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Abstract

Given a closed symplectic manifold (M?",w) of dimension 2n > 4, we con-
sider all Riemannian metrics on M, which are compatible with the symplectic
structure w. For each such metric g, we look at the first eigenvalue A of the
Laplacian associated with it. We show that A\; can be made arbitrarily large,
when we vary g. This generalizes previous results of Polterovich, and of Man-
goubi.

1 Introduction and main results

The current paper addresses the discussion on rigidity versus flexibility of the first
eigenvalue of the Laplacian. The first result in this direction was proved by Her-
sch [He]:

Theorem 1.1. Let (S?,g) be the 2-sphere equipped with a Riemannian metric g.
Then,
Mi(S%, g)Area(S?, g) < 8,

where \(S?, g) is the first positive eigenvalue of the Laplacian on (S?, g).

In Theorem 1.1 the equality is known to occur if and only if (S?, g) is the standard
round sphere.

Theorem 1.1 was extended to the case of a general closed surface, by Yang and
Yau [Y-Y]:
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Theorem 1.2. Let (X, g) be a closed Riemannian surface. Then

M (2, 9)Area(X, g) < 8m(genus(X) + 1).

In Theorem 1.2, however, the upper bound is not optimal.

These results reflect a rigidity phenomenon in dimension 2, stating that in this
case A1 is bounded, when we run over all Riemannian metrics that have a given
volume. In contrast to the dimension 2 case, in higher dimensions, for the case of a
“fixed volume form category”, we have the following flexibility result of Colbois and
Dodziuk [C-DJ:

Theorem 1.3. Let M be a closed manifold of dimension > 2, equipped with a volume
form Q. Consider the class of all Riemannian metrics on M having €2 as their volume
form. Then this class admits metrics with arbitrarily large A;.

However, if one restricts to a fixed conformal class of metrics, then we get a rigidity
for A1, as the following result of Friedlander and Nadirashvili [F-N] shows (see also
the work of El Soufi and Ilias [E-I}):

Theorem 1.4. Let (M, g) be a closed Riemannian manifold of dimension d. Then

M (fg)Vol(M, fg)7 < C(g),

where f is any positive function on M and C(g) is a constant independent of f.

The latter Theorem 1.4 can be seen as a generalization of Theorem 1.1, due to
the Uniformization Theorem for the Riemann sphere.

As it turns out, Theorems 1.3 and 1.4 do not give us a full variety of ways in
which one can generalize the 2-dimensional setting of Theorems 1.1 and 1.2. In [P],
Polterovich proposes to look at a symplectic side of this story. For a given closed
symplectic manifold (M, w), he considers the Kéhler, and the quasi-Kéhler categories.
In the Kahler case, Polterovich looks at the collection of all Riemannian metrics g
on M, such that g(-,-) = w(-,J+), where J is a complex structure (i.e. an integrable
almost complex structure) on M. In the quasi-K&hler case, Polterovich considers the
collection of all Riemannian metrics g on M, such that g(-,-) = w(-, J-), where J is
an almost (i.e. not necessarily integrable) complex structure on M. As it turns out,
these two settings exhibit an opposite type of behaviour in terms of A;. Namely, in
the Kahler case we meet with a rigidity phenomenon, whereas in the quasi-Kéahler
case we have examples of flexibility, as the following two theorems show [P]:

Theorem 1.5. Let (M,w) be a closed symplectic manifold, such that w is a rational
form. Let g be a Kdahler metric whose Kdhler form is w. Then

)\1 < C(CL)),
where C(w) is independent of g.



Theorem 1.6. Let (T, o) be the standard symplectic 4-torus. Let (M,w) be a closed
symplectic manifold. Then, on (T* x M, o @ w) there exists a quasi-Kdhler structure
with arbitrarily large A\;.

In the case of the Kahler category, it is still an open question whether Theo-
rem 1.5 is true for any closed symplectic manifold (M, w). In the quasi-Kéhler case,
Theorem 1.6 was generalized by Mangoubi [M]:

Theorem 1.7. Let (T?, o) be the standard symplectic 2-torus. Let (M,w) be a closed
symplectic manifold. Then, on (T? x M, o @ w) there exists a quasi-Kdhler structure
with arbitrarily large A;.

The following conjecture was raised in [M]:

Conjecture 1.8. Let (M, w) be a closed symplectic manifold of dimension > 4. Then,
there exists a quasi-Kdahler structure on it with arbitrarily large A;.

The proof of Theorem 1.6 in [P] is based on a construction of an isotropic plane
distribution on (T* x M, o @ w), which satisfies Hormander condition. After provid-
ing the construction, Polterovich fixes some Riemannian metric on T* x M which
is compatible with ¢ @ w, and applies to it a “stretching the neck”-type procedure
associated with the constructed distribution, and thus provides us with a new Rie-
mannian metric on T4 x M. Then finally the Hormander theory [Ho] is applied in
order to show that by such a procedure one might get a desired Riemannian metric
on T* x M, and this finishes the proof of Theorem 1.6.

Mangoubi, in order to prove Theorem 1.7, generalizes the approach of Polterovich
by expanding it to non-regular distributions. Mangoubi proves, that on (T?x M, c®w)
there exists an isotropic singular plane distribution that satisfies the Hormander con-
dition, by providing the needed construction. After establishing this, Mangoubi con-
structs a Riemannian metric on T? x M by the way which is similar to the “stretching
the neck”-type procedure in the approach of Polterovich, and concludes Theorem 1.7
by showing that this is a desired metric. However, the last step of the proof is tech-
nically more difficult than the one in the case of Theorem 1.6. In order to overcome
these difficulties, Mangoubi applies the theory of anisotropic Sobolev spaces as devel-
oped in [R-S], and the machinery of fractional Sobolev Spaces also known as Bessel
Potential Spaces.

The following conjecture was raised in [M]:
Conjecture 1.9. Let (M,w) be a closed symplectic manifold of dimension > 4. Then

one can find on (M,w) an isotropic singular distribution that satisfies the Hérmander
condition.



A positive answer to Conjecture 1.9 will imply Conjecture 1.8 (see [M]). Inter-
estingly, a negative answer to Conjecture 1.9 would yield a new type of symplectic
rigidity.

In this paper we concentrate on the quasi-Kahler situation. We affirmatively
answer Conjecture 1.8, and prove the following

Theorem 1.10. Let (M*" w) be a closed symplectic manifold of dimension 2n > 4.
Then there exist Riemannian metrics g on M, compatible with the symplectic structure
w, having arbitrarily large \;.

The proof of Theorem 1.10 relies on the following local result (see below the section
describing the notations that we use here):

Proposition 1.11. For any R > 0 and for any € > 0 there exists % <r<R,anda
Riemannian metric g on the domain

TR—{I€R2n|T<|I|<R}

which is compatible with the standard symplectic structure wgq on DT &, such that g
coincides with the euclidean metric on a neighborhood of the boundary of D2 T, and
such that for any smooth function f : ij}% — R satisfying

| IV <
D2

™R

there exists some E € R, such that for any r < u < R we have

[ - mrag <

where
Sit={z e R*™||z| = u},

and ggq s the euclidean metric on D?’}Lz

In our approach, similarly to previous approaches [P, M], we construct the desired
Riemannian metric with the help of a “stretching the neck”-type procedure. However,
in our approach we use ideas that are different from the construction of an isotropic
distribution that satisfies the Hérmander condition, as it was done by Polterovich [P],
and later generalized to the case of singular distributions by Mangoubi [M].

The advantage of our approach over previous approaches [P, M], is that it makes it
possible to prove an analogue of the symplectic flexibility of the first eigenvalue of the
Laplacian, in the case of the open ball B = {z € R*"||z| < 1} C R** endowed with a
symplectic structure w, under certain weak enough assumptions on the behaviour of w
near the boundary of B. The latter fact implies the statement of Theorem 1.10 for an
arbitrary closed symplectic manifold (M, w), helping to avoid possible complications
with the topology of M. See section 6.1 for more details.
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Structure of the paper

In section 2 we sketch an outline of the proof of Theorem 1.10. In section 3 we prove a
number of preliminary lemmas, which are used later in the proofs of Proposition 1.11
and Theorem 1.10. The proofs of lemmas from section 3 are quite standard and
straightforward, and can be omitted by the reader. In section 4 we prove a local
result - Proposition 1.11. Proposition 1.11 is the central ingredient in the proof of
Theorem 1.10 in section 5. Finally, in section 6.1 we compare between our approach
and previous approaches [P, M], and in section 6.2 we discuss the symplectic flexibility
of the first Dirichlet and the first nonzero Neumann eigenvalues.

Notations

Looking at the euclidean space R? by | -| we denote the euclidean norm, and by
(-,-) we denote the scalar product on RY. We use the notation gy, for the standard
euclidean metric on R%: ggq(u,v) = (u,v), at each point of R%. For r > 0, we denote
by

S = {r e RY||z| = r}

the (d — 1)-dimensional sphere of radius 7 centered at the origin, in R%. For r > 0
and z € R?, we denote by

Bl(z)={y eR||ly —z| < r}

the open ball of radius r centered at x, and by

—d
B,(z)={y eR||ly —z| < r}

the closed ball of radius r centered at xz.

On the unit sphere S?"~! C R?" centered at the origin, consider the spherical
Riemannian metric that is induced from the euclidean metric on R?". For any x €
S~ and p > 0 we denote by B (x) € S*"~! the ball of radius p centered at z, with
respect to the spherical Riemannian metric on $?*~!. We call B pS (x) a “spherical cap”,
or a “spherical ball”. We denote by Bf C S?7=1 the spherical ball of radius p centered
at the point (1,0,0,...,0) € S?~1. In the sequel we also consider hypersurfaces of the
form

rBy(z) = {ryly € By (x)} € S,
for r,p > 0, and x € S*~1. We call them spherical caps (spherical balls) as well.

In the paper, we sometimes use the polar coordinates notation (r, ) for the point
rf € R?*" (here r € [0,00), 6 € 5?7 1).



We denote by wgg the standard symplectic form on R?”. For given 0 < r < R < oo,
we denote the annulus

DX ={z e R*"|r < |z] < R}.

Given a smooth manifold X¢, and a Riemannian metric ¢ on X, we denote by
| - ||y the norm on TX induced by g. For a differentiable function f : X — R, by
V,f we denote the gradient of f with respect to the metric g, so V,f(z) € T, X for
every ¢ € X. For 0 < k < d, a k-dimensional submanifold ¥ C X, and a continuous
function f : ¥ — R, we denote by fz fdg" the integral of f over ¥ with respect to
the volume density on X induced by g. We will use the notation Voly(X) for [;,1dg*.
For a continuous function h : ¥ — R, we will say that h is almost equal to some
E € R in the L?*(g) sense, if [, |h — E|*dg" is small; we will say that & is almost
equal to some E € R in the average L*(g) sense, if m [ |k — E|*dg* is small.
Given two k-dimensional submanifolds 3,3, C X together with a diffeomorphism
Y 31 — Yo, and continuous functions hy : X7 — R, hy : ¥y — R, we will say that
hy is close to hy in the L?(g) sense when we identify ¥y with ¥, via the map 4, if

le [9*hy — hy|2dg” is small.
If ¥ C R? is a k-dimensional submanifold, then by Vol(X) we mean Vol,_,,(%).

