POSITIVE RESULTS AND COUNTEREXAMPLES IN COMONOTONE
APPROXIMATION II

D. LEVIATAN, I. A. SHEVCHUK, AND O. V. VLASIUK

ABSTRACT. Let E,(f) denote the degree of approximation of f € C[—1,1], by algebraic
polynomials of degree < n, and assume that we know that for some a > 0 and N > 2,

n“En(f) <1, m>N.

Suppose that f changes its monotonicity s > 1 times in [—1, 1]. We are interested in what
may be said about its degree of approximation by polynomials of degree < n that are
comonotone with f. In particular, if f changes its monotonicity at Ys := {y1,...,ys} and
the degree of comonotone approximation is denoted by E,(f,Ys), we investigate when can
one say that
n*E,(f,Ys) <cla,s,N), n>N*

for some N*. Clearly, N*, if it exists at all (we prove it always does), depends on «, s and
N. However, it turns out that for certain values of o, s and N, N* depends also on Y, and
in some cases even on f itself. The results extend previous results in the case N = 1.

1. INTRODUCTION AND THE MAIN RESULT

Let P, be the space of algebraic polynomials of degree < n, and let C'[—1, 1] be the space
of continuous functions on [—1, 1] equipped with the uniform norm || f|| = maxzei_1,1|f()|.
For f € C[—1,1], denote by

E.(f)= inf |[f— Pl

PrePr

the degree of approximation of f by algebraic polynomials of degree < n.

Given s > 1, denote by Y, the set of all collections Y; = {y;};_;, of points y;, such that
Yo = —1 <y < --- < ys < 1 =: yey1. For such a collection we write f € AM(Y,) if
f € C[—1,1] is nondecreasing on |[ys, 1], nonincreasing on [ys_1,ys] and so forth, so that
finally, (—1)®f nondecreasing on [—1, y1], in particular, the collection Yj is the set of extreme
points of f. Since f € AW(Y;) is differentiable a.e. in (—1,1), we have

S

f) [ —w) >0,
i=1
a.c. there. We say that f € A" if there exists Y, € Y, such that f € AW(Y;). Note that
there may be more than one such Y; € Y. It is also possible that f & Agl) for different s’s.

Key words and phrases. Comonotone polynomial approximation, Degree of approximation, Uniform norm.
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For f € AW(Y,) we denote by
ED(fY,) = inf - [f =P
)

P,eP,nAM) (Y
the degree of best comonotone approximation of f relative to Y,. We will also use the
notation

(1.1) E*(f) = sup  EV(f,Y7),
Ys€Ys: feAM (V)

for the worst possible degree of best comonotone approximation of f € Agl), for the given s.
Given f € AM(Y,), satisfying

(1.2) nE,(f) <1, n>1,
for some a > 0, the question of the validity of the estimate
(1.3) n®EWV(f,Y,) < ela,s), n> N7,

and if valid, how does N* depend on «, s, Y; and f, has been investigated in [9, Theorem
2 through 4]. It was shown that for each s > 1, there is an exceptional discrete set of a’s,
denoted by Aj, such that, if f € AM(Y,) satisfies (1.2) and a ¢ A,, then (1.3) is valid with
N* = 1. For a € A;, (1.3) holds with N* = N*(Y;) and it is impossible to achieve it with
N* independent of Y.

The purpose of the present paper is to investigate a similar question when we have less
information about f € AM(Y;). Namely, if we only know that for some N > 2,

(1.4) n“E,(f) <1, n>N,
what may we conclude about
(1.5) " ED(f,Y,) < cla,s,N), 0> N*

Specifically, we will show that if f € A1 (Y,) satisfies (1.4), then necessarily (1.5) holds with
some N*, which might, in general, depend on f, on Y;, on @ and on N. We will investigate
the dependence of N* on these parameters.

Throughout the paper we will denote by ¢(«, s, ..., N) different constants that may depend
only on the parameters inside the parentheses. We will use C(«, Ys, ..., N, f) for constants
that may depend also on sets or functions.

There are three possibilities and in order to describe them we use the following notation.

Definition. The symbol “+” means that (1.5) holds for N* = N*(a, s, N);
the symbol “®” means that (1.5) holds for N* = N*(a, Ys, N) and does not hold without
the dependence on Y, that is, for each A > 0 and M > 0, there are a number m > M, a
collection Y7 € Y, and a function f € AW (Y7 satisfying (1.4), for which m*EW (f,Y7) > A;
and the symbol “S” means that (1.5) holds only for N* = N*(«, Ys, f, N), and does not
hold without the dependence on f itself, that is, for each A > 0 and M > 0, and for every
Y, € Y, there are a function f € AW(Y}), satisfying (1.4), and a number m > M, for which

meEY (f,Ys) > A.

