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( :SYWTJZIYOTS

Frqwuro xqghu khdy| xqfhuwdlqw| frqglwlrqv lv rqh ri wkh fhqwudo wrslfv ri wkh
prghuq frqwuro wkhru|4 Wkh volglqj3prgh frqwuro dssurdfk ^;72 ;92 ?` wr wkh
sureohp lv edvhg rq wkh h{dfw nhhslqj ri d surshuo| fkrvhq frqvwudlqw e| phdqv
ri kljk3iuhtxhqf| frqwuro vzlwfklqj4 Dowkrxjk yhu| urexvw dqg dffxudwh2 wkh
dssurdfk dovr ihdwxuhv fhuwdlq gudzedfnv4 Wkh vwdqgdug volglqj prgh pd| eh
lpsohphqwhg rqo| li wkh uhodwlyh ghjuhh ri wkh frqvwudlqw lv 72 l4h4 frqwuro kdv
wr dsshdu h{solflwo| douhdg| lq wkh "uvw wrwdo wlph ghulydwlyh ri wkh frqvwudlqw
ixqfwlrq4 Dqrwkhu sureohp lv wkdw wkh kljk3iuhtxhqf| frqwuro vzlwfklqj pd|
fdxvh gdqjhurxv yleudwlrqv .wkh vr3fdoohg fkdwwhulqj h!hfw/ ^7;2 7<2 7=`4

Wkh lvvxhv fdq eh vhwwohg lq d ihz zd|v4 Kljk3jdlq frqwuro zlwk vdwxudwlrq
lv xvhg wr ryhufrph wkh fkdwwhulqj h!hfw dssur{lpdwlqj wkh vljq3ixqfwlrq lq d
qduurz erxqgdu| od|hu durxqg wkh vzlwfklqj pdqlirog ^:<`2 wkh volglqj3vhfwru
phwkrg ^86` lv vxlwdeoh wr frqwuro glvwxuehg olqhdu wlph3lqyduldqw v|vwhpv4 Wkh
volglqj3prgh rughu dssurdfk ^762 8<` frqvlghuhg lq wklv fkdswhu lv fdsdeoh
wr wuhdw vxffhvvixoo| erwk wkh fkdwwhulqj dqg wkh uhodwlyh3ghjuhh uhvwulfwlrqv
suhvhuylqj wkh volglqj3prgh ihdwxuhv dqg lpsurylqj lwv dffxudf|4

Kljk rughu volglqj prgh .KRVP/ ^762 8<2 97` lv dfwxdoo| d pryhphqw rq
d glvfrqwlqxlw| vhw ri d g|qdplf v|vwhp xqghuvwrrg lq Ilolssry-v vhqvh ^79`4
Wkh volglqj rughu fkdudfwhul}hv wkh g|qdplfv vprrwkqhvv ghjuhh lq wkh ylflqlw|
ri wkh prgh4 Ohw wkh wdvn eh wr surylgh iru nhhslqj d frqvwudlqw jlyhq e|
htxdolw| ri d vprrwk ixqfwlrq ; wr }hur4 Zkloh vxffhvvlyho| gl!huhqwldwlqj ;
dorqj wudmhfwrulhv2 d glvfrqwlqxlw| zloo eh hqfrxqwhuhg vrrqhu ru odwhu lq wkh
jhqhudo fdvh4 Wkxv2 volglqj prghv ; B 6 pd| eh fodvvl"hg e| wkh qxpehu w ri
wkh "uvw vxffhvvlyh wrwdo ghulydwlyh ;!j" zklfk lv qrw d frqwlqxrxv ixqfwlrq ri
wkh vwdwh vsdfh yduldeohv ru grhv qrw h{lvw gxh wr vrph uhdvrq olnh wudmhfwru|
qrqxqltxhqhvv4 Wkdw qxpehu lv fdoohg volglqj rughu4 Wkh zrugv *wwk rughu
volglqj* duh riwhq deulgjhg wr *w3volglqj*4

Wkh vwdqgdug volglqj prgh2 rq zklfk prvw yduldeoh vwuxfwxuh v|vwhpv
.YVV/ duh edvhg2 lv ri wkh "uvw rughu . b; lv glvfrqwlqxrxv/4 Zkloh wkh vwdqgdug
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prghv ihdwxuh "qlwh wlph frqyhujhqfh2 frqyhujhqfh wr KRVPv pd| eh dv|ps3
wrwlf dv zhoo4 Zkloh wkh vwdqgdug volglqj prgh suhflvlrq lv sursruwlrqdo wr wkh
wlph lqwhuydo ehwzhhq wkh phdvxuhphqwv ru wr wkh vzlwfklqj ghod|2 w3volglqj
prgh uhdol}dwlrq pd| surylgh iru xs wr wkh wwk rughu ri volglqj suhflvlrq zlwk
uhvshfw wr wkh phdvxuhphqw lqwhuydo .Ohydqw 7??9/4 Surshuo| xvhg2 KRVP
sudfwlfdoo| uhpryhv wkh fkdwwhulqj h!hfw dqg wkh wwk rughu volglqj prgh lv
ghwhuplqhg e| wkh htxdolwlhv

; B b; B !; B FFF B ;!j!&" B 6F .7/

iruplqj dq w3glphqvlrqdo frqglwlrq rq wkh vwdwh ri wkh g|qdplf v|vwhp4
Dv|pswrwlfdoo| vwdeoh KRVPv dsshdu lq pdq| v|vwhpv zlwk wudglwlrqdo

volglqj3prgh frqwuro ^7>`4 Lq sduwlfxodu2 li wkh uhodwlyh ghjuhh ri wkh frqvwudlqw
lv kljkhu wkdq 72 dq dx{loldu| frqvwudlqw lv xvxdoo| exlow2 ehlqj d olqhdu frp3
elqdwlrq ri wkh ruljlqdo frqvwudlqw dqg lwv vxffhvvlyh wrwdo wlph ghulydwlyhv2 vr
wkdw lw kdv wkh "uvw uhodwlyh ghjuhh ^:<`4 Dv d uhvxow2 dq dv|pswrwlfdoo| vwdeoh
KRVP zlwk uhvshfw wr wkh ruljlqdo frqvwudlqw dulvhv4 KRVPv duh dovr gholehu3
dwho| lqwurgxfhg lq v|vwhpv zlwk g|qdplfdo volglqj prghv ^::2 9=`4 Wkh olplw
volglqj dffxudf| lq wkh dv|pswrwlf uhsuhvhqwdwlrq lv wkh vdph lq wkdw fdvh2 dv
wkdw ri wkh vwdqgdug 73volglqj prgh ^:<`4 Wkh dv|pswrwlf frqyhujhqfh wr wkh
frqvwudlqw lqhylwdeo| frpsolfdwhv wkh ryhudoo v|vwhp shuirupdqfh dqdo|vlv4

Zkloh "qlwh3wlph3frqyhujhqw duelwudu|3rughu volglqj3prgh frqwuroohuv duh
vwloo wkhruhwlfdoo| vwxglhg ^962 972 7:`2 83volglqj frqwuroohuv duh douhdg| vxffhvv3
ixoo| lpsohphqwhg iru wkh vroxwlrq ri sudfwlfdo sureohpv ^;2 =2 782 8?2 :;2 :62
882 :=2 :>2 :?2 ;6`4 Wkh whup _w3volglqj frqwuroohu* uhsodfhv khuh dqg ixuwkhu
wkh orqjhu h{suhvvlrq _"qlwh3wlph3frqyhujhqw w3volglqj3prgh frqwuroohu*4

Frqvwuxfwlrq ri w3volglqj frqwuroohuv2 w + 92 lv udwkhu glÆfxow gxh wr wkh
kljk glphqvlrq ri wkh sureohp4 Wkxv2 rqo| rqh idplo| ri vxfk frqwuroohuv ^96`
zdv nqrzq xqwlo uhfhqwo| ^992 9:2 9<`4 Doprvw doo nqrzq KRVP frqwuroohuv
srvvhvv vshfl"f krprjhqhlw| fdoohg wkh w3volglqj krprjhqhlw| ^9:`4 Wkxv2 qhz
"qlwh3wlph frqyhujhqw KRVP frqwuroohuv duh qdwxudoo| frqvwuxfwhg edvhg rq
wkh krprjhqhlw|3edvhg dssurdfk4 Wkh krprjhqhlw| pdnhv wkh frqyhujhqfh
surriv ri wkh KRVP frqwuroohuv vwdqgdug dqg surylghv iru wkh kljkhvw srvvl3
eoh dv|pswrwlf dffxudf| lq wkh suhvhqfh ri phdvxuhphqw qrlvhv2 ghod|v dqg
glvfuhwh phdvxuhphqwv ^9:`4 Zlwk < ehlqj wkh vdpsolqj lqwhuydo2 wkh dffxudf|
; B Z.< j/ lv dwwdlqhg4 Dq rxwsxw3ihhgedfn frqwuroohu zlwk wkh vdph dv|pswrw3
lfdo ihdwxuhv lv rewdlqhg2 zkhq d uhfhqwo| ghyhorshg urexvw h{dfw krprjhqhrxv
gl!huhqwldwru ri wkh rughu w ! 7 ^8=2 97` lv lqfoxghg dv d vwdqgdug sduw ri wkh
krprjhqhrxv w3volglqj frqwuroohu4

Wkh w3volglqj frqwuroohuv ^962 97` dfwxdoo| uhtxluh rqo| wkh nqrzohgjh ri
wkh v|vwhp uhodwlyh ghjuhh w4 Wkh surgxfhg frqwuro lv d glvfrqwlqxrxv ixqfwlrq
ri wkh wudfnlqj huuru ; dqg ri lwv uhdo3wlph3fdofxodwhg vxffhvvlyh ghulydwlyhv
;2 b;2 4442 ;!j!&"4 Wkh fkdwwhulqj h!hfw lv vxffhvvixoo| wuhdwhg2 surylghg wkh
frqwuro ghulydwlyh lv xvhg dv d qhz frqwuro lqsxw ^8<2 :2 96`4 Xqiruwxqdwho|2
wkh glvfrqwlqxlw| vhw ri frqwuroohuv ^962 97` lv d frpsolfdwhg vwudwl"hg xqlrq ri
pdqlirogv zlwk frglphqvlrq ydu|lqj lq wkh udqjh iurp 7 wr w2 zklfk fdxvhv
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fhuwdlq wudqvlhqw fkdwwhulqj4 Wr dyrlg lw rqh qhhgv wr lqfuhdvh duwl"fldoo| wkh
uhodwlyh ghjuhh w2 lqhylwdeo| frpsolfdwlqj wkh frqwuroohu lpsohphqwdwlrq ^962
97`4 Wkh "qlwh3wlph3vwdeoh h{dfw wudfnlqj lv orvw zlwk dowhuqdwlyh frqwuroohuv
ghyhorshg lq ^;6` dqg ^9` iru w B 8 dqg w B 9 uhvshfwlyho|4

D volglqj3prgh frqwuroohu ri d qhz w|sh lv ghyhorshg lq wklv fkdswhu2 eh3
lqj d ihhgedfn ixqfwlrq ri ;2 b;2 4442 ;!j!&"2 frqwlqxrxv hyhu|zkhuh h{fhsw wkh
pdqlirog .7/ ri wkh w3volglqj prgh4 Wkh prgh ; ( 6 lv hvwdeolvkhg diwhu d
"qlwh3wlph wudqvlhqw4 Lq wkh suhvhqfh ri huuruv lq hydoxdwlrq ri wkh rxwsxw ;
dqg lwv ghulydwlyhv2 d prwlrq lq vrph ylflqlw| ri .7/ wdnhv sodfh4 Wkhuhiruh2
frqwuro lv sudfwlfdoo| d frqwlqxrxv ixqfwlrq ri wlph2 vlqfh dfwxdoo| wkh wudmhf3
wru| qhyhu klwv wkh pdqlirog .7/ zlwk w J 74 Wkh frqwuroohu ghvljq lv edvhg rq
wkh krprjhqhlw| uhdvrqlqj4