For a nice (e.g. open) subset ¥ C S?"~1 and a continuous function f : ¥ — R,
we will also use the notation [, f(6)df for [, fdgZ".
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2 QOutline of the proof

In this section we provide an explanation of the proof of Theorem 1.10. Recall that
one can express \i(g) as the minimum of

S IV FI7 dg?"
fM f2 ngn ’




where we run over all nonzero functions f : M — R having zero mean: [, fdg*" = 0.
Hence the first eigenvalue is large if and only if, for any smooth function f: M — R
satisfying

/ Jdg™ =0, / IV, )12 dg? < 1.
M M

we have that f is “almost zero” on M in the L?(g) sense, or in other words, that
Joy [fI? dg®™ is small.

In the proof of Theorem 1.10, we avoid possible complications with the topology
of M, by first proving a local result (Proposition 1.11), and then by passing to any
closed symplectic manifold via a smooth triangulation. Below in section 2.3, we briefly
explain the proof of Proposition 1.11, and in section 2.2 we briefly explain how we
reduce Theorem 1.10 to Proposition 1.11. Section 2.1 explains the “compressing the
neck” procedure, that is used in the proofs of Proposition 1.11 and of Theorem 1.10.
We direct the reader to section 2.1 first.

2.1 “Compressing the neck” - explanation

We use the following idea (similar constructions were used in [P], [M]). Let (M,w)
be a symplectic manifold (open or closed). Assume that we have fixed a Riemannian
metric gy on M, which is compatible with the symplectic structure w, and denote by
Jo the almost complex structure on M, associated with w and gy. Let U C M be an
open subset of M, let Y be a smooth nonzero vector field defined on U C M, and
let ¥ C U be a (2n — 1)-dimensional smooth hypersurface, such that ¥ is a proper
subset of M. Denote by 9! the flow of Y, and assume that for some 7' > 0, we have
YH(X) C U for any t € (0,T). Denote ¥’ = 4T (X) C U. Given all this setting, we
can obtain a new Riemannian metric ¢ on M by deforming the metric gy as follows:
choose a smooth function b : M — R, such that b(x) > 1 on M, such that b(x) = 1
on some open set containing M \ U, and such that the function b(-) is very large on
almost all of U. Then considering the go-orthogonal decomposition

TU = Span(Y') @ Span(JoY) & L,
for any x € U we define

g’x = b(-r)ilg[)’:p b b(x)go|x D gO’xa

and for any x ¢ U we set g|. = gol.. Clearly g is compatible with w as well.
By choosing an appropriate function b(-), we can achieve that the hypersurface ¥
will become very close to ¥/, in metric g, since for any x € X, the flow trajectory
{wt(z)|t € [0,T]} becomes very short in the metric g. Then, one can easily check



that as a consequence, we get the following: for any continuous function f : U — R
which is smooth inside U, and which satisfies

/ IV, fI2dg™ < 1,
U

we have that the restriction f|sv is very close to the restriction f|s, in the L?(go) sense,
when we identify Y’ with ¥ with help of the map 7. This way of passing from the
metric gy to the metric g reminds the so-called “stretching the neck” procedure, but
as we can see, its purpose is rather to “compress” than to “stretch”. Along section 2,
we will call it “compressing the neck on U along the vector field Y.

2.2 From local result to global

Here we briefly describe how we reduce Theorem 1.10 to a local result (Proposi-
tion 1.11).

2.2.1 Sketch of the construction

Choose a smooth triangulation of M. Let {A, |« € I} be all the open simplices of this
triangulation. Choose a Riemannian metric gy on M, such that for each « € I, there
exists a Darboux neighborhood inside A, on which gy coincides with the euclidean
metric.

The desired metric ¢ on M will be constructed by deforming g, on a proper
subset of A,, for each a« € I. For a given o € I, let us describe the way in which
we deform gy inside A,. For the sake of convenience, we will actually work not on
A,, but on the open unit ball B#"(0) C R?*". In order to make this switch, we use
Lemma 3.1 (section 3), which implies that there exists a bi-Lipschitz homeomorphism
U, Ay — Ef”(O), such that its restriction to A, is a diffeomorphism onto the open
unit ball BY(0), and such that its restriction to A/ is a diffeomorphism onto the
image, where A/ is the union of A, with all of its open faces. Because of our choice
of the metric gy, WLOG we may assume that the pushforward w, = (V,).w of w
from A, to B?"(0), and the pushforward gy, = (¥, ).g0 of go from A/, to ¥, (A!),
coincide with wyqg and gyg near the origin 0 € ETH(O), respectively. Hence we can
find some Ry > 0 such that w, = wsg and go o = gsta ON B]Q{LO(O)7 for each o € I.

R

Take 0 < R < Ry small enough. By Proposition 1.11, there exists 3

and a metric g;,. on the domain

<r <R,

Df%:{x€R2”|r<|x|<R},

which is compatible with wgy, and is standard near the boundary, such that for any



smooth function f : D2} — R with

| 10l dg< 1.

™R

there exists some FE € R, such that for any r < u < R, the restriction of the
function f to S?"~1 is very close to the constant function E, in the L?(gyq,) sense.
Denote by X(z) = —1y the “minus-radial vector field” on R\ {0}. Now let us
explain how we deform the metric gy, to a metric g,, inside A,. At a first step, we
define a preliminary metric on B"(0) by starting with the metric go, on B?"(0), and
changing it on Dfﬁ% to be equal to gi,.. Then we define g, on B"(0) by starting with
this preliminary metric on B"(0), and applying the “compressing the neck on Di{fl
along the vector field X”.

Finally, we define the metric g on M to be equal to (V,)*g, on each A,, and set
9 =90 on M\ (UaerAa).

2.2.2 Sketch of the proof

Let us show that the metric g will have arbitrarily large A;, provided that R is small
enough and that the neck compression is applied.

Let f: M — R be a smooth function with
[ ragn o,
M

| Vsl dg < 1.
M

and

Then for any o € I, consider f, : Fin(O) — R defined by f, = (V4).f. Then f, is
smooth inside B?"(0), and is continuous on ETH(O). We have

/ IVy £l dgg” =/ IV fl12dg™ < 1,
Aq Ay,

and hence

/ IV fall2. dg2n. = / IV oo full%, dg2" < 1. (2.2.1)
B2"(0) B?"(0)

Now, since g, = gjoc ON Df”}%, by Proposition 1.11 we conclude that there exists
a constant F, € R, such that for any » < v < R (and hence, by continuity, also for
u = r, R), the restriction of the function f, to S?"~! is very close to the constant
function FE,, in the L?*(guq) sense. Then, since we have compressed the neck on
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DFy, we get that for any u € (R, 1), the restriction of fo to S7"~! is very close to
the restriction of f, to S5, in the L?(gsq) sense, when we identify S2"~! with
521 via a homothety (which is part of the flow of the vector field X). Hence we
conclude that also for u € (R,1) (and hence, by continuity, for u = 1 as well), the
restriction of f, to S2"~! is very close to the constant function FE,, in the L?(ggq)
sense. Therefore, integrating over the radius, we conclude that the restriction of f, to
D?%, is very close to the constant function Eq, in the L?(gyq) sense. Finally, from the
fact that the restriction of f, to S?*~1 is very close to the constant function FE,, in
the L?(gsaq) sense, and from (2.2.1), since r is small we conclude that the restriction
of f, to B?>*(0), is very close to the constant function F,, in the L?(gsq) sense (at
this point we use Lemma 3.5 from section 3).

Hence we get the following:
1) The restriction of f, to S2"~! = §2n~1 = 9B:"(0), is very close to the constant
function E,, in the L?(gsq) sense, and hence in the L*(go,) sense.
2) The function f, is very close to the constant function FE,, in the L?(gyq) sense,
and hence in the L*(go,) sense, on B?"(0).

Going back to the manifold M with help of maps ¥, a € I, we get:
1’) The restriction of f to 0A,, is very close to the constant function E,, in the
L?(go) sense.
2°) The restriction of f to A, is very close to the constant function E,, in the L?(go)
sense.

Now we use 1’) to conclude that in fact all E, are close real numbers. Indeed,
considering any two adjacent simplices A, and Az having a common face X, from 1)
we get that the restriction of f to ¥, is very close to both F, and Eg, in the L*(go)
sense. Hence for any two adjacent simplices A, and Ag, we have that E, is close
to Ez. Now, since our triangulation is fixed, and since we have a finite number of
simplices in our triangulation, we conclude that all £, a € I, are close real numbers.

Now fix any £ € R which is close to all E,, a € I (we can take E to be equal to
any E.). Then from 2’) we get that for any o € I, the restriction of f to A,, is very
close to E, in the L?(go) sense. But this implies that in fact, f is very close to £ on
M, in the L?(go) sense, and hence in the L?(g) sense. Finally, since f is normalized:
S vt dg*™ = 0, we get that F is very small, and hence we conclude the statement of
the theorem.

2.3 Local result

Proposition 1.11 tells us, that we can deform the standard euclidean metric on an
annulus D, (for some & < r < R), such that we will get again a Riemannian metric
g on D2} that is compatible with the standard symplectic structure wyq on D25, and
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such that any smooth function on D?«f}z having the L2-norm of its g-gradient bounded
by 1, is almost constant on the cocentric spheres

Syt = {2 e R |]z| = u},

in the L?(gsq) sense, where u € (r, R), and the constant is the same for all u € (r, R).
In our construction, the volume of the annulus D}, is divided into two sub-annuli
D", and D7y (where 7 < 1’ < R), where these sub-annuli play different roles in the
construction and in the proof. The sub-annulus D7y is chosen to be of width € (i.e.
R — 1" =€), and the width 7’ — 7 of the sub-annulus D77, is much smaller relative
to e. On D2y we choose the metric g to be equal to the standard euclidean metric
Jstq, While on fo;, we construct g by deforming the euclidean metric g4 so that the
metric g occurs to be “mixed enough” (the precise meaning of this will be clear in
the sequel). In the proof that g is the desired metric, the roles of the sub-annuli Df,’fR
and DE;/ are different. Let us give a rough explanation of this point. Assume that
f: DX, — R is a smooth function with

[ IV g < 232
D2y

T

Then we use the sub-annulus D2, and (2.3.2) to show, that on the sphere 57
(which is a part of its boundary), there exists a small piece of volume (which is in
fact a spherical cap) of size having rate €, such that the restriction of f to it is almost
constant in the average L?(gsq) sense (Lemma 4.3 in section 4). Then, we use the fact
that ¢ is “mixed enough” on fo;,, to show that condition (2.3.2) implies that in fact,
f is almost constant on concentric spheres S2*~! for u € (r,7’], in the L?(gs.q) sense.
Then, using the fact that g is standard on D2’ and that the width R — " of DXy
is small, we easily show that (2.3.2) implies that f is almost constant on concentric
spheres S?"~1 in the L?(g.q) sense, also for u € (r/, R). To be more precise, we
conclude that there exists some E € R such that for each u € (r, R), the restriction
of f to S2"~!is close to F in the L?(gsq) sense, up to Ce, where C' = C(n, R). Since
€ can be arbitrary, by replacing € by &, we conclude the proposition.

