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1 Introduction

Our main interest in this paper is approximation of a continuous function, on a finite
interval, which changes convexity finitely many times by algebraic polynomials which are
coconvex with it. This topic has received much attention in recent years, and the purpose
of this paper is to give final answers to open questions concerning the validity of Jackson
type estimates involving the weighted Ditzian-Totik (D-T) moduli of smoothness.

Let C[a,b] denote the space of continuous functions f on [a,b], equipped with the
uniform norm || f{/[a5 := maxyep |f(2)]. When dealing with the generic interval [—1, 1],

we omit the special reference to the interval, namely, we write || f|| := || f||[=1,1-
To make the notion of coconvexity more precise we first denote by Y, s > 1, the set
of all collections Y := {y;};_,, such that ys41 = -1 <y, < ... <y <1 =:7p, and

Yo := {0}. Let A%(Y;) denote the collection of all functions f € C[—1,1] that change
convexity at the points of the set Y;, and are convex in [y, 1]. In particular, A? := A%(Y})
is the set of all convex functions f € C[—1,1]. Also with II(z) := [[_,(x — ), if
f e C?*~—1,1)NC[-1,1], then f € A*(Y,) if and only if

(1.1) F(@)I(z) >0, z€(—1,1).

In fact, in this paper we will be able to use (1.1), as the results for functions that are
not in C?(—1,1), are already known.

We say that functions f and g are coconvex if both of them belong to the same class
A%(Y;) (note that it is possible for a function to belong to more than one class A?(Y5),
for example, f = 0 is in A?(Y}) for all sets ;).
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Let P, be the space of all algebraic polynomials of degree < n — 1, and denote by

E.(f) = inf |f - and EP(f,Y,):=  inf -
n(f) = imf If =pall and BS(fYs) = inf, IS =l
the degrees of best uniform polynomial approximation and best uniform coconvex poly-
nomial approximation of f, respectively. In particular,

BO(f) = BD(f V)= it If —pal

pn€PRN

is the degree of best uniform convex polynomial approximation of f € A2,
It is now known that the following equivalence relation is valid.

Theorem 1.1 For f € A% and any o > 0, we have
B()=0(™), n—oo > EI(H)=0(*), n— oo

Despite the simplicity of its statement Theorem 1.1 remained unresolved for quite some
time, and while its particular cases have been known from as early as 1986, in its final
form it appeared only very recently in [6] where the case for v = 4 (which surprisingly
turned out to be the most evasive case of all) has been proved (see [6] for more details).

One of the consequences of the results of this paper is an analog of Theorem 1.1 for
coconvex polynomial approximation.

Theorem 1.2 For any s >0, Y, € Y, f € A%(Y}), and any a > 0, we have
BN =0(), nooo s EOLY)=0(0), no o

Theorem 1.2 follows from the Jackson type estimates involving the weighted D-T
moduli of smoothness (see, e.g., [12]), which we now introduce together with some
related function spaces.

Throughout this paper we will have parameters k, [, m, r, s all of which will denote
nonnegative integers, with k +r > 0.

With p(z) := /1 — 22, we denote by B", r > 1, the space of all functions f € C[—1, 1]
with locally absolutely continuous (r—1)st derivative in (—1, 1) such that ||¢" f(]| < oo,
where for g € Lo[—1, 1], we write

lgll = ess sup,er1 ylg(2)].

This obviously conforms with our previous notation of the norm for g € C[—1, 1].
Let

p5(x) = /(1 =2 = 0p(2)/2) (1 + 2 — 0p(x)/2) = \/(1 —0p(2)/2)" — a2
The weighted D-T modulus of smoothness of a function f € C(—1,1), is defined by

wlf,'r(f7 t) ‘= sup ng};h()AZgo()(fa )H )

0<h<t




where

k
k k—i ) )
) otherwise,

.

is the kth symmetric difference.
If r=0and f € C[-1,1], then

wlf(f? t) = wlf,O(f7 t) = Sup HA;CL(,/;()(.]E? )Hu

0<h<t

is the (usual) D-T modulus. Also, if ¢(-) in the above definition is replaced by 1, then
we get the ordinary kth modulus of smoothness:

wi(f,t) = sup ARSI

0<h<t

Since ps(z) < p(z) < 1, it is clear from the above definitions that, if f € C[—1,1],
then

(1.2) wi, (1) SWE (1) < wi(f 1),
Also, for f € C(—1,1) and k > 1 we have

(1'3) w/f—l—l,r(f? t) < Cwlf,r(fv t)?
and

(1.4) wi, (fr1) < clle" f].

Here and in the sequel, we write ¢ for positive constants which may depend only on
k, r, and s, while the constants C' may depend on other parameters.
Finally, we need wy(f,t, [a,b]), the ordinary kth modulus of smoothness on [a,b] C
[—1,1], i.e.,
wi(f,t,]a,0]) == sup [|AK(S, M at+rn/2.6-1n/2)-
0<h<t

The modulus wlfﬂ, has many of the properties of the usual and D-T moduli of smooth-
ness. In particular, for any k£ > 1, r > 0, and f € C(—1,1),

wi, (f, M) < e(A+ 1)kw,ﬁr(f, t), A>0.

This, in turn, implies that if a function f is not a polynomial of degree < k — 1, then,
for some C' = C(f) > 0,

(1.5) wi, (f,t) = Ct*, forall 0<t<1.

For arbitrary f € C(—1,1), the function w/ (f,t) may be unbounded. However, it
was shown in [8,12] that a necessary and sufficient condition for wf (f,?) to be bounded
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for all ¢ > 0 is that " f € Loo[—1,1]. Moreover, if 7 > 1, then wf (f,t) — 0, ast — 0, if
and only if lim, .41 ¢"(z) f(z) = 0. Therefore, we denote (C?D = C[-1,1] and, for r > 1,

Cl = {f € C(-L,1)NC[-L,1] | lim &' ()" (x) = 0}
Clearly

(1.6) C, C B,
while if f € B", then f € Cfp forall 0 <1 < r, and

(1.7) Wl (fO.) < et @O t>0.

Note that for f € C, and any 0 <1 <r and k > 1, the following inequalities hold (see
12)).

(1.8) Wl (FO 1) < et wf (fC 1), >0,

in particular, if [ = 0, then

(1.9) wi, (1) < ct’wi, (F71), t>0.

Finally for 0 <1 < r/2,

(1.10) B" c C'[-1,1].

In this paper, we are interested in determining for which values of the parameters k,
r, and s, the statement

if f € C,NA?(Y;), then
(111)  EQ(f,Y.) <Cn"wf (F7,1/n), n=N,

where C = const > 0 and N = const > 0,

is valid, and for which it is invalid. Here and later in this paper, for clarity of exposition,
we denote wy,(f,t) := [|¢" f||. Hence, in the case k = 0, (1.11) becomes:

EX(f,Ys) <On "l fO, n= N,

for f € B" N A?(Yj).

The structure of our paper is as follows. In Section 2, our main results are stated.
After collecting some auxiliary results in Section 3, we prove the positive results in
Section 4 and the negative results in Section 5.



2 Main Results

In this section we state our main results devoted to investigating for which values of
parameters k, r and s, the estimate (1.11) is valid, and for which it is invalid.

In particular, we wish to know the range of parameters k, r and s, for which (1.11)
holds and, if it does hold, whether or not it is necessary for the constants C' and N to
essentially depend on Yy (or even f), or whether it is true with C' and N dependent only
on the parameters k, r, and s.

