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ABSTRACT. For any strictly convex planar domain Q C R? with a C*
boundary one can associate an infinite sequence of spectral invariants
introduced by Marvizi-Merlose [5]. These invariants can generically be
determined using the spectrum of the Dirichlet problem of the Laplace
operator. A natural question asks if this collection is sufficient to deter-
mine {2 up to isometry. In this paper we give a counterexample, namely,
we present two non-isometric domains  and Q with the same collection
of Marvizi-Melrose invariants. Moreover, each domain has countably
many periodic orbits {S"}n>1 (resp. {8"}n>1) of period going to infin-
ity such that S™ and S™ have the same period and perimeter for each
n.

Consider a C* smooth strictly convex planar domain Q C R?. Let us
start by introducing the Length Spectrum of a domain 2. The length spec-
trum of € is given by the set of lengths of its periodic orbits, counted with
multiplicity:

L($2) := N{ lengths of closed geodesics in Q} UN |09,

where |09 denotes the length of the boundary of 2. Generically this col-
lection can be determined from the spectrum of the Laplace operator in
with Dirichlet boundary condition (similarly for Neumann boundary one):

Af =\ inQ
() {f|asz=0-

From the physical point of view, the eigenvalues A’s are the eigenfrequencies
of the membrane ) with a fixed boundary. There is the following relation
between the Laplace spectrum and the length spectrum (see e.g. [1, 6]).
Call the function

w(t) := Z cos(tv/—N\i),

A EspecA

the wave trace. Then, the wave trace w(t) is a well-defined generalized
function (distribution) of ¢, smooth away from the length spectrum, namely,

(2) sing. supp. (w(t)) € £L£(2) U {0}.

So if I > 0 belongs to the singular support of this distribution, then there
exists either a closed billiard trajectory of length [, or a closed geodesic of
length [ in the boundary of the billiard table.
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Generically, equality holds in (2). More precisely, if no two distinct or-
bits have the same length and the Poincaré map of any periodic orbit is
non-degenerate, then the singular support of the wave trace coincides with
+L£(Q2) U{0} (see e.g. [6]). This theorem implies that, at least for generic
domains, one can recover the length spectrum from the Laplace one.

This relation between periodic orbits and spectral properties of the do-
main, immediately leads to a famous inverse spectral problem:

Can one hear the shape of a drum?,
as formulated in a very suggestive way by M. Kac [3] (although the problem
had been already stated by H. Weyl). More precisely, does the spectrum
Spec A determine 2 up to isometry? This question has not been completely
solved yet: there are negative and positive answers (see [9, 10]).

S. Marvizi and R. Melrose [5] studied the asymptotics of the lengths of
n—periodic billiard trajectories in a smooth strictly convex plane domain as
n — o0o. Let L, be the supremum and [/,, the infimum of the perimeters of
simple billiard n-gons. The following theorem was proved in [5]:

Theorem. For any positive integer k we have
limn*(L, —1,) =0 n — 00

for any positive k. Moreover, L, has an asymptotic expansion as n — oo:
N
k
Ly, ~ 6y + —=,

where £y is the length of the billiard table and £y ’s are constants, depending
on the curvature of the table.

This collection {{j}x>0 is sometimes called Marvizi-Melrose spectral in-
variants. These coefficients are closely related to expansion at the origin of
so-called Mather’s -function (see [7, 8]). A natural question is

Do Marvizi-Melrose spectral invariants {{}r>0 determine a strictly con-
vex domain (up to isometry)?

In this paper we provide a negative answer, namely,

Theorem 1. There exist two C strictly convex planar domain Q, Q' C
R? which are non-isometric, but have the same Marvizi-Melrose invariants.
Moreover, there is a sequence q, — oo such that for each n > 1 there are
periodic orbits of period g, for both domains of the same perimeter.

We note that originally Marvizi-Melrose [5] derived their invariants {{j } >0
as integrated quantities. If s is the length parametrization of the boundary
and p(s) is its radius of curvature, then

0(69)
0 = —2/ p?3(s)ds
0
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by = ——
271080 J,

(993 (s) + 8p8/3%(s)) ds

and so on.