Surylghg wkh urexvw h{dfw "qlwh3wlph3frqyhujhqw gl!huhqwldwru ^8=2 97` lv
lpsohphqwhg2 dq rxwsxw3ihhgedfn frqwuroohu lv rewdlqhg4 Lw surylghv iru h{dfw
wudfnlqj ; ( 6 li wkh phdvxuhphqwv ri wkh wudfnlqj huuru ; duh h{dfw2 dqg
iru ; sursruwlrqdo wr wkh pd{lpdo phdvxuhphqw huuru rwkhuzlvh4 Lwv wudqvlhqw
ihdwxuhv duh pxfk ehwwhu wkdq wkrvh ri wkh nqrzq w3volglqj frqwuroohuv ^962 97`
.Vhfwlrqv :2 =/4 Vlpxodwlrq ghprqvwudwhv wkh sudfwlfdo dssolfdelolw| ri wkh qhz
frqwuroohu4

) 2 F3QGIP$HT]# ITSYWTQ UWTHQKR GSJ OYX XQOJOSM$RTJK
XTQZYOTS

@bl\hgmbgnhnl ]b#^k^gmbZe ^jnZmbhgl/

@^$gbmbhg 2/ = ]b!^k^gmbZe bg\enlbhg b} 3 Q .}/ bl _nkma^k \Zee^] Z Bbebiiho
]b!^k^gmbZe bg\enlbhg b_ ma^ o^\mhk l^m Q .}/ bl ghg.^fimr- \ehl^]- \hgo^q- eh\Zeer
[hng]^] Zg] nii^k.l^fb\hgmbgnhnl W24Y/ Pa^ eZmm^k \hg]bmbhg f^Zgl maZm ma^
fZqbfZe ]blmZg\^ h_ ma^ ihbgml h_ Q .}/ _khf ma^ l^m Q .~/ oZgbla^l pa^g }/
~/ Ohenmbhgl Zk^ ]^"g^] Zl Z[lhenm^er.\hgmbgnhnl _ng\mbhgl h_ mbf^ lZmbl_rbg`
ma^ bg\enlbhg Zefhlm ^o^krpa^k^/

Vroxwlrqv ri Ilolssry lqfoxvlrqv h{lvw iru dq| lqlwldo frqglwlrqv dqg kdyh
prvw ri wkh zhoo3nqrzq vwdqgdug surshuwlhv h{fhsw xqltxhqhvv ^79`4

@^$gbmbhg 3/ Em bl lZb] maZm Z ]b!^k^gmbZe ^jnZmbhg b} B k.}/ pbma Z eh\Zeer.
[hng]^] H^[^l`n^.f^ZlnkZ[e^ kb`am.aZg] lb]^ bl ng]^klmhh] bg ma^ Bbebiiho
l^gl^- b_ bm bl k^ieZ\^] [r Z li^\bZe Bbebiiho ]b!^k^gmbZe bg\enlbhg b} 3 Q .}// Eg
ma^ fhlm nlnZe \Zl^- pa^g k bl \hgmbgnhnl Zefhlm ^o^krpa^k^- ma^ ikh\^]nk^
bl mh mZd^ Q .}/ [^bg` ma^ \hgo^q \ehlnk^ h_ ma^ l^m h_ Zee ihllb[e^ ebfbm oZen^l
h_ k Zm Z `bo^g ihbgm }- h[mZbg^] pa^g bml \hgmbgnbmr ihbgm ~ m^g]l mh }/ Eg
ma^ `^g^kZe \Zl^ ZiikhqbfZm^.\hgmbgnbmr W53Y ihbgml ~ Zk^ mZd^g +hg^ h_ ma^
^jnboZe^gm ]^"gbmbhgl [r Bbebiiho W24Y,/ = lhenmbhg h_ b} B k.}/ bl ]^"g^] Zl Z
lhenmbhg h_ b} 3 Q .}//



076" $" Convergence to 4/sliding mode

Ydoxhv ri k rq dq| vhw ri wkh phdvxuh 6 gr qrw lq#xhqfh wkh Ilolssry
vroxwlrqv4 Qrwh wkdw zlwk frqwlqxrxv k wkh vwdqgdug gh"qlwlrq lv rewdlqhg4
Iroorzlqj lv wkh irupdo gh"qlwlrq ri wkh kljk rughu volglqj prgh4 Iru vlp3
solflw| zh uhvwulfw rxuvhoyhv wr volglqj prghv zlwk uhvshfw wr vfdodu frqvwudlqw
ixqfwlrqv4

Frqvlghu d glvfrqwlqxrxv gl!huhqwldo htxdwlrq b} B k.}/2 zkhuh } 3 0f dqg
k."/ lv d orfdoo| erxqghg phdvxudeoh yhfwru ixqfwlrq4 Ohw lw eh xqghuvwrrg lq
wkh Ilolssry vhqvh dqg ohw d frqvwudlqw eh jlyhq e| dq htxdwlrq x.}/ B 62
zkhuh x @ 0f / 0 lv d vxÆflhqwo| vprrwk ixqfwlrq4

@^$gbmbhg 4/ Oniihl^ maZm mhmZe mbf^ ]^kboZmbo^l xG bxG !xG FFFG x!j!&" Zehg` ma^
lrlm^f mkZc^\mhkb^l ^qblm Zg] Zk^ \hgmbgnhnl +lbg`e^.oZen^], _ng\mbhgl h_ }/
Pa^g- ma^ w.ma hk]^k leb]bg` l^m bl ]^m^kfbg^] [r ma^ ^jnZebmb^l

x B bx B !x B FFF B x!j!&" B 6 .8/

_hkfbg` Zg w.]bf^glbhgZe \hg]bmbhg hg ma^ lmZm^ h_ ma^ ]rgZfb\ lrlm^f/
H^m ma^ w.leb]bg` l^m +3, [^ ghg.^fimr Zg] Zllnf^ maZm bm bl eh\Zeer Zg

bgm^`kZe l^m bg Bbebiiho*l l^gl^ +b/^/ bm \hglblml h_ Bbebiiho*l mkZc^\mhkb^l,/ Pa^g
ma^ \hkk^lihg]bg` fhmbhg hg ma^ l^m +3, bl lZb] mh [^ bg ma^ w.leb]bg` fh]^ pbma
k^li^\m mh ma^ \hglmkZbgm _ng\mbhg x/

Wkh wwk ghulydwlyh x!j" lv prvwo| vxssrvhg wr eh glvfrqwlqxrxv2 qrq3
h{lvwhqw ru qrw d vlqjoh3ydoxhg ixqfwlrq4 Wkh gh"qlwlrq lv h{whqghg wr wkh
qrq3dxwrqrprxv fdvh dgglqj wkh "fwlwlrxv htxdwlrq by B 74 D volglqj prgh lv
fdoohg vwdeoh li wkh fruuhvsrqglqj lqwhjudo volglqj vhw .8/ lv vwdeoh4 D w|slfdo
srvvleoh wudmhfwru| zkhq dssurdfklqj d 83volglqj prgh lv vkrzq lq Ilj4 74
Qrwh wkdw li wkh volglqj rughu lv kljkhu wkdq 72 wkh hqwudqfh lqwr wkh volglqj
prgh fdq uhtxluh "qlwh ru lq"qlwh wlph dv zhoo4
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>eZ\d.>hq \hgmkhe ikh[e^f/

Ohw d Vlqjoh3Lqsxw3Vlqjoh3Rxwsxw .VLVR/ v|vwhp wr eh frqwuroohg kdyh wkh
irup

b} B f.yG }/ 1 g.yG }/zG } 3 0f G z 3 0G .9/

; @ .yG }/ 6!/ ;.yG }/ 3 0G

zkhuh ; lv wkh phdvxuhg rxwsxw ri wkh v|vwhp2 z lv frqwuro4 Vprrwk ixqfwlrqv
f2 g2 ; duh dvvxphg xqnqrzq2 wkh glphqvlrq s fdq dovr eh xqfhuwdlq4 Wkh
wdvn lv wr pdnh ; ydqlvk lq "qlwh wlph e| phdqv ri d srvvleo| glvfrqwlqxrxv
ihhgedfn dqg wr nhhs ; ( 64 Wkh vroxwlrqv duh xqghuvwrrg lq wkh Ilolssry vhqvh
^79`2 dqg wkh v|vwhp wudmhfwrulhv duh vxssrvhg wr eh lq"qlwho| h{whqgdeoh lq
wlph iru dq| erxqghg Ohehvjxh3phdvxudeoh lqsxw4 Dowkrxjk lw lv irupdoo| qrw
qhhghg2 wkh zhdno| plqlpxp3skdvh surshuw| lv riwhq uhtxluhg lq sudfwlfh4

H{whqg wkh v|vwhp e| phdqv ri d "fwlwlrxv htxdwlrq by B 74 Ohw �} B .}G y/l2
�f.�}/ B .f.yG }/G 7/l2 �g.�}/ B .g.yG }/G 6/l4 Wkhq wkh v|vwhp wdnhv rq wkh irup

"
�} B �f.�}/ 1 �g.�}/zG ; B ;.�}/F .:/

Dffruglqj wr ^87` wkh htxdolw| ri wkh uhodwlyh ghjuhh ri v|vwhp .:/ wr w phdqv
wkdw wkh Olh ghulydwlyhv WKZ;G WKZWKY;G F F F G WKZW

j!'
KY ; htxdo }hur lghqwlfdoo| lq d

ylflqlw| ri d jlyhq srlqw dqg WKZW
j!&
KY ; lv qrw }hur dw wkh srlqw4 Lw lv dvvxphg

wkdw wkh uhodwlyh ghjuhh w ^87` ri wkh v|vwhp lv frqvwdqw dqg nqrzq4
Wkh htxdolw| ri wkh uhodwlyh ghjuhh wr w phdqv2 lq d vlpsol"hg zd|2 wkdw z

"uvw dsshduv h{solflwo| rqo| lq wkh wwk wrwdo wlph ghulydwlyh ri ;4 Dv iroorzv
iurp ^87` wkh htxdwlrq

;!j" B m.yG }/ 1 l.yG }/zG l.yG }/ 5B 6G .;/

krogv2 zkhuh m.yG }/ B WjKY; B ;!j"Rm0%2 l.yG }/ B WKZW
j!&
KY ; B B

Bm;
!j"4 Wkxv2 m2

l pd| eh gh"qhg rq wkh edvlv ri wkh lqsxw3rxwsxw uhodwlrqv2 dqg duh xqnqrzq
vprrwk ixqfwlrqv4 Wkh xqfhuwdlqw| suhyhqwv lpphgldwh uhgxfwlrq ri .9/ wr wkh
vwdqgdug irup .;/4 Vxssrvh wkdw wkh lqhtxdolwlhv

R;!j"Rm0%R * NG 6 H Ve * K

Kz
;!j" * VO F .</

krog iru vrph VeGVO G N J 64 Wkhvh frqglwlrqv duh vdwlv"hg dw ohdvw orfdoo|
iru dq| vprrwk v|vwhp .9/ kdylqj d zhoo3gh"qhg uhodwlyh ghjuhh dw d jlyhq
srlqw zlwk ; B b; B FFF B ;!j!&" B 64 Dvvxph wkdw .</ krogv joredoo|4 Wkhq
.;/2 .</ lpso| wkh gl!huhqwldo lqfoxvlrq

;!j" 3 ^!NGN` 1 ^VeGVO `zF .=/



z B *.;G b;G FFFG ;!j!&"/G .>/

lv frqvwuxfwhg2 vxfk wkdw doo wudmhfwrulhv ri .=/2 .>/ frqyhujh lq "qlwh wlph
wr wkh ruljlq ; B b; B FFF B ;!j!&" B 6 ri wkh w3volglqj skdvh vsdfh ;2 b;2
4442 ;!j!&"4 Dw wkh qh{w vwhs wkh odfnlqj ghulydwlyhv duh uhdo3wlph hydoxdwhg2
surgxflqj dq rxwsxw3ihhgedfn frqwuroohu4 Wkh ixqfwlrq * lv dvvxphg wr eh
d Eruho3phdvxudeoh ixqfwlrq2 zklfk surylghv iru wkh Ohehvjxh phdvxudelolw|
ri frpsrvlwh ixqfwlrqv wr eh rewdlqhg ixuwkhu4 Dfwxdoo| doo ixqfwlrqv xvhg
lq wkh volglqj3prgh frqwuro wkhru| vdwlvi| wklv uhvwulfwlrq4 Lq sduwlfxodu2 dq|
vxshusrvlwlrq ri slhfh3zlvh frqwlqxrxv ixqfwlrqv lv Eruho3phdvxudeoh4