Let us go over the construction of g on Dfﬁ%, and explain the role of fofR and

ij;, in the proof in more details.

2.3.1 Sketch of the construction

Consider the sphere $2*~! ¢ R?", and denote by H the Hopf vector field on 2!
H(zx) = Jz for any x € S?*~! where .J is the standard complex structure on R?".
Choose an isometry & : S?*~! — S§27=1 of the sphere, such that the pushforward
&, H of the Hopf vector field H, is transversal to the Hopf vector field H at some
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point z; € S*~!, and hence for some spherical cap S := B5 (1) C S**! around 1,
the vector field &, H is transversal to the Hopf vector field H on the closure S. The
radius p of the cap S can be chosen to depend only on the dimension 2n — 1. Then
we can choose and fix a certain finite collection {B5 (z) |z € P} of non-intersecting
spherical caps of radius 2¢ inside S, where P C S C S?"~! is a certain finite set of
points, such that distance from each such Bj (x) (for z € P) to the boundary 95 is
bounded away from 0, and such that the cardinality |P| of this collection has rate
E%%l. We show (Lemma 4.1 in section 4) that on S?"! there exists a smooth time
dependent vector field Y, ¢ € [0, T, such that Yt is sufficiently C°-close to the vector
field &, H, such that the flow ¢*, t € [0, 7] of Y is volume preserving, and such that
for any cap in {Bj.(x) |z € P}, there exists a collection of time moments t; € (0,7,
1 =1,2,...,N, so that the preimages of this cap under 1/;“, 1 =1,2,...,N, cover the
sphere nearly uniformly. Observe that if Y, ¢ € 0, T is sufficiently C°-close to & H,
then Y, t € [0, 7] must be transversal to the Hopf vector field H on S, as well. This
observation will be used in the sequel. Now, given this time dependent vector field
Yt t €[0,7] on S?*~! for § > 0 small enough, we set ' = R — ¢, and r = ' — T,

and we define a (time independent) vector field Y5 on D?", by
Ys5(r' — 6t,0) = =00 + (' — 5t)Y'(6),

for t € [0,7] and # € S**~1. In other words, we obtain the time independent vector
field Y on @ by “spreading” the time dependent vector field Y, ¢ € [0, T'] through
the family of spheres S**1 « € [r,7] (and so the radius u = r’ — 6t plays the
role of time), and then by adding a small component (of amount ¢) in the minus-
radial direction. Note that as a consequence, if we look at the flow % of the (time
independent) vector field Y, applied to the sphere S, we get just a composition of
homotheties of R*" with the flow 9" of the (time dependent) vector field Y*:

Y5, 0) = (' — 6t,9(9)).

Now we construct the metric g on Df;ﬁ, by starting with the standard euclidean metric
Jstq ON ij}n,, and then “compressing the neck on Df”}q/ along the vector field Ys”. On

D2\ D2, we set g = gsta-

2.3.2 Sketch of the proof

Since the vector field Y, t € [0, 77, is transversal to the Hopf vector field Hon S,
then for small enough 6 > 0 we are able to find a certain smooth vector field Xy
(which has a bounded euclidean norm, uniformly on §) on [r,7'] - S C ?fjﬂ,, which is
orthogonal to Span(Yy, JY;s) at every point of [r,7'] - S, and which radial component
equals —1, or in other words

Xs(r' —6t,0) = =0+ (' — 6¢) XL(9),
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for any t € [0,T] and 6 € S, where )~(§, t € [0,T], is a certain time dependent vector
field on S C S?"~! which is tangent to the sphere S?"~!. Note that since Xj is
orthogonal to Span(Ys, JYs), it follows that its g-norm coincides with its euclidean
norm at each point of [r,7’] - S, and hence is bounded, uniformly on §. The flow o}
of X (which of course, might be defined only partially), satisfies

as(r',0) = (r' — s,55(0)), s € [0,0T),

where 63, s € [0,07) is the flow of the time dependent vector field Xf, s € [0,07).
Note first, that since the time range for the parameter s is small (of length §7"), and
since the euclidean norm of our vector field X5 (and hence also of the vector field
X}) is bounded uniformly on §, it follows that for ¢ small enough, the flow &3(6),
s € [0,0T) is well defined when the distance from 6 € S to the boundary 9S is
bounded away from 0, and moreover the flow 55(6), s € [0,07) is arbitrarily C°-close
to the identity when ¢ is small enough. Secondly, we show that in fact, one can choose
X for small § > 0 as above, such that in addition, the flow &5, s € [0,7") is “almost
volume preserving” when ¢ is small enough.

Now let f : D, — R be a smooth function such that (2.3.2) holds. First, by
looking at the restriction of f to D", and using (2.3.2), we show (Lemma 4.3 in
section 4) that there exists a certain spherical cap B5.(z5) from our collection of caps
(i.e. 2o € P), such that on 7’ Bj (z3) C S, the function f is almost constant (denote
this constant by F) in the average L?(gsq) sense.

Now for some s € (0,97"), apply the map 0§ (which belongs to the flow of Xj5) to
' B5 (z2) C S?". Since § (and hence s) is small enough, and since the vector field X
is bounded uniformly on &, we get that the hypersurface r’' B3, (z,) is very close to the
hypersurface o3(1' B5 (z2)) C S ., in the metric g. Therefore we can conclude that
the restriction of f to o§(1' B (13)) is very close to the restriction of f to r' B3 (z9), in
the L?(gqa) sense, when we identify o5 (1 BS.(z9)) with 7/ B5.(z2) via the map 0§ (note
that here we did not use a “compressing the neck” procedure - it is not necessary
since the hypersurfaces r' By.(x2) and o3(r' B3 (z3)) are already close in the metric g).
Hence we conclude that the restriction of f to o3(1'B5 (22)) is almost equal to F in
the average L*((0§).gsta) sense (i.e. when we consider the L? norm with respect to the
pushforward by the map o3, of the standard spherical volume density dg?ﬁ[l\rl BS (22)
from ' B3 (x4) to o3(r'Bs.(x2))). Now, since &5 is “almost volume preserving”, we
conclude that in fact, the restriction of f to o§(r'B3.(72)) is almost equal to E in the
average L?(gsq) sense. Since for small §, the map 5(6) is arbitrarily C%-close to the
identity, we conclude that (' B5.(z2)) 2 (r' — s) B2 (x3), and therefore in particular,
on (1" — s)B5(xy) the function f is almost equal to the constant F, in the average
L?(gsa) sense (see Lemma 4.4 in section 4).

We have used the flow of X to show that for each s € (0,07, the restriction
of f to (r' — 8)B(x3), is almost equal to the constant E, in the average L?(gsu)
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sense. We can rephrase it by saying that for each ¢ € (0,7), the restriction of f to
(1" — 6t) B (x3), is almost equal to the constant E, in the average L?(g.q) sense. Now
let us use the vector field Yy, for a similar purpose. Note that we have

V(ST = SE.

2n
rr!

Since we have compressed the neck on D:", along Yj, we can conclude that the

restriction of f to S2'7
sense, when we identify Sf,’”‘_}i with Sf,”’l via the map ¢%. In particular, the restriction
of f to (r' — 6t)B(x3) C S is very close to the restriction of f to (¢f)~1((r' —
§t)B(x2)) C S¥' in the L%(gua) sense, when we identify (r' — §t)B2(xy) with

(W5) "1 ((r" — 6t) BS(x5)) via the map 9%, The map 9)* is volume preserving, and hence

is very close to the restriction of f to Sf,"_l in the L?(gsq)

the restriction of ¢% to Sf,”_l is conformally volume preserving, as a map from S,%" !
to 52", Also recall that the restriction of f to (' —dt) B (z4), is almost equal to the
constant F, in the average Lz(gstd) sense. Hence we can conclude from the described
above, that the restriction of f to () ~1((r' — 6t)BS(z9)) C S¥'!, is almost equal to
the constant E, in the average L?(gyq) sense (see Lemmas 4.5, 4.6 in section 1.11).

So we finally conclude that for any ¢ € (0,7'), the restriction of f to (%) ~1((r' —
§t) B2 (x2)) C S2*!, is almost equal to the constant E, in the average L2(gqq) sense.
Now, by one of the properties of the flow ¢! described above, for our point 25 € P,
there exists a collection of time moments ¢y, t, ..., tx € (0,7"), such that the preimages
()Y (B (x3)), i = 1,2, ..., N, cover the sphere S2"~! nearly uniformly. Clearly this
can be rephrased by saying that the preimages (v5)~1((r' — 0t;) B (x2)) C S 1,
i =1,2,..., N, cover the sphere 52" ! nearly uniformly. Therefore, since the restriction
of f to each such preimage (v§)~((r' — 6t;) B (22)), is almost equal to the constant
E, in the average L?(gsq) sense, we conclude that in fact, the restriction of f to the
whole sphere S2"!, is almost equal to E, in the L?(gyq4) sense. Having this in mind,
it is already easy to derive the statement of Proposition 1.11. Indeed, if u € (r,1’),
then writing u = 1’ — dt for t € (0,7"), we can use the vector field Y; once again,
identifying S%"~! with S2"~! with help of the map 1%, to conclude that the restriction
of f to the whole sphere S?"~! is almost equal to F, in the L?(g.q) sense. If we
have u € (r, R), then we can use the minus-radial vector field X (z) = 77 on D g,
and its flow, identifying the sphere S2"~! with the sphere S%'~', to conclude that the
restriction of f to the whole sphere S2"~ !, is almost equal to E, in the L?(gsq) sense.
So finally, for any u € (r, R), the restriction of f to the whole sphere S~ is almost
equal to F, in the L?(gyq) sense. More precisely, we have shown, that by taking
sufficiently small 0, and by appropriately applying the “compressing the neck”, we
get that for any smooth function f : Dﬁ% — R satisfying (2.3.2), there exists some
E € R, such that for any u € (r, R), the restriction of f to S?"~! is close to F in the
L?(gsta) sense, up to Ce, where C = C'(n, R). Since we have freedom in the choice of
€, we conclude Proposition 1.11.
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3 Some preliminary lemmata

Lemma 3.1. Consider an open bounded convex polytope K C R%. Denote by K' the
union of K with all of its open faces. Then there exists a bi-Lipschitz homeomorphism
K — ET(O), such that its restriction to K is a diffeomorphism onto the open unit ball
B(0), and such that its restriction to K’ is a diffeomorphism onto the image of K'.