We construct domains Q and Q' using the same “building blocks”, namely,
there is a partition of the boundary of both domains such that parts are iso-
metric (see Figure 1 below). Since these invariants are integrated quantities
of products of fractional powers of p and its derivatives, the first part of
our result can be derived from the derivations of Marvizi-Melrose [5]. We,
however, feel that our “moreover” construction in Theorem 1 is interesting
by itself.

1. CONSTRUCTION OF NON-ISOMETRIC DOMAINS WITH THE SAME
MARVIZI-MELROSE SPECTRAL INVARIANTS

Our convex billiard tables Q and Q' will consist of the same “building
blocks”, which are “glued” together in different order. To be more precise,
these building blocks will be smooth curves v : [0,a] — R?, and we will
require that such ~ satisfies the following:

(1) ~ is regular, simple and non-closed.

(2) ~v is symmetric with respect to the line passing through v(a/2) and
normal to v, that is, denoting by R, : R? — R? the reflection of R?
with respect to the line passing through «(a/2) and orthogonal to ~y
at v(a/2), we have R, (vy(t)) = v(a —t) for all ¢t € [0, a].

(3) arg®/(t) is monotone increasing (mod 27) with a positive speed,
when t € [0,a] (for given z € R? \ {(0,0)}, the notation 6 = arg z
means that z = (rcos ), rsinf) for some some r > 0).

Given building blocks 71 : [0,a1] — R? and 79 : [0,a2] — R?, we define
their gluing to be a curve 7 : [0, a1 + as] — R? defined as follows. First, let
T be the orientation preserving isometry of R? such that for 49 := T oyy we
have 42(0) = 71(a1) and 45(0) = 7 (a1). Then we define v by v(t) = ~1(¢)
for t € [0,a1], and Y(t) = v (t — a1) for ¢t € [a1,a1 + ag]. We will use
the notation v = y1ffy2. Notice that v does not have to be C*°-smooth in
general. However, in all examples that we will be considering below, this
will always be the case.

We will call a smooth simple closed curve bounding a smooth strictly
convex domain a billiard table boundary. Given a building block v we can
think of it as a “wall”, with respect to which we can play billiard. We
say that an angle 6 € (0, 3) matches «y if the billiard trajectory starting at
v(0) and making the angle 6 with v at (0), passes through v(a/2) (and in
particular, arrives to y(a)). More precisely, there exist

t0:0<t1<...<t2p:a,
such that
L(y(ti) = y(tic1), v (t) = Z( (t:), Y (Eiv1) — ()
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for i = 1,2,...,2p — 1, we have t, = a/2 and Z(/(to),v(t1) — (o)) = 0.
Clearly, in this case we also have Z(y(t2p) — y(t2p—1),7 (t2p)) = 6.

FIGURE 1.
A billiard ball trajectory matching a building block.

Assume that we have building blocks 71, . .., Vn, such that v = 1§ - - iy,
is a billiard table boundary. Then, for any angle § which matches each ~g,
we obtain a closed billiard trajectory for 7, which starts at (0) with angle
6. Clearly, if we have a permutation g, , V&, - - - » V&, of our building blocks,
such that 7 := v, 1 -, is a billiard table boundary, then of course, we
also obtain a closed billiard trajectory for v, which starts at v(0) with angle
6.

The idea of our example is to find building blocks 1, ...,7, and a per-
mutation kq,...,k, of the indices 1,...,n, such that v = yf---fvy, and
¥ = Vi, § - - §k,, are different (i.e. non-congruent) billiard table boundaries,
and such that for an infinite decreasing sequence 61,62, ... € (0, §) of angles,
converging to 0, each 0} matches each 7;. Then from the mentioned above,
it follows that v and 4 admit an infinite sequence of pairs of simple closed
billiard trajectories 71, 7o, ... and 71, 7o, . . ., such that 75 has the same length
and the same number of bouncing points as 7, for each k. In that case,
the Marvizi-Melrose invariants of 7 and 4 coincide, since they are defined
by the asymptotic behaviour of lengths of simple billiard n-gons.