Wkh gl!huhqwldo lqfoxvlrq .=/2 .>/ lv xqghuvwrrg khuh lq wkh Ilolssry vhqvh2
zklfk phdqv wkdw wkh uljkw3kdqg vlgh vhw lv hqodujhg surgxflqj d Ilolssry
lqfoxvlrq4 Wr wklv hqg wkh deryh Ilolssry surfhgxuh lv dssolhg wr wkh ixqfwlrq *
dqg wkh rewdlqhg Ilolssry vhw lv vxevwlwxwhg iru z lq .=/2 surgxflqj d Ilolssry
lqfoxvlrq wr uhsodfh .=/2 .>/4 Dq| vroxwlrq ri .=/2 .>/ lv gh"qhg dv d vroxwlrq ri
wkh frqvwuxfwhg Ilolssry lqfoxvlrq4 Hyhu| wlph zkhq d gl!huhqwldo lqfoxvlrq lv
frqvlghuhg lq wklv fkdswhu2 dq dssursuldwh Ilolssry lqfoxvlrq uhsodfhv lw4

Qrwh wkdw wkh ixqfwlrq * kdv wr eh glvfrqwlqxrxv dw wkh ruljlq4 Lqghhg2
rwkhuzlvh z lv forvh wr wkh frqvwdqw *.6G 6G FFFG 6/ lq d vpdoo ylflqlw| ri wkh ruljlq2
dqg2 wdnlqj h 3 ^!NGN` dqg p 3 ^VeGVO ` vr wkdw h 1 p*.6G 6G FFFG 6/ 5B 62
dfklhyh wkdw .>/ fdqqrw vwdelol}h wkh g|qdplf v|vwhp ;!j" B h 1 pz4 Wkxv2
;!j!&" lv wr eh glvfrqwlqxrxv dorqj wkh wudmhfwrulhv ri wkh ruljlqdo v|vwhp .9/2
.>/2 zklfk phdqv wkdw wkh w3volglqj prgh ; ( 6 lv wr eh hvwdeolvkhg4 Doo
nqrzq kljk3rughu volglqj frqwuroohuv ^:2 =2 8<2 972 9<` pd| eh frqvlghuhg dv
frqwuroohuv iru .=/ vwhhulqj ;2 b;2 4442 ;!j!&" wr 6 lq "qlwh wlph4 Lqfoxvlrq .=/
grhv qrw _uhphpehu* hlwkhu wkh ruljlqdo v|vwhp .9/ ru wkh zd| lw zdv rewdlqhg4
Wkxv2 vxfk frqwuroohuv duh reylrxvo| urexvw zlwk uhvshfw wr dq| shuwxuedwlrqv
suhvhuylqj wkh v|vwhp uhodwlyh ghjuhh dqg .</4

* 9TRTMKSKTZX XQOJOSM RTJKX GSJ YNKOW LKGYZWKX

@^$gbmbhg 5/ = _ng\mbhg k @ 0f / 0 +k^li^\mbo^er Z l^m.oZen^] _ng\mbhg
Q .}/ 3 0- } 3 0f, bl \Zee^] ahfh`^g^hnl h_ ma^ ]^`k^^ v 3 0 pbma ma^
]beZmbhg i, @ .}&G }'G FFFG }f/ 6/ .4e%}&G 4

e&}'G FFFG 4
e;}f/ W3Y- pa^k^ r&- ///-

rf Zk^ lhf^ ihlbmbo^ gnf[^kl +p^b`aml,- b_ ma^ b]^gmbmr k.}/ B 4!ik.i,}/
+k^li^\mbo^er Q .}/ B 4!iQ .i,}/, ahe]l _hk Zgr } Zg] 4 J 6 /

Iru h{dpsoh2 }( 1 ~' lv d krprjhqhrxv ixqfwlrq ri wkh ghjuhh < zlwk wkh
zhljkwv 8 dqg 9 ri } dqg ~ uhvshfwlyho|4

@^$gbmbhg 6/ = o^\mhk "^e] k @ 0f / 0f - } 3 0f - +k^li^\mbo^er Z o^\mhk.l^m
"^e] Q .}/ 3 0f , bl \Zee^] ahfh`^g^hnl h_ ma^ ]^`k^^ v 3 0 pbma ma^ ]beZmbhg
i, @ .}&G }'G FFFG }f/ 6/ .4e%}&G 4

e&}'G FFFG 4
e;}f/ W3Y- pa^k^ r&- ///- rf Zk^
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lhf^ ihlbmbo^ gnf[^kl +p^b`aml,- b_ ma^ b]^gmbmr k.}/ B 4!ii!&, k.i,}/ ahe]l
_hk Zgr } Zg] 4 J 6 +k^li^\mbo^er Q .}/ B 4!ii!&, Q .i,}/ ,/

Wkh qrq3}hur krprjhqhlw| ghjuhh v ri d yhfwru "hog .yhfwru3vhw lqfoxvlrq/ fdq
dozd|v eh vfdohg wr %7 e| dq dssursuldwh sursruwlrqdo fkdqjh ri wkh zhljkwv
r&2 4442 rf4

@^$gbmbhg 7/ = ]bl\hgmbgnhnl ]b!^k^gmbZe ^jnZmbhg b} B k.}/ bl \Zee^] ahfh.
`^g^hnl bg ma^ Bbebiiho l^gl^- ikhob]^] bm bl ng]^klmhh] bg ma^ Bbebiiho l^gl^
Zg] ma^ \hkk^lihg]bg` ^jnboZe^gm Bbebiiho bg\enlbhg b} 3 Q .}/ bl ahfh`^g^hnl/

Khqfh2 wkh Ilolssry krprjhqhlw| surshuw| lv qrw d!hfwhg e| wkh ydo3
xhv ri k rq d srlqw vhw ri wkh phdvxuh 64 Qrwh wkdw wkh krprjhqhlw| ri
d yhfwru "hog k.}/ .d yhfwru3vhw "hog Q .}// fdq htxlydohqwo| eh gh"qhg dv
wkh lqyduldqfh ri wkh gl!huhqwldo htxdwlrq b} B k.}/ .gl!huhqwldo lqfoxvlrq
b} 3 Q .}// zlwk uhvshfw wr wkh frpelqhg wlph3frruglqdwh wudqvirupdwlrq
R, @ .yG }/ 6/ .4hyG i,}/2 u B !v2 zkhuh u fdq eh frqvlghuhg dv wkh zhljkw
ri y4

Wkh qdwxudo txhvwlrq dulvhv zkdw lv wkh gl!huhqfh ehwzhhq d ixqfwlrq dqg
d vfdodu yhfwru "hog .d vhw3ydoxhg ixqfwlrq dqg d vfdodu yhfwru3vhw "hog/ lq wklv
frqwh{w4 Wkh dqvzhu lv wkdw wkh odwwhu lv dvvrfldwhg zlwk d vfdodu gl!huhqwldo
htxdwlrq .lqfoxvlrq/2 l4h4 wkh gl!huhqwldwlrq zlwk uhvshfw wr wlph lpsolflwo|
dsshduv4 Iru h{dpsoh2 wkh ixqfwlrq }( lv d krprjhqhrxv ixqfwlrq ri wkh ghjuhh
9 zlwk wkh glodwlrq i, @ } 6/ 4}2 l4h4 zlwk wkh zhljkw 7 ri }4 Dw wkh vdph wlph
wkh yhfwru "hog }( lv dvvrfldwhg zlwk wkh gl!huhqwldo htxdwlrq b} B }( dqg kdv
wkh ghjuhh 82 zklfk fruuhvsrqgv wr wkh zhljkw 38 ri wkh wlph yduldeoh y4 Wkh
fruuhvsrqglqj zhljkw edodqfh htxdwlrq lv dv iroorzv@ zhljkw ri } plqxv zhljkw
ri y htxdov krprjhqhlw| ghjuhh ri wkh uljkw3kdqg vlgh ixqfwlrq2 l4h4 7 3 .38/ B

94 Wkxv

+
}&?*~'?( 1 ~

}&?* 1 ~&?(

,
lv dq h{dpsoh ri d krprjhqhrxv yhfwru "hog zlwk wkh

glodwlrq i, @ .}G ~/ 6/ .4*}G 4(~/2 zhljkwv ;2 92 dqg wkh krprjhqhlw| ghjuhh 384

@^$gbmbhg 8/ = ]b!^k^gmbZe bg\enlbhg b} 3 Q .}/ +^jnZmbhg b} B k.}/, bl _nk.
ma^k \Zee^] `eh[Zeer ngb_hkfer "gbm^.mbf^ lmZ[e^ Zm 1- b_ bm bl HrZingho lmZ[e^
Zg] _hk Zgr ] J 6 ma^k^ ^qblml _ J 6 ln\a maZm Zgr mkZc^\mhkr lmZkmbg` pbmabg
ma^ ]bld RR}RR H ] lmZ[bebs^l Zm s^kh bg ma^ mbf^ _ /

@^$gbmbhg 9/ = ]b!^k^gmbZe bg\enlbhg b} 3 Q .}/ +^jnZmbhg b} B k.}/, bl _nk.
ma^k \Zee^] `eh[Zeer ngb_hkfer Zlrfimhmb\Zeer lmZ[e^ Zm 1- b_ bm bl HrZingho lmZ[e^
Zg] _hk Zgr ] J 6- A J 6 ^qblml _ J 6 ln\a maZm Zgr mkZc^\mhkr lmZkmbg` pbmabg
ma^ ]bld RR}RR H ] ^gm^kl ma^ ]bld RR}RR H A bg ma^ mbf^ _ mh lmZr ma^k^ _hk^o^k/

D vhw O lv fdoohg glodwlrq uhwudfwdeoh li i,O - O iru dq| 4 H 74

@^$gbmbhg :/ = ahfh`^g^hnl ]b!^k^gmbZe bg\enlbhg b} 3 Q .}/ +^jnZmbhg b} B
k.}/, bl _nkma^k \Zee^] \hgmkZ\mbo^ b_ ma^k^ Zk^ 3 \hfiZ\m l^ml O&- O' Zg]
_ J 6 ln\a maZm O' eb^l bg ma^ bgm^kbhk h_ O& Zg] \hgmZbgl ma^ hkb`bg< O& bl
]beZmbhg.k^mkZ\mZ[e^< Zg] Zee mkZc^\mhkb^l lmZkmbg` Zm ma^ mbf^ 1 pbmabg O& Zk^
eh\Zebs^] bg O' Zm ma^ mbf^ fhf^gm _ /



Pa^hk^f 2/ W45Y H^m b} 3 Q .}/ [^ Z ahfh`^g^hnl Bbebiiho bg\enlbhg pbma
Z g^`Zmbo^ ahfh`^g^hnl ]^`k^^ !u- ma^g ]^"gbmbhgl 8.: Zk^ ^jnboZe^gm Zg]
ma^ fZqbfZe l^mmebg` mbf^ bl Z \hgmbgnhnl ahfh`^g^hnl _ng\mbhg h_ ma^ bgbmbZe
\hg]bmbhgl h_ ma^ ]^`k^^ u/

Htxlydohqfh ri gh"qlwlrqv =2 > zlwk qhjdwlyh krprjhqhrxv ghjuhhv lv suryhg
dovr lq ^:7`4 Dq lpsruwdqw frqvhtxhqfh lv wkdw2 gxh wr wkh reylrxv urexvwqhvv
ri wkh frqwudfwlylw| surshuw|2 "qlwh3wlph vwdelolw| ri d krprjhqhrxv gl!huhq3
wldo lqfoxvlrq zlwk qhjdwlyh krprjhqhrxv ghjuhh lv lqvhqvlwlyh zlwk uhvshfw wr
krprjhqhrxv shuwxuedwlrqv vpdoo lq vrph erxqghg uhjlrq4

Ohw b} 3 Q .}/ eh d krprjhqhrxv Ilolssry gl!huhqwldo lqfoxvlrq4 Frqvlghu
wkh fdvh ri _qrlv| phdvxuhphqwv* ri }a zlwk wkh qrlvh pdjqlwxgh <e6ha2 n B
7G FFFG s2

b} 3 Q .}& 1 <e% ^!h&G h&`G FFFG }f 1 <e; ^!hfG hf`/G < J 6G ha J 6F

Dsso|lqj vxffhvvlyho| wkh forvxuh ri wkh uljkw3kdqg3vlgh judsk dqg wkh frqyh{
forvxuh dw hdfk srlqw }2 rewdlq vrph qhz Ilolssry gl!huhqwldo lqfoxvlrq b} 3
Q4 .}/4

