequences [34] of the r-sliding homo-
geneity of controller (11) and Theorems 1, 2.

Theorem 4. Let the control value be updated at the moments t;, with t;y; —
t; =7 = const >0, t € [t;,tit1) (the discrete sampling case). Then controller
(11) provides in finite time for keeping the inequalities |o| < pot", |6 <
p " o oY | < g, T with some positive constants pig, iy, ...p fp_;-

That is the best possible accuracy attainable with discontinuous o(") [26].
The following result shows robustness of controller (11) with respect to mea-
surement errors.
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Theorem 5. Let 0¥ be measured with accuracy nizs(r_i)/r for some fixed n; >
0,i=1,..,r—1. Then with some positive constants y; the inequalities |o()| <
uis(r’i)/r ,1=0,...,7 — 1, are established in finite time for any ¢ > 0.

The convergence time may be reduced by changing coefficients 3;. Another
way is to substitute A 2o for (/) and A"a for a, A > 0, causing convergence
time to be diminished approximately by A times [35].

Implementation of r-sliding controller when the relative degree k is less
than r. Introducing successive time derivatives u, u, ...,u""*~1) as new aux-
iliary variables and u("~*) as a new control, achieve different modifications
of each r-sliding controller intended to control systems with relative degrees
k=1,2,...,r. The resulting control is (r — k — 1)-smooth function of time with
k < r, a Lipschitz function with £ = r — 1 and a bounded ”infinite-frequency
switching” function with k& = r.

Chattering removal. The same trick removes or considerably attenuates the
chattering effect. For example, substituting u("=Y for u in (8), receive a local
r - sliding controller to be used instead of the relay controller u = —signo and
attain rth order sliding precision with respect to 7 by means of (r —2)-smooth
control with Lipschitz (r — 2)th time derivative. It needs to be modified for
global usage.

Controlling systems nonlinear on control. Consider a system & = f(¢,x, u)
nonlinear on control. Let 6%0(“ (t,z,u) =0fori=1,....,7—1, %U(T) (t,z,u) >
0. It is easy to check that the problem is now reduced to that considered above
with relative degree r + 1 by introducing the new auxiliary state variable u
and the new control v = 1.

5 Output-feedback sliding-mode control

Asymptotic features of the known high-order sliding mode controllers [26, 30,
31, 7] are easily obtained from Theorem 2. Any r-sliding homogeneous con-
troller can be complemented by an (r — 1)th order differentiator [1, 5, 24, 27,
31, 23, 52] producing an output-feedback controller. In order to preserve the
demonstrated exactness, finite-time stability and the corresponding asymp-
totic properties, the natural way is to calculate &, ..., 0"~ in real time
by means of a robust finite-time convergent exact homogeneous differentia-
tor [31]. Tts application is possible due to the boundedness of ¢(") provided
by the boundedness of the feedback function ¥ in (8). Following is the short
description of the differentiator.

5.1 Arbitrary-order real-time exact robust differentiation.

Suppose that it is known that the input signal is compounded of a smooth
signal fo(t) to be differentiated and a noise being a bounded Lebesgue-
measurable function of time. Both signals are unknown and only their sum is
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available. Tt is proved that if the base signal fo(¢) has pth derivative with Lip-
schitz’s constant L > 0, the best possible kth order differentiation accuracy
is dy, L/ (41 g(p=k+1)/(r+1) where d; > 1 may be estimated (this asymp-
totic representation may be improved with additional restrictions on fo(t)).
Moreover, it is proved that such a robust exact differentiator really exists
[27, 31].

Let the aim be to find real-time robust estimations of fy(t), fo (), ..., fép) (1),
being exact in the absence of measurement noise and continuously depending
on the noise magnitude. The differentiator is recursively constructed.