The proof of Lemma 3.1 is completely standard, and therefore we omit it.

Lemma 3.2. Let [ > 0, and consider a d-dimensional open cube (—1,1)¢ C RY,
endowed with coordinates (z1, ..., xq) and with the Riemannian metric ggq that comes
from the Euclidean metric on R?. Let € > 0, and let f : (—1,1)¢ — R be a smooth
function, such that

[, IV <=

Then there exists some E € R such that for any —1 < 1 < 1 we have
/ |f — Edg%;! < Cel,
{z1}x(~1,1)d-1

and moreover we have

|\ Epagl, < ce
(7lrl)d
where C' = C(d).

Proof of Lemma 3.2. We prove the lemma by induction on the dimension d. First
consider d = 1. In this case take £ = f(0). Then for any x € (0,1) we have

/O " P dt

Similarly we get |f(z) — E|? < le for z € (—1,0). As a consequence, we have

2 T l
£(@) =B = |f(@)= O = <o [Uropa < [ 1ropFa <t

l
/ f(z) — B dz < 20%.
-1

This settles the case of d = 1.

Now assume that d > 2, and that the lemma is true when the dimension is d — 1,
and let us prove it for the dimension d. Let f : (—{,1)? — R be a smooth function,
such that

| IwsP g <e

(—1,0)¢

For any t € (—[,1) define the function g; : (—=,1)*! = R as
gi(xa, .. xy) = f(t, 29,23, ..., x,).
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Then

l
/ (/ ]Vgt(:vg,...,xn)|2dx2...dxd) dt
—1 (_u)dfl

< / Vgl <.
(7lvl)d

Hence there exists some ¢, € (—[,[) such that

£
/ ‘Vgtl(i@,---,:En)|2dx2...dxd< o7k
(—l,l)d*1

Now, by the induction hypothesis applied to g¢;,, there exists E € R such that

/( Jaoi ‘gt1(x27“'7xn) _E‘2d$2...d$d
—L,h)4=

:/ |f(t1, 22, ..., xn) — E|*dxs ... dag <C£l2: Qd.
(=1,1)1 21 2

Now let t € (—I,1) be different from ¢;,. WLOG assume that ¢ € (¢;,1). Then we have

/ ) |f(t, @0, .y wn) — f(t1, Ty oy ) [P dsy ... d2g
(—1, i1

B /(—l,l)dl
t
< / (t— 1) /
(—l,l)dfl t1
t
af, (]
(—l,l)dfl t1
t
< 2l/ (/ IV f(z1,79,...,2,) dx1> dxs ... dxg
(—l,l)d71 t1

< 21/ IV f(x1, 29, ..., ) [} doy day ... dg < 26l
(_lvl)d

2
dl’g dl’d

Lo
— e, Ty d
/; 81’1 (xlux% y L ) T1

(xl, T2, ..., SL’n)

2
8_.%‘1 dﬂ?1> dl’g...dl’d
0

a—xl (131,372, ,Q?n)

2
dxl > d:c2 dﬂ?d

Hence we conclude that

/( -1 |f(t,.’L'2, 7xn) - E|2dl'2 dl‘d
-1,

g 2(/ 4 ‘f(ty x?y ,.CIIn) — f(t1’x27 "'7',1377,)‘2 de dxd
(1)1

+/ |f(t1,l'2,...,$n>—E’le'Q...d.fL'd)
(_u)dfl
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<2 (25[ + %d) = (C' +4)el.

Similarly, one checks that
/ F(t 2o 20) — B2 das .. dzg < (C + 4)el
(_l7l)d—1

also for t € (—[,t;). Finally, integrating over t, we get

I
// \f(t, 20, ..., 2,) — E|* dxy ... dzgdt
—1 (=11

- / f - Efdgl,
(7lvl)d
< 2(C +4)el”.

From Lemmas 3.1 and 3.2 we conclude the following

Corollary 3.3. Let r > 0. Consider the domain U = (—r,r) x B¢71(0) C R?, where
B¥7Y0) = {z e R*" | |z| < r} Cc R*,

and the metric ggq on U that comes from the euclidean metric on R, Let ¢ > 0, and
let f:U — R be a smooth function, such that

/U VP dgt, <.

Then there exists some E € R, such that for any —r < 1 < r we have

/ |f — E|?dg% ;' < Cer,
{z1}xBF1(0)

where C' = C(d).

Remark 3.4. Lemma 3.2 and Corollary 3.3 are slight refinements of the Poincaré
lemma for the cube (—1,1)¢ C R?, and for the domain U = (—r,r) x B371(0) C RY,
respectively. In fact, we could give a shorter proof of Corollary 3.3, by referencing to
the Poincaré lemma. However, we decided not to do so, for the sake of keeping the
exposition self-contained.

Lemma 3.5. Let r,e > 0, and let f : Ef(O) — R be a continuous function which is
smooth on B4(0), and such that for some E € R we have

1= B <
St
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/ Vi Pdgt, < 1
Bg(0)

[ 1~ Bl < 0% o),

for some constant C' = C(d).

Then

Proof of Lemma 3.5. Define the function F' : Fil(O) — R as F(z) = r2 f(rz), and
denote E' = r2 E. Then we have
|- EPagl = [ 17 - BPdgl < e
st st
and
| 19FRigly = [ Vi, <
B{(0) B(0)
Now, by Lemma 3.1, there exists a bi-Lipschitz homeomorphism [—1,1]¢ — (0),

such that its restriction to (—1,1)% is a diffeomorphism onto the open unit ball B{(0),
and such that its restriction to the union of (—1,1)¢ with all of open faces of (—1, 1),
is a diffeomorphism onto the image, and let C'= C(d) > 1 be a bi-Lipschitz constant
of this homeomorphism. Denote by H : [-1,1]% — R the pullback of F under this
homeomorphism. Then we obtain

/8[ . |H — E'|? dgstd < C% e, (3.1)
1,1

and
/( TPl < 0 (3.2)

Now, due to (3.2) and Lemma 3.2, we conclude that there exists some E” € R,
such that for any —1 < 1 < 1 we have

/{ e |H — E"2dg®t < C'r?, (3.3)
Ty ¢ X 1 1

and moreover we have

1~ B"Pdgt, < O (3.4)
(_171)d
where C" = C'(d).

Then on one hand, from (3.3) and the uniform continuity of H we get

/{1} . 1]H E"2dg%t < O, (3.5)
X
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On the other hand, from (3.1) we get

/ |H — E'[*dg% ;' < C* 're. (3.6)
(1}x(=1,1)d-1
Hence from (3.5), (3.6) we conclude

2d71|E/_E//|2 <2</ |H_E//‘2dggtd1+/ ‘E/—H|2dggm1>
{1}x(-1,1)d=1 {1}x(-1,1)4=1

<2072 +2C% tre.
Therefore, by (3.4) we get

[ - ppaga<a( [ Pl - P
(_111)d (_111)d

< 2(C'r? +4C"r? +4C re) = 10C"r% 4- 8C% re.

Now, going back to the function F', we conclude

/ |F — E')2dg%, < CH10C"r* 4+ 8C*tre) < C"(r? + re),
B{(0)
for C” = max(10C4C", 8C?*~1). Therefore we finally get

[ 1~ Pl < 0% e

4 Proof of Proposition 1.11

First of all, WLOG, in the proof of this proposition, we may assume that € is small
enough.

Restricting to S2"~! ¢ R?", we denote the Hopf vector field by H(z) = Jx. We
can find an isometry & : S?*~1 — S§2"71 of the sphere, such that the pushforward
&, H of the Hopf vector field H, is transversal to the Hopf vector field H at some
point x; € 5*"~!, and hence for some spherical cap S = B (x1) C 5*"~! around 1,
the vector field &, H is transversal to the Hopf vector field H on the closure S. Note
that the radius p of the cap can be chosen to depend only on the dimension 2n — 1.
Consider the spherical cap Bg (ry) € S§*71 and choose a maximal set of points

P C Bg (z1) with the property that the spherical distance between any 2 distinct
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points of P is greater or equal to 4e. Since the spherical balls of radius 4e centered
at the points of P, cover B (z;), we conclude that the cardinality of P satisfies
3

Vol(B3 (1)) ¢(n)
> ;
Vol(By.) e2n—1

Pl >

where Vol(-) is evaluated with respect to the volume density g2

Lemma 4.1. There exists some T > 0 and a smooth volume preserving flow zﬁt,
t €[0,T] on S?"~1, generated by a time dependent vector field Y, t € [0,T] on S?*~1,
such that Y is sufficiently C°-close to the pushforward é,H of the Hopf vector field
on S21 and such that the flow Y satisfies the following:

Take any x € P, and denote by x : S**~1 — R the characteristic function of B(z).
Then there ezist some tq,ts,...,txy € (0,T) such that

LS~ e Vol(Bf (x))
NZW )*x = (n )W

k=1

on S*L where Vol(-) is evaluated with respect to the volume density g2 ", and

d(n) > 0 is some positive constant that depends only on n.

Proof of Lemma 4.1. Along the proof we will use the notation x, for the characteristic
function y, : S*"~! — R of B¥(2) C S?"1, where 2 € S?" 1.

Let Q be a maximal set of points of S?"~! with the property that the spherical
distance between any two points of Q is at least e. Then first of all, spherical balls
of radius € centered at points of Q cover S?"~!. Secondly, spherical balls of radius 5
centered at the points of O, do not intersect pairwise, which means that

Vol(S52"1)

R —
Q] < Vol(B?)

Therefore we have

1 Vol(BZ) _  Vol(BS)
Q5> a1 e > <00

on S$?"~! where /(n) depends only on n.

Now let z € P and y € Q be any two points. Then there clearly exists a smooth
flow ¢f , : S*"~1 — §*"71 t € [0,1], consisting of isometries of $**~!, such that ¢!,
is the identity map when ¢ is sufficiently close to 0 or 1, and such that

(o7,

Hm\»—A

y) Xz = Xy
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Denote by & : §27~1 — §2n=1 the flow of &, H - this is also a flow of isometries of
5?1 and we have that £27 is the identity diffeomorphism of S?"~'. Now take M, , €
N to be sufficiently large, and define the flow ¢}, : S*"~1 — S*"~' t € [0,4M, 7],

as
ft 4]Mx T

If we take M, , to be sufficiently large, then the vector field that generates the flow
Nﬁw will be sufficiently C%close to &, H. In addition, we have that &iy equals to &
when ¢ is close to the endpoints 0 and 4M, ,7, so that in particular Qﬂif\y&”’yﬂ is the
identity diffeomorphism of S?**~!, and also we have that

i

Now define the flow ¢*, t € [0,T] to be the concatenation of flows )", »» when we run
over all z € P and y € Q. We claim that ¢! is a desired flow. Indeed, first of all it is
smooth since zﬁiy equals to & when t is close to the endpoints 0 and 4M,. 7, for every
x € Pandy € Q. Secondly, the vector field that generates ¢, is sufficiently C°-close
to &, H. Fixing any = € P, we have that for any y € Q there exists t, € (0,T) such

that (¢v)*x, = X,. Therefore we have

| ey n Vol(BS) . Vol(BS(z))
a1 2% = gy 2 2 0~ s

yeQ

on S?"1. Finally, the flow ¢! consists of isometries of S2"~!, and hence is volume
preserving.