Pa^hk^f 3/ W45Y H^m b} 3 Q .}/ [^ Z `eh[Zeer ngb_hkfer "gbm^.mbf^.lmZ[e^ ah.
fh`^g^hnl Bbebiiho bg\enlbhg pbma ma^ ahfh`^g^bmr p^b`aml r&- ///- rf Zg]
ma^ ]^`k^^ !u H 6- Zg] e^m < J 6- h&- ///- hf J 6/ Oniihl^ maZm Z \hgmbgnhnl
_ng\mbhg }.y/ [^ ]^"g^] _hk Zgr y + !<h Zg] lZmbl_r lhf^ bgbmbZe \hg]bmbhgl
}.y/ B 8.y/- y 3 ^!<hG 6`/ Pa^g b_ }.y/ bl Z lhenmbhg h_ ma^ ]blmnk[^] bg\enlbhg
b}.y/ 3 Q4 .}.y 1 ^!<hG 6`//- 6 H y H 2 - ma^ bg^jnZebmb^l R}aR * .a<

e6 Zk^
^lmZ[ebla^] bg "gbm^ mbf^ pbma lhf^ ihlbmbo^ \hglmZgml .a ]^i^g]^gm hger hg
ma^ \hglmZgml ha Zg] bg]^i^g]^gm h_ < Zg] 8/

Qrwh wkdw Wkhruhp 8 fryhuv wkh fdvhv ri uhwdughg ru glvfuhwh qrlv| phd3
vxuhphqwv ri doo ru vrph ri wkh frruglqdwhv dqg dq| pl{hg fdvhv4 Lq sduwlfxodu2
lq"qlwho| h{whqgdeoh vroxwlrqv fhuwdlqo| h{lvw lq wkh fdvh ri qrlv| glvfuhwh phd3
vxuhphqwv ri vrph yduldeohv ru lq wkh frqvwdqw wlph3ghod| fdvh4

+ @ZGXO$ITSYOSZTZX NTRTMKSKTZX XQOJOSM$RTJK ITSYWTQ

Vxssrvh wkdw ihhgedfn .>/ lpsduwv krprjhqhlw| surshuwlhv wr wkh forvhg3orrs
lqfoxvlrq .=/2 .>/4 Gxh wr wkh whup ^!NGN`2 zlwk N J 6 wkh uljkw3kdqg vlgh ri
.=/ fdq rqo| eh d krprjhqhrxv vhw3ydoxhg ixqfwlrq ri wkh krprjhqhlw| ghjuhh
64 Lqghhg2 zlwk d srvlwlyh ghjuhh wkh uljkw kdqg vlgh ri .=/2 .>/ dssurdfkhv
}hur qhdu wkh ruljlq2 zklfk lv qrw srvvleoh zlwk N J 64 Zlwk d qhjdwlyh ghjuhh
lw lv qrw erxqghg qhdu wkh ruljlq2 zklfk frqwudglfwv wkh orfdo erxqghgqhvv
ri * 4 Wkxv2 wkh krprjhqhlw| ghjuhh ri wkh uljkw3kdqg vlgh ri .=/ lv wr eh 62
dqg wkh krprjhqhlw| ghjuhh ri wkh ixqfwlrq ;!j!&" lv wr eh rssrvlwh wr wkh
krprjhqhlw| ghjuhh ri wkh zkroh v|vwhp .l4h4 htxdov wkh zhljkw ri wkh wlph
yduldeoh/4
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Vfdolqj wkh v|vwhp krprjhqhlw| ghjuhh wr 372 dfklhyh wkdw wkh krprjhqhlw|
zhljkwv ri y2 ;2 b;2 4442 ;!j!&" duh 72 w2 w!72 4442 7 uhvshfwlyho|4 Wklv krprjhqhlw|
lv ixuwkhu fdoohg ma^ w.leb]bg` ahfh`^g^bmr4

@^$gbmbhg 21/ Pa^ bg\enlbhg +8,- +9, Zg] \hgmkhee^k +9, Zk^ \Zee^] w.leb]bg`
ahfh`^g^hnl b_ _hk Zgr 4 J 6 Zg] ;G b;G FFFG ;!j!&" ma^ \hf[bg^] mbf^.\hhk]bgZm^
mkZgl_hkfZmbhg

R, @ .yG ;G b;G FFFG ;!j!&"/ 6/ .4yG 4j;G 4j!& b;G FFFG 4;!j!&"/ .?/

ik^l^ko^l ma^ \ehl^].ehhi ]b!^k^gmbZe bg\enlbhg +8,- +9,/

Qrwh wkdw wkh Ilolssry gl!huhqwldo lqfoxvlrq fruuhvsrqglqj wr wkh forvhg3
orrs lqfoxvlrq .=/2 .>/ lv dovr w3volglqj krprjhqhrxv4 Lqghhg2 wkh frqyh{lw|2
wkh olplwlqj surfhvv dqg wkh Ohehvjxh phdvxudelolw| duh lqyduldqw zlwk uhvshfw
wr wkh olqhdu wlph3frruglqdwh wudqvirupdwlrq .?/4

Wudqvirupdwlrq .?/ wudqvihuv .=/2 .>/ lqwr

;!j" 3 ^!NGN` 1 ^VeGVO `*.4j;G 4j!& b;G FFFG 4;!j!&"/F

Khqfh2 .>/ lv w3volglqj krprjhqhrxv l!

*.4j;G 4j!& b;G FFFG 4;!j!&"/ B *.;G b;G FFFG ;!j!&"/F .76/

Vxfk d krprjhqhrxv frqwuroohu lv lqhylwdeo| glvfrqwlqxrxv dw wkh ruljlq
.6G FFFG 6/2 xqohvv * lv d frqvwdqw ixqfwlrq4 Lw lv dovr xqlirupo| erxqghg2 vlqfh
lw lv orfdoo| erxqghg dqg wdnhv rq doo lwv ydoxhv lq dq| ylflqlw| ri wkh ruljlq4

D frqwuroohu lv fdoohg w3volglqj krprjhqhrxv bg ma^ [khZ]^k l^gl^ li .?/
suhvhuyhv wkh uhvxowlqj wudmhfwrulhv ri .=/4 Lq sduwlfxodu2 wkh vxe3rswlpdo 83
volglqj frqwuroohu ^:2 =` lv krprjhqhrxv2 wkrxjk lw grhv qrw kdyh wkh ihhgedfn
irup .>/4 Vlqfh wkh ydoxhv ri * rq dq| }hur3phdvxuh vhw gr qrw d!hfw wkh
fruuhvsrqglqj Ilolssry lqfoxvlrq dqg wkh krprjhqhlw| lq wkh Ilolssry vhqvh2
vxfk fkdqjhv ri * dovr gr qrw d!hfw wkh wudmhfwrulhv dqg wkh frqwuroohu krpr3
jhqhlw| lq wkh eurdghu vhqvh4 Doprvw doo nqrzq w3volglqj frqwuroohuv2 w + 82
duh w3volglqj krprjhqhrxv4 Wkh rqo| lpsruwdqw h{fhswlrq lv wkh whuplqdo volg3
lqj prgh frqwuroohu z B !, vljq. b; 1 -;2/2 zkhuh : B .8p 1 7/I.8r 1 7/2
,G - J 62 p H r2 dqg p2 r duh qdwxudo qxpehuv ^9>`4 Lqghhg2 wkh lghqwlw|
vljq.4 b; 1 -.4';/2/ B vljq. b; 1 -;2/ uhtxluhv : B 7I8 dqg ; + 64 Wkh iro3
orzlqj w3volglqj krprjhqhrxv frqwuroohuv vroyh wkh jhqhudo sureohp vwdwhg lq
Vhfwlrq 84

J^lm^].leb]bg`.fh]^ +g^lm^].OI, \hgmkhee^k W41- 42X/

Wklv frqwuroohu lv edvhg rq d frpsolfdwhg vzlwfklqj prwlrq2 zklfk fdq eh
dssur{lpdwho| ghvfulehg e| d vhtxhqfh ri qhvwhg volglqj prghv .Vhfwlrq </4
Ohw u + w2 n B 7G FFFG w ! 72 -&G FFFG -j!& eh vrph srvlwlyh qxpehuv4 Ghqrwh



Y&=j B R;R!j!&"?jG Ya=j B .R;Rh?j 1 R b;Rh?!j!&" 1 FFF1 R;!a!&"Rh?!j!a#&"/!j!a"?hG

?%=j B vljq;G *a=j B vljq.;!a" 1 -aYa=j*a!&=j/F

Reylrxvo|2Ya=j dqg *a=j duh w3volglqj krprjhqhrxv ixqfwlrqv ri wkh zhljkwv w!
n dqg 6 uhvshfwlyho|2 Ya=j lv dovr d srvlwlyh3gh"qlwh ixqfwlrq ri ;G b;G FFFG ;!a!&"4
Wkhq wkh fruuhvsrqglqj w3volglqj krprjhqhrxv frqwuroohu lv gh"qhg dv z B
!,*j!&=j.;G b;G FFFG ;!j!&"/4 Wkh sursrvhg frqwuroohu lv hdvlo| jhqhudol}hg@ frhi3
"flhqwv ri Ya=j pd| eh dq| srvlwlyh qxpehuv2 hwf4 Fhuwdlqo|2 wkh qxpehu ri
fkrlfhv ri -a lv lq"qlwh4 Iroorzlqj duh wkh frqwuroohuv zlwk w * ;2 dqg u -a
whvwhg iru w * :4 u lv khuh wkh ohdvw frpprq pxowlsoh ri 7G 8G FFFG wF Wkh "uvw lv
wkh uhod| frqwuroohu2 wkh vhfrqg lv forvh wr ^9>`4

7F z B !, vljq;
8F z B !, vljq.; 1 R;R&?'vljq;/G
9F z B !, vljq.!; 1 8.R b;R( 1 R;R'/&?+vljq. b; 1 R;R'?(vljq;/G
:F z B !, vljqN444; 1 9.!;+ 1 b;) 1 R;R(/&?&'vljq^!;1

. b;) 1 R;R(/&?+vljq. b; 1 6F;R;R(?)vljq;/`OG
;F z B !, vljq.;!)" 1 -).R;R&' 1 R b;R&* 1 R!;R'%1

R444; R(%/&?+%vljq.;!(" 1 -(.R;R&' 1 R b;R&* 1 R!;R'%/&?(%vljq.!;
1-'.R;R&' 1 R b;R&*/&?'%vljq. b; 1 -&R;R)?*vljq;////F

MnZlb.\hgmbgnhnl \hgmkhee^k W44- 47X/

Dv lw zdv vkrzq lq Vhfwlrq 82 dq| frqwuroohu .>/ vroylqj wkh vwdwhg sureohp ri
wkh "qlwh3wlph hvwdeolvkphqw dqg nhhslqj ri ; ( 6 lv lqhylwdeo| glvfrqwlqxrxv
dw wkh w3volglqj prgh vhw ; B b; B FFF B ;!j!&" B 64 Lq rughu wr uhgxfh wkh
fkdwwhulqj2 d frqwuroohu lv ghvljqhg2 zklfk lv frqwlqxrxv hyhu|zkhuh h{fhsw
wklv vhw4 Vxfk d frqwuroohu lv qdwxudoo| fdoohg txdvl3frqwlqxrxv2 iru lq sudfwlfh2
lq wkh suhvhqfh ri phdvxuhphqw qrlvhv2 vlqjxodu shuwxuedwlrqv dqg vzlwfklqj
ghod|v2 wkh prwlrq zloo wdnh sodfh lq vrph ylflqlw| ri wkh w3volglqj vhw ; B b; B
FFF B ;!j!&" B 6 qhyhu klwwlqj lw zlwk w J 74 Wklv phdqv wkdw wkh frqwuro zloo
dfwxdoo| eh Z \hgmbgnhnl _ng\mbhg h_ mbf^4 Ohw n B 7G FFFG w ! 74 Ghqrwh

E%=j B ;G Y%=j B R;RG *%=j B E%=jIY%=j B vljq;G

Ea=j B ;!a" 1 -aY
!j!a"?!j!a#&"
a!&=j *a!&=jG Ya=j B R;!a"R1 -aY

!j!a"?!j!a#&"
a!&=j G

*a=j B Ea=jIYa=jG

zkhuh -&24442 -j!& duh srvlwlyh qxpehuv4 Wkh iroorzlqj sursrvlwlrq lv hdvlo|
suryhg e| lqgxfwlrq4

Lkhihlbmbhg 2/ H^m n B 6G FFFG w ! 7/ Ya=j bl ihlbmbo^ ]^"gbm^- b/^/ Ya=j B 6 b!
; B b; B FFF B ;!a" B 6/ Pa^ bg^jnZebmr R*a=jR * 7 ahe]l pa^g^o^k Ya=j J 6/ Pa^
_ng\mbhg *a=j.;G b;G FFFG ;