Let a (p — 1)th-order differentiator D, 1(f(t), L) produce outputs D} _,
(i = 0,1,...,p — 1), which are estimates of fo,f’o,,...,fépfl) for any input
signal f with fép_l) having Lipschitz constant L > 0. Then, the pth order
differentiator has the outputs z; = ij ,1=20,1,...,p, defined as follows:

to=v, v=—Nz— f(t)|7 sign(zo — f(t)) + 21,

12
2 =DY_(v,L), ..., z =D (v,L) (12)
Here Do(f(t), L) is a simple nonlinear filter
Do: zZ=-MXsign(z— f(t)), A>L. (13)
In other words the pth order differentiator has the form
Z0=vo, vo=—Xolzo— f(1)|7F sign(zo — £(1)) + 21,
Z.i =V, v; = _/\z|Zz — l/i_1|1’f++i1 sign(zi — l/i_1) + Zi+1, (14)

Zp = —Apsign(zp — vp_1)

It is easy to check that the above differentiator can be rewritten in the
non-recursive form

20 = 21 — Kolzo — f(t)]
21 = 2o — K1]zo — f(t)| 7+ sign(zo0 — f(t))

—~
—_
[$24

~—

p—i

Z; = z; — Kilzo — f(t)|»¥7 sign(z0 — f(1))

Zp = —kpsign(zo — f(t))

for suitable positive constant coefficients k;. The coefficients are easier to be
found for form (14), for in that case the pth order differentiator requires only
one parameter to be found, if the lower-order differentiators are already built.
Having been found for L = 1, the parameters are easily recalculated for any
L. In the following Theorems [31] the performance of the proposed differen-
tiator in the presence of bounded measurement noises, and with discrete-time
implementation, is studied.
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Theorem 6. Let the input noise satisfy the inequality |f(t) — fo(t)| < e. Then
the following inequalities are established in finite time for some positive con-
stants p;,v; depending only on the parameters of differentiator (14)

(p—i+1)

2 — 10O S e T i=0,.p:
; (p—1)
lv; — SV @) < v eTF, =0, p— 1.

Exact differentiation is provided with e = 0. Using recursive high-order
differentiators the noise propagation is obviously counteracted as compared
with the cascade implementation of first-order differentiators. Consider the
discrete-sampling case, when zo(t;) — f(t;) is substituted for zo — f(¢), with
t; §t<tj+1, tjr1 —t; =7>0.

Theorem 7. Let 7 > 0 be the constant sampling interval in the absence of
noises. Then the following inequalities are established in finite time for some
positive constants p;,v; depending exclusively on the parameters of differen-
tiator (14)

‘Zi - .f(gZ) (t)‘ S :uz Tp7i+17 Z = 0: e D
‘vi - f[gH—l) (t)‘ S Vi Tpii: i= 0: Ty L
Theorem 8. Let parameters Ao;, i = 0,1, ..., p, of differentiator (14) provide
for exact p—th order differentiation with L = 1. Then the parameters \; =

Xoi LY =) are walid for any L > 0 and provide for the accuracy |z; —
foli)(®)] < i, L/ PHDEP=HD/BH) for some i, > 1.

Parameters Ag; are easily found by computer simulation, successively rising
the differentiator order according to (12). A set of such parameters is listed
further.

5.2 Implementation of the differentiator with r-sliding
homogeneous controller

The proposed output-feedback dynamical feedback has the form

u=W(z0,21, s 2r—1), (16)
20 = v,V = —AoLY7"|zg — o|"" /" sign(z — o) + 21,
21 = v, = —/\1L1/(’_1)|21 - vg|(’_2)/(’_1) sign(z; — vo) + 22,
Zp—9 = Up—2,Vp—2 = _/\r—QLl/Q‘Zr—Q - 'Ur—3|1/2 Sign(zr—Q - 'Ur—3) + 2p—1,
Zr_1 = —Ap_1Lsign(z,—1 — v,_2),

(17)
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where ¥ is an r-sliding homogeneous controller, L > C + sup |¥|K s, and
parameters \; of differentiator (17) are adjusted in advance [32]. A possible
choice of the differentiator parameters with r < 6 is A\,.—y = 1.1, A\,._o = 1.5,
Ar_3 = 3, Arg = 9, Aro5 = 8, Ar—g = 12.