For reader’s convenience we describe our results using arrays in Figures 1 and 2
below. There, the symbols “—”, “©”, “@”, and “+”, have the following meaning.

e The symbol “—” in the position (k,r) means that, for each Y; € Y, there is a
function f € C, N A*(Y;), such that

i sup B YD
n—oo w‘]ir(f(r)a 1/”) ‘

This means that the estimate (1.11) is invalid even if we allow both constants C
and N to depend on the function f.

e The symbol “©” in the position (k,r) means that (1.11) is valid with an absolute
constant C', and N depending on the function f and, for any Y, € Y, there are
no constants C' and N, both of which are independent of f, such that (1.11) holds
for every function f € CI, N A*(Yj).

e The symbol “@” in the position (k,r) means that (1.11) is valid with C' depending
only on k, r, and s, and N depending only k, r, and the set Y, and, there are no
constants C' and N, both of which are independent of Y, such that (1.11) holds
for all Y, € Y, and f € A%(Y,) N Cy,.

e The symbol “4” in the position (k,r) means that (1.11) is valid with C' depending
only on k, r, and s, and N =k + r.

Remark Evidently, in the “cases ©”, we also have (1.11) with C(f) and N = 1.
Taking into account the estimates by Pleshakov and Shatalina [11] for n =k +r, in the
“cases @7, our results imply that (1.11) is valid also for C' = C(k,r,Ys) and N = k+r.
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Remark [t follows from the inequalities (1.3), (1.4), and (1.8) that a positive result

for a specific pair (ko, 7o) implies positive results of the same type for all (k,r) with

ro < r < ko+ro— k. Similarly, a negative result for (ko,70), ko > 0, implies negative

results of the same type for all (k,r) with ko +19—k < r < ry, and a negative result for

(0,70), implies negative results of the same type for all (k,r) with ro — k <1 < rg.
This, in particular, tmplies the following:

(i)

(i)

(iii)

(iv)

“_»

If the symbol “—" appears in the position (ko,7¢), then should appear in all

positions (k,r) with ko +ro —k <1 < r.

If the symbol “©7” appears in the position (ko, 7o), then, in all positions (k,r) with
ro < r < ko+ 19—k, we can have anything but “—”, and, in all positions (k,r)
with ko +rog — k < r <rg we can have only “©”7 or “—7.

If the symbol “®” appears in the position (ko, 7o), then in all positions (k,r) with
ro < r < ko4 19—k, we can have only “+” or “®” and, if kg = 0, then in
all positions (k,r) with ro — k < r < ro, we can have anything but “+”. The
latter leaves entries (k,6), k > 1, open. However, our counterexample can easily
be modified to belong in the smaller space (Cg C B®, hence we have the negative
result also forr =6 and k > 1.

If the symbol “4+7 appears in the position (ko,ro), then “+” should appear in all
positions (k,r) with ro <r < ko +ry— k.

The results described by Figures 1 and 2 are obtained in or can be derived from our
theorems and the papers listed in the table below.



Positive results: “4” in position

(k,7)

2002 | (2,0) for s=1; . {(k,r)|k+r<2}fors=1 Leviatan and Shevchuk [9]
— | {(k,7) |k >0} for s=1; .. {(k,r)]| k>0, > 7} for | Theorem 2.3 (k = 0) and Theo-
s=1 rem 2.11 (k> 1)
Positive results: “®” in position (k,r)
1999 | (3,0) for s > 1; . {(k,r) | k+r < 3} for s > 2, and | Kopotun, Leviatan and Shevchuk [5]
{(k,r) | k+r=3}fors=1
— | {(k,5) | k >0} for s > 1; .. {(k,r)| k> 0,r > 5} for | Theorem 2.1 (k = 0) and Theo-
s>2,and {(k,7) | k>0,5<r<6}fors=1 rem 2.5 (k > 1)
— | (3,2)for s >2; - {(k,r)|2<r<5—k}fors>2 Theorem 2.7
— 1 (2,2) for s =1; . {(k,r) |3 <Ek+r <4,r> 2} for | Theorem 2.8
s=1
Positive results: “©” in position (k,T)
— 1 3,2) for s =1; . {(k,r) | k=5—-r2<r <4} for | Theorem 2.8
s=1
Negative results: “—” in position (k,r)
1993 | (3,1) fors>1; . {(k,r)|4—k<r<1}fors>1 Zhou|[13]
2003 | (4,2) for s >1; - {(k,2)|6—k<r<2}fors>1 Gilewicz and Yushchenkol[3]
— | (2,4) fors>1; - A{(k,r)|6—k<r<4}fors>1 Theorem 2.13
Negative results: “©” in position (k,r)
— | (1,4) for s=1; . (2,3) and (3,2) for s =1 | Theorem 2.15
Negative results: “+” CANNOT be in position (k,r)
2000 | (2,1) fors>1; . {(k,r)|3—k<r<l1}fors>1 Pleshakov and Shatalina [11]
2002 | {(0,7) |1 <r<3}fors>2; - {(k,r)|k>0,1—k< | Leviatan and Shevchuk [9]

r <2} for s > 2

{0,7) | r>1} for s >2; . {(k,r) | k+r >1}fors>2
{0,7)|3<r<6}fors=1; . {(k,7)|3—k<r<6}
for s=1

Theorem 2.2
Theorem 2.4

We now give precise statements of the theorems yielding results summarized in the
above arrays.

We begin with estimates for functions f € B" N A%(Y;). Recall that we denote by ¢
positive constants that may depend only on all or some of the parameters k, r, and s.
We first have

Theorem 2.1 Letr > 1, s> 1, and Y, € Y,, be given. If f € B" N A%(Y}), then

(2.1)

EP(f,Y)) <en |l fO), n>

N(r,Yy),

where N(r,Ys) is a constant which may depend only on r and Y.

For r < 3, Theorem 2.1 follows from [5], thus we only have to prove it for r > 4.

Remark [t is interesting to note that, in the case s = 0, the following result holds (see
[4,7,10]):

For any f € A® and r # 4,
(2.2) ED(f) < en™|l¢" O,

Moreover, the above statement is invalid for r =
inequality n > 4 is replaced by n > N(f).
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Unlike in the situation with (2.2), inequality (2.1) holds for all v > 1, that is, including
the case r = 4.

Next, we show that for s > 2, the constant N(r,Y;) in (2.1) cannot be replaced by a
constant independent of Y. Namely,

Theorem 2.2 Let s > 2 andr > 1 be given. Then for each n > 1, there are a collection
Y, € Y5 and an f:= f, € C"[—1,1] N A*(Y;), such that

(2.3) ER(f,Y) > en (0" [117]]) -

For s = 1, we face a different situation. Depending on the value of r, it is sometimes
possible to replace N(r,Y;) by N(r), while for other r’s it is impossible.

Theorem 2.3 Suppose s = 1. If either v <2 orr > 7, then (2.1) is valid with N = r.

For r < 2, Theorem 2.3 follows from [9], thus we will prove it only for r > 7.
On the other hand, we show

Theorem 2.4 Let s =1 and 3 <r < 6. Then for each n > 1 and every A > 0, there
exist Yy :={y1} and a function f = f, 4 € B"NA%(Y}), such that

(2.4) ED(f,Y1) > Alle" fO.
Moreover, for r =6 the function f, 4 satisfying (2.4), may be taken in Cg NA%(Y7).