To construct such building blocks, we start with some n > 4 and initial
collection 7y, ...,7v, of building blocks and a permutation ki,...,k, such
that vt - - - §yn, and g, 8 - - - Bk, are non-congruent billiard table boundaries.
To obtain an example of such collection of building blocks and a permuta-
tion, one can simply look first at ~y; : [0, 27”] — R2 = C, y,(t) = eftt2mhi/n
and take any nontrivial permutation k1, ..., k, which is not of the form &, =
¢+ a(mod n) or kg = a — £ (mod n). Of course, in this case y1f - - £y, and
Vi, 8- - By, are both congruent to the unit circle, but if we slightly perturb
each 7, on a compact subset of (0, 2%) (keeping it to be a building block),
then one can achieve the non-congruence of vif - - - v, and i, 8- - - vk, -

Remark 2. If in general, 71,...,7, are building blocks, v : [0,az] — R2,
such that y1f- - - v, is a billiard table boundary, and if we perturb each ~y;
on a compact subset of (0, ax) while keeping it being a building block, then
v1f- - - v remains to be a billiard table boundary.



FIGURE 2.
On the left: v18votv38v4. On the right: ~1fy38v28v4.

On the next step we make infinitely many small steps on each of which
we further perturb each ., such that the sizes of the perturbations decay
very fast, so that in the limit we obtain C'°°-smooth building blocks as well.
We will use the following lemma:

Lemma 3. Let v : [0,a] — R? be a building block, and let [b,c] C (0,a/2)
be a closed interval. Then for any small enough angle € (0,7/2) one
can find an arbitrarily C*°-small perturbation (meaning that the size of the
perturbation converges to 0 as @ — 0) 5 of v on [b,c] U [a — ¢,a — b], such
that 4 is a building block, and such that 6 matches 7.

Proof. We defer a proof to Section 1.1. U

Let us describe more precisely this perturbation scheme. Fix some small
enough € > 0. At the first step, by the lemma, one can find a small 0; €
(0,7/2), such that for a small perturbation 745 of each v, on a compact
subset of (0, 2%), #; matches each ;. We can assume that ||y — Fx|lco < €.
Now re-define each 7 to be 4%, and pass to the second step.

Now assume that we have made m steps, and have already obtained some
angles 61,6,...,0,, € (0,7/2) such that each 6; matches each ;. Let us
describe the perturbation that we make on the step (m + 1). For each 1 <
k < m, and for each 1 < j < m, let 7j;, be the billiard trajectory with respect
to the “wall” 7y, which starts at 7,(0) at the angle 6; with 7, (0). Now for
every k, look at all the bouncing points of all 73, 1 < j < m, and choose a
closed interval [by, cx] C (0, 7/n), such that v ([bg, cx]U[27/n—cp, 27 /n—Dbg))
does not contain any of these bouncing points. Then, by the lemma, for each
k there exists a small perturbation 4 of v on [by, cx|U[27/n—cp, 27 /n—bg],
with ||vx — Jkllcm < €/2™, such that for a small angle 6,,41 € (0,6,,), Omt1
matches 7 for every k. Now re-define each ; to be 7, and pass to the next
step.
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Note that the sizes of the perturbations decay very fast, so that our chang-
ing collection 7y, ...,7, of building blocks, converges to some limiting col-
lection of building blocks, which we again denote by 71, ...,7,. Of course,
by our construction procedure, now each 6; matches each 7;. Moreover,
since on each step m, the C? distance between the initial v, and the per-
turbed ~y;, is smaller than /2™, we conclude that the C° distance between
each starting v, (which we had before performing the perturbation scheme)
and the limiting 7 is less than 2e. Therefore, if € is small enough, then
for the limiting building blocks 71, ..., v,, we still get that 18- - - vy, and
V.8 - - By, are not congruent.

1.1. A proof of Lemma 3. Let € be a strictly convex domain; recall that
s denotes the arc-length parametrization of 02 and denote with p(s) its
radius of curvature at s. Observe that if Q is C", then p is C" 2. Define the
Lazutkin parametrization of the boundary:

) o) = [ plo) P do
0
We call the Lazutkin map the following change of variables:
(4) Up: (s,9) = (2 = 2(s), y(5,¢) = dp(s)*sin(6/2) ).