]

Consider the time dependent vector field Y and its flow ¢* on S2"~!, guaranteed
by Lemma 4.1. Since the vector field Y* is sufficiently C°-close to &, H, then Y? is
also transversal to the Hopf vector field H on the closure S. Choose a sufficiently
small § > 0, and denote

r'=R —¢,
r=1r —T6=R—¢e—T0.

Clearly, if € and ¢ are small enough, then » > £. Define the (time independent)

0 alt 2
vector field Y5 on D27, which has the form
Ys(r' — 6t,0) = =60 + (' — 6t)Y'*(0),

where ¢ € [0,7] and 6 € S?"~!. Consider a smooth function a : R — R, such that
a(t) > 1 for any t € R, such that a(t) = 1 for any t ¢ (%, T — %), and such that a(t)
is large enough on [0*, T — ¢°]. Now define b : D2, — R as

b(z) =a<rl_5|x|).
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Let us give the definition of the metric g on D}%,. On DX\ D27, we set g = gy
Now consider Dzﬁ/. Looking at the gs4-orthogonal decomposition

TD?", = Span(Ys) ® Span(JY;) & L,

we define
g‘x = b(ﬂf)_lgstd|r ©® b(x)gstd’z @ gstd|r
for any z € Df,’,b

Our main statement is the following:

Claim 4.2. If we pick sufficiently small 6, and then choose the function a(-) to be
large enough on [6%, T — §°], then the constructed metric g will satisfy the following:
For any smooth function f : Dfﬁq — R with

/ IV, £12 dg? <
D2

r,

there exists some E € R, such that for any r < u < R we have

/52” 1 |f — E?dg? ! < Ce,
where C'= C(n, R) depends only on n and R.

The rest of the proof of Proposition 1.11 will be devoted for proving Claim 4.2. In
the sequel we will assume that we have chosen ¢ to be small enough, and the function
a(+) to be sufficiently large on [62, T — §2].

We denote by % the flow of the vector field Ys. In polar coordinates we have
Y5, 0) = (r' = 8t,9'(9)),
for t € [0, 7.
Based on Corollary 3.3 (section 3), we are able to prove the following

Lemma 4.3. Let f : D % — R be a smooth function, satisfying

L, 19Tt <

Then there ezists a point xo € P such that for some E € R we have

1
. 2 d 2n—1 < C
Vol(1' B, () /T/ng(m) = B dgai “

where C' = C(n, R).
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Proof of Lemma 4.3. For x € S**~" denote U, = (', R) - B5.(x) C D2'5. Note that
in polar coordinates U, . is

Upe = (R — ¢, R) x B5.(x) C (0,00) x S?"71,
Define the following domain in R?":
Ue = (—¢€,€) x B710) = (—¢,¢) x {y e R | |y| < e} C R*™

It is easy to see that for small enough e, for any x € S?*! there exists a diffeomor-
phism ¥, : U, . — U, such that we have

1 *
Egstd < \I[xgstd < CQgstd;

where C' = C(n, R), and such that in polar coordinates the map ¥, has the form
o (u,0) = (2(R -5 —u), 0.00),

for some diffeomorphism W, : By (z) — B2*~1(0).

Now, since the distance between any two distinct points of P is greater or equal to
4e, it follows that all U, , for x € P, do not intersect pairwise. Therefore we conclude
that

2 2
S wvitdtis [ witadi= [N [ 191 <
2n D2 D2
zeP =i R v,
Keeping in mind that |P| > :QSL—n_)U we conclude that there exists some 2o € P such
that

vadgs \ C/ 2n— 1
/[Jz2€| | td |7)|

where C" = C'(n). Now look at ¥ := W, : U,, . — U.. Define the function b : U, — R
as h = fo W™t Then we have

|Vh|2d 3;7;1 02n+20/ 2n— 1
Ue

Now, applying Corollary 3.3, we conclude that there exists £ € R such that

/{ } B%il(o) |h— E’Zd gtrzl 1 C"EQ"
T1 X D¢

for any z1 € (—¢,€), where C” = C”(n, R). Going back to f = ho U, we get that for
any u € (r', R) we have

/ y )lf _ E|2 dg?fd_l < CQn_chEQn.
B3 (xo
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Hence by continuity we have
/ |f . E|2 dg?;{_l < C«Qn—lo//€2n'
' B (x2)

Finally, keeping in mind that Vol(r'B5 (z5)) = /¢! for ¢ = ¢/(n, R), we conclude
the statement of the lemma. O

Lemma 4.4. Let f and x5 € P be as in Lemma 4.5. Denote B! = (r' — 6t) B (x5),
fort € (0,T). Then provided that § is small enough, we will have

1
. E 2d 2n—1 <
VOI(BE) \/Bg ’f | gstd CG,

for allt € (0,T). (In this lemma the constant C' = C(n, R) might be different from
the one in Lemma 4.3).

Proof of Lemma 4.4. For some x € R?" \ {0} and a nonzero tangent vector ¥ €
T, (R?") \ {0}, denote by Z = 1(z;Y) € T,,(R*") the vector that satisfies

(Z,Y)=(Z,JY) =0,

(Z,X) =1,
and that minimizes the Euclidean distance | Z—X|, where X' = — & € R*" = T, (R*").
It is easy to see that ¢(z;Y) is well defined when = ¢ Span(Y, JY'), which is equivalent

to Y ¢ Span(z, Jz), and we will apply ¢ only on that case. Clearly, ¢(x;Y") depends
on z and Y in a smooth way, on its domain of definition.

Define the vector field
Xs(x) = u(z; Ys(x)),

[ X5y = Xs]
on (r,7]-S = (r,7'] 'm.
Denote by o3 the flow of the vector field X;. We have
Xs(r' = 6t,0) = =0+ (' — 5t) X}(0),

for t € [0,T], where X%(0) is a time-dependent vector field which is tangent to the
unit sphere $?*~1. Note that X}(6) is well defined for § € S = B5(x1) and ¢ € [0,T7,
when 0 is small enough. For the flow 0§ of X5 we have

O-g(rlv ‘9) = (T‘/ -5, 5’;(9)),
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for s € [0, 67, where 65(0) is a flow on S = BS (21) C 5*"~! (probably, only partially
defined), which is generated by the vector field X} (8), s € [0, 6T].

Since € is small and P C B3 (z1), then for any € P we have Bj. () C B3 (1),
3 2
and in particular, B5 (z3) C B%(z1). Look at the vector field
2

Xs(r' —6t,0) = =0 + (' — 6t) X4(0).

The flow of X, satisfies
0';;(7”/, ‘9) = (7’/ - S, 5’;(9)),

for s € [0,67]. The flow &} is generated by the vector field Xf, when s € [0,07].
Let us make a time rescaling, concentrating on the time parameter ¢ = 5. Define the
flow ¢} on S = BS(x1) C 52! (which could be well defined only on a part of S), as
i(0) = 594(A), when t € [0,T]. Then the flow & is generated by the vector field §X¢.
Up till now we had a family of vector fields § — X% on S € S?*~!, defined for small
0 > 0. However, it is quite easy to see that we can extend this family also to § = 0
in a natural way. Indeed, we have that

XE0) = 0+ o((r' — 0t,0); Ys(1' — 6t,0)) = 6+ o((r' — 6t)0; =00 + (' — 5t)Y(9)).

Hence if we define
Xé(@) =0 + (r'6; 7“'37'5(9)),

then X%(6) is well defined for small § > 0, for ¢t € [0,7] and for § € S, and depends
on 9, t, and 6, in a smooth way.

So we get that the flow ¢ is generated by the vector field 5X§, and that the family
of vector fields X%(A) on S, depends on small § >0, on € S, and on t € [0, 77, in a
smooth way. From here we can conclude the following:
1) For 0 small enough, the flow £(6) is well defined for 6 € Bg(xl) and t € [0,7],

and we have }(0) € S = B5(x1) for any 6 € B‘g(xl) and t € [0,77.
2) Moreover, if 4 is small enough, then for any x € Bg(xl) we will have ¢¢(B5 (z)) 2
B3 (z) for all t € [0, T).
3) Finally, if we choose sufficiently small 0, then for any ¢ € [0, 7], the Jacobian of
the map B2 (x;) — S~ ! given by 0 +— ¢i(6), will be arbitrarily close to 1, uniformly
onf € BE(Qa:l) and ¢ € [0, 7). In particular, if 0 is small enough, then the Jacobian of
St lies bethveen % and 2, at any point 0 € Bg(:vl), for any t € [0, 7).

Now assume that § is small enough so that 1), 2), 3) above are satisfied. Then,

translating these properties to the flow of 63(6), we get:
1’) The flow G§(6) is well defined for § € BZ(z;) and s € [0,07], and we have
2

53(0) € S = By (x1) for any 6 € By (x;) and s € [0,57].
2’) For any x € B3 (x;) we have 55(B5 (z)) 2 B®(x) for all s € [0,57].
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3’) For any s € [0, 6T, the Jacobian of the map B3 (z;) — S?"~! given by 0 — 73(6),

lies between 3 and 2, at any 6 € Bg(xl).