Note that the latter part of Theorem 2.4 provides the needed counterexample that
implies that the symbol @ in entries (k,6), £ > 1, in Fig. 1, may not be replaced by +.
We now consider analogous estimates for f € C, N A*(Yj). First, we have

Theorem 2.5 Letk>1,7=5,5>1, and Y, € Y, be given. If f € COLNA*(Y,), then
(2.5) Ey(f,Ys) < en”®wf5(f*,1/n), n > N(k,Y)),
where N(k,Y;) = const, depends on k and Y.

An immediate consequence of Theorem 2.5 and (1.8) is

Corollary 2.6 Letk > 1,7 >5, s> 1, and Yy € Y, be given. If f € C, N A*(Y;),
then
E,.(f,Y;) < cn"”w,fm(f(”), 1/n), n> N(k,rYy),

where N(k,r,Ys) = const, depends on k, r and Y.

We also prove the following.
Theorem 2.7 (s >2) Let s > 2, and let Yy € Y, be given. If f € C2 N A*(Yy), then,
2.6) EO(1,Y,) < enfy(f",1/n), 2 N(Yy)

where N(Ys) = const, depends on Y.



Theorem 2.8 (s =1) Let Yy € Y, be given. If f € C2 N A*(Y1), then,
(27) ET(L2)<fJ Yi) S Cn72w?§i2(fll7 1/”) + Cn74w<2’i2(f”7 1/71,), n Z N<}/i>7

where N(Y1) = const, depends on Y,. Hence

(2.8) ED(£,Y1) < en (£ 1/m), n = N(Y).
Moreover,
(29)  EP(LY1) < en o1 /n) + en” | apas n> N(Y),

and therefore
(2.10) EP(f,Y1) < enWy(f",1/n),  n > N(f).

By virtue of (1.8), immediate consequences of Theorems 2.7 and 2.8 are the following
results.

Corollary 2.9 (s >2) Let s >2,2<r <4, 1<k<5-—r, andY; € Y, be given. If
feC,n A2(Yy), then

(2.11) EX(f,Y)) <en "W, (f7,1/n), n>N(Y,).

Corollary 2.10 (s =1) Let s = 1,2 <r < 4, and Y1 € Yy, be given. If f € C N
A%(Yy), then
ED(f,V1) <en”wi, (f7,1/n), n>N(f).

and, for 1 <k <4-—r,
EP(f Y1) < en”'wf (f7,1/n), n=NY).

Remark In view of (1.7), it readily follows from Theorem 2.2 that, in the case s > 2,
the condition that N in the above statements, depends on Yy, is essential and cannot be
removed. Thus, there cannot be the symbol “+7” in any positions (k,r) in Figure 2. This

1s in contrast to the case s = 1 where in Figure 1 we do have positions with “+” symbol
(see Theorem 2.11 below).

Theorem 2.11 Let k > 1 and Yy € Yy be given. If f € CT N A*(Yy), then
(2.12) EQ(f, Y1) < en"wf (fD,1/n), n>k+T.

Again, by virtue of (1.8), an immediate consequence of Theorem 2.11 is

Corollary 2.12 Letk>1,r > 7, and Yy € Yy, be given. If f € C,, N A*(Y1), then
EP(f, 7)) < cn_Tw,‘;r(f(T), 1/n), n>k+r.
At the same time, we have the following negative result.
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Theorem 2.13 Let s > 1. For each Y, € Y there is a function f € (Cf; NA%(Y;), such

that o)
YEn(f,Ys
(2.13) lim sup n@ (/, ¥)

= 00.
n—00 W2,4(f(4)7 1/n)

Therefore, (1.8) implies

Corollary 2.14 For every 0 < r < 4, k > 6 —r, and for each Yy € Y,, there is a
function f € C, N A*(Y}), such that

i s B (. Yo)
Imsup ———5 -~
n—00 wlf,r(f(r)u 1/”)

Furthermore, in the special case s = 1 and r = 4, we have

= OQ.

Theorem 2.15 For every Yy € Yy and every n > 1, there is a function f = f, €
C, NA*(Yy), such that

1
EQ(£.Y1) > O—wfy(fO, 1),
where C' = C(Y1).

This shows that the symbols “©” in Figure 1 cannot be replaced by “®”.

3 Auxiliary Results
The following results were proved in [10] (see Corollaries 2.4 and 2.6 there).

Lemma 3.1 Let k > 1 and let f € C?*[a,a + h], h > 0, be convex. Then there exists a
convex polynomial P of degree < k + 1 satisfying P(a) = f(a), P(a + h) = f(a + h),
P'(a) > f'(a), and P'(a + h) < f'(a+ h), and such that

1f = Pllwarn < ch?wr(f", b [a,a+ h)).

Lemma 3.2 Let k> 1 and let a < 3 < a+ h be fived and assume that f € C*[a,a + h]
is such that
ffla)(z—P8) =0, a<z<a+th

If a polynomial p € Py satisfies
plx)(z—03)>0, a<z<a+h,
then there exists a polynomial P € Py1 such that P" = p,
Pla) = f(a), P'(a) < f(a), Plat+h)<f(a+h),
and

3
1f = Plliasatn < §h2||f" — Dlfaatn)-
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Let z; := cos(jm/n), 0 < j < n, be the Chebyshev knots, and denote [; := [z, z;_1],
and |[;| := xj_1—z;, 1 < j < n. Denote by X, the collection of all continuous piecewise
polynomials of degree k& — 1, on the Chebyshev partition {z;}}_,.

Given Y, € Y, let

O; := 0in(Ys) = (Tj31,75-2), if v €[z),25-1),

where x,,1 := —1, x_; := 1, and denote

i=1

Finally, we write j € H = H(n,Y), if [; N1 O = (), and denote by ¥ ,,(Y;) the subset of
Ykn consisting of those continuous piecewise polynomials .S for which

Pj = Ppj+1  Whenever j,j+1¢&H,

where p; := Sp,. In other words, piecewise polynomials from ¥, (Y;) do not have any
knots “too close” to the points y; € Y; of convexity change.

Theorem 3.3 ([9, Theorem 3|) For every k > 1 and s > 1 there are constants ¢ and
cx = ci(k,s), such that if n > 1, Y, € Y, and S € Xy, (Ys) N A2%(Ys), then there is a
polynomial P, € A*(Y,) of degree < c.n, satisfying

(3.1) IS — Pu|l < cwi(S,1/n).

Let [20,. .., 2m; g] stand for the m-th divided difference of a function g at the knots
205y "m-

Lemma 3.4 Let f € C(—1,1), let k > 1 and r > 0 be such that k +r > 3, and let
1 <pu<n-—k be fired. Then, for all1 <7< pu,

(3.2) [Ty - ooy Tpg—1s [l = [, 251, T3 f]]
1 k+r—2
> o <m1n{j,n—u}> wk,r(fa /TL)

Moreover, if k+1r > 5, then for all v and j such that 1 < 7 <v < u, we also have

(3-3) 6([%, ey Typk—2; f] - [$j7$j+17 sy Tjpk—2; f])

2
< epPhtr (1 + n k+r2) wi (f,1/n),

(n —n)
where € :=sgn ([, ..., Tuie-1; f])-

Note that the righthand sides of the both inequalities (3.2) and (3.3) are finite if
" fll < oo. Otherwise both are infinite, while the lefthand sides are always finite,
hence, the lemma is trivially valid in this case.
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Proof. For convenience, everywhere in the proof below, we write [z, ..., x;4] instead
of [7j,...,zj4u; f], and we put w :=wf (f,1/n). Also, note that, for all 1 <7 <n —1,
o(z;) ~ min{i,n —i}/n, and |I;] ~ min{i,n — i}/n? where, as usual, o; ~ [3; means
that al is bounded away from 0 and oo.