Consider now the billiard map in Lazutkin coordinates f;, = Wyo fo \1121;
then f7, has the following form (see e.g. [4, (1.4)]):

(5) fri(@y) = (@ +y+yPa(a,y).y+y*h(z,y)),

where g and h can be expressed analytically in terms of derivatives of the
curvature radius p up to order 3: hence, if Q is C", g,h are C"°. In the
case of C*° domains all functions stay C'°*°. We need the following

Lemma 4. Let Q be a C° strictly convexr domain; v C OS2 be a connected
closed segment of the boundary. For k,N € Z, N > 2, let (xg,yx) =
(20, 0), and {xx}_y C ~v. Then there exists C > 0 depending on ||p||cs
and independent of N, such that for small enough yo we have

C - - C
(6) Yk — Yol < N3’ |Z, — To — kyo| < N
forany 0 <k < N.

This lemma is proven for periodic orbits in [2], but the same proof applies
to orbits glancing only at a part of the boundary of a C° strictly convex
domain.

Since a building block is symmetric, it is sufficient to construct a symmet-
ric perturbation such that an orbit emanating from xy = v(0) with small
angle 6 > 0 will hit the symmetry point v(a/2).

Consider a smooth variation 75 : [0,a] — R? of y on [b,c] U [a — ¢,a — b],
when § € (—dp,d0), such that each -5 is a building block, 9 = 7, and
moreover the Lazutkin perimeter of 5 is non-constant as a function of é on
any neighbourhood of § = 0 (in a sense, the family -5 varies the Lazutkin
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perimeter). By Lemma 4 and by the intermediate value theorem, for small
enough y, one can always find 5 on which we have o = 5(0) and zny =
vs(a/2) for some N (for convenience, one may consider a smooth family of
strictly convex domains Qs such that 75 is a part of 25). Moreover, we may
choose 0 = o(1) when yg — 0.

Indeed, for any given A € (0,dp), choose some —\ < §; < d2 < A such
that the Lazutkin perimeters of s, and ~;, are different. Then, for small
enough yp and any 0 € [d1, d2] consider the billiard ball trajectory 7(8) with
bouncing points z¢(J) = v5(0),z1(6), ..., zk(d) on 7s, with angle yo at the
first bouncing point z¢(d). Here k = k(,yp) is the last bouncing point
before the trajectory escapes 5. From Lemma 4 it follows that we have
limy, 0 yok(6,y0) = Ls, where Ls is the Lazutkin perimeter of 5. Since
Ls, # Ls,, for small enough yo we get k(d1,y0) # k(d2,y0). Hence the
function § — k(d,yo) has a discontinuity point d3 € [d1,d2], at which we
must have xy(d3) = 7s,(a/2), where k = k(d3,yo). This completes the proof
of the lemma.

REFERENCES

[1] Karl G. Andersson, Richard Melrose. The Propagation of Singularities along Glid-
ing Rays. Invent. Math., 4: 23-95, 1977.

[2] Artur Avila, Jacopo De Simoi and Vadim Kaloshin. An integrable deformation of
an ellipse of small eccentricity is an ellipse. Ann. of Math. 184: 527-558, 2016.

[3] Mark Kac. Can one hear the shape of a drum? American Mathematical Monthly
73 (4, part 2): 1-23, 1966.

[4] Vladimir F. Lazutkin. Existence of caustics for the billiard problem in a convex
domain. (Russian) Izv. Akad. Nauk SSSR Ser. Mat. 37: 186-216, 1973.

[5] Shahla Marvizi and Richard Melrose. Spectral invariants of convex planar regions.
J. Differential Geom., 17 (3): 475-503, 1982.

[6] V. M. Petkov and L. N. Stoyanov. Geometry of reflecting rays and inverse spectral
problems. Pure and Applied Mathematics (New York). John Wiley & Sons, Ltd.,
Chichester, 1992.

[7] Karl F. Siburg. The principle of least action in geometry and dynamics. Lecture
Notes in Mathematics Vol.1844, xiii4+ 128 pp, Springer-Verlag, 2004.

[8] Serge Tabachnikov. Billiards. Panor. Synth. No. 1, vi+ 142 pp, 1995.

[9] Steve Zeldich. Survey on the inverse spectral problem. arXiv:0402356

[10] Steve Zeldich. Survey on the inverse spectral problem. Notices of the International
Congress of Chinese Mathematicians, Volume 2 (2014), Number 2, pp. 1-20.