Indeed, we rule out the possibility (usually denoted by “—") that for some triple (Y;, a, N),
an f € AW(Y,) satisfying (1.4), exists, for which there is no N* at all (see Section 2).
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Remark 1. Note that if for some s and «, we have “4” for some Ny, then we also have
“+7 for all N < Ny. Similarly, if we have “®” for some Ny, then for any N < Ny, we cannot
have ©. On the other hand if for some Ny we have &, then we have © for all N > Nj.
Remark 2. We should emphasize that except for N < s+ 1, N* cannot be smaller than V.
Indeed, if N > s+2 and f is a polynomial such that fi(z) = A(x+2)" 2 [[;_,(x—v:), with
A > 0 arbitrary, then clearly f, € AM(Y;). Since f, is a polynomial of degree N —1, it follows
that F,(fs) = 0 for all n > N, thus satisfying (1.4). However, since A is arbitrary, assuming
N* < N, (1.5) immediately leads to a contradiction. On the other hand, if N < s+ 1,
then Py N AM(Y,) = P, N AM(Y,), since any polynomial of degree < s which changes
monotonicity s times must be constant. Hence E’](\})(f, Ys) = E§1)(f, Ys) = Ey(f), so that if
(1.5) holds with N* = N, then it already holds with N* = 1.

Remark 3. We should also emphasize (see Theorem 3 in Section 6) that in all cases where
we have “+ 7, one may take N* = N.

The paper is devoted to proving the following result (the case N = 1 was proved in [9]).

Theorem 1. For every triple (a,s,N), a« > 0, s € N, and N € N, there exists a constant
c(a, s, N), satisfying the following properties. If f € AM(Y,), Y, € Y, and

n*E,(f) <1, n>N,

then
n®B(f,Y.) < elars,N), n> N7,

where
(i) “+7, N* <N, if

(a) a is not an odd integer and a < s, or a is not an even integer and o < 2s, and
N < |«a/2];

or

() 2s <a<2s+2and N < s+ 2;

or

(¢) a>2s+2 and all N > 1.
(i) “©”, N*= N*(a,Ys, f,N), if

(a) [a] =1 and N > s+ 2;

or

(b) [a] =2 and N > s+ 3.
(iii) “@®”, N* = N*(«, Y5, N), in all other cases, except, perhaps, the case [a] =2 <'s and
N =s+2.

For the sake of comparison, we mention that in the case of monotone approximation (i.e.,
s =0, Yy =0, and AM(Yp) is the set of nondecreasing functions f € C[—1,1]), the third
possibility, obviously, cannot be present. It is known (see, e.g., [5, Section 11, Table 14])
that we may summarize the results for s = 0 in the following table.

[or/2]
2+
1+
1

Fig. 1,5s=0
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The results for s > 2 presented in this paper may be illustrated in the following tables,

where we require two more symbols, namely,

& {@, if either « is odd and < s, or « is even and < 2s,

+, otherwise,

and

? {@ when a <1,
o=

?when 1 <a<2.

A table for s > 4.

s+1 s+2 s+3

(a/2] : A
s+2 + 4+ + + + +
s+1 + 4+ + + + +
® ®© o ® ®
S + + + + + ©
e © o @
s—1 + + + + ) S
o @
2 + + D ) ) ©
o
1 + @& D ) ) S¥)
1 2 s—1 s
Fig. 2, s >4

D D 4+

S

?

S

D D+

D
©

N

The question mark in entry (1, s + 2) indicates that when N = s + 2, we do not know for
any given 1 < a < 2, whether the correct symbol should be & or &.

For the benefit of the reader we present the tables for s = 2 and s = 3, with the vertical
axis of [ar] rather than [«/2]. It demonstrates the above pattern, but for clarity we separate

therows fora <1l and 1 < o < 2.

[a] &
T+ o+
6 + +
5+ +
o &
4 +
3 4+ +
b
2 + @
52}
1+ o
1 2

w® O OO ++ +

)

o BB

a® O oD D+ -

Fig. 3, s = 2
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[a] @

9 4+ + + + + +

8 + 4+ + + + @&

T+ 4+ 4+ + + @
® o o

6 + + + & & @

5 + + + & & @
® o

4 + + & & & @

3 + + & & D &
®

2 + & ® & 7 ©
®

I + & & @ ©6 © -
1 2 3 4 5 6 N
Fig. 4, s =3

The table for s = 1 is somewhat different and again we present it with the vertical axis of
[a] rather than [a/2], since for s =1 and N = 3, we do know that for 1 < a < 2 we have

=
o]