The following inequality is contained in the proof of Lemma 3.4 in [6]:

k+r
k n
(3.4) [, @415 @54]] < e <m) b

forall1<j<n—k—1.
Now, for any m > 0 and 1 < 57 <o < n —m, we have

o—1
(35) [Jlg, . ,.’L'Ger] — [l’j, Tjgly--- 7xj+m] = Z($i+m+1 — xl)[:cz, Litly--- ,meH].

i=
This, with m = k — 1, 0 = pu, together with the inequality (3.4) for 1 <j < pu<n-—k,
implies

[ Tpna] = (25, T, Tkl
pn—1
= Z(%M — ) [T, Vi1, Tig]
i=j
p—1 k+r
< CZ | 1;|n* (— L ) w
P min{i,n — i}
pu—1 1 k+r—1
< CnZk’—H”—QW Z (_)
- — min{i,n — i}

o

1
2k+r—2 Z
cn w jk+r—1

i:min{jznf:u‘}

1 k+r—2
< Cn2k+’r‘—2 _— W,
= min{j,n — i}

where for the last inequality we used k + r > 3. Thus, (3.2) is proved.
Now, suppose that &+ r > 5. Applying (3.5) with m = k — 2 and ¢ = v and (3.2),
forall 1 <j <v < p, yields

IN

€ ([xy7 s 71'V+k—2] - [wjaxj—&-l) s 7xj+k—2])
v—1
= EZ($i+k—1 - xz)[xla Tig1y .- ,33i+k—1]
i=j
v—1
= EZ(% - xi+k71) ([x#, < 7$u+k71] - [iUz‘, Tit1y--- 7$i+k71])
i=j
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v—1

—e[xw e 7xu+k—1] Z(mz - Iz+k—1)
i=j
v—1
< Z(% = Zih—1) [Ty - Tpgraa] = [0 i, - ]|
i=j
v—1 1 k4+r—2
< Cn2k+r 2W Z |I ‘ <—)
P min{i,n — p}
v—1 . . .
oS min{i, n — i}
= — DV )ktr—2
— (min{i,n — p})Fr-
nw— . . .
_ min{i,n — i}
< en?ttT 4WZ — =: 8.
2 Tainfi,n — g2

Now, since k+r > 5, if u < ng, then

[e.e]
1
§ < cn2k+’"_4vv§ < en®M iy
= jhtr—3 = ,

=1

and if p > [ %], then

n—p
Utr—d mm{z n— z}
<ty (Sl &l

t=n— ;Hrl
1 n
2k+r—4 .
S cn %% (1 + W Z Z)
=1
2k+r—4 n?
This completes the proof of the lemma. O

Remark Tuoking into account the inequality

n
min{u, n — p}

k+r—1
) wf (1),

E7 TR i | enft (

(see (3.4)), it follows from (3.2) that for any k € N and r € Ny such that k+r > 3, all
feC(=1,1), and every 1 < j < n — k, the following estimate holds

k+r—2
1
. ket —
ija Tjr1ye-os Tjtk—1; f” S Cn2 +r—2 <m> w’fm(f, 1/n)
n k4+r—1
k—1 v )
en (min{,u,n — M}) Wk—1,r(f, /n).
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2|, we obtain

In particular, taking j =1 and p = | 5

(3.6) w1, @, . fl] < en®™ T 2wE (f,1/n) + cnk_lw,f_u(f, 1/n).
Also, the same sequence of inequalities that was used to prove (3.3), in fact implies,

wa vy Tytk—2; f] - [ij;$j+1a vy Ljpk—2; f]|

2
< oz, T f]] +en (1 .

n
W) wi . (f,1/n),
if k+r >5, and in particular,
(3.7) [y, Tpo; f] = [21, 20, wp1s ]

< cn2k+r_4w,ir(f, 1/n)+ cnk_lw,ffl’r(f, 1/n).

Since z,,_; = —z; for all 0 < j < n, we may apply Lemma 3.4 to the function f(z) :=
f(—z), observing that [z;,...,%.; fi] = (=1)7 " [Tn_s, -, Tn_o; f], and wi, (f,0) =
w;ir(f 1,0). Hence we get the following corollary (note that while it is valid for gen-
eral k, r and j we only give its statement for k =3, r =2, 7 =1 and 7 = n — 1 which
is what we need in this paper).

Corollary 3.5 Let f € C2. Then
(a) For any index 1 < p <n—3, if sgn{[z,, 11, T2 [} =€, then

(3.8) —€[xy, 29, 23; [] < cn6w?‘i2(f”, 1/n).
Moreover, if an index 1 < v < u is such that sgn{[z,, z,41; f"|} = €, then we also have

2
(3.9) —e[wy, m9; f'] < en? (1 + (nﬁiu)?’) wio(f",1/n).

(b) For any index 1 < pn < mn —3, if sgn{[Tn_p, Tn_p—1, Tnp—2; ["']} =€, then

(3.10) —€[Tn—1, T2, Tn—3; [] < en®wy(f",1/n).
Moreover, if an index 1 < v < u is such that sgn{[z,_,, Tpn__1; f"]} = —€, then we also
h
" " 4 n2 "
(3.11) €lrn_1,Tno; [ <en* [ 1+ CEmE wio(f",1/n).

We note that, for a set Y, € Y,, s > 1, if

—1
wa( i o —w}) = NO,

then there is at least one knot x; between y;_; and y;, forall 1 < j < s+ 1.
The following are consequences of Corollary 3.5 for f € A(Y;), s > 2.

14



Corollary 3.6 (s > 3) Let s >3, f € C,NA(Y;), and

n > max {N(Y;), (min{p(y;) |1 <i < s})f?’} :

Then,

(312) max {| [l‘ly T2, T3; f””a |[xn—1> Tp—2; Tn—3; f””} S Cn6w§j’2(f”7 1/”)7
and

(3.13) max {|[w1, 225 f]], |[Tn-1, Tu2i [} < en’wfs(f7,1/n).

Corollary 3.7 (s =2) Let f € C2NA(Yz), and

n > max {N(Y2), (min{e(y1), @(92)})_3} :

Then,

(3.14)  max{—[zy,z,x3; f"], —[Tn_1, Tno2, Tn_s; ["]} < en’wfy(f",1/n),
and

(3.15) max {—[z1, 22; f"], [Zn-1, Tno; [']} < en'wf, (", 1/n).

Proof of Corollaries 3.6 and 3.7. For the sake of convenience denote A := A(Y}) :=
min{p(y;) | 1 <i < s}. Let s > 2 and f € CZNA(Y;), be given. Observe that if an
index 7 is such that y, < x; < y;, then

min{i,n — i} > nsin(ir/n)/4 = ne(z;) /4 > nmin{e(ys), o(y1)}/4 > An/4.

Now, let indices p1, 11, 12, and pe (if s > 3) be such that f”(x,,+1) = min{f"(x;) | y» <
T < yl}a Tyip1 S Y1 < Ty Typr1 < Yo < Ty, and f”(xuz—i—l) = max{f”(wi) | ys < x; <

Yot}
Then, using f”(z)(x —y1)(x —y2) > 0 for all z > y3 (or x > —1if s = 2), we conclude

that the following inequalities hold
1< <m<ry<n—2, rn<p<n-3(Gf s>3),
[Tprs Tpgats Tpr2s [71 20, [0y, 20405 f7] 20,
[xm? Lpo+1s Tpo+2; f//] <0 ) [xl/w Lyg+1; f//] <0.