!a"/ bl \hgmbgnhnl ^o^krpa^k^ +b/^/ bm \Zg [^ k^]^"g^] [r
\hgmbgnbmr, ^q\^im ma^ ihbgm ; B b; B FFF B ;!a" B 6/
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Pa^hk^f 4/ Lkhob]^] -&-///- -j!&- , J 6 Zk^ \ahl^g lnÆ\b^gmer eZk`^ bg ma^
eblm hk]^k- [hma Z[ho^ ]^lb`gl k^lnem bg ma^ w.leb]bg` ahfh`^g^hnl \hgmkhee^k

z B !,*j!&=j.;G b;G FFFG ;!j!&"/ .77/

ikhob]bg` _hk ma^ "gbm^.mbf^ lmZ[bebmr h_ +8,- +22,/ Pa^ "gbm^.mbf^ lmZ[e^ w.
leb]bg` fh]^ ; ( 6 bl ^lmZ[ebla^] bg ma^ lrlm^f +4,- +22,/

Dq| wlph wkh "qlwh3wlph vwdelolw| lv phqwlrqhg lq wklv fkdswhu lw phdqv
wkdw wkh pd{lpdo srvvleoh wudqvlhqw wlph lv d orfdoo| erxqghg ixqfwlrq ri
lqlwldo frqglwlrqv ^9:`4 Wkh pdlq srlqwv ri wkh surri duh jlyhq lq Vhfwlrq <4 Lw
iroorzv iurp Sursrvlwlrq 7 wkdw frqwuro .77/ lv frqwlqxrxv hyhu|zkhuh h{fhsw
wkh w3volglqj prgh ; B b; B FFF B ;!j!&" B 64 Dqrwkhu txdvl3frqwlqxrxv
frqwuroohu lv frqvwuxfwhg lq ^9:` dv d krprjhqhrxv uhjxodul}dwlrq ri wkh deryh
qhvwhg3volglqj3prgh frqwuroohu4

Hdfk fkrlfh ri -&G FFFG -j!& ghwhuplqhv d frqwuroohu idplo| dssolfdeoh wr doo
v|vwhpv .9/ ri uhodwlyh ghjuhh w4 Sdudphwhu , J 6 lv fkrvhq vshfl"fdoo| iru
dq| "{hg N2 Ve2 VO 2 prvw frqyhqlhqwo| e| frpsxwhu vlpxodwlrq2 dyrlglqj
uhgxqgdqwo| odujh hvwlpdwlrqv ri F2 Np2 NP4 Reylrxvo|2 , lv wr eh qhjdwlyh
zlwk B

Bm;
!j" H 64 Iroorzlqj duh txdvl3frqwlqxrxv frqwuroohuv zlwk w * : dqg

vlpxodwlrq3whvwhg -a4

7F z B !, vljq;G
8F z B !,. b; 1 R;R&?' vljq;/I.R b;R1 R;R&?'/G
9F z B !,^!; 1 8.R b;R1 R;R'?(/!&?'. b; 1 R;R'?( vljq;/`I

^R!;R1 8.R b;R1 R;R'?(/&?'`G
:F E(=) B

444
; 1 9^!; 1 .R b;R1 6F;R;R(?)/!&?(. b; 1 6F;R;R(?) vljq;/`

^R!;R1 .R b;R1 6F;R;R(?)`!&?'G
Y(=) B R444; R1 9^R!;R1 .R b;R1 6F;R;R(?)/'?(`&?'2 z B !,E(=)IY(=)F

Zkloh wkh frqwuro lv d frqwlqxrxv ixqfwlrq ri wlph hyhu|zkhuh h{fhsw wkh
w3volglqj vhw2 lw pd| kdyh lq"qlwh ghulydwlyhv zkhq fhuwdlq vxuidfhv duh furvvhg4
Doo ixuwkhu Wkhruhpv duh vwdqgdug frqvhtxhqfhv ^9:` ri wkh w3volglqj krpr3
jhqhlw| ri frqwuroohu .77/ dqg Wkhruhpv 72 84

Pa^hk^f 5/ H^m ma^ \hgmkhe oZen^ [^ ni]Zm^] Zm ma^ fhf^gml ya- pbma ya#& !
ya B < B htsxy J 6- y 3 ^yaG ya#&/ +ma^ ]bl\k^m^ lZfiebg` \Zl^,/ Pa^g \hgmkhee^k
+22, ikhob]^l bg "gbm^ mbf^ _hk d^^ibg` ma^ bg^jnZebmb^l R;R H 6%<

j- R b;R H
6&<

j!&- FFF- R;!j!&"R H 6j!&< pbma lhf^ ihlbmbo^ \hglmZgml 6%- 6&- ///- 6j!&/

Wkdw lv wkh ehvw srvvleoh dffxudf| dwwdlqdeoh zlwk glvfrqwlqxrxv ;!j" ^8<`4
Wkh iroorzlqj uhvxow vkrzv urexvwqhvv ri frqwuroohu .77/ zlwk uhvshfw wr phd3
vxuhphqw huuruv4



Pa^hk^f 6/ H^m ;!a" [^ f^Zlnk^] pbma Z\\nkZ\r 2aA
!j!a"?j _hk lhf^ "q^] 2a J

6- n B 7G FFFG w!7/ Pa^g pbma lhf^ ihlbmbo^ \hglmZgml 6a ma^ bg^jnZebmb^l R;!a"R *
6aA

!j!a"?j - n B 6G FFFG w ! 7- Zk^ ^lmZ[ebla^] bg "gbm^ mbf^ _hk Zgr A J 6/

Wkh frqyhujhqfh wlph pd| eh uhgxfhg e| fkdqjlqj frhÆflhqwv -b F Dqrwkhu

zd| lv wr vxevwlwxwh 5!b;!b" iru ;!b" dqg 5j, iru , 2 5 J 6G fdxvlqj frqyhujhqfh
wlph wr eh glplqlvkhg dssur{lpdwho| e| 5 wlphv ^9;`4

Efie^f^gmZmbhg h_ w.leb]bg` \hgmkhee^k pa^g ma^ k^eZmbo^ ]^`k^^ p bl e^ll
maZg w/ Lqwurgxflqj vxffhvvlyh wlph ghulydwlyhv zG bzG FFFG z!j!c!&" dv qhz dx{3
loldu| yduldeohv dqg z!j!c" dv d qhz frqwuro2 dfklhyh gl!huhqw prgl"fdwlrqv
ri hdfk w3volglqj frqwuroohu lqwhqghg wr frqwuro v|vwhpv zlwk uhodwlyh ghjuhhv
p B 7G 8G FFFG w4 Wkh uhvxowlqj frqwuro lv .w!p!7/3vprrwk ixqfwlrq ri wlph zlwk
p H w2 d Olsvfklw} ixqfwlrq zlwk p B w ! 7 dqg d erxqghg *lq"qlwh3iuhtxhqf|
vzlwfklqj* ixqfwlrq zlwk p B w4

?aZmm^kbg` k^fhoZe/ Wkh vdph wulfn uhpryhv ru frqvlghudeo| dwwhqxdwhv wkh
fkdwwhulqj h!hfw4 Iru h{dpsoh2 vxevwlwxwlqj z!j!&" iru z lq .>/2 uhfhlyh d orfdo
w 3 volglqj frqwuroohu wr eh xvhg lqvwhdg ri wkh uhod| frqwuroohu z B !vljq; dqg
dwwdlq wwk rughu volglqj suhflvlrq zlwk uhvshfw wr < e| phdqv ri .w!8/3vprrwk
frqwuro zlwk Olsvfklw} .w ! 8/wk wlph ghulydwlyh4 Lw qhhgv wr eh prgl"hg iru
joredo xvdjh4

?hgmkheebg` lrlm^fl ghgebg^Zk hg \hgmkhe/ Frqvlghu d v|vwhp b} B k.yG }G z/
qrqolqhdu rq frqwuro4 Ohw B

Bm;
!a".yG }G z/ B 6 iru n B 7G FFFG w!7G B

Bm;
!j".yG }G z/ J

6F Lw lv hdv| wr fkhfn wkdw wkh sureohp lv qrz uhgxfhg wr wkdw frqvlghuhg deryh
zlwk uhodwlyh ghjuhh w 1 7 e| lqwurgxflqj wkh qhz dx{loldu| vwdwh yduldeoh z
dqg wkh qhz frqwuro { B bzF

, >ZYUZY$LKKJHGIP XQOJOSM$RTJK ITSYWTQ

Dv|pswrwlf ihdwxuhv ri wkh nqrzq kljk3rughu volglqj prgh frqwuroohuv ^8<2 962
972 =` duh hdvlo| rewdlqhg iurp Wkhruhp 84 Dq| w3volglqj krprjhqhrxv frq3
wuroohu fdq eh frpsohphqwhg e| dq .w! 7/wk rughu gl!huhqwldwru ^72 ;2 8:2 8=2
972 892 ;8` surgxflqj dq rxwsxw3ihhgedfn frqwuroohu4 Lq rughu wr suhvhuyh wkh
ghprqvwudwhg h{dfwqhvv2 "qlwh3wlph vwdelolw| dqg wkh fruuhvsrqglqj dv|ps3
wrwlf surshuwlhv2 wkh qdwxudo zd| lv wr fdofxodwh b;2 4442 ;!j!&" lq uhdo wlph
e| phdqv ri d urexvw "qlwh3wlph frqyhujhqw h{dfw krprjhqhrxv gl!huhqwld3
wru ^97`4 Lwv dssolfdwlrq lv srvvleoh gxh wr wkh erxqghgqhvv ri ;!j" surylghg
e| wkh erxqghgqhvv ri wkh ihhgedfn ixqfwlrq * lq .>/4 Iroorzlqj lv wkh vkruw
ghvfulswlrq ri wkh gl!huhqwldwru4

6/2 =k[bmkZkr.hk]^k k^Ze.mbf^ ^qZ\m kh[nlm ]b#^k^gmbZmbhg/

Vxssrvh wkdw lw lv nqrzq wkdw wkh lqsxw vljqdo lv frpsrxqghg ri d vprrwk
vljqdo k%.y/ wr eh gl!huhqwldwhg dqg d qrlvh ehlqj d erxqghg Ohehvjxh3
phdvxudeoh ixqfwlrq ri wlph4 Erwk vljqdov duh xqnqrzq dqg rqo| wkhlu vxp lv
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dydlodeoh4 Lw lv suryhg wkdw li wkh edvh vljqdo k%.y/ kdv uwk ghulydwlyh zlwk Ols3
vfklw}-v frqvwdqw W J 6G wkh ehvw srvvleoh pwk rughu gl!huhqwldwlrq dffxudf|
lv ic Wc?!h#&" A!h!c#&"?!h#&"G zkhuh ic J 7 pd| eh hvwlpdwhg .wklv dv|ps3
wrwlf uhsuhvhqwdwlrq pd| eh lpsuryhg zlwk dgglwlrqdo uhvwulfwlrqv rq k%.y//4
Pruhryhu2 lw lv suryhg wkdw vxfk d urexvw h{dfw gl!huhqwldwru uhdoo| h{lvwv
^8=2 97`4

Ohw wkh dlp eh wr "qg uhdo3wlph urexvw hvwlpdwlrqv ri k%.y/G k%.y/G FFFG k
!h"
% .y/2

ehlqj h{dfw lq wkh devhqfh ri phdvxuhphqw qrlvh dqg frqwlqxrxvo| ghshqglqj
rq wkh qrlvh pdjqlwxgh4 Wkh gl!huhqwldwru lv uhfxuvlyho| frqvwuxfwhg4