— N Wk ot D
—+ e+ + A+
OB + o
w®® +++
~OD ®O+

Fig.

ot
»
I
—_

2. AUXILIARY RESULTS

We begin with a few notions. Let g € Cla, b], the space of continuous functions on [a, b],
with the uniform norm. Denote by

S DR (M) g(x — (/2 —i)h), if @+ kh/2 € [a,b],

= 7

0, otherwise,

Af(g,x) = {
the kth symmetric difference, and define the ordinary kth modulus of smoothness of g by
wi(g:t;[a,b]) := sup [[AR(g, )lfa,s)-
0<h<t
If [a,b] = [—1,1], we suppress the reference to the interval, that is, we write wg(g,t) :=
Let ¢ := /1 — 22 and denote

ps(w) = V(1 =2 = 0p(2)/2) (1 + 2 — dp(x)/2) = \/(1 —p(x)/2)* — 2.
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The weighted D-T modulus of smoothness of a function f € C"(—1,1), is defined by
wk’r(f(r) t) - Sup H@kh Ak (f r)a )”

In particular, if » = 0, then
wi (f,t) = Wlf,o(fa t),
is the (usual) kth D-T modulus.
It is known (see, e.g., [1, 11]) that w,f#(f(r), t) is bounded for all t > 0, if and only if f € B",
the Babenko class, that is, f possesses a locally absolutely continuous (r — 1)st derivative in
(—=1,1) and ¢" ) € Lo[—1,1]. The following result is well known.

Lemma 1. If f € B", then

E.(f) < ()

||90f ||Loo[11 nz>r.

Also, if » > 1, then w,fm(f(”,t) — 0, as t — 0, if and only if lim, .41 ¢"(z)f™(x) = 0.
Therefore, we denote Cg := C[-1,1] and, for r > 1,

Cp={f e C"(-1,1)NC[-1,1] | lim @' (2)f"(z) = 0}.

First, we wish to rule out the possibility that for some triple (Y5, o, N), a # 3, there exists
an f € AW(Y,) satisfying (1.4), for which there is no N* at all. The case o = 3 is deferred
to Section 6, Proposition 5. We need the following result of [1, Theorem 7.1.2] (see also [7,
Theorem 3.3]).

Lemma 2. Let r € Ng,k € N, and a > 0, be such thatr < a < k+r, and let f € C[-1,1].
If
nE,(f) <1 VYn>N,

where N > k +r, then f € Cf, and

(2.1) w,‘fm(f(r), t) < cla, k, )t + (N, k, ")t B, (f), t>0.
In case N =k +r, (2.1) takes the form
(2.2) w,f’r(f(’”),t) <cla, k,r)t*", t>0.

We also need the comonotone approximation estimates of f € AM(Y,)N Cy, [11], [12] (see
also [5, §13.2, Statement 11, Tables 19-20]). Namely,

23) EO(f ) < g (10,071, 0z NY)
and, for r # 2,
(2.4) B0 < g (100, 0z N,

Note that (2.4) is, in general, invalid for r = 2 (see Nesterenko and Petrova [13]).
Now, if (1.4) holds, then, obviously, it holds for some N > [a] + 1 =: r + 1, so we may
assume so. Hence, by (2.1), for o ¢ N|

Wi (F7 07t < cla)n™ 4 (N 1) B (f),
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and for « = r € N,
w{r_l(f(r_l),n_l) <c(ryn™ +e(N,r)\n 2B (f).
Hence, for a ¢ N, by (2.3)
n BN (f,Ys) < e(a, s)nwf, (F7,n7h)
<ca,s) +c(N,a,s)n* " B, (f), n>N(Y),
which, in turn, implies
(2.5) n® B (f,Ye) < clars), n = N(f).
Also for a = r € N, provided a # 3, we obtain by (2.4)
W B Ye) < elrsynwf o (f7 07
< c(r,s) + (N7, s)n™ B (f),  n = N(Y)),
and (2.5) follows for integer o # 3.
We also need the following well known result (see, e.g., [7, Theorem 3.1]).
Lemma 3. Let 2r < a < 2k +2r and f € C[-1,1]. If
n“E,(f) <1, n>k+r,
then f € C"[—1,1] and
we(fT 1) < e(a, ke, r)t/* T,

In Section 6 we have to consider subintervals [a, b] of [—1,1]. Thus we need the notation
AM[a,b] for the set of all continuous functions in [a,b] that have s € Ny changes of mono-

tonicity there, and for g € Agl)[a, b], we denote by E}*(g)., the worst possible degree of
best comonotone polynomial approximation of g in [a, ] (see (1.1)). We state two lemmas
which follow from [2, Corollary 3.1] (see also [9, Corollaries 1 and 2], respectively).