Now by Corollary 3.5(a) with 4 = uy and v = vy, taking into account that n — pu; +1 >
An/4, it follows that

(3.16) —[w1, 22, 235 f7] < en"w,(f7,1/n),
and )
(3.17)  —[wy,m9; f"] < en? <1 + (nf—/“)?)) wio(f",1/n) < en'wd,(f",1/n).

Further, if s > 3, then Corollary 3.5(a) with g = us and v = v, and the observation
that n — pg > An/4 imply

(3.18) (21, T2, T3; f”] < cn6w§2(f”, 1/n),
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and

2
(3.19) [21, 725 '] < en? (1 +

n

(”_—/@)3) wio(f",1/n) < cn4w§2(f”, 1/n).

This in turn implies that
|21, 22, 235 f']] < enwiy(f7,1/n) and w1, w2 f]] < enwfy(f7,1/n),

and the analogous inequalities for |[z,,_1, T,_2, Tn_3; f”]| and |[x,_1, 2,_2; f"]|, follow by
symmetry. This completes the proof of Corollary 3.6.

In order to complete the proof of Corollary 3.7 it suffices to use Corollary 3.5(b) with
pw=n—p —2and v =n— vy — 1, and the estimate u; + 1 > An/4, and to combine
the resulting inequalities with (3.16) and (3.17). O

In the case s =1, let f € Ci NA(Y7). Then, just as in the proof above, for the index
v such that z,, 1 < y; < z,,, we have [z,,,z,,41; f] > 0. Hence, by virtue of (3.6) and
(3.7) with £k = 3, r = 2, and v = vy, we obtain the following result (the estimates for
[Tp_1, Tn—2, Tn_3; f"] and [z,_1,2,_o; f] follow by symmetry), that will be used in the
proof of (2.7) and (2.8).

Corollary 3.8 (s =1) Let f € CZNA(Y1), and n > 7(o(y1)})~°. Then,

(3'20) maX{Hl‘h T2, T3, f,/Hv |[95n—17 Tp—2,Tpn-3; f//”}

< en®wfy(f",1/n) + en®ws,(f",1/n)
and

(3.21) max {—[z1, T2; f"], —[Tn-1, Tn_2; f"]}
< cn4w§2(f", 1/n) + cn2w§2(f", 1/n).

The following lemma is an immediate consequence of [6, Corollary 3.5] and will be
used in the proof of estimates (2.9) and (2.10).

Lemma 3.9 Letn>9, m=1o0rm=2, and f € (Cg,. Then,

(3.22) max {|[z1, 22, ..., Zmat; 1], [Tt Tncas o Tnemers £}
< en®™ 2w, (f" 1/n) + el f 212,02 -

Let
(z) = f”(ffl) + (2 — xp)[z1, 723 f”] + (. — 21)(x — 22)[1, T2, 73; f”],

be the quadratic polynomial function which interpolates f” at x1, x5 and x3; and sym-
metrically, let

[n(x) = f”(xnfl) + (fﬂ - xnfl)[mnfla Tn—2; f”] + (l' - $n,1)(x - $n72)[xn717 Tn—2, Tn—-3; f”]

be the quadratic polynomial which interpolates f” at z,_1, x,,_2 and x,,_3.
The following lemma is a consequence of [6, Lemma 3.1].
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Lemma 3.10 Let f € (C?D, n > 4, and let a polynomials p1 and p,, of degree < 4 be such
that p\" (z1) = fO(x1) and p(zp_1) = fO(2n_1), fori=0,1, and p!(z) = L(z), and
p(x) = L,(x). Then,

(3.23) 1f =il < en2wfy(f",1/n),
and
(3.24) 1f = pullz, < enwi,(f",1/n).

We end this section by recalling that for f € C7,, it was shown in [6] (see inequalities
(3.4) and (3.5) there) that

(3.25) |l wrra(FO ] 1) < en™"of, (9,07,

where either l <j<nand0<[<r,orl1<j<nand0<I[<r/2

4 Proofs of the positive results

Proof of Theorem 2.5. In view of Theorem 3.3 and the estimate
Wiis(sn,1/n) < el f = sull + w5 (f, 1/n) <l f = sall + cn_5w,f75(f(5), 1/n)

(see (1.9)), we only need to construct a spline s, € Xy 15, (Ys) N A%(Y), such that

(4.1) 1f = sull < en”wis(F9,1/n).

Inequality (3.25) with [ = 3 and 7 = 5 implies

(42) 1 Pwrsa (DL 1) < enSuf, (/9 1/m)

for 1 < j < n, while, with [ = 2 and r = 5, it implies

(4.3) | LPwnrs (7 1151, 1) < en™wis (SO, 1/n)

forall 1 <7 <n.

Taking these estimates into account, the same construction as in [10, Proof of Theo-
rems 4.1 and 4.2] yields a spline s,, € X5, (Ys) which is coconvex with f on [—1, 1] and
such that (4.1) holds. For the sake of completeness, we briefly describe this construction.

We take N(Y;) to be so large that, for n > N, the sets O;, 1 <i < s, are all disjoint
and do not contain the endpoints of the interval [—1,1]. Now, if I; ¢ O, then f does
not change its convexity on I;, and Lemma 3.1 implies that there exists a polynomial
pj € Prys which is coconvex with f, interpolates it at the endpoints of I;, and such that
pi(z;) > f'(x;) and pi(x;1) < f(x;-1) (if fis convex on [}), or pi(x;) < f'(z;) and
Pi(rj-1) > f'(xj-1) (if f is concave on [;), and satisfies

1f = pills, < ellPwess(f, 111, 1) < en”Pwis (9, 1/n) .
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Now, it is convenient to denote the endpoints of O; by a; and b;, i.e., O; = (a;, b;),
1 <i<s. Foreach 1 <i < s, there exists a polynomial p; € P, 3 which is copositive
with f” on O; (i.e., p;(x)f"(x) > 0 for all x € O;) and such that (see [2, Corollary 3.1])

1/ = Bil

Lemma 3.2 implies that there exists a polynomial p; € Py, 5 such that 7,(a;) < f'(a;)
and 7;(b;) < f'(b;) (if f is such that f”(z)(z —y;) > 0 for x € O;), or P,(a;) > f'(a;) and
Pi(b;) > f'(b;) (if f is such that f”(z)(z —y;) < 0 for x € O;), and satisfying

If =il

where the last inequality follows from (4.2), the observation that |O;| ~ |I;| where j is
such that y; € I;, and the fact that O; is “far” from £1.

Now, the piecewise polynomial continuous approximant s,, € Y5, (Ys) N A%(Y) is
constructed from the polynomial pieces p; and p; in such a way that, if s, is constructed
for all z < z,, then, on [z,, x,_1] (or [z,,2,_3] = O, if z, happens to be the left endpoint
of some interval O,) it is defined to be p, (or p, + a, where the constant « is chosen in

such a way as to make s, continuous). It is not difficult to see now that s,, is coconvex
with f and (4.1) holds. O

0; < c|Oilwi2(f®,10i, 0:) .