Ohw d .u ! 7/wk3rughu gl!huhqwldwru Oh!&.k.y/G W/ surgxfh rxwsxwv Oa
h!&

.n B 6G 7G FFFG u ! 7/2 zklfk duh hvwlpdwhv ri k%G bk%G G FFFG k
!h!&"
% iru dq| lqsxw

vljqdo k zlwk k
!h!&"
% kdylqj Olsvfklw} frqvwdqw W J 64 Wkhq2 wkh uwk rughu

gl!huhqwldwru kdv wkh rxwsxwv �a B Oa
h 2 n B 6G 7G FFFG u2 gh"qhg dv iroorzv@

b�% B 7G 7 B !5R�% ! k.y/R =
=#% vljq.�% ! k.y// 1 �&G

�& B O%
h!&.7G W/G F F F G �h B Oh!&

h!&.7G W/
.78/

Khuh O%.k.y/G W/ lv d vlpsoh qrqolqhdu "owhu

O% @ b� B !5 vljq.� ! k.y// G 5 J WF .79/

Lq rwkhu zrugv wkh uwk rughu gl!huhqwldwru kdv wkh irup

b�% B 7%G 7% B !5%R�% ! k.y/R =
=#% vljq.�% ! k.y// 1 �&G

F F F

b�a B 7aG 7a B !5aR�a ! 7a!&R
=!6

=!6#% vljq.�a ! 7a!&/ 1 �a#&G
F F F
b�h B !5h vljq.�h ! 7h!&/

.7:/

Lw lv hdv| wr fkhfn wkdw wkh deryh gl!huhqwldwru fdq eh uhzulwwhq lq wkh
qrq3uhfxuvlyh irup

b�% B �& ! 4%R�% ! k.y/R =
=#% vljq.�% ! k.y//

b�& B �' ! 4&R�% ! k.y/R =!%=#% vljq.�% ! k.y//
F F F

b�a B �a ! 4aR�% ! k.y/R =!6=#% vljq.�% ! k.y//
F F F
b�h B !4h vljq.�% ! k.y//

.7;/

iru vxlwdeoh srvlwlyh frqvwdqw frhÆflhqwv 4a4 Wkh frhÆflhqwv duh hdvlhu wr eh
irxqg iru irup .7:/2 iru lq wkdw fdvh wkh uwk rughu gl!huhqwldwru uhtxluhv rqo|
rqh sdudphwhu wr eh irxqg2 li wkh orzhu3rughu gl!huhqwldwruv duh douhdg| exlow4
Kdylqj ehhq irxqg iru W B 72 wkh sdudphwhuv duh hdvlo| uhfdofxodwhg iru dq|
W4 Lq wkh iroorzlqj Wkhruhpv ^97` wkh shuirupdqfh ri wkh sursrvhg gl!huhq3
wldwru lq wkh suhvhqfh ri erxqghg phdvxuhphqw qrlvhv2 dqg zlwk glvfuhwh3wlph
lpsohphqwdwlrq2 lv vwxglhg4



Pa^hk^f 7/ H^m ma^ bginm ghbl^ lZmbl_r ma^ bg^jnZebmr Rk.y/!k%.y/R * A/ Pa^g
ma^ _heehpbg` bg^jnZebmb^l Zk^ ^lmZ[ebla^] bg "gbm^ mbf^ _hk lhf^ ihlbmbo^ \hg.
lmZgml 6aG 7a ]^i^g]bg` hger hg ma^ iZkZf^m^kl h_ ]b!^k^gmbZmhk +25,

R�a ! k
!a"
% .y/R * 6a A

!=!6#%"
!=#%" G n B 6G FFFG uA

R{a ! k
!a#&"
% .y/R * 7a A

!=!6"
!=#%" G n B 6G FFFG u! 7F

H{dfw gl!huhqwldwlrq lv surylghg zlwk A B 64 Xvlqj uhfxuvlyh kljk3rughu
gl!huhqwldwruv wkh qrlvh sursdjdwlrq lv reylrxvo| frxqwhudfwhg dv frpsduhg
zlwk wkh fdvfdgh lpsohphqwdwlrq ri "uvw3rughu gl!huhqwldwruv4 Frqvlghu wkh
glvfuhwh3vdpsolqj fdvh2 zkhq �%.yb/ ! k.yb/ lv vxevwlwxwhg iru �% ! k.y/2 zlwk
yb * y H yb#&2 yb#& ! yb B < J 64

Pa^hk^f 8/ H^m < J 6 [^ ma^ \hglmZgm lZfiebg` bgm^koZe bg ma^ Z[l^g\^ h_
ghbl^l/ Pa^g ma^ _heehpbg` bg^jnZebmb^l Zk^ ^lmZ[ebla^] bg "gbm^ mbf^ _hk lhf^
ihlbmbo^ \hglmZgml 6aG 7a ]^i^g]bg` ^q\enlbo^er hg ma^ iZkZf^m^kl h_ ]b!^k^g.
mbZmhk +25,

R�a ! k
!a"
% .y/R * 6a <

h!a#&G n B 6G FFFG uA

R{a ! k
!a#&"
% .y/R * 7a <

h!aG n B 6G FFFG u! 7F

Pa^hk^f 9/ H^m iZkZf^m^kl 5%a- n B 6G 7G FFFFG u- h_ ]b!^k^gmbZmhk +25, ikhob]^
_hk ^qZ\m u!ma hk]^k ]b!^k^gmbZmbhg pbma W B 7/ Pa^g ma^ iZkZf^m^kl 5a B
5%aW

&?!h!a#&" Zk^ oZeb] _hk Zgr W J 6 Zg] ikhob]^ _hk ma^ Z\\nkZ\r R�a !
k%.n/.y/R * 6aW

a?!h#&"A!h!a#&"?!h#&" _hk lhf^ 6a + 7/

Sdudphwhuv 5%a duh hdvlo| irxqg e| frpsxwhu vlpxodwlrq2 vxffhvvlyho| ulvlqj
wkh gl!huhqwldwru rughu dffruglqj wr .78/4 D vhw ri vxfk sdudphwhuv lv olvwhg
ixuwkhu4

6/3 Efie^f^gmZmbhg h_ ma^ ]b#^k^gmbZmhk pbma 2.leb]bg`
ahfh`^g^hnl \hgmkhee^k

Wkh sursrvhg rxwsxw3ihhgedfn g|qdplfdo ihhgedfn kdv wkh irup

z B *.�%G �&G FFFG �j!&/G .7</

b�% B {%G {% B !5%W&?jR�% ! ;R!j!&"?j vljq.�% ! ;/ 1 �&G

b�& B {&G {& B !5&W&?!j!&"R�& ! {%R!j!'"?!j!&" vljq.�& ! {%/ 1 �'G
F F F

b�j!' B {j!'G {j!' B !5j!'W&?'R�j!' ! {j!(R&?' vljq.�j!' ! {j!(/ 1 �j!&G
b�j!& B !5j!&W vljq.�j!& ! {j!'/G

.7=/
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zkhuh * lv dq w3volglqj krprjhqhrxv frqwuroohu2 W + N 1 vxs R* RVO 2 dqg
sdudphwhuv 5a ri gl!huhqwldwru .7=/ duh dgmxvwhg lq dgydqfh ^98`4 D srvvleoh
fkrlfh ri wkh gl!huhqwldwru sdudphwhuv zlwk w * < lv 5j!& B 7F72 5j!' B 7F;2
5j!( B 92 5j!) B ;2 5j!* B >2 5j!+ B 784

Wdnlqj wkh krprjhqhlw| zhljkw w ! n iru �a 2 n B 6G 7G FFFG w ! 72 rewdlq d
krprjhqhrxv gl!huhqwldo lqfoxvlrq .=/2 .7</2 .7=/ ri wkh ghjuhh !74 Gxh wr
Wkhruhp < wkh fruuhvsrqglqj Ilolssry lqfoxvlrq lv dovr joredoo| xqlirupo|
"qlwh3wlph vwdeoh4 Ohw ; phdvxuhphqwv eh fruuxswhg e| d qrlvh ehlqj dq xq3
nqrzq erxqghg Ohehvjxh3phdvxudeoh ixqfwlrq ri wlph2 wkhq vroxwlrqv ri .9/2
.7</2 .7=/ duh lq"qlwho| h{whqgdeoh lq wlph xqghu wkh dvvxpswlrqv ri Vhfwlrq
92 dqg wkh iroorzlqj Wkhruhpv duh vlpsoh frqvhtxhqfhv ri Wkhruhp 84

Pa^hk^f :/ H^m \hgmkhee^k +27, [^ k.leb]bg` ahfh`^g^hnl Zg] "gbm^.mbf^ lmZ.
[e^- Zg] ma^ iZkZf^m^kl h_ ma^ ]b!^k^gmbZmhk +28, [^ ikhi^ker \ahl^g pbma k^.
li^\m mh ma^ nii^k [hng] h_ R* R / Pa^g bg ma^ Z[l^g\^ h_ f^Zlnk^f^gm ghbl^l ma^
hnminm._^^][Z\d \hgmkhee^k +27,- +28, ikhob]^l _hk ma^ "gbm^.mbf^ \hgo^k`^g\^
h_ ^Z\a mkZc^\mhkr mh ma^ w.leb]bg` fh]^ ; ( 6- hma^kpbl^ \hgo^k`^g\^ mh Z l^m
]^"g^] [r ma^ bg^jnZebmb^l R;R H 6%Æ- R b;R H 6&Æ

!j!&"?j- ///- ;!>!%" H 6j!&Æ
&?j

bl ^glnk^]- pa^k^ Æ bl ma^ ngdghpg f^Zlnk^f^gm ghbl^ fZ`gbmn]^ Zg] 6%- 6&-
///- 6j!& Zk^ lhf^ ihlbmbo^ \hglmZgml/

Lq wkh devhqfh ri phdvxuhphqw qrlvhv wkh frqyhujhqfh wlph lv erxqghg e|
d frqwlqxrxv ixqfwlrq ri wkh lqlwldo frqglwlrqv lq wkh vsdfh ;2 b;2 4442 ;!j!&"2 �%2
�&2 4442 �j!& zklfk ydqlvkhv dw wkh ruljlq .Wkhruhp 7/4

Pa^hk^f 21/ Qg]^k ma^ \hg]bmbhgl h_ Pa^hk^f : ma^ ]bl\k^m^.f^Zlnk^f^gm
o^klbhg h_ ma^ \hgmkhee^k +27,- +28, ikhob]^l bg ma^ Z[l^g\^ h_ f^Zlnk^f^gm
ghbl^l _hk ma^ bg^jnZebmb^l R;R H 6%<

j- R b;R H 6&<
!j!&"- ///- ;!>!%" H 6j!&< _hk

lhf^ 6%- 6&- ///- 6j!& J 6/

Wkh dv|pswrwlf dffxudf| surylghg e| Wkhruhp 76 lv wkh ehvw srvvleoh zlwk
glvfrqwlqxrxv ;!j" dqg glvfuhwh vdpsolqj ^8<`4 D Wkhruhp fruuhvsrqglqj wr
wkh fdvh ri glvfuhwh qrlv| vdpsolqj lv dovr hdvlo| irupxodwhg edvhg rq Wkhr3
uhp 84 Wkhvh uhvxowv duh dovr ydolg iru wkh 83volglqj krprjhqhrxv vxe3rswlpdo
frqwuroohu ^:2 =`4

- ?WTTL TL CNKTWKR *%

Rqo| pdlq srlqwv ri wkh surriv duh jlyhq khuh4 Frqvlghu "uvw wkh qhvwhg3volglqj3
prgh frqwuroohu4 Ghqrwh Ea=j B ;!a" 1 -aYa=j*a!&=j2 n B 7G FFFG w ! 74 Wkh lghd
ri wkh frqwuroohu lv wkdw d 73volglqj prgh lv hvwdeolvkhg rq wkh vprrwk sduwv ri
wkh glvfrqwlqxlw| vhw ! ri .77/ .Ilj4 8/4 Wkdw volglqj prgh lv ghvfulehg e| wkh
glvfrqwlqxrxv gl!huhqwldo htxdwlrq Ej!&=j B 6 ri wkh rughu w ! 72 surylglqj
lq lwv wxuq iru wkh h{lvwhqfh ri d 73volglqj prgh rq wkh vxuidfh Ej!'=j B 6

hpehgghg lq wkh vxevsdfh ;G b;G FFFG ;!j!'"4 Wkh htxdwlrq Ej!'=j B 6 fdq eh



076" %" The idea of ]/sliding controller

076" &" The discontinuity set of the 5/sliding controller

frqvlghuhg dv d glvfrqwlqxrxv gl!huhqwldo htxdwlrq ri wkh rughu w!82 surylglqj
lq lwv wxuq iru wkh dsshdudqfh ri wkh volglqj prgh Ej!(=j B 62 hwf4 Wkh odvw

htxdwlrq lv E&=j B b; 1 -&R;R!j!&"?j vljq; B 62 dqg lw surylghv iru wkh "qlwh3
wlph hvwdeolvkphqw ri wkh lghqwlw| ; ( 64