Lemma 4. If g € Agl)[a, b N C"|a,b], then

(2.6) L4 (9)n < (b= )9, b — a,[a,b]).
And

Lemma 5. Ifg € Agl)[a, bl N C"[a,b] and r > s, then

27) ELo(0)iun) < ()b — awa(g™,b — a, [a, b)),

3. NEGATIVE RESULTS

In order to establish the various negative conclusions, we need a few lemmas. We begin
with a sharper version of [10, Theorem 2]. We denote by B" the set of all functions f € B"
such that |¢"(z)f(z)| <1 a.e. inz € (—1,1).

Lemma 6. Let r € N, r > 2, and denote p := [%] Assume that s > p and m > 1. Then
for each A > 0, there are a collection Yy and a function F € AW (Y,) N B", such that

Eyn(F) <1
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and
EV(FY,) > A.
Proof. Let
(x+1)2In(x +1), if ris even,
. = e (—1,1],
9 () {—(x +1)772, if r is odd, ve( ]
and
g-(—1) :== 0.
Simple calculations show that
plln(z + 1) + ¢(r), if r is even,
g\ (x) = o(r) frisodd. © € (—1,1],
—W, I riso s

so that, in particular, lim,_; [¢¥(z)| = oo, but |(1 + 2)g\" ()]
Denote M;(r) == ||gt”||, 1 < i < p. Also, note that g™ (z)], i

g™ (2) > 0 for x € (—1,1], and

<
>

(3.1) (1 + 2)PT "2 ()| = e(r,i), =€ (—1,1].

Let S € C*°(R) be a monotone function, such that

<
S(z) = 0, r <0,
1, z>1

Y

and denote C; := [|SV]|, 7 > 0.
For b € (0,1) to be prescribed, write @ := b — 1, and let

c(r,0), z € (—1,1].
1, is decreasing and

(p)
o grla), g (@)
be the Taylor polynomial of the derivative ¢..
Set
1 x
bala) = 61(a) = lla) = =gy [ @ =y @,z e 1)
and
fulz) =S (x - “) ha(z),
and denote

T

F,(z) = /j fa(t)dt and L,(x) ::/ la(t)dt.

-1
First we show that for some constant ¢; = ¢;(r),

1
(3.2) —F, e B".
C1
Indeed, we observe that
(L+2)PFD(x) = (L+2) 2 [ (@),

so that we should prove that the latter is bounded in (—1, 1].
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To this end, if x € [-1,—1 + b], then f,(z) = 0 and there is nothing to prove, and if = €
[—1+2b, 1], then [(14+2)"/2f5" ™ (2)] = (1 +2)2h ™ (2)] = |(1+2)"29" (x)| = e(r,r = p).
Since |g\"*?(z)], i > 1, is decreasing in (—1, 1], we conclude that

(3.3) WD (z)| < b~ igPtV(a)/(p—i—1), 0<i<p, z€&(=1+b—1+2b).
Also, since [, is of degree p — 1, we have
(3.4) ()| = g8V (@)] < (g8 (a)], p<i<r, we(-14b,—1+20).

Thus, for z € (=1 + b, —1 + 2b),

r—1
(L4 )2 f0D (@) < (1+2)72 ( - 1) Croii) ()

— 7 b?“flfi
p—1
r r—1\Cro1- i
SEEED o (e === TTE)
=0

< /r—1\C
r - r—1—s 7
sy () R

i=p
r—1
< (TP g (@) 4 e(r) Y b7 g (a)
i=p

=1 (r) =: ¢,
where in the second inequality we applied (3.3) and (3.4), and for the last equality, we used
(3.1). This proves (3.2).
We claim that

(3.5) Epi1(Fo) < [[Fa+ Lall < 2[[fa + ]| < c2(r) =t ca.
Indeed, if = € [—1 + 20, 1], then

|fa(@) + la(2)] = |ha(z) + la(2)| = |g;(x)] < Mi(r).
If € [-1,—1+ 2b), then,

(p) a
()] £ D) + 35 Malr) oo M)+

< eg(r) + e(r,0) =: cy(r).
Therefore, if z € [-1,—1 +b), then,

|[fa(@) + La(2)] = [la(z)] < ca(r),
and if € [-1 + b, =1+ 2b), then,

[fa(@) + la(2)] < [ha(@)] + [la(2)] < 2lla(2)] + 19, (2)] < 2c4(r) + Mi(r) =: %Cz('f’)-

Hence, (3.5) is proved.
Finally, for ¢5 := ¢; + ¢, take b so small that,

1

max{p, m}*

(3.6) 197 (a)| > ¢y + c5A.
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Now let ]
F(z):= —F,(x).
Cs

Then, it follows by (3.2), that /' € B, and (3.5) implies that £,,1(F") < 1. Also, since f, =0
on [—1,a] and f, > 0 on (a,1], taking Y, := {y1,..., s}, with =1 < y; < --- <y, < q,
we, evidently have, ' € AM(Y,). Assume, to the contrary, that there exists a polynomial
P, € P,, N A(Y}), such that
HF - Pm” < A7
equivalently, that
[1Fa = Qml| < 54,

where Q),,, = ¢5Pp,.