/

O; < C|Oi|2||fu - ]52| O; < C|Oi|3wk+2(f(3)v |Ol‘7 Ol) < Cn_5wlf,5 (f(5)> 1/”) >

Proof of Theorems 2.7 and 2.8. Suppose that n is such that

n > max {4 <1§I}1Si§+1{yj1 = yj}) R : (llgjigs{so(yj)}> _3} :

Then, in particular, f is of fixed convexity in [xq, 1] and in [—1, z,_2].

Again, we use the same construction as in [10, Proof of Theorem 4.1] which we
described in the Proof of Theorem 2.5 above. The only difference now is that, on each
interval O;, 1 < 7 < s, the polynomial p; is defined to be the quadratic polynomial
interpolating f” at a;, y; and b;, whence, by Whitney’s inequality,

1" = Billo; < cws(f",|0s],0).
Hence, using the inequality
L Pws(F7, 111, 1) < en™208,(f",1/n), 1< j<n,

which follows from (3.25), we conclude that there exists a spline s, € 5, (Y;) which is
coconvex with f on [zq,x,_1], satisfies the inequality

(4.4) 1f = snlln- ) < en™*wEs(f",1/n),

and is such that s,(z,_1+) = f(x,_1), (—1)"s) (v, 1+) < (=1)*f'(x,_1), and

Sp(x1=) < f'(z1).
We now extend the construction of s, to the intervals I; and I, preserving its co-
convexity with the original function f, as well as keeping it close to f.
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To this end, on I; and I,, s, is defined as follows

sn(T14) = su(m1=),  sy(et) = f(z1), and s (w, =) = fO (2, 1), i=0,1,

() = ["(w1) + (z = 21) max{0, [z1, z2, "]}

+(x — 1) (2 — 22) max{0, [x1, xo, x3, "]}, x € I,
and

six) = f(wp1) + (2 — 2 1)(—=1) T max{0, (= 1)z, 1, 2 0; [}
Ha —zp1)(x — o) (—1)° max{0, (—1)°[zp_1, Tn_o,xn_3; f"]}, 2 € L.

(We wish to emphasize that in the case s > 3, we could alternatively define s/ (z) :=
f"(x1), x € I, and s!'(x) == f"(zn-1), * € I,, which is somewhat simpler than the
current construction, but would force us to consider the case s < 2 separately.)

Evidently, s, is continuous on [—1, 1] and is in A?(Y;) (since s/, and (—1)°s/, are non-
decreasing on I and I, respectively, we have that (—1)°s/ (x,_1—) < (=1)*s/,(x,_1+),
and s, (x1—) < sl (x1+)).

Hence, it remains to estimate ||f — s,||;, and ||f — s,||7,. First, we note that (4.4)
implies that o := f(x1) — s,(21—) satisfies |a] < en™wf,(f",1/n). Therefore, by
Lemma 3.10 we have for every x € 4

() = sn(2)]

IN

1 = pille + o () — su(2)
cwﬂéxﬂﬂww+Vun—%@ﬁ»+/kx—wamo—%w»m

1

IN

IN

en”?wE, (", 1/n) + |af +

/7$—wamw—sﬂwnm

1

IN

cn’Qw;f,z(f”, 1/n)4+cen | — 8|5

Similarly (except that s,(z,-1—) = f(zn—1) = pn(x,_1)), for every x € I,,, we have
(@) = su(@)] < en 2055 (f", 1/n) + en™ L = spllz,.

Now, for x € I,

(4.5) 0<s!l(z)—li(2)
= (I - 751) (maX{O, [thQv f”]} - [$17$2’ f”])
+(x — 1) (2 — 22) (max{0, [x1, T, 3, f'|} — |21, T2, 23, ["])

= (z— z1) max{0, —[v1, 22, ']} + (z — 21) (2 — 22) max{0, —[z1, z2, z3, f"]}.
Hence, for s > 2, we conclude by Corollaries 3.6 and 3.7, that

0<sp(z) = hiz) < (z—z)en'wfH(f" 1/n) + (v — 21)(z — z2)en®wy(f", 1/n)

<
< en*wfy(f",1/n), w €l
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For s =1, we apply Corollary 3.8, and similarly conclude that
0<s(x)—l(x) < cnzw}iQ(f”, 1/n) + cw%'jz(f”, 1/n), z€l.
Analogously, for x € I,,,
0 < (=1)° (s,(x) — Lu(2))
= (rp_1 —2)max{0, (—1)°[zp_1,Tn_2; f"]}

+(ZL’ - xn—l)(x - xn—2) Il’laX{O, (_1>S+1[xn—17 Tp—2,Tn-3; f,/]}'
Hence, for s > 2, by Corollaries 3.6 and 3.7, we obtain
(—=1)7 (sp(z) — (@)

(-1 — @)en' W, (f7,1/n) 4+ (2 — zp_1) (@ — Tp_a)en®wfy (f7,1/n)

cn’wiy(f",1/n), x €I,

0

IAIA A

and for s = 1, by Corollary 3.8 we get
0< —(sh(x) = Li(x) < en’wfy(f",1/n) + cwsy(f",1/n), =z €I,
Also, in the case s = 1, applying Lemma 3.9 instead of Corollary 3.8 we have for z € I,

|5, (x) = ()]

< (o =) |[wy, 20, fU]] + (2 — 20) (2 — 32) [[21, T2, 23, f"]|
S n_2H[I§'1,fE2, "H—i—n_4\[$1,x2,x3,f"]]
< W32(f” 1/n) + cn?(| f" li=1/2,1/2]

and the estimate for ||s” — [,||;, is derived analogously.
To summarize, in the case s > 2 we have

(4.6) 1f = sull < en 2w, (", 1/n),

and in the case s = 1 we have

(4.7) 1f = sull < enws,(f",1/n) + en” | f" l1=1/2,1/2)1
and
(4.8) 1f = sull < en 2w, (f", 1/n) +en~* w8, (f", 1/n).

By virtue of Lemma 3.3 and the estimate

Wi (sn, 1/n) < cllf = sull + ewf (f,1/n) < cllf = sall +en w5 (", 1/n)

(see (1.9)), we conclude that there exists a polynomial P, € A?(Y,) of degree < cn such
that

(4.9) If = Bl 1f = snll + llsn = Pull < [If = snll + cwf(sn, 1/n)

<
< cllf = sall + en ?wEL (", 1/n).
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Combining this with the inequalities (4.6)—(4.8) we get (2.6), (2.7) and (2.9).
Finally, in order to prove (2.10), note that (1.5) implies that

n*wf,(f",1/n) > C(f), forall neN.
Hence, for n = || f|[-1/21/2/C(f) = N(f),

1

P lasaasa < OU) < wa(r, 1),
Therefore, it follows from (4.7) and (4.9) that

If = Pull < en™?wE5(f",1/n),  n = N(f),
and (2.10) is proved. O
Proof of Theorem 2.1. As was mentioned above, Theorem 2.1 for r < 3 is due to [5].
For r = 4, it follows from (1.7) and Theorems 2.7 and 2.8, and for r > 6, Theorem 2.1
follows from (1.7) and Theorem 2.5. Finally, if » = 5, then, for s > 2, it follows from (1.7)

and Theorem 2.7, and, for s = 1, we repeat the arguments of the proof of Theorem 2.5,
replacing wf5(f®),1/n) by [|°f®]]. O

Proof of Theorem 2.11. We follow the proof of Theorem 2.5, where we observe that
since s = 1, there is no need to separate the points of inflection. This time we construct
an S € Sgy7na(Ys) NA2%(Y;). Also, it follows by virtue of (1.10) that f € C*[—1,1], and
by (3.25) with [ = 3 and r = 7, we have

L Pwrpa(F L], L) < en"Twpr(F7,1/n), 1<) <n,

which we use instead of (4.2). Hence, even if I; € O; or I, € Oy, we are on safe grounds
and we don’t need to make sure that O; is “far” from +£1. We omit the details. O

Proof of Theorem 2.3. As mentioned above, Theorem 2.3 for r < 2 was proved in [9].
For r > 7, Theorem 2.3 readily follows from Corollary 2.12 and (1.7). The case r = 7,
is proved by applying the same arguments as in the proof of Theorem 2.11, replacing
wr(f7,1/n) by (" fD]. 0

In order to prove Theorem 1.2, we need the following corollary which readily follows
from the positive results described in Section 2 (see Figs 1 and 2).