We are now ready to prove our lemma. Define the function F : [0,6T) x By (13) —
R as

F(s,0) = f(o5(r',0)) = f(r' = 5,55(0)).
For any 0 < s; < 6T we have

/ 07— 51,52(6)) — F(, B)[2db = / F(51.0) — F(0,0) d
BQSG(JL’Q)

Bi (z2
/Bi (z2)

2
do g/ S1
B (22)
:sl/ / |Lx, f(a3(r,0))[° dsdb
B3 (z2) J0

<ot [ ISt O 1Xsloi, 0 s

318

)
s1 2
— ds df
o Os 0

0
gF(S,e)

F(s,0)ds

=or [ [ ISas G O Xaloit o) ds o
B (z2 0

We have

/
r

X5(u,0) = t((u, 0); Ys(u, 0)) = v(ub; =00 +u¥ "5 (6)),

for u € [r,7'] and § € S = BS(x1). Therefore, if Yt is sufficiently C-close to
a.H, and if €,8 are small enough, then because of continuous dependence of ¢(-;)

on its arguments, we can conclude that Xjs(u,0) is C°-close to «(RO; Ra.H(6)) =
1(0; & H(0)), and hence in this case we have |X;(u,0)]* < C for any u € [r,r'] and
0 € S = BS(z1), where C' = C(n). Hence returning to our chain of estimates, we get

/ O — 51,63(0)) — £(,0)P O < 6TC / /||vgf<o§<r',e>>||§dsde.
BS (x2) B3 (z2) J0

Now, because of 3’), the Jacobian of the map ® : (0,67) x Bj.(x3) — D, given by
(8,0) — oi(r',0) = (r' — s,55(6)), is greater or equal to (T/_Sg ~ which is greater
R 2n—1 e

(3 )2 = R;n 1, for small € and §. Hence

than #, which in turn, is greater than
returning to our chain of estimates, we get

L, 10 s 7o)~ e o

22T /
T IV o f1l5 dgzt. 4.1
R Joarxpsy 0 (4.1)

220 e,
—/D% IV fII2 dgy < 5w-
R

r

)
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Now, by Lemma 4.3 we have

1
E 2d 2n—1 < OIE,
Vol(r B () /T/Bgs(m'f 4

where C" = C'(n, R), and hence

1 / ! 2 !
- F(r.0) — E2do < C'e. 4.2
Vol(BE (2] Jg oy 10— F (4.2)

Therefore from (4.1) and (4.2) we conclude that

1 / ~S1 2
- '~ 51.5%(0)) — E|df
Vol( B (2)) /B;G(m)'f (" =1, 65°(6) — £l

1 / ~ 51 ! 2
<2 g 1 27 O 00

2n
e L 00— BRan) <2 (52 B o) < ac
TVol(BE(72)) BS.(a2) R>~Vol(BS (z,))

where the latter inequality is true if § is small enough. Now, from 3’) we know that
the Jacobian of the map 5'(0) : B3(z;) — S*~! is not greater than 2, hence we
2

conclude
1

—_— |f(r’—s,8)—E|2d0
V01(325(3?2)) /E*EI(Bi(m)) '

2
<— = '~ 51,65(0)) — E[*df < 6C".
e ey / N GERRADR

Because of 2’) we have 63! (Bs.(12)) 2 B (x3), so we get

1 / 2
- _51.0) — E2do
Vol( B3 (2)) /BM 77 = 1,6) = £

o
< o |[f(r' = s1,0) — E|*df < 6C".
Vol(B5 (z3)) 531 (BS.(x2)) 1

Therefore we finally obtain

1 /
W/Bmz) (" = 51,0) = B db
~ Vol(Bs(x2)) | ) | N -
~ Vol(BS(x2))  Vol(BS (x2)) /B g(m)’f(r s1,0) — E|>do
, Vol(Bj, (w5)) ”
< OB <
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for C” = C"(n, R). The latter means that for any t € (0,T), for B! = (r' — 6t) B (x5)

we have .
_E2d 2n—1 gcv//
Vol(B)) / S B s

Lemma 4.5. Let f : Df,’}% — R be a smooth function satisfying

/D IV, 12 dg?, < 1.

2n
R

Then for any 0 <t <ty < T we have
/ |f(r! = ta,)™(0)) — f(r' — 6t1, 9" (0))[* dO < C.
5‘277,71

(In this lemma the constant C = C(n,R) might be different from those in lem-
mas 4.3, 4.4).

Proof of Lemma 4.5. This Lemma is true since we compressed the neck along Y.

Define the function F : [0,7) x S**~1 — R as
F(t,0) = f(45(r',6)) = f(r' — dt,0"(6)).
Then for any 0 < t; < ty < T we have

/S%1 | (' = Oty, %2(0)) — f(r' — 5ty 01 (0))|* db

to
< / (to — t1)/
SQn—l tl

= (ta — t1) /Szn_1 /t 2 ’Lygf(lﬁg(rl,@))‘z dt do

2

0 dt df

S F(t,6)

<=t [ [ IV O Yk ) et
(=) [ IV O Va0 b 0)) et
S2n—1 Jty

(2=t [ [T O YA ) ) et

< t)” Lo [ Iarsten o s o P e a.

(mlnte[tLtZ] a
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We have , )
|Y5(u,9)|2 =|—490+ uff%(é’ﬂ2 =0+ UZD?%<9)|2,

for u € [r,7"] and 6 € S**~1. According to the property that Y* is sufficiently C°-close
to @,H (Lemma 4.1), the norm |Y*(6)| is sufficiently close to 1, so we may assume
that |Y*(#)] < 2 for all t € [0,7] and 6 € S*>*~'. Hence we have

V3, 0))2 = 62 + w?|V5 (0)[2 < 62 + 4 < 82 + 42,
for u € [r,7'] and 6 € S?"~!. Therefore, returning to our chain of estimates, we get
/S |f(r' — 6ta,40™(0)) — f(r' — 6t1, 9" (0))]* df

ty —t1)(0% + 4r"?)
gl W@+ / / I, £, 0))]2 de db.
(mlnte[tl tg] Cl S2n—1

The Jacobian of the map (0, T) 52” b Dfr, given by

(t,0) = w5(r'.0) = (r' — 6t.4'(6)),

equals to 8(r' — 0t)2"1, since the flow ¢’ on S2*~! is volume preserving. Hence this
Jacobian is greater than §(r’ — §7)**~1 = §r?"~1 at every point of (0,7) x S?"~!. So
returning again to our chain of estimates, we conclude that

/s2n—1 (" = 8ta,40"2(0)) — f(r' = 5t1,9"())[* db

ty —ty 62 + 4r'?
< B 2 om—1_ ||v9f||2 dgstd
) (mlnte[thm] a(t)) r D,
tz — tl 52 -+ 47",2 2 t2 — tl 52 + 47’/2
=X R 2" In—1 ||v f” dgstd = . 2’ 2n—1
6 (mingepe, 1) a(t)) r p2n, & (mingeg, 1) a(t)) r

Now, provided that €, are small enough, we have

5% + 40" 5R?
ORI (LR)2nT1

=:C.

So we conclude that
ty — 14

5 (minte[thtﬂ a(t))27

/52”_1 |f<T/ — 5t2,1/~1t2(0)) — f(r’ — 575171;151(9))'2 a6 < C

for any 0 < t; <ty < T. In particular, for 0 < ¢; < t, < 6% we get
to — 1
) 2
& (mingep, 1) a(t))

/ F = 5ta,02(0)) — F(' — 5t1, 0" (0))] dO < ©
Sanl
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(52
— = (4.
06 C

Analogously, for any T — 62 < t; < to < T we have
to — 1

5 (minte[tlh] a(t))2

/S%1 \f(r' — 6252’@[)152(9)) — f( - &17&1(9)”2% <C

52
C? = (.

Finally, for 62 < t; < to < T — 62 we have
to — 1

5 (minte[tlh] a(t))2

LQIV@“Wbﬂﬁwn—fW—émimew9<c

T
) (minte[thtﬂ a(t))2

If we choose the function a(-) to be sufficiently large on [62, T — §?] (it is enough to
require a(t) > \/TT for t € [6%,T — 6?]), then we will get

/52”1 |f(r' = Oty, %2(0)) — f(r' — 6ty 01 (0))|* db

T
) 2
) (mmte[tm] a(t))
These three cases, combined together, imply that for any 0 < t; < to < T we have

[ 1907 = ot 4(8) = 00" o1, 6)) P < 9C

]

Lemma 4.6. Let f, xo and B! be as in Lemma 4.4. Then for any t € (0,T), looking

at the preimage (5)~1(BY) € S2*!, we have
5 |

Vol((v5)~(BY)) (Y1) ~1(BY)

(In this lemma the constant C = C(n,R) might be different from those in lem-
mas 4.3, 4.4, 4.5).

|f — E|2 dg?{fj L< Ce.

Proof of Lemma 4.6. By Lemma 4.4, we have

Vol /’f B dguis " < Ce
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which means )

_ '—(5t6—E2d9<C’ 4.3
B / SRR . (4.3)

for all ¢ € (0, 7). By Lemma 4.5, for any 0 < t; < to < T we have

/S - (r' — bty h'2(0)) — f(' — 6ty, 01(0))[>do < C's,

so in particular taking some ¢ € (0,7) and considering t; = 0, to = t, we get

/SQH |f(r' = 6t,4"(8)) — f(r',0)]> d6 < C'6,

which implies that

1 / ~ 9 &)
—_—— fir' =t H0)) — f(r',0))?df € ——o—r.
VOB ) S scosany O IO S s

Also, since the flow ¢ : §2»~1 — §27=1 ig volume preserving, it follows from (4.3)
that

1 / 5
_ f(r" = ot (0)) — E|*df
Vol(BS(2)) J g )—1(35@2))' ( ) |
1
- - ' 5t.0) — E|?do < Ce.
Vol(BS (13)) /Bgm) 7r = 04,6) = & 6

Hence we conclude

1 / 2
- |f(T/79) _El do
Vol(BZ(x2)) J(it)-1(BS (w2))

1 ~
S 2\ NolB " 5t,040)) — E|*db
) (VOMBES(:”?)) /(u?t)l(B?(m)) (= ot (0)) — E
1 ~
- /I 5 t 9 . / 0 Qde
+V01(B§(:(:2)) /(it)l(BES(m)) |f(r by ( >> f<r ’ )| )

<2<Ce+#§$z)))'

If 9 is small enough, then we will have

(o)
2 ——= ] < :
(06 y Vo1<B§<x2>>> s
Therefore we conclude that
e |f(r',0) — E|* df < 3Ck,
Vol(BE(22)) J (jt)-1(B5 (2))

or in other words,
1
Vol((45) 1 (BY))

/ |f — E|2 dgfﬁi_l < 3Ck.
(&)~ (BY)
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Proof of proposition

Let us finally conclude Claim 4.2 stated above. Let g be the metric on D27, defined as
above, and assume that § is small enough and that the function a(-) is large enough
on [0, T — ¢%]. Let f: D¥; — R be a smooth function satisfying

J

By Lemma 4.3, there exists a point x5 € P and some E € R such that

IR dg < 1

n
™R

1
— EPPd¢* ! < Ce.
Vol(r'BS.(25)) /r’Bi(J:Q) |f ° dgta

Then, by Lemma 4.6, for any ¢ € (0,T), looking at the preimage (y¢)~}(B!) C S
of B! = (r' — 0t)B®(x3), we have

1 / 2 7 on-1 /
|f — B[ dg?t < e,
Vol((£5)1(BY) Juun) 1) a

where C" = C'(n, R). But since ¥t is a volume preserving flow, we have

1 / 2n—1
|f - E|2 dgsn
Vol((¥5)~1(BL)) J w18 “

1
— _ ,0) — E|*df
Vol((1)) =1 (BS(x2))) /< S0 =8

3t)-1(BS (22))
1 / ,
- |f(r',0) — E|*df
Vol(BE) J(jty-1(BS (22))