Then, since s > p, it follows that there exists a point 8 € (—1,a) where Qﬁ,’?(@) =0. We
also observe that LY (z) = 1"V (z) = ¢ (a). Hence, by Markov’s inequality,

1 1 1
ILP(0) + Q1 (0)]

(p) - LY = — —
max{p, m}Qplgr (a)| maX{p, m}2p| a ( >| max{p, m}gp

< o+ Qmll < [[La + Foll + |@m — Fall
< ¢+ 54,
a contradiction to (3.6). This completes the proof. O

As a consequence we have,

Corollary 1. Let r € N, r > 2, and denote p := [5+]. Assume that s > p and m > 1.
Then for each A > 0, there are a collection Y, and a function f € AM(Y}), such that

n"E,(f) <1, n>p+]1,

and
EW(f,Y;) > A.

Proof. Take F' of Lemma 6. Since F' € B", it follows by Lemma 1, that
W B (F) < e(r)|o" FO| < er), n>r

At the same time, for p < n < r, we have n"E,(F) < r"E,;1(F) < r". Therefore, let
f= m, and we have the desired function. O

Further, following [3], let » € N and G,(z) := (x + 1)"In(z + 1), G,.(—1) := 0. Since
G, € B* and ||g02’”G£2T)|| < 400, we have

(3.7) E.(G) < c(r)n™?, n e N.
We need this estimate for the proof of an important case, similar to [7, Lemma 2.3].

Lemma 7. Let s € Ny and let Yy € Y,. For each A > 0 and every m € N, there is a
function f = fam € AV(Y,), such that

n’E,(f) <1, n>s+3,

and

EW(f,v.) > A,
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Proof. For b € (—1,0), let

o) = [ e ( / t Lo du) i,

where I1(¢) := []_, (¢t — )
Clearly, f}(z)II(x) >0, x € (—1,1), hence f, € AM(Y}). Substituting the Taylor expan-
sion of II(z) about z = —1 ylelds
10— 1)
fb S+3 ; (T+ 1)' GT+17

where Py 3 € Py 3. By virtue of (3.7), we have
(3.8) n*E,(fy) < c(s), n>s+ 3,
as [|[TIM ()] < e(s), 0 < r < 5. We also have that polynomial

belongs to P, 3 and satisfies

I(=1)p5(—1) = II*(—1) In

Therefore, for every P, € P, N AWD(Y;), m > s+ 3, we get

SIP(-1) I = ST 1)p ()

(3.9) < T(=1)(F(=1) = piys(—1))
< mP[I(=D)[[| P — psssll,

where for the last inequality we have applied Markov’s inequality. At the same time,

Pass(®) — o) = /0 ") ( / 1 (5;—1“)2@) i

does not depend on b. Hence, it follows by (3.9) that

b+1

(3.10) m”?|II(=1)|In 71 S P = foll - 1fo = porsll < 1P = foll + e(s)-

Thus,

EW(f:Y,) > m 2I(-1)|1 —

DY) 2 m (1) I = efs),

which for f := cf, with suitable b and ¢ = ¢(s) completes the proof. ([l
Finally, we adapt the ideas of the proof of [7, Lemma 2.4] to obtain the following.

Lemma 8. Let s € N and let Y, € Y,. For each A > 0 and every m € N, there is a function
f = fam € AD(Y,), such that

nE,(f) <1, n>s+2,

and
EW(f,Y,) > A,
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Proof. Denote D;(x) := 2/In|z|, j > 1 (D;(0) := 0). It is well known that if D;.(x) =
Dj(x+7), =1 < < 1, then

(3.11) nE,(Dj~) <c(j), n>1.