Corollary 4.1 Letr >0 and let Y, € Y,. If f € C, N A*(Y;), then
(4.10) ERD(f,Ye) = O(n™"wf,(f), 1/n)), n— oo,
and if, in addition, r # 4, then

(4.11) EQ(f.Yy) = 0(n~"ws, (f7,1/n)), n— cc.
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Proof of Theorem 1.2. Let a >0, and Y, € Y,, and let f € A?(Y;), be such that
E.(f)=0(n"%), n— oc.

Then the well known inverse theorem [1] (see also [12]) implies that for each pair (k, )
such that r < o <k +r, we have that f € C,, and

(4.12) wi (f7 1) =0@1""), t—0.
Hence, if a € N, then we put r := [a], and (4.10) yields,

(4.13) EP(f,Y,) =0(n™), n— oo.

If @ € N, then we put r := o« — 1. Then for o # 5, (4.13) follows from (4.11) and (4.12).
The proof for a = 5, needs some modification of the proof of Theorem 2.5, we will not
elaborate here. O

5 Proofs of negative results

We begin with two lemmas which we need for the proof of Theorem 2.2. It is possible
that the following lemma is known but we have failed to find any similar result in the
literature.

Lemma 5.1 Given a monotone odd function g € Li[—1,1]. Then, for every polynomial
P, 1 € P,_1, the following inequality holds

(5.1) ||9('/n)||]L1[—1,1] ||Pn—1||L1[—1,1] <2 Han—lulLl[—l,l] J
where, as usual, || flL,-1,1] = f_ll |f(x)| du.

Note that inequality (5.1) is sharp in that the constant 2 is exact since, for the
function g(z) = sgn(z), (5.1) becomes an equality.

Proof. Without loss of generality assume that |[FPy-1[,_,; = 1 and g(z) = 1 for
1/n < x < 1. We may further assume that ¢ is absolutely continuous on [—1,1].
Integration by parts, together with the observation that ¢’ is an even function on [—1, 1],

yields

| ()

1 T 1/n 1/n
:/ g(—)‘dx:n/ |g(x)|dx:2—2n/ zg'(z) du,
L1[-1,1] -1 n —1/n 0

and

1
-1

9Pl = [ IPa@lde= [ (1= lg(@)) [Prs(o)] da
1/n
= 1= [ = lg@)) PP ()] o

1/n

- 1—/01/ng’ (x)/x Py (u)] duda.

—X
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Therefore, (5.1) is equivalent to

(5.2) /0 " @) / 1Py ()] dude < n /0 o () da

—T

Since ¢’ is nonnegative, the proof will be complete if we show that, for any 0 < x < 1/n,

/ |Pp—1(u)] du < nx = %/ du,

which, in turn, will be proved if we verify that
n
2
Now, let —1 < a < 1 be such that [ |P,_1(z)|dz = f; |P,_1(z)| dz = 1/2, and define

Qn(x) :== [T Py_1(u)du. Then, @, € P, and [|Q,|| < 1/2. Therefore, by the Bernstein
inequality, for all —1/n <z < 1/n,

(5.3) |P_1(x)] < forall —1/n<x<1/n.

Pacs()] = Q40)] < < —

LHQ _n=:
Vi—n2""" V1—n=2

and the proof of the lemma is complete. O

n
§_7
2

Taking ¢g(z) = z|z| in the statement of Lemma 5.1 we get the following corollary.
Corollary 5.2 For every polynomial P,_, € P,_1, we have

(5.4) ||Pn—1||1L1[—1,1} < 3n* Hx2Pn_1HL1[_M] :

Lemma 5.3 Let h < 3%, and let P € P, .1 be such that

(5.5) (> — K P"(x) >0, x€[-1,1].
Then
(5.6) P(—1) —2P(0) + P(1) > 0.

Proof. First of all, note that (5.5) implies that P”(£h) = 0 and, therefore, P"(x) =
(z? — h*)Q(x), where Q € P,_3 is nonnegative on I. Now, taking into account that

(1—|z|)(2* =A%) > (1 — 2?)(2* — 2R%), =z €[-1,1],

1
2
we have

1

P(~1) - 2P(0) + P(1) — /_(1—|x|)P"(:r;)da;

1

_ /_(1_|x|>(;c2—h2>62(:c)dw

1

1

5 [0 - 2w o

v
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where the last inequality follows from Corollary 5.2 taking into account that the poly-
nomial R(z) := (1 —22)Q(z) of degree < n — 2 is nonnegative on [—1, 1] and 2h? < 7.
O

Using linear transformation of the interval [—1,1] to [-1/2,1/2], and change of vari-
ables we immediately get the following consequence.

Corollary 5.4 Let h < 6%, and let Q) € P, be such that
(® = h*)Q"(x) >0, x€[-1/2,1/2].

Then
Q(—1/2) —2Q(0) + Q(1/2) > 0.

We are ready with

Proof of Theorem 2.2. Suppose that s > 2 and r > 1 are given. Let Y = {y;}5_,
be such that —1 <y, < ... < y,o < —1/2, yo = —h and y; = h, where h = Z~. Now,
let f be such that

fx) = / w00 de

where ( ) 2) "
" L - h —1 r, t S h7
Fi(t) = { 0, otherwise.

Clearly, f € C"[-1,1] N A%(Y}), and
(5.7) 177 < e,

Also, f(0) =0, and

1/2 ~1/2
P2 - F12) = - / (1/2 — £)f" () dt — / (—1/2 — 1) f"(t) dt
- /h(1—2t)(h2—t2)rdt

1 h ) ) h2r+1
> — h® —t*)" 2t dt = .
— 3n ., ( ) 3(r+1)

If Q, € P, is in A%(Y}) (whence, in particular, (22 — h?)Q"(z) > 0 on [—-1/2,1/2]), then
applying Corollary 5.4, we conclude that

p2r+l
3(r+1)

—f(1/2) = f(1/2)

@Qn(=1/2) = f(=1/2) = 2(Qn(0) = f(0)) + @n(1/2) — f(1/2)
|Qn(=1/2) = f(=1/2)] + 2]Qn(0) = f(O)[ + [Qn(1/2) — f(1/2)]
A4Qn = f1I,

IA A CIA
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implying that
h2r+1
> —
= 120r 1 1)
Now, by (5.7) and (5.8) and recalling that h = 1/(6n), we have

(5.8) ED(f,Y,)

ang)(f’Y's) - nrh2r+1
IfOI 7 12(r + L)chr+

= Ccn.

This completes our proof. 0

We now construct counterexamples which prove our claims in Theorem 2.4.
Proof of Theorem 2.4. Given A > 0, let
(=) =D2¢, (1 + )72, r=3,5,

gr(x) =< cy(1+2)*In(1 + ), r=4,
c(l+2)*@B—In(1+=x)), r=6,

where the normalizing constants ¢, are so chosen that
(5.9) lg"¢"( =1, 3<r<6.