B /Sznl @W)*X@) [f(r',0) — E|*db,

and so

é%(w@@@WWOuwm—wwsaa (4.4

where x : S?"~! — R is the characteristic function of B®(x5). Now, by Lemma 4.1,
there exist some ty,ty,...,txy € (0,7) such that

N
1 o Vol(B? (x5))
il E V> e———Cc 27 4.
N k_l(w IXZ s (4
on S?"~1. Averaging (4.4) over t = ty, ..., tx, and using (4.5), we get

c

__°c '.9) — E|*df
Vol(52n-1) /S_ 70, 6) = E]
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1 ¢ Vol(B5(xy)) )
/52n 1 Vol(B Vol (52n-1) | f(r',0) |*df

N

1
S /52 L (Vol Z P x > |f(r',0) — E|*d§ < C'e,

=1

and hence

/Sz RGO El?d < C", (4.6)

where

C'Vol(S271)

C

C// —

Now, fixing any t € (0,7"), and applying Lemma 4.5 for ¢; = 0, ty = t, we get

/ F( — 56, 01(0)) — £, )2 d6 < C,
S’Qn—l

which together with (4.6) gives us

/ (7 — 6t.6) — B db = / (7 — 5t,4(0)) — EJ* o
g2n—1 g2n—1

<2 ([ 1o =onden - setopass [ i) - £ a)
2(0///5 + C//e) < 30”67

since 9" is volume preserving, and § is small enough. Thus we have proved that

/ F(u,0) — E2d8 < 3C", (47)
S2n—1
for any u € (r,7’). Now consider the case when u € (r’, R). Define the vector field X

on R?*\ {0}, as X(z) = — for € R*" \ {0}. Then keeping in mind that g = gsa
on D', we obtain

/Sin

[ I = o) as

v 9 2 u
_ < -
/T/ PR (s,0)ds dG\/Sin(u r)/r/

= (u—1') /S ] |Lx f(s,0)|* dsdb

2

0
af(s,ﬁ) dsdf

<tw=r) [ [ IO 1K 0) s o

~=r) [ [ 10 asa.
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The Jacobian of the map (r/, R) x $*"~' — D'y given by
(s,0) — sb,

equals to s*"~1, and hence is greater than r?"~! at every point of (', R) x S*"~1. So
returning again to our chain of estimates, we conclude that

/S fw.6) = 16 OPdO< w1 [ / IVof(s.0)% ds do

S2n—

/ — ! u—r

u—rT u
< m/mn IV f112 dgly < m/}yn IV f112 dg2y < Py
R

ru

on—1
But we have u — ' < R — 1’ = ¢, and for small €,6 we have r?"~! > (£)™" hence

we get
) ) 9 2n—1
S2n—1 R
Therefore, from (4.6) and (4.8) we get
R
S2n—1
<o [ w0 -pras [ o - e oRrw) )
9 2n—1 2277,
<2 (C”e+ (E) e) = (20" + R2”1) €

for any u € (r/, R). Combining (4.6), (4.7), and (4.9), we conclude that for any
u € (r, R) we have

. 22n
/S F(u,0) — E2df < (30 + R2n_1> ‘.

Hence for any u € (r, R) we have

/ \f—E\2dg§ﬁl_1 :uznl/ ]f(u,@)—E|2d9
San—l S2n71

2n
RZn—l
This finishes the proof of Claim 4.2, and hence of the proposition.

< R™H (30” + ) e = (3C"R™ 1 4+ 2°")e.
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5 Proof of Theorem 1.10

Choose a smooth triangulation of M, and let A, C M, a € I, be the open simplices
of this triangulation. Choose a Riemannian metric go on M, such that for each
a € I there exists a Darboux neighborhood inside A, on which gy coincides with the
euclidean metric.

For a € I, denote by A/ the union of A, with all of its open faces. Then for
each a € I, by Lemma 3.1 (section 3), there exists a bi-Lipschitz homeomorphism
U, : A, — E?n(O), such that ¥, is a diffeomorphism from A, onto B?"(0), and
also is a diffeomorphism from A/ onto the image. Due to our choice of gy, WLOG
we may assume that the pushforward w, of the symplectic structure w from A, to
B?"(0) by the map ¥,, equals wyy (i.e. is standard) near the origin, and that the
pushforward g o of the metric gy from A/ to its image ¥V, (AL) C Fin(O) by the map
¥, coincides with the standard euclidean metric gy g near the origin. Hence we can
find some 0 < Ry < 1, such that w, = wyq and goo = gsra on BE(0), for all a € 1.
Let C > 1 be a bi-Lipschitz constant for all ¥, a € I, when we consider the metric
go on A,, and the metric gyy on Ef”(()). Then we get

1
2 std S Yoo S C*Gsta
on V¥, (A!), for each a € I.

Now pick any 0 < R < Ry. After choosing R, pick a small enough ¢ > 0. Then
by Proposition 1.11, there exists g < r < R, and a metric gj,. on the domain

Dfﬁ%:{xER2n|r<|x|<R},

having all the desired properties. Consider the “minus-radial vector field” X (z) =
—% on D?{fl. Pick a sufficiently small 6" > 0, and choose a smooth function a : R — R,
such that a(u) = 1 for u ¢ (R+%,1— %), such that a(u) > 1 for all u € R, and such
that a(u) is sufficiently large on [R+4',1—¢"]. Define b : B2*(0) — R as b(z) = a(|x).
Denote by Jy o the almost complex structure that relates w, and go o. Now we define
the metric g, on Bf"(0) as follows: on DX} we set go = gioc; on Dy, looking at the
go,o-orthogonal decomposition

TDFY = Span(X) & Span(JooX) ® L,
we define

galx = B(:E)_lgo,oz’:(} @ l;(x)go,a|x @ gO,a’x

at cach z € DF; finally, on B?"(0) \ (D2, U D3")) we set go = oo = gsta- Clearly,
Jo is a smooth Riemannian metric on B?"(0), is compatible with w,, and coincides
with go. near the boundary of B?"(0). Also, exactly as in the case of Lemma 4.5
(section 4), but now using the flow of the vector field X, one can prove the following
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Claim 5.1. If the function a(-) is sufficiently large on [R + 0',1 — 0], then for any
smooth function h : D%’?l — R satisfying

[ IV, dg <
DRy

we have the following: for any R < u; < ug < 1,
/ |h(ug, 0) — h(uy,0)|*dd < C*C'¢,
SQn—l
where C" = C'(n, R).

Finally, we define the metric ¢ on M as follows: for any aw € I, on A, we set

= WU*go; on M\ (UperAy) we set g = go. Clearly g is a smooth Riemannian metric
on M, compatible with w. We claim that the metric g will have arbitrarily large Aq,
once we take R to be small enough, and then pick €, ¢’ to be sufficiently small, and
a(+) to be sufficiently large on [R + ¢',1 — §’]. Let us show this.

Let f: M — R be a smooth function with

/ fdg*" =0
M

/HVJM@%él
M

Then, for any « € I, define f, : _Qn(O) — R as f, = (V,).f - the pushforward of
(0), and that g, = gsq on

and

f by ¥,. Then keeping in mind that w, = wsg on BR
B2"(0), we get that

[ nPdg = [Vl de
B(0) Bz(0)

(5.1)
<N dl g = [ 9 Rd < [ VLR <
£"(0) Aq M

that

[ Vadall dgi= [ IVl de
D2 D2
g ik (5.2)

</ H%JWAM=/\WNMW‘/WVMWW
B (0)
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and that

IV full2, dgin, = C2n / IV fall2. dg”

/ IV oo full. dgZy < C* /
D D 2,

2n 2n
R,1 R,1

<o / IV fall2. dg2" = O / IV, 12 dg (5.3)
B27(0) Ao

<c [ Vsl < o
M

Applying Proposition 1.11 to (5.2), we conclude that there exists some E, € R,
such that for any u € (r, R) we have

/San | fo — Eol? dgfﬁi_l < e, (5.4)
which implies that
1 _
[ w0 = EPdo= i [ B gy
§2n—1 u Sznfl (5 5)
€ € 22n—l¢ .

u2n—1 ~ r2n—1 ~ R2n—1"

for any u € (r, R). Note that by a continuity reason, (5.4) and (5.5) hold also for
u=r,R.

Applying our Claim 5.1 above to (5.3), we conclude that for any R < u; < ug < 1
we have

/ | fatiz,0) — fo(u1,0)]>d6 < C*+2C'6". (5.6)
SQn—l
By a continuity reason, (5.6) holds for any R < u; < up < 1.

We have that (5.5) is valid for v = R, and (5.6) holds when u; = R and
R < uy < 1. Hence for any u € [R, 1] we have

/S | fa(u,0) — Ed|*df
< 2(/3%1 [falu,0) = fo(R,0)]* db + /5‘2n1 fo(R, ) — Ea|2d6> (5.7)

22n

2n-+2
<2+ g

€.

37



Therefore from (5.5) and (5.7) we conclude that

22n
R2n—1 2

/ | fu(u, 0) — Eo|2df < 202207 +
S2n—1

for any u € [r,1]. This, in turn, implies that

[ Vo= BaPagi = [ \f(0) = BP9

(5.9)
< u2n71 (202n+20/6/ +

2n

R2n_1 6) < 2C2n+2016/ +

22n
€

RQTL—I )

for any u € [r,1]. Hence on one hand, from (5.9) we get

1
| EaPag= [ 1 B
7,1 r u

2n

RQn—l

(5.10)

22n

<(1-r) (202“+2C"5' + ZaniC

€> <2020 +
On the other hand, since (5.4) is true for u = r, and since we have (5.1), from
Lemma 3.5 (section 3) we get

/82 M Eu2dg2 < C"(r2 + er) < C"(R? + R), (5.11)

where C" = C"(n).
Adding (5.10) and (5.11), we obtain

/ fu— Ealdg? — / fa— EaPdg?ls + / fo— B dg?
B?"(0) B27(0)

D?q
22n
R2n71
22n
R2n—1 €

g O//(R2 —|—€R) +202n+20/5/+ (512)

€

_ C//RQ + C”GR + 202n+20/5/ +

Look now at (5.7) and (5.12). We can choose € and ¢’ to be small enough, so that

we will have
2n

R2n—1
Hence if we choose € and ¢’ small, then (5.7) for the case of v = 1, and (5.12), will

give us

C"eR + 20?208 + e < C"R%
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[ =B = [ 15,6 - BPdo < C'R?
SQn—l SZn—l

and
/ \fo— Bul?dgZy < 20" R.
B3™(0)

Returning to the manifold M, from (5.13) and (5.14) we get

[ 1Bt = [ g - EPagy
8Aa S2n71

< Cin/ |fa - Ea\2dg§£[1 < Canlcr//R27
SQn—l

and

/ f — Eufdg" = / fo — EaPdg?
o BZ"(O)

< CQn /an(o)‘ E ‘ dgstd QCZnC//RQ
1

(5.13)

(5.14)

(5.15)

(5.16)

Now consider two adjacent simplices A, and Ag, having a common face which we

denote by ¥ C M. Then (5.15) implies

/lf E ‘ d92n 1 / |f E | dg2n 1 Cf2nflcv//R27

and

/‘f Eﬁ| dg2n 1 /; |f E ‘ dg2n 1 C«anlCI/RZ'
Ap

Therefore,

Vol (2)|Ea — Ef? = / B, — Eyf?dge™!