Lq wkh uhdolw|2 wkrxjk2 qr volglqj prgh lv srvvleoh rq d glvfrqwlqxrxv
vxuidfh ghvfulehg e| wkh htxdwlrq Ej!&=j B 64 Wkh sulpdu| volglqj prgh
Ej!&=j B 6 ghwhulrudwhv zkhq wkh wudmhfwru| dssurdfkhv wkh glvfrqwlqxlw| vhw
ri wkh ixqfwlrq Ej!&=j 2 l4h4 h{dfwo| dw wkh prphqw zkhq wkh vhfrqgdu| rqh
zhuh wr dsshdu4 Wkh uhdo prwlrq wdnhv sodfh lq vrph ylflqlw| ri wkh vxevhw
ri ! vdwlvi|lqj Ej!'=j B 64 Wkh odujhu , wkh vpdoohu lv wkh surmhfwlrq ri wklv

ylflqlw| lq wkh vxevsdfh ;G b;G FFFG ;!j!'" wr wkh vhw Ej!'=j B 6 .Ilj4 8/4 Wkxv2
wkh prwlrq wudqvihuv lq "qlwh wlph lqwr vrph ylflqlw| ri wkh vxevhw vdwlvi|lqj
Ej!(=j B 6 dqg vr rq4 Zkloh wkh wudmhfwru| dssurdfkhv wkh w3volglqj vhw .7/2

vhw ! uhwudfwv wr wkh ruljlq lq wkh frruglqdwhv ;G b;G FFFG ;!j!&"F Vhw ! zlwk w B 9
lv vkrzq lq Ilj4 94 Wkh deryh txdolwdwlyh uhdvrqlqj pdnhv doprvw reylrxv wkh
frqwudfwlyh surshuw| ri wkh frqwuroohu4 Dssolfdwlrq ri Wkhruhp 7 frpsohwhv
wkh surri4

Frqvlghu qrz wkh txdvl3frqwlqxrxv frqwuroohu4 Frqvlghu "uvw wkh fdvh w B 84
Wkh frqwuroohu wdnhv rq wkh irup

z B !,. b; 1 -&R;R&?' vljq;/I.R b;R1 -&R;R&?'/F
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076" '" 4/sliding quasi/continuous controller

Wkh lqhtxdolw| RzR + &
', krogv rxwvlgh ri wkh uhjlrq R*&='R * 6F; erxqghg

e| wkh fxuyhv b;1 &
'-&R;R&?' vljq; B 6 dqg b;19-&R;R&?' vljq; B 64 Wkxv2 zlwk

vxÆflhqwo| odujh , wklv uhjlrq lv d "qlwh3wlph dwwudfwru ri wkh v|vwhp .Ilj4 :/4
Reylrxvo|2 wkh wudmhfwrulhv frq"qhg ehwzhhq wkhvh fxuyhv lqhylwdeo| frqyhujh
wr wkh ruljlq lq "qlwh wlph2 zklfk frpsohwhv wkh surri iru w B 84 Wkh Wkhruhp
surri jhqhudol}hv wklv uhdvrqlqj wr wkh duelwudu| uhodwlyh ghjuhh4

Wkh surri lv edvhg rq d ihz Ohppdv4 Uhfdoo wkdw wkh krprjhqhlw| zhljkw
ri ;!a" lv w ! n2 n B 6G FFFG w ! 7 dqg wkh zhljkw ri y lv 74

H^ffZ 2/ Pa^ p^b`am h_ Ya=j ^jnZel w ! n- n B 6G FFFG w ! 7/ AZ\a ahfh`^.
g^hnl eh\Zeer.[hng]^] _ng\mbhg |.;G b;G FFFG ;!a"/ h_ ma^ p^b`am w! n lZmbl"^l ma^
bg^jnZebmr R|R * hYa=j _hk lhf^ h J 6/

Lqghhg2 Ya=j lv d srvlwlyh3gh"qlwh orfdoo|3erxqghg ixqfwlrq .Sursrvlwlrq
7/2 zklfk lpsolhv wkdw |IYa=j lv erxqghg rq d xqlw vskhuh dqg2 wkhuhiruh2
hyhu|zkhuh4

H^ffZ 3/ H^m 7 * n * w ! 8- ma^g _hk Zgr ihlbmbo^ -a- .a- .a#& pbma

lnÆ\b^gmer eZk`^ -a#& J 6 ma^ bg^jnZebmr R;!a#&" 1 -a#&Y
!j!a!&"?!j!a"
a=j *a=jR *



.a#&Y
!j!a!&"?!j!a"
a=j ikhob]^l _hk ma^ "gbm^.mbf^ ^lmZ[eblaf^gm Zg] d^^ibg` h_

ma^ bg^jnZebmr R;!a" 1 -aY
!j!a"?!j!a#&"
a!&=j *a!&=jR * .aY

!j!a"?!j!a#&"
a!&=j /

Lkhh_/ Frqvlghu wkh srlqw vhw +.}/ B N.;G b;G FFFG ;!a"/R R*a=jR * 8O iru
vrph "{hg 8 J 62 8 H .aI.9-a/2 8 H 7I94 Wkh lqhtxdolw| R*a=jR * 8 lpsolhv

R;!a"R * 8-aY
!j!a"?!j!a#&"
a!&=j dqg2 wkhuhiruh2 +.8/ - +&.8/2 zkhuh +&.8/ lv

gh"qhg e| wkh lqhtxdolw|

R;!a" 1 -aY
!j!a"?!j!a#&"
a!&=j *a!&=jR * 9-a8Y

!j!a"?!j!a#&"
a!&=j F

Wkdw lv htxlydohqw2 lq lwv wxuq2 wr E! * ;!a" * E# 2 zkhuh E!2 E# duh

krprjhqhrxv ixqfwlrqv ri ;G b;G FFFG ;!a!&" ri wkh zhljkw w ! n4 Uhvwulfwlqj E!
dqg E# wr wkh xqlw krprjhqhrxv vskhuh : B 72 zkhuh

: B .;h?j 1 b;h?!j!&" 1 FFF1 .;!a!&"/h?!j!a#&"/&?hG u B 8w) G

dfklhyhv vrph frqwlqxrxv .rq wkh vskhuh/ ixqfwlrqv E&! dqg E&#4 Ixqfwlrqv
E&! dqg E&# fdq eh dssur{lpdwhg rq wkh vskhuh e| vrph vprrwk ixqfwlrqv
E'! dqg E'# iurp ehqhdwk dqg iurp deryh uhvshfwlyho|4

Dq| ixqfwlrq E gh"qhg rq wkh krprjhqhrxv vskhuh : B 7 lv xqltxho|
h{whqghg wr wkh ixqfwlrq ) ri wkh zhljkw | J 6 gh"qhg lq wkh zkroh vsdfh
;G b;G FFFG ;!a" e| wkh irupxod

).;G b;G FFFG ;!a!&"/ B :oE.:!j;G :!j#& b;G FFFG :!j#a!&;!a!&"/G

zkhuh wkh ixqfwlrq : lv gh"qhg deryh4 Wkxv2 ixqfwlrqv E'! dqg E'# duh h{3
whqghg e| krprjhqhlw| wr wkh frqwlqxrxv krprjhqhrxv ixqfwlrqv )! dqg )#
ri ;G b;G FFFG ;!a!&" ri wkh zhljkw w ! n2 vprrwk hyhu|zkhuh h{fhsw 62 vr wkdw
+.8/ - +'.8/ B N.;G b;G FFFG ;!a"/R )! * ;!a" * )#O4

Suryh qrz wkdw +'.8/ lv lqyduldqw dqg dwwudfwv wkh wudmhfwrulhv zlwk odujh
-a#&4 Wkh _xsshu* erxqgdu| ri +'.8/ lv jlyhq e| wkh htxdwlrq 9# B ;!a" !
)# B 64 Wkh lqhtxdolw| R*a=jR + 8 lv dvvxuhg rxwvlgh ri +'.8/4 Vxssrvh wkdw
dw wkh lqlwldo prphqw 9# J 6 dqg2 wkhuhiruh2 R*a=jR + 84 Wdnlqj lqwr dffrxqw

wkdw b)# lv krprjhqhrxv ri wkh zhljkw w ! n ! 7 dqg2 dffruglqj wr Ohppd

72 R b)#R * 4Y
!j!a!&"?!j!a"
a=j 2 dqg R9#R * 4&Ya=j iru vrph 42 4& J 62 dfklhyh

gl!huhqwldwlqj wkdw zlwk vxÆflhqwo| odujh -a#&

b9# * .!-a#&8 1 .a#&/Y
!j!a!&"?!j!a"
a=j ! b)#

* .!-a#&8 1 .a#& 1 4/Y
!j!a!&"?!j!a"
a=j

* .!-a#&8 1 .a#& 1 4/.4!&& 9#/
!j!a!&"?!j!a"F

Khqfh 9# ydqlvkhv lq "qlwh wlph zlwk -a#& odujh hqrxjk4 Wkxv2 wkh wudmhfwru|
lqhylwdeo| hqwhuv wkh uhjlrq +'.8/ lq "qlwh wlph4 Vlploduo|2 wkh wudmhfwru| hq3
whuv +'.8/ li wkh lqlwldo ydoxh ri 9! B ;!a"!)! B 6 lv qhjdwlyh dqg2 wkhuhiruh2
R*a=jR * ! 84 Reylrxvo|2 +'.8/ lv lqyduldqw4
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Fkrrvlqj )! dqg )# vxÆflhqwo| forvh wr E'! dqg E'# rq wkh krprjh3
qhrxv vskhuh dqg -a#& odujh hqrxjk2 dfklhyh iurp Ohppd 7 wkdw +'.8/ -
+&..aI.9-a// dqg wkh vwdwhphqw ri Ohppd 84 "

Vlqfh Y%=j B R;R2 E%=j B ;2 Ohppd 8 lv uhsodfhg e| wkh qh{w vlpsoh Ohppd
zlwk n B 64

H^ffZ 4/ / Pa^ bg^jnZebmr R b; 1 -&R;R!j!&"?j vljq;R * .&R;R!j!&"?j ikhob]^l
pbma 6 * .& H -& _hk ma^ ^lmZ[eblaf^gm bg "gbm^ mbf^ Zg] d^^ibg` h_ ma^
b]^gmbmr ; ( 6/

Wkh surri ri wkh Wkhruhp lv qrz "qlvkhg e| xvlqj d vlplodu dssurdfk wr
Ohppd 8 surri wkdw iru dq| . J 6 zlwk vxÆflhqwo| odujh , wkh lqhtxdolw|

R;!j!&" 1 -j!&Y
&?'
j!'=j*j!'=jR * .Y

&?'
j!'=j lv hvwdeolvkhg lq "qlwh wlph dqg nhsw

diwhuzdugv4 "

. BORZQGYOTS K]GRUQK

?Zk \hgmkhe/

Frqvlghu d vlpsoh nlqhpdwlf prgho ri fdu frqwuro ^9?`

b} B { frvEG b~ B { vlqEG

bE B
{

q
wdq 3G

b3 B zG

zkhuh } dqg ~ duh Fduwhvldq frruglqdwhv ri wkh uhdu3d{oh plggoh srlqw2 E lv
wkh rulhqwdwlrq dqjoh2 { lv wkh orqjlwxglqdo yhorflw|2 q lv wkh ohqjwk ehwzhhq
wkh wzr d{ohv dqg 3 lv wkh vwhhulqj dqjoh .Ilj4 ;/4 Wkh wdvn lv wr vwhhu wkh fdu
iurp d jlyhq lqlwldo srvlwlrq wr wkh wudmhfwru| ~ B l.}/G zkloh }G ~ dqg E duh
dvvxphg wr eh phdvxuhg lq uhdo wlph4 Qrwh wkdw wkh dfwxdo frqwuro khuh lv 3
dqg b3 B z lv xvhg dv d qhz frqwuro lq rughu wr dyrlg glvfrqwlqxlwlhv ri 34 Dq|
sudfwlfdo lpsohphqwdwlrq ri wkh frqwuroohu ghyhorshg khuh zrxog uhtxluh vrph
uhdo3wlph frruglqdwh wudqvirupdwlrq zlwk E dssurdfklqj %9I84 Gh"qh