Taking the homogeneity weight » — i for z; , i = 0,1,...,7 — 1, obtain a
homogeneous differential inclusion (7), (16), (17) of the degree —1. Due to
Theorem 6 the corresponding Filippov inclusion is also globally uniformly
finite-time stable. Let ¢ measurements be corrupted by a noise being an un-
known bounded Lebesgue-measurable function of time, then solutions of (3),
(16), (17) are infinitely extendable in time under the assumptions of Section
3, and the following Theorems are simple consequences of Theorem 2.

Theorem 9. Let controller (16) be r-sliding homogeneous and finite-time sta-
ble, and the parameters of the differentiator (17) be properly chosen with re-
spect to the upper bound of |¥| . Then in the absence of measurement noises the
output-feedback controller (16), (17) provides for the finite-time convergence
of each trajectory to the r-sliding mode o = 0, otherwise convergence to a set
defined by the inequalities |o| < pyd, |6| < p 87V, L oD <, 87
is ensured, where § is the unknown measurement noise magnitude and piy, {1y,
...y Bp_q are some positive constants.

In the absence of measurement noises the convergence time is bounded by
a continuous function of the initial conditions in the space o, &, ..., o™=
21, vy Zp—1 which vanishes at the origin (Theorem 1).

y 205

Theorem 10. Under the conditions of Theorem 9 the discrete-measurement
version of the controller (16), (17) provides in the absence of measurement
noises for the inequalities |o| < por", |0] < 7"V, L, =Y < p._y T for
some g, fy, -y fp_q > 0.

The asymptotic accuracy provided by Theorem 10 is the best possible with
discontinuous o(") and discrete sampling [26]. A Theorem corresponding to
the case of discrete noisy sampling is also easily formulated based on Theo-
rem 2. These results are also valid for the 2-sliding homogeneous sub-optimal
controller [4, 7].

6 Proof of Theorem 3.

Only main points of the proofs are given here. Consider first the nested-sliding-
mode controller. Denote ¢, . = o) 4 BiNiyWi—1,r, i =1,...,7 — 1. The idea
of the controller is that a 1-sliding mode is established on the smooth parts of
the discontinuity set I" of (11) (Fig. 2). That sliding mode is described by the
discontinuous differential equation ¢, _; , = 0 of the order r — 1, providing
in its turn for the existence of a 1-sliding mode on the surface ¢, ,, = 0

embedded in the subspace ¢,¢6,...,0("=2). The equation ¢,_a, = 0 can be
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Fig. 2. The idea of r-sliding controller
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Fig. 3. The discontinuity set of the 3-sliding controller

considered as a discontinuous differential equation of the order r — 2, providing
in its turn for the appearance of the sliding mode ¢,_5, = 0, etc. The last
equation is ¢ . = 0 + Bylo|r=V/"signo = 0, and it provides for the finite-
time establishment of the identity ¢ = 0.

In the reality, though, no sliding mode is possible on a discontinuous
surface described by the equation ¢, ;, = 0. The primary sliding mode
¢y_1,» = 0 deteriorates when the trajectory approaches the discontinuity set
of the function ¢,_, , , i.e. exactly at the moment when the secondary one
were to appear. The real motion takes place in some vicinity of the subset
of I' satisfying ¢, , . = 0. The larger a the smaller is the projection of this
vicinity in the subspace 7,4, ...,0(""?) to the set ©y_o, = 0 (Fig. 2). Thus,
the motion transfers in finite time into some vicinity of the subset satisfying
¢p—3, = 0 and so on. While the trajectory approaches the r-sliding set (1),
set I retracts to the origin in the coordinates o, 4, ...,a("~1), Set I" with r = 3
is shown in Fig. 3. The above qualitative reasoning makes almost obvious the
contractive property of the controller. Application of Theorem 1 completes
the proof.

Consider now the quasi-continuous controller. Consider first the case r = 2.
The controller takes on the form

u=—a(s + B|o|'*signa) /(6] + By|o|'/?).
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u=05q ACS

12, pON
6+3B|o| signo =0

172,
6+%ﬁ]|0| ‘signo=07""--.. ..