(/ |f E |2dg2n 1 /|f E | d92n 1> <4c«2n—10//R2’
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Since we have only finite number of faces of simplices of our triangulation, it
follows that the minimum of a gg-volume of such a face, is a positive real number.
Denote it by ¢ > 0. Hence we get the following: if A, and Ag, where o, 5 € I, are
adjacent simplices from our triangulation, then

402n—10//
C

|E, — Esl?* < R?.

Now, if we consider any two simplices A, and Az (not necessarily adjacent), then
we can connect A, with Ag via a sequence of distinct simplices from our triangulation,
where any two consequent simplices in this sequence are adjacent, and hence by the
triangle inequality we get

4’[|202n—10//

|Ea_E,3‘2 < c

R2

for any «, 8 € I. Therefore there exists some E € R such that

4”’20211—10//
C

B — BI? < R, (5.17)

for any o € I (we can just take £ = E, for any v € I).
Therefore, from (5.16) and (5.17) we get

/ |f — B’ dg" < 2(/A |f — Eu|?dge™ + | By — E|2Volgo(Aa))

8|T[2C2"=1C"Vol,, (Ay)
&

(5.18)

g 402n0//R2 + R2

Summing (5.18) over all « € I, we get

f_Eng2n: /f_Eng2n
| 1s - BPag; S [ 15 ppag

ael

< 4|I’C2n0//R2 4 8’]|202n710//V0190(M> R2

C
8]I|202”10”V0190(M)> .

c

- <4u|c2nc"+

Note that
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/ﬁﬂ%f%</|ﬂ%ﬁw4#:/Wf—m%f%:/if—m%%¢
M M M M

Therefore

/ |f|2d92n < CW/RQ,
M

where oo
C/// — 4‘[’02710// + 8|I‘ C " C VOIQO(M)_
C

Hence we have finally proved the following:
If f: M — Ris asmooth function with

/ fdg* =0,
M

[ IVl ag <1,
M

and

then
/ |f\2d92" < CW/RQ.
M

Therefore we immediately get a lower bound for the first eigenvalue:

1
> —.
M) > G

Note that the constant C" depends only on M, on the metric gy on M, on our
triangulation of M to simplices A, and on the collection of maps ¥, : A, — Ein(O).
Therefore, since we have freedom to choose R > 0 to be arbitrarily small, this means
that \; associated with the metric g, can be arbitrarily large.

6 Further discussion

6.1 Comparison between approaches

In this section we would like to compare our approach with previous approaches [P,
M]. At first, let us comment on our proof of the main result (Theorem 1.10). Section 5
explains how we deduce Theorem 1.10 from Proposition 1.11. In the beginning we
make a triangulation of the symplectic manifold (M, w), thus dividing it into a union of
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simplexes. Then we choose a Riemannian metric gy on M, such that gy is compatible
with w, and such that inside each open simplex of the triangulation there exists
a Darboux chart in which the metric gy is standard euclidean. Then finally, we
define the desired metric on M by starting with go, then inserting the special metric
constructed in Proposition 1.11 into each one of the mentioned Darboux charts in
each simplex, and then doing “compressing the neck” along a certain “radially look
like” vector field in each simplex. However, we claim that in fact, instead of using
a triangulation on several simplexes, we could use only one simplex. More precisely,
choose a Riemannian metric gy on M, such that gy is compatible with w. It is not
very difficult to find a smooth embedding ® : B — M of the open unit ball

B = B?(0) = {x € R*"||z| < 1} Cc R*™

into M, such that the complement M \ ®(B) is a null set (in the sense that it has
measure 0), and such that ® is a bi-Lipschitz map from B onto ®(B), when we
consider the standard euclidean metric on B, and the metric gy on ®(B) C M (cf.
Lemma 3.1). Theorem 1.10 is then a consequence of the following result (which can
be proved based on Proposition 1.11, and by following the same ideas as in section 5):

Theorem 6.1. Let w be a symplectic structure on the open ball B = B?"(0) C R*",
let gy be a Riemannian metric on B which is compatible with w, and assume that gy
15 equivalent to the euclidean metric ggq, t.€. there exist constants 0 < ¢ < C such
that 2ggq < go < C?gsq. Then for any € > 0 there exists a Riemannian metric g on
B, such that g coincides with gy near the boundary of B, such that g is compatible
with w, and such that for any smooth function f: B — R with zero mean (relative to
the volume density induced by g, or equivalently, relative to the volume form w™), we
have

/ P g < e / IV, 12 dg2,
B B

In other words, we are able to prove an analogue of the symplectic flexibility
of the first eigenvalue of the Laplacian, in the case of an open ball (provided that
the symplectic structure has good enough behaviour near the boundary of the ball).
This is the advantage of our approach over previous approaches [P, M]. It would
be interesting to understand if it is still possible to improve approaches in [P, M], in
order to prove a statement in the spirit of Theorem 6.1 and thus to provide a different
proof of Theorem 1.10.

6.2 Symplectic flexibility of the first Dirichlet and first nonzero
Neumann eigenvalues

Let us remark that our approach allows us to prove the symplectic flexibility of the
first Dirichlet and the first nonzero Neumann eigenvalues on a compact symplectic
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manifold with boundary, provided that the symplectic form behaves nicely enough
near the boundary.

Theorem 6.2. Let U C R?" be a bounded domain with smooth boundary, let w be a
symplectic structure on U, such that there exists a Riemannian metric go on U which
is compatible with w and which is equivalent to the euclidean metric ggq (i.e. for
some constants 0 < ¢ < C' we have c*gguq < go < C%gsa). Then

1. There exists a Riemannian metric g on U, which is compatible with w, and
which has arbitrarily large first nonzero Neumann eigenvalue.

2. There exists a Riemannian metric g on U, which is compatible with w, and
which has arbitrarily large first Dirichlet eigenvalue.

In both cases 1 and 2, the metric g can be chosen to coincide with gy near the boundary

of U.

It turns out that in Theorem 6.2, the case of the first nonzero Neumann eigenvalue
is easier and basically follows from Theorem 6.1, while the case of the first Dirichlet
eigenvalue requires Proposition 1.11 and we are currently not aware of a simpler
approach. Below we discuss possible ways of proving each of the cases of Theorem 6.2.
As it can be easily seen, Theorem 6.2 can also be extended to the case of a compact
symplectic manifold with boundary, in which the symplectic form behaves nicely
enough near the boundary.

6.2.1 The first nonzero Neumann eigenvalue

Recall that by the well-known variational characterisation, the first nonzero (i.e. the
second) Neumann eigenvalue equals to the infimum of the Rayleigh quotient

Jo IV £ dg?
fU |f’2 dg*® ’

when we run over all smooth functions f : U — R which are L*-orthogonal to the

first Neumann eigenfunction (which equals to 1 identically), or in other words, when
we run over all smooth functions f : U — R having zero mean. Hence we can argue
similarly as in section 6.1. Namely, first we can find a smooth embedding ® : B — U
of the open unit ball B = B"(0) C R*" into U, such that the complement M \ ®(B)
is a null set (in the sense that it has measure 0), and such that ® is a bi-Lipschitz map
from B onto ®(B), when we consider the standard euclidean metric both on B and
on ®(B) C U. Then having such a map ®, we can apply Theorem 6.1 to conclude
that on U there exists a Riemannian metric g, which is compatible with w, and which
has arbitrarily large first nonzero Neumann eigenvalue.
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6.2.2 The first Dirichlet eigenvalue

In this case, the variation characterisation is as follows: the first Dirichlet eigenvalue
equals to the infimum of the Rayleigh quotient

Jo IV £z dg?
fU |f’2 dg*® ’

when we run over all smooth functions f : U — R which are compactly supported in

U (or in other words, which vanish near the boundary of U). To show the result, we
first find a smooth embedding ® : B — U of the open unit ball B = B"(0) C R*"
into U, having the following properties:

1. The complement M \ ®(B) is a null set (in the sense that it has measure 0).

2. ® is a bi-Lipschitz map from B onto ®(B), when we consider the standard
euclidean metric both on B and on ®(B) C U.

3. ® extends to a continuous map ® : B — U, such that for some relatively open
subset ¥ C OB, we have ®(X) C 9U.

Then consider the pullbacks ®*w and ®*gg, of the symplectic form w and the Rie-
mannian metric gy on U, to B, and denote them, by abuse of notation, by w and
go as well. Now, Proposition 1.11 implies (similarly as in the case of the proof of
Theorem 1.10 in section 5) the following refinement of Theorem 6.1:

For any € > 0 there exists a Riemannian metric g on B, such that ¢ coincides with
go near the boundary of B, such that g is compatible with w, and such that for any
smooth function h : B — R satisfying

JIvang g <1,
B
there exists some F € R, such that
[ - B g <
B

and moreover for any u € (0, 1) sufficiently close to 1, we have

Take such a metric g on B, consider the push-forward ®,g of g from B to ®(B)
via the map @, and extend it to U by setting it to be equal to gy on U\ ®(B). Denote,
by abuse of notation, the resulting metric on U again by g. Then we claim that the
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first Dirichlet eigenvalue for the metric g on U is arbitrarily large, provided that e
is small enough. Indeed, if f : U — R is a smooth function with compact support,
which satisfies

/ IV fI2 dg?s <

then denoting h = ®* f, we get

/ IV, 02 g <

(where C” depends only on the map ®). Then, by the properties of the metric g,
there exists some E € R, such that

/ |h — E|*dg*, < (6.2.1)

and moreover for any u € (0, 1) sufficiently close to 1, we have
/52”1 |h — El?dg? ' < Ce. (6.2.2)

But for our relatively open subset ¥ C 9B we have ®(X) C OU, and since the
function f is compactly supported in U, this means that for u € (0, 1) sufficiently
close to 1, we have that h equals to 0 on u¥ = {uz|z € X}, and together with
(6.2.2), this implies that £ is small, which in turn, together with (6.2.1), implies that
[ Ih|? dgZpy is small, and as a consequence, [ |f|*dgZy is small, provided that we
took € to be small enough. This shows that the first Dirichlet eigenvalue of g on U
can be arbitrarily large.

Remark. [t is also possible to prove both of the cases (of the first nonzero Neumann
eigenvalue and of the first Dirichlet eigenvalue) of Theorem 6.2, using smooth trian-
gulation of the domain U as in the proof of Theorem 1.10 in section 5, instead of
using a filling of the whole volume of U with help of a smooth embedding of an open
ball as it was described above. However in such proofs, Proposition 1.11 will be needed
i both cases.
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