; B ~ ! l.}/F

Ohw { B frqvw B 76pI vG q B ;pG l.}/ B 76 vlq 6F6;}1;G } B ~ B E B 3 B
6 dw y B 6F Wkh uhodwlyh ghjuhh ri wkh v|vwhp lv 9 dqg erwk 93volglqj krprjh3
qhrxv frqwuroohuv iurp wkh deryh olvwv pd| eh dssolhg khuh4 Xqiruwxqdwho| wkh
wudqvlhqw ihdwxuhv ri wkh qhvwhg3volglqj3prgh frqwuroohu ihdwxuh vrph fkdwwhu3
lqj ., B 862 Ilj4 </4 Wkxv2 wkh uhodwlyh ghjuhh lv duwl"fldoo| lqfuhdvhg xs wr
:2 dqg wkh :3volglqj frqwuroohu lv xvhg ^96`4 Dovr wkh txdvl3frqwlqxrxv 93volglqj
frqwuroohu fdq eh dssolhg khuh4 Lw zdv wdnhq , B 72 W B :664 Wkh uhvxowlqj
rxwsxw3ihhgedfn frqwuroohu .7</ 3 .7=/ lv



076" (" Kinematic car model

z B !^�'18.R�&R1 R�%R'?(/!&?'.�& 1 R�%R'?( vljq;/`I^R�'R18.R�&R1 R�%R'?(/&?'`

b�% B {%G {% B !7:F=9<7R�%! ;R'?( vljq.�% ! ;/ 1 �&G

b�& B {&G {& B !96R�& ! {%R&?' vljq.�& ! {%/ 1 �'G

b�' B !::6 vljq.�' ! {&/F .7?/

Wkh frqwuroohu sdudphwhu , lv frqyhqlhqw wr "qg e| vlpxodwlrq ^8<2 =2 97`4
Wkh gl!huhqwldwru sdudphwhu W B :66 lv wdnhq gholehudwho| odujh2 lq rughu wr
surylgh iru ehwwhu shuirupdqfh lq wkh suhvhqfh ri phdvxuhphqw huuruv .W B 8;
lv dovr vxÆflhqw2 exw zdv irxqg wr eh pxfk zruvh zlwk vdpsolqj qrlvhv/2 rwkhu
gl!huhqwldwru sdudphwhuv duh 5' B 7F72 5& B 7F;2 5% B 94 Wkh frqwuro zdv
dssolhg rqo| iurp y B 72 lq rughu wr surylgh vrph wlph iru wkh gl!huhqwldwru
frqyhujhqfh4

Wkh lqwhjudwlrq zdv fduulhg rxw dffruglqj wr wkh Hxohu phwkrg .wkh rqo|
uholdeoh lqwhjudwlrq phwkrg zlwk glvfrqwlqxrxv g|qdplfv/2 wkh vdpsolqj vwhs
ehlqj htxdo wr wkh lqwhjudwlrq vwhs < B 76!)4 Lq wkh devhqfh ri qrlvhv wkh
wudfnlqj dffxudflhv R;R * ;F: "76!,2 R b;R * 8F: "76!)2 R!;R * 6F6:8 zhuh rewdlqhg4
Zlwk < B 76!* wkh dffxudflhv R;R * ;F< " 76!&%2 R b;R * 7F: " 76!*2 R!;R * 6F66:8
zhuh dwwdlqhg2 zklfk pdlqo| fruuhvsrqgv wr wkh dv|pswrwlf uhsuhvhqwdwlrq
vwdwhg lq Wkhruhp 764 Wkh fdu wudmhfwru|2 93volglqj wudfnlqj huuruv2 vwhhulqj
dqjoh 3 dqg lwv ghulydwlyh z duh vkrzq lq Ilj4 =d2 e2 f2 g uhvshfwlyho|4 Lw lv
vhhq iurp Ilj4 =f wkdw wkh frqwuro z uhpdlqv frqwlqxrxv xqwlo wkh hqwudqfh
lqwr wkh 93volglqj prgh4 Wkh vwhhulqj dqjoh 3 uhpdlqv udwkhu vprrwk dqg lv
txlwh ihdvleoh4

Lq wkh suhvhqfh ri rxwsxw qrlvh zlwk wkh pdjqlwxgh 6F67p wkh wudfnlqj
dffxudflhv R;R * 6F682 R b;R * 6F7:2 R!;R * 7F9 zhuh rewdlqhg4 Zlwk wkh phd3
vxuhphqw qrlvh ri wkh pdjqlwxgh 6F7 wkh dffxudflhv fkdqjhg wr R;R * 6F862
R b;R * 6F<82 R!;R * 8F>2 zklfk fruuhvsrqgv wr wkh dv|pswrwlf uhsuhvhqwdwlrq
vwdwhg e| Wkhruhp ?4 Wkh shuirupdqfh ri wkh frqwuroohu zlwk wkh phdvxuh3
phqw huuru pdjqlwxgh 6F7p lv vkrzq lq Ilj4 >4 Lw lv vhhq iurp Ilj4 >f wkdw
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076" )" Nested/SM control of the car

wkh frqwuro z lv d frqwlqxrxv ixqfwlrq ri y4 Wkh vwhhulqj dqjoh yleudwlrqv kdyh
wkh pdjqlwxgh ri derxw = Æ dqg wkh iuhtxhqf| 7K}2 zklfk lv dovr txlwh ihdvl3
eoh4 Wkh shuirupdqfh grhv qrw fkdqjh2 zkhq wkh iuhtxhqf| ri wkh qrlvh ydulhv
lq wkh udqjh 766 3 7666664 Wkh dgydqwdjhv ri wkh qhz frqwuroohu duh reylrxv
.frpsduh Iljv4 <2 =/4 Vlpxodwlrq vkrzv wkdw wkh qhvwhg3VP frqwuroohu ^962 97`
lv dovr pruh vhqvlwlyh wr wkh sdudphwhu fkrlfh dqg qrlvhv4

/ 4TSIQZXOTSX

Vwdelolw| ihdwxuhv dqg dv|pswrwlf dffxudf| duh vwxglhg ri krprjhqhrxv gl!hu3
hqwldo lqfoxvlrqv zlwk qhjdwlyh krprjhqhrxv ghjuhh4 Lq sduwlfxodu2 wkh xqlirup
joredo "qlwh3wlph vwdelolw| lv urexvw zlwk uhvshfw wr vpdoo krprjhqhrxv shu3
wxuedwlrqv2 li wkh krprjhqhlw| ghjuhh lv qhjdwlyh4 Wkh fruuhvsrqglqj w3volglqj
krprjhqhlw| qrwlrq lv lqwurgxfhg2 vlpsoli|lqj dqg vwdqgdugl}lqj ghvljq dqg
frqyhujhqfh surriv ri w3volglqj prgh frqwuroohuv4

D volglqj3prgh VLVR frqwuroohu ri d qhz w|sh lv rewdlqhg2 iru lw surylghv
iru wkh "qlwh3wlph vwdeoh volglqj prwlrq rq wkh }hur3g|qdplfv pdqlirog ri kljk



076" *" 5/sliding quasi/continuous control

uhodwlyh ghjuhh e| phdqv ri frqwuro frqwlqxrxv hyhu|zkhuh h{fhsw wklv pdql3
irog4 Wkh frqwuro lv frqwlqxrxv hyhu|zkhuh h{fhsw wkh kljk3rughu volglqj prgh
lwvhoi4 Vlqfh lghdo volglqj prgh lv qhyhu hvwdeolvkhg lq sudfwlfh2 wkh frqwuro
uhpdlqv d frqwlqxrxv ixqfwlrq ri wlph4 Dv d uhvxow wkh fkdwwhulqj h!hfw lv
vljql"fdqwo| uhgxfhg4

Wkh uhdo3wlph h{dfw gl!huhqwldwru ri wkh dssursuldwh rughu lv frpelqhg
zlwk wkh sursrvhg frqwuroohu surylglqj iru wkh ixoo VLVR frqwuro edvhg rq wkh
lqsxw phdvxuhphqwv rqo|2 zkhq wkh rqo| lqirupdwlrq rq wkh frqwuroohg xqfhu3
wdlq surfhvv lv dfwxdoo| lwv uhodwlyh ghjuhh4 Doo wkh ihdwxuhv ri wkh frqwuroohu
zlwk wkh ixoo vwdwh dydlodelolw| duh suhvhuyhg lqfoxglqj wkh "qlwh3wlph vwdelo3
lw| dqg wkh dffxudf| dv|pswrwlf uhsuhvhqwdwlrq4 Erwk wkh sursrvhg frqwuroohu
dqg lwv rxwsxw3ihhgedfn yhuvlrq duh yhu| urexvw zlwk uhvshfw wr phdvxuhphqw
qrlvhv4 Rqo| erxqghgqhvv ri wkh qrlvh lv qhhghg2 qr iuhtxhqf| frqvlghudwlrqv
duh uhohydqw4

Qr h{dfw prgho ri wkh surfhvv lv qhhghg4 Wkh rqo| uhtxluhphqwv duh wkdw
wkh uhodwlyh ghjuhh ri wkh frqwuroohg xqfhuwdlq surfhvv eh nqrzq dqg wkh
erxqghgqhvv uhvwulfwlrqv .</ krog4 Orfdo ydolglw| ri .</ surylghv iru wkh or3
fdo dssolfdelolw| ri frqwuroohuv4 Wkh vlpxodwlrq vkrzv wkdw lw lv suredeo| wkh
"uvw sudfwlfdoo| dssolfdeoh rxwsxw3ihhgedfn w3volglqj frqwuroohu zlwk w J 84
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076" +" Performance with the input noise magnitude 203m

Wkh uhvxowv ri wklv fkdswhu surylgh dfwxdoo| iru wkh doprvw3frpsohwh wkh3
ruhwlfdo dqg sudfwlfdo vroxwlrq ri wkh VLVR rxwsxw uhjxodwlrq sureohp2 zkhq
wkh uhodwlyh ghjuhh ri wkh rxwsxw lv zhoo gh"qhg dqg nqrzq4 Wkhuhiruh2 wkh
VLVR fdvh ri wkh nqrzq uhodwlyh ghjuhh vkrxog eh frqvlghuhg wulyldo4 Oxfnlo|2
wkh frqglwlrq lv riwhq ylrodwhg4 Iluvw ri doo2 rqh pd| vd| wkdw zh qhyhu nqrz
wkh dfwxdo uhodwlyh ghjuhh2 gxh wr wkh suhvhqfh ri vrph idvw xqdffrxqwhg3iru
g|qdplfv ri dfwxdwruv dqg vhqvruv ^7;2 7<2 7=2 >`2 dovr wkh pdwkhpdwlfdo prgho
fdqqrw eh ixoo| dghtxdwh2 gxh wr wkh suhvhqfh ri vpdoo ghod|v2 k|vwhuhvlv2 glv3
wulexwhg sdudphwhuv hwf4 Wkh flwhg uhvxowv e| Iulgpdq dqg Erlnr2 vrph qhz
xqsxeolvkhg uhvhdufk2 dv zhoo dv dxwkru-v rzq sudfwlfdo h{shulhqfh ^8?` vkrz
wkdw lq wkhvh fdvhv wkh lghdo volglqj prgh lv uhsodfhg e| dq dssur{lpdwh rqh
.*uhdo volglqj* prgh/2 dqg wkh dssurdfk vwloo suhvhuyhv lwv prvw lpsruwdqw
ihdwxuhv4 Lq sduwlfxodu2 li wkh uhodwlyh ghjuhh lv duwl"fldoo| lqfuhdvhg lq rughu
wr ryhufrph wkh fkdwwhulqj h!hfw2 wkh fkdwwhulqj pljkw vwloo dsshdu2 exw lq
wkh *vriw* irup2 l4h4 dv lq"qlwhvlpdoo| vpdoo orz3hqhuj| yleudwlrqv ri sk|vlfdo
yduldeohv4 Wr wkh frqwudu|2 li wkh uhodwlyh ghjuhh lv qrw zhoo gh"qhg mxvw dv wkh
frqwuro jrdo lv rewdlqhg2 wkh dssurdfk fdqqrw eh gluhfwo| dssolhg4 Iru h{dpsoh2
wkh vwdelol}dwlrq sureohp fdq eh uhirupxodwhg dv wkh sureohp ri nhhslqj wkh



frqvwudlqw ; B RR}RR B 62 exw wkhq wkh uhodwlyh ghjuhh ri ; lv doprvw qhyhu zhoo
gh"qhg dw 64 Dqrwkhu glÆfxow sureohp lv wkh lqvwdelolw| ri wkh }hur g|qdplfv
^:?`4 Krzhyhu2 dv xvxdo2 volglqj prgh frqwuro frqwulexwhv khuh2 surylghg dq
dssursuldwh dx{loldu| frqvwudlqw lv fkrvhq4
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