Let 0 < b < %min{l — Ys,Ys — Ys—1} and denote l},(x) = 7 — 1+ 1Inb, the tangent to Inx

at x = b. Further, let b be the negative root of the equation Iy(z) = In |z|. Then, clearly
b*| = =b* < b, and (x — b*)(l(x) —In|z|) > 0, x # 0. Hence, for ly(z) := l,(x + b*), we have

(3.12) x(lp(z) —Injz+b*]) >0, =xF# —b".
Write TI(z) := [[1Z} (z — ;) (IT=1if s = 1), and let

L) = [ Tl = p.) du
and
g(x) = /Ox () In |u + b* — y,| du.
Finally, denote

fo =Ly — g,

and observe that (3.12) implies that f, € AW(Y}).
Integration by parts and induction readily show that

s—1

00y, —b)

T—l—l r+1<x+b*_ys)+ps+l(x)a

Wﬁ

where pgi1 € Pgyq, and since L, € Py, o, it follows by (3.11) that

(3.13) nE,(fy) <c(s), n>s+2.
Now, given any P,, € P, N AW(Y}), we see that
0 < Ti(y)In < fi(y) (mE+1- 2
Ys nb Ys nb b

= —L;,(ys) = Pr,n(%) - Lg)(yS) < C(s, ys)mHPm - Lb”u

where we have applied the Bernstein inequality. Hence

0 < Ti(y) In ;< Cs,m| Po = fll + )
< CWm(|Po = Sl + 1)

since ||gp|] < 251In 2.
This, in turn, implies

Y, 1
EW(f,, Y,) > cv) In-—1,
m b

which, together with (3.13), yields a function f = cf;, fulfilling the statements of the lemma
for ¢ = ¢(s) and sufficiently small b. This completes the proof. O




POSITIVE RESULTS AND COUNTEREXAMPLES IN COMONOTONE APPROXIMATION II 13

4. POSITIVE RESULTS

In order to establish the various positive conclusions, we also need a few lemmas.
The following lemma can be derived from [2, Theorem 1.3’]. For the benefit of the readers
we provide a short proof.

Lemma 9. If f € AD(Y,), s> 1, then
Ei(f) < C(Y)Esia(f)

Proof. Denote by L the Lagrange polynomial of degree < s, that interpolates the function
g(x) := f(x) — f(ys) at the points y1,...,y, and at the point —1. Since g € AM(Y5), the
polynomial L has s — 1 extreme points in (—1,ys), therefore the polynomial L' of degree
< s—1 has all its (s — 1) zeroes in (—1,ys). Since L'(y,) < 0, it follows that L'(z) < 0 for
all = € [ys, 1]. Hence L(x) <0, z € [ys, 1], which, in turn, implies

(4.1) 0<g(x) <g(z) - L(x), =€ lys1].

Evidently,

(4.2) Jax |g(w) = L@)] < llg = Ll < C(V3) Bt (9)
= C(Ys)Esia(f).

Also, if [ denotes the Lagrange polynomial that interpolates g at s + 1 equidistant points in
[ys, 1], including ys and 1, then we have

Ei(f) < llgll < llg = U+ Il < Clys) (Esra(g) + max [g(z)])

T€[ys,1]
= C(ys) (Ess1(f) + max_|g(z)]).
z€[ys,1]
Hence, substituting it together with (4.2) into (4.1) yields
E\(f) < C(Ys)Eeir(f)-
This completes the proof. 0

For the proof of the positive results, we shall first establish certain approximation rate
for piecewise polynomials and then extend it to polynomials. To this end we first introduce
some notation.

For a fixed n > 1, denote z; := x;,, := cos(jm/n), 7 =0,...,n. Then -1 =2,, <--- <
To, is the Chebyshev partition. Further, denote I; := I;,, := [¥jn, Zj—1,], 7 = 1,...,n and
let |Ij| =Tj—1n — Tjin-

For a given Yj, let

O; = Om(Ys) = (l’j+1,m$j—2,n)a if y; € [ﬂcj,n,l‘j—m),

where 41, := —1 and x_; ,, := 1. Finally, define
0 :=0(Y,,n) = O,
i=1
let (aq,b,), ¢ = 1,...,1 < s, be the connected components of O(Ys,n) and denote Oq =
[ag, byl



14 D. LEVIATAN, I. A. SHEVCHUK, AND O. V. VLASIUK

We take a subset of the set of continuous piecewise polynomials of degree < r, with
extreme points at Y, that may be well approximated by comonotone polynomials. Let
Y = L0 (Y5) be the set of continuous piecewise polynomials S, on the Chebyshev partition
Zom - -, Tny composed of polynomial pieces of degree < r, with the additional restriction
that S is a single polynomial on each O~q, g=1,...,1. By [11, Proposition 3| we know the
following.

Lemma 10. If S € ., (Y,) N AD(Y,), then

1
(4.3) EM(S,Y,) < cow? (S, 5),

cin
where ¢1 = ¢1(r, 8) and ¢y = ca(r, s).