Ty =0

u=05a

&+3pol signo =0

Fig. 4. 2-sliding quasi-continuous controller

The inequality |u| > 2a holds outside of the region |¥; | < 0.5 bounded
by the curves ¢+ 13, |o|'/?signo = 0 and & +33,|0|'/? signo = 0. Thus, with
sufficiently large « this region is a finite-time attractor of the system (Fig. 4).
Obviously, the trajectories confined between these curves inevitably converge
to the origin in finite time, which completes the proof for r = 2. The Theorem
proof generalizes this reasoning to the arbitrary relative degree.

The proof is based on a few Lemmas. Recall that the homogeneity weight
of 6 isr—i i=0,..,7—1and the weight of ¢ is 1.

Lemma 1. The weight of N;, equals r —i, i = 0,...,r — 1. Each homoge-
neous locally-bounded function w(o,d,...,00) of the weight r — i satisfies the
inequality |w| < e¢N; , for some ¢ > 0.

Indeed, N;, is a positive-definite locally-bounded function (Proposition
1), which implies that w/N;, is bounded on a unit sphere and, therefore,
everywhere.

Lemma 2. Let 1 < i < r — 2, then for any positive B;, v;, v;.1 with
sufficiently large B;,; > 0 the inequality |oli+!) + BiHNi(T*Z*l)/(rﬂ)y'/i’r\ <

NG
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(r—i—=1)/(r—1i)

Yig1 N, provides for the finite-time establishment and keeping of
the inequality |o) + BiNl.(f;?/(’ gL < %Nl(rllr)/(r i+1)

Proof. Consider the point set 2(z) = {(0,6,....,00)| |, | < ¢} for
some fixed £ > 0 &€ < v;/(3B;), € < 1/3. The inequality |¥; | < ¢ implies
lo@] < 28, N L /(Piﬂ) and, therefore, 2(§) C (21(¢), where 21(¢) is
defined by the 1nequality

| +BN z/(r H—l w;_ 1r‘< 3B€N —1) (r l+1)

That is equivalent, in its turn, to ¢ < o) < ¢, , where ¢_, ¢, are
homogeneous functions of o, ...,0(=") of the weight r — i. Restricting ¢_
and ¢, to the unit homogeneous sphere p =1, where

p=(cP" + P/ =1 4 4 (gD it — o)

achieves some continuous (on the sphere) functions ¢, _ and ¢, . Functions
@;_ and ¢, can be approximated on the sphere by some smooth functions
@, and @, from beneath and from above respectively.

Any function ¢ defined on the homogeneous sphere p = 1 is uniquely
extended to the function @ of the weight w > 0 defined in the whole space
0,6,...,0) by the formula

&(o,0,..., a(i_l)) = p¥p(p "o, p " s, ...,p_r*'i_la("_l)),
where the function p is defined above. Thus, functions ¢, and ¢, are ex-
tended by homogeneity to the continuous homogeneous functions ¢_ and &,
of 0,6,...,000=") of the weight r — i, smooth everywhere except 0, so that
() € D(&) = {(0,6,-,0D)| - < o) < B, ).

Prove now that 25(&) is 1nvar1ant and attracts the trajectories with large
Biy1. The “upper” boundary of 2,(§) is given by the equation 7, = oli) —
&, = 0. The inequality |&; .| > ¢ is assured outside of (25(). Suppose that
at the initial moment 71 > 0 and, therefore, |¥; .| > &. Taking into account
that 43+ is homogeneous of the weight » — i — 1 and, according to Lemma
1, [dy] < nNi(;_l_l)/(r_l) , and 74| < K1 N;, for some k, k1 > 0, achieve
differentiating that with sufficiently large 3,

7.T+ S ( Bz+1€+72+1)N(T i—1)/(r—i) _ ¢+
< (= 5z+1§ + Vi + H)N(T i—1)/(r—1)
< (‘51’4—15 + Yit1 + ”)(”1 17T+)('r'7i71)/(7.7i)-