Thus, in particular, g, € B".
First observe that

(5.10) ¢¥(x) >0, 3<r<6, and ¢®(zx)>0 r=56x¢c(-1,1].

r

Denote M, :=||g.||, 3 < r <6, let m := max{4,n — 1}, and take b € (—1,0) to be
such that

(5.11) |g"(d)] > m*(A+ M,), r=3,4, and ¢ (b) >mb(A+ M,), r=5,6.

T

Finally, let
")z —t)2dt, r=34,

%fbrﬁ g”(‘S
folx) = L[ g (@ —t)tdt, r=56

that is, fi(z) = g-(x) — T(z) where T, is the Taylor polynomial about x = b, of degree
2, for r = 3,4, and of degree 4, for r = 5,6, respectively. Then in view of (5.10), it
readily follows that f, changes its convexity once in (—1,1), at y; := b. Now assume
that some p,, € P, satisfying

(5.12) pr(z)(x—=0)>0, —-1<uz<I1,

is such that

(5.13) I1fo — pall < Allgi¢T|| = A.
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Then
T + pall < A+ M,

which by Markov’s inequality implies,

(5.14) 17 + gl < m (A + M),
and
(5.15) IT® + pP|| < mS(A+ M,).

On the other hand, if r = 3 or 7 = 4, then by (5.11),

T+ pnll = 177 (0) + pr(0)] = | T (0)] = |g7 (0)] > m* (A + M),

n

a contradiction to (5.14). If r =5 or r = 6, then by (5.11),
1T + p@ | > T 1) + pP(b) > T (b) = g (b) > m®(A + M,),

contradicting (5.15). Note that in the second inequality we used the fact that p! passes

from negative to positive at b, and therefore pS’)(b) > 0.

We conclude that no polynomial satisfying (5.12), also verifies (5.13). This completes
the first part of the proof.

What is left is to modify gg so that it will be in Cg,, and still preserve (2.4). To this
end, for 0 < e < 1/2, set

ge = go(x +€).

Then g. € CS, 169905 < 1, ¢®(2) > 0, and ¢ (z) > 0, z € [-1,1], and finally
M. := ||gc|| <2Ms. Now we take € so small that

g§3)(—1) > mG(A + 2Ms),

where we recall that m := max{4,n — 1}, and we proceed with the above arguments to
obtain a contradiction. O

In order to prove Theorem 2.13, we let b € (0, 1), and set

b

T o 6_1717
n1+x+b z€| )

go(x) == (z)1
where we recall that ITI(x) := []_, (z — ;). Finally, we denote
Gy(z) = /x($ —u)gp(u) du, x€[-1,1],
so that clearly, G, € C*[—1,1].

First, we prove
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Lemma 5.5 The following estimate holds:

1
(5.16) wE, (G ) < e (1 +£2In E) :
and
(5.17) (@)l L < 1@ (1 + ) In =5 € (~1,1]
) gp(x)[bIn ;= x x)In T2 x , 1.

Proof. First, since Gy () = gi(x) + g2(x), where g(x) := II(z)Inb and gs(z) :=
—II(z) In(1 + x + b), we have

4
W§ (G, 1) < Wi (g 1) + w8, (g8, 1) < walgl,t) + cll s,

where we used the inequalities (1.3) and (1.4).
Now,

wa(gl ) < 2 ln%HH”H =ct’In %,
and since [(14+2)In(1+ 2 +0)] <3, and (14+2)/(1+ 2z +b) <1, we conclude that
e gall < e(IITT + T[] + ITI"]]) < .
This completes the proof of (5.16). Inequality (5.17) is proved in Lemma 5.1 in [6]. O
Denote by P the subset of polynomials p, € IP,,, such that
I(=1)p,(=1) = 0.
Clearly, every polynomial p,, from P, N A?(Y}), is also in PZ.

Lemma 5.6 For each b € (0,n72), and every polynomial p, € P, we have

C 1 1
Gy —pall > = In— — —,
Gy —pull = S In—5p = —

where C' = C(Y5).

Proof. Put
gi(x) == —Il(x)In (n*(1 + 2+ b)), (z):= g(z) — g;(x) = II(x) Inn?b,

so that [ is a polynomial of degree s. Let

Gy (z) = /j(m —u)gy(u) du and L(zx):= /_1<:C —u)l(u) du.
Then we have

Gy (x) + L(z) = Gp(z).
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Also, for every p, € P,
(5.18)  M(=1)pl(=1) = II(=1)L"(=1) > —I(—1)I(—1) = I*(—=1) In 1/n?.

Straightforward computations yield
/ lgi(u)| du < ¢/n® +en®*(1+2)?, —1<z<1,
-1

whence .
|Gy (2)] = (1 +n°(1+z))°.

Hence,
[Pa(@) = L(z)] < [P — Goll + 1G5 < en®([lpn — G|l + %)(1/7%2 +(1+2))".
We may apply now the Dzjadyk-type inequality, we used in [6], to obtain
A1)~ L'(-D)] < en*(lpn — Goll + ).
This combined with (5.18), in turn completes the proof of the lemma. O

We are now ready to prove Theorem 2.13 by constructing a counterexample.

Proof of Theorem 2.13. The proof follows along the lines of the proof of Theorem
2.3 in [6], and we will only sketch it.
We begin with b, € (0,1/e), n > 2, such that

and set )
fa(a) = 3G (1),

where ¢ < 1 (which is independent of n) is taken so small that (5.21) and (5.22) below
are fulfilled. We summarize the properties of f,, as follows from Lemma 5.5. Namely,
for every n > 2,

fn € C®[—1,1].
(5.19) ()] < @)1+ 2) I =5
. (2)| < o
(5.20) fa(=1) = fo(=1) = f, (1) =0,
(5.21) IFP0 <1, §=0,1,2, and [e¥ ' fP( <1, j=3,4,
and
(5.22) W4 (f0,1/n) <n7
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The proof proceeds with no change constructing a subsequence f,; and an infinite sum
which we continue to denote f;(x), and which differs from the one in [6] in that we
multiply the second derivative of the latter by II(x). Therefore we have

2

3
()] < 2M(w)|(1 4 2) I =

T

so that if we put

and

o) = [ - 0t

-1
and if we denote

fz) := fi(2) + fa(2),
then f € A%(Y;). The rest of the proof follows exactly as the proof of Theorem 2.3 in
6]. O

Finally, we have
Proof of Theorem 2.15. For s =1, Y] := {y;}, and II(z) = (z — y1) is a polynomial
of degree 1. We observe that Lemma 5.5 may be strengthened to yield
w1,4(G,()4),t) <ec.

Let -
Fy(z) := 3 / (x — w)l(u)(u+ 1) du,

and set f, := Gy + Fp,. Since Fb(4) (x) = const, its modulus of continuity vanishes, so that
we have

4 4
Wi 1) =il (GY 1) <c
At the same time

z+1 b

I(x) l;’(x):HQ(a:)( - +1nx—|—l+b)20’ r € [-1,1],

so that f, € A?(Y3).
Since [}, € P! for n > 5, we may apply Lemma 5.6 and conclude that for every
pn € P7,
C 1 1
[fo — pnll > ﬁln% A
Hence, with b = n=5/2 we obtain,

Inn 4
E@(fy,11) > CFMA( .1).
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