Another necessary result is an estimate of the ordinary Ditzian-Totik moduli of smoothness
by the weighted moduli. By virtue of [6, (3.4)] and [6, (3.5)], we have for f € C7, 1 < j <n,
E>1and 0 <[ <r,

(1.4) et (PO, |1 1) < el Py, (£, 1/m).
Moreover, if 0 <[ < r/2, then (4.4) is valid also for j = 1 and j = n.

5. NEGATIVE CONCLUSIONS

In this section we collect all the information on what cannot be achieved in the various
cases.
(1) It follows from Lemma 7, that if @ < 2, then in Fig. 2, there can be neither “4+” nor
“@” in position (N, «) for any N > s+ 3. Moreover, it follows from Lemma 8 that if o < 1,
then the same is true for N = s 4 2.
(2) By virtue of Corollary 1, we obtain

Proposition 1. Given s > 2 and a € (2,2s|. In Figs. 2 through 4, there can be no “+7 in
position (N, a) for any N > [a/2] 4 1.

Proof. We may apply Corollary 1 with » = [a] > 2, as we observe that p = [%} < s.
Therefore, there can be no “+ 7 for N > [#] +1=[a/2] +1. O
(3) By [10, Theorem 2], for every constant A > 0, s > 1 and 2 < r < 2s + 2, excluding
r—2=1=s, and any m > 1, there is a function f = fa5,m € Agl) N IB%Z; such that

(5.1) E(f) = Al fO) > 0.

Hence, by virtue of Lemma 1, we may conclude the following.

Proposition 2. [f0 < a < 2, then there is no “+7 in position (N, «), for all N > 2. If
s=1and 2 < a <4, then there is no “+" in position (N, «), for all N > 4

Proof. Taking (5.1) with r = 2, yields the assertion for 0 < o < 2, and taking it with r = 4
yields the other. O

(4) A closer look at the proof of [10, Theorem 2| sharpens the conclusions we may draw from
the statement in (3) above. Namely,
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Proposition 3. If 4 < 2s < a < 2s+ 2, then there is no “+ 7 in position (N, «) for
N > s+ 3.

(5) Given s > 1, we follow [9] and define the sets A; := {2}, and for s > 2,
As={jl1<j<s—1lorj=2i1<i<s}

For a € A, and each m > 1, a function f;, ,,, was constructed in [9], such that on the one
hand

naEn(fs,oc,m) < ]-7 n > 17
while at the same time,

M*EYS (foam) > c(s) Inm.
Clearly, this very function proves that for a € Ay, in position (N, «) in Fig. 2, there can be
no “+” for any N > 1.

6. POSITIVE CONCLUSIONS

(1) By virtue of [11, Theorem 4|, we have either “+” or “@” in Fig. 2, in all positions
(N,a), where N < [a] + 1 and a # 2.
Also, [11, Theorem 3] implies that we have “+” in Fig. 2, in all positions (IV,«) where
N <[a]+1andeither 0 << 1l,ors=1and 2 <a <3, ora>2s+2.

At the same time [12, Theorem 1] implies that we have @ in Fig. 5 (the table for the case
s = 1), in position (3, «) for 1 < o < 2. The proof is similar to that of [12, Corollary 2].

(2) In [5, Tables 19-20], there are truth tables depending on (k,r, s) for the validity of the
estimate
c(k,r,s)

Y
n”"

(6.1) ED(f,Ys) <

n

wi (fO 7Y, n= N,

for various integers N
By virtue of [5, Tables 19-20] (relating o and r by r = [a] — 1), applying Lemma 2 and
(6.1), we conclude the following.

Proposition 4. Let o € (3,254 3|, N > [«a]. Then we have either “+7 or “@” in position
(N, «) in Fig. 2.

Further, let « > 2s+ 3, and N as above. Then we have “+" in position (N,«) in Fig. 2.
Consequently, if « > 2s + 3, then we have “+ 7 in all positions (N, «).

(3) We can show that for 0 < a < 2 and 2 < N < s+ 1 we have “®” in the position
(N, ) in Fig. 2. Indeed, if 0 < a < 2, then by Lemma 2,

(6.2) WE(f, 1) < cla, s)t* + c(N, s)t*Ey(f),
and if & = 2, then by Lemma 2, applied tor=1<a=2<3=r+k, fEC'é and,
(6.3) Wiy (f, 1) < c(s)t + c(N, s)t* E5(f).