Hence 7 vanishes in finite time with §,,; large enough. Thus, the trajectory
inevitably enters the region 25(¢) in finite time. Similarly, the trajectory en-
ters (25(€) if the initial value of 7= = ¢() =& _ = 0 is negative and, therefore,
|@; »| < — &. Obviously, 25(&) is invariant.
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Choosing ¢_ and &, sufficiently close to ¢, and ¢,, on the homoge-
neous sphere and ;. large enough, achieve from Lemma 1 that £2,(¢) C
21(v,;/(38;)) and the statement of Lemma 2. B

Since Ny, = |o], g, = 0, Lemma 2 is replaced by the next simple Lemma
with ¢ = 0.

Lemma 3. . The inequality |6 + (,|o|" /" signa| < ~,|a|"~/" provides
with 0 < 7, < By for the establishment in finite time and keeping of the
identity o = 0.

The proof of the Theorem is now finished by using a similar approach to
Lemma 2 proof that for any v > 0 with sufficiently large « the inequality
lo(r=1 4 Br_lergJ!Pr_gm < WN:g is established in finite time and kept
afterwards. B

,T

7 Simulation example
Car control.
Consider a simple kinematic model of car control [39]
T =wvcosy, y=wvsinp,
p= % tan @,

0 =u,

where x and y are Cartesian coordinates of the rear-axle middle point, ¢ is
the orientation angle, v is the longitudinal velocity, ! is the length between
the two axles and 6 is the steering angle (Fig. 5). The task is to steer the car
from a given initial position to the trajectory y = g(z), while z,y and ¢ are
assumed to be measured in real time. Note that the actual control here is 6
and @ = u is used as a new control in order to avoid discontinuities of §. Any
practical implementation of the controller developed here would require some
real-time coordinate transformation with ¢ approaching +7/2. Define

o=y—g(z).

Let v =const = 10m/s, l = 5m, g(z) = 10sin0.05z+5, 2 =y=p =0 =
0 at t = 0. The relative degree of the system is 3 and both 3-sliding homoge-
neous controllers from the above lists may be applied here. Unfortunately the
transient features of the nested-sliding-mode controller feature some chatter-
ing (a = 20, Fig. 6). Thus, the relative degree is artificially increased up to
4, and the 4-sliding controller is used [30]. Also the quasi-continuous 3-sliding
controller can be applied here. It was taken o« = 1, L = 400. The resulting
output-feedback controller (16) - (17) is
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X

Fig. 5. Kinematic car model

u = —[z2+ 2|21 ] + 20**) 72 (21 + [20]*? sign 0)]/[|22] + 2()21] + |20 */?) 7]

20 = vo,v9 = —14.7361|29 — 0\2/3 sign(zg — o) + 21,
21 =wvy,v; = —30[z; — 00\1/2 sign(z; — vg) + 29,
2:’2 = —440 sign(zg — ’1)1). (19)

The controller parameter « is convenient to find by simulation [26, 7, 31].
The differentiator parameter L = 400 is taken deliberately large, in order to
provide for better performance in the presence of measurement errors (L = 25
is also sufficient, but was found to be much worse with sampling noises), other
differentiator parameters are Ao = 1.1, Ay = 1.5, \g = 3. The control was
applied only from ¢ = 1, in order to provide some time for the differentiator
convergence.

The integration was carried out according to the Euler method (the only
reliable integration method with discontinuous dynamics), the sampling step
being equal to the integration step 7 = 10~%. In the absence of noises the
tracking accuracies |o| < 5.4-1077, |¢] < 2.4-107%, |§| < 0.042 were obtained.
With 7 = 107° the accuracies |o| < 5.6 - 10719 [¢| < 1.4-107°, || < 0.0042
were attained, which mainly corresponds to the asymptotic representation
stated in Theorem 10. The car trajectory, 3-sliding tracking errors, steering
angle # and its derivative u are shown in Fig. 7a, b, ¢, d respectively. It is
seen from Fig. 7c that the control u remains continuous until the entrance
into the 3-sliding mode. The steering angle # remains rather smooth and is
quite feasible.

In the presence of output noise with the magnitude 0.01 m the tracking
accuracies |o| < 0.02, |6 < 0.14, |§| < 1.3 were obtained. With the mea-
surement noise of the magnitude 0.1 the accuracies changed to |o| < 0.20,
|o| < 0.62, |5] < 2.8, which corresponds to the asymptotic representation
stated by Theorem 9. The performance of the controller with the measure-
ment error magnitude 0.1 m is shown in Fig. 8. It is seen from Fig. 8c that
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c. Steering-angle derivative d. Steering angle

Fig. 6. Nested-SM control of the car

the control u is a continuous function of ¢. The steering angle vibrations have
the magnitude of about 7° and the frequency 1Hz, which is also quite feasi-
ble. The performance does not change, when the frequency of the noise varies
in the range 100 - 100000. The advantages of the new controller are obvious
(compare Figs. 6, 7). Simulation shows that the nested-SM controller [30, 31]
is also more sensitive to the parameter choice and noises.

8 Conclusions

Stability features and asymptotic accuracy are studied of homogeneous differ-
ential inclusions with negative homogeneous degree. In particular, the uniform
global finite-time stability is robust with respect to small homogeneous per-
turbations, if the homogeneity degree is negative. The corresponding r-sliding
homogeneity notion is introduced, simplifying and standardizing design and
convergence proofs of r-sliding mode controllers.

A sliding-mode SISO controller of a new type is obtained, for it provides
for the finite-time stable sliding motion on the zero-dynamics manifold of high
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Fig. 7. 3-sliding quasi-continuous control

relative degree by means of control continuous everywhere except this mani-
fold. The control is continuous everywhere except the high-order sliding mode
itself. Since ideal sliding mode is never established in practice, the control
remains a continuous function of time. As a result the chattering effect is
significantly reduced.

The real-time exact differentiator of the appropriate order is combined
with the proposed controller providing for the full SISO control based on the
input measurements only, when the only information on the controlled uncer-
tain process is actually its relative degree. All the features of the controller
with the full state availability are preserved including the finite-time stabil-
ity and the accuracy asymptotic representation. Both the proposed controller
and its output-feedback version are very robust with respect to measurement
noises. Only boundedness of the noise is needed, no frequency considerations
are relevant.

No exact model of the process is needed. The only requirements are that
the relative degree of the controlled uncertain process be known and the
boundedness restrictions (6) hold. Local validity of (6) provides for the lo-
cal applicability of controllers. The simulation shows that it is probably the
first practically applicable output-feedback r-sliding controller with r > 2.
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Fig. 8. Performance with the input noise magnitude 0.1m

The results of this chapter provide actually for the almost-complete the-
oretical and practical solution of the SISO output regulation problem, when
the relative degree of the output is well defined and known. Therefore, the
SISO case of the known relative degree should be considered trivial. Luckily,
the condition is often violated. First of all, one may say that we never know
the actual relative degree, due to the presence of some fast unaccounted-for
dynamics of actuators and sensors [15, 16, 17, 8], also the mathematical model
cannot be fully adequate, due to the presence of small delays, hysteresis, dis-
tributed parameters etc. The cited results by Fridman and Boiko, some new
unpublished research, as well as author’s own practical experience [29] show
that in these cases the ideal sliding mode is replaced by an approximate one
("real sliding” mode), and the approach still preserves its most important
features. In particular, if the relative degree is artificially increased in order
to overcome the chattering effect, the chattering might still appear, but in
the ”soft” form, i.e. as infinitesimally small low-energy vibrations of physical
variables. To the contrary, if the relative degree is not well defined just as the
control goal is obtained, the approach cannot be directly applied. For example,
the stabilization problem can be reformulated as the problem of keeping the
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constraint o = ||z|| = 0, but then the relative degree of o is almost never well
defined at 0. Another difficult problem is the instability of the zero dynamics
[49]. However, as usual, sliding mode control contributes here, provided an
appropriate auxiliary constraint is chosen.
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