It follows from [4, Theorem 1] (see also [8, Theorem 1’]) that,
EPD(1,Y,) < e(s)ws(f,1/n), n > N(Y).
Hence, for 0 < a < 2, we conclude by (6.2), that
(6.4) EW(£,Y,) < cla, s)n™ 4 ¢(N,s)n 2Ey(f), n> N(Ys).
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On the other hand by virtue of Lemma 9, we obtain
Ey(f) < Ev(f) < C(Y) Ea(f) < Cla, Y5),

where for the last inequality we applied the assumption that (s + 1)*Es.1(f) < 1. Thus,
substituting in (6.4), we have

n“EW(f,Y,) < cla, s) + C(N,a, Yy )n 2t n > N(Ys),
which in turn implies
n® B (1Y) <clays), n= NN, a,Ya).
If @ =2, then by [10] and [12] (see also [5, paragraph 13.2, Statement 11, Tables 19-20]),

20 v) < Cagi om0z N,
Hence, by (6.3), we obtain for o = 2, that
R ED(£.Y,) < c(s) + (N, sl Bs(f), n = N(Y)).
We proceed as above and conclude that
n*ED(f,Y;) <els), n>N'(N,Y,).
In view of Propositions 1 and 2, we conclude that for all (N, ) under consideration, we have

113 W
D"

(4) What follows is a proof of a theorem that, in essence, appears in the appendix of [9]
(see [9, Theorem 5]). We give a simpler and more transparent proof, and also rectify an
inadvertent minor omission in that proof.

Theorem 2. Assume s € N, a > 1, a ¢ A and N < [a/2]. Then there are constants
N*(a, s,N) and c(a, s), such that for every function f € AW satisfying

(6.5) n*E,(f) <1, n>N,
we have
(6.6) n®EY(f) <cla,s), n>N(a,s N).

Proof. As in [9, proof of Theorem 3], we first have to establish the inequalities

(67) Eifl(f)]jn < C(a’S)v - 1,...,77,— 17
s na
where J;,, := [xj11,2;_1] and o is defined by f € Ag-l)[xj+1,xj_1], and where r := [a] > 1.

But unlike [9], where (6.5) held with N = 1, here we have to take into consideration N.
Thus, if o ¢ N, then by virtue of Lemma 2, with k¥ = 1 and r = [a], (6.5) and (4.4) imply
that f € C"(—1,1) and

. cla _
W(f()a|<]j,n|a<]j,n)§u'(ﬁa 2<j<n-2,
],n
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and if o € N, then observing that r — 1 < a =r < r + 1, Lemma 2, with k£ = 2, combined
with (6.5) and (4.4), yields

c(a) .
Jm)ﬁm, 2<j7<n—-2

w2(f(7“*1)’ ‘J,n

Note that in order to apply Lemma 2, we have to have N < r+1 = [a] 4+ 1, but we actually
have to restrict N even further as is seen below.
In order to obtain (6.7) for the end intervals J ,, and .J,,_1,, we need the inequality

U Ll Sy < D jm 1,
T | jal e
for a that is not an even integer. This follows by virtue of Lemma 3, when we observe that
with r = [a], we have 2[] < a < 2[%] + 2, and that |J;,| ~n™?, j = 1,n — 1. Again, note
that in order to apply Lemma 3 we must have N < [7] + 1 = [a/2].
Finally, when « is an even integer, we have 2(§ — 1) <r = a < 2(5 — 1) + 4, so we apply
Lemma 3 with k& = 2 to obtain that f € Cz~1[—1,1],

Dl i) € =S =t
T el e
And again, note that in order to apply Lemma 3 we must have N < (5 —1) +2 = a/2+ 1.

Summarizing, we see that taking N < [a/2], yields all the above estimates. We observe
that if « is an even integer, then we actually have the estimates also for N = a//2 + 1.

The above four inequalities, combined with (2.6) and (2.7) yield (6.7). Note that for « an
even integer, Lemma 5 is applicable only when o > 2s + 2. This is related to why we have
to exclude the even o’s in A,.

Clearly, it suffices to prove (6.6) for EY (f,Ys), where Y; € Y is an arbitrary collection
such that f € AM(Y,). So denote

oD (. Ye) =it {|[f — 5| : S € Trpra(Ys) N AD(Y,)],

the degree of best approximation by the specific class of splines as defined in Section 2. We
will show the piecewise polynomial analogue of (6.6), namely,

(6.8) n®ol) L (F,Ys) < éays), n> N(a,s),

and that it suffices to take N(a, s) = 5(2s + 1).

To this end, let m > s, and take two Chebyshev partitions, {xom, ..., Zmm} and
{Z0m(2s+1) - - > Tm(2s+1),m(2s+1) - Let Oq be the connected components of O(Y;, m(2s + 1))
(see Section 2). Clearly, every O, is contained in an interval J;,, == I; U L1 m, for some j,
2 < j < m, since each interval [;,, contains (2s + 1) adjacent intervals of the type I; ;2541
and O, contains at most (2s + 1) of the latter intervals.

Now, for each Oq, define S on the corresponding J; ., to be a polynomial of degree < r,

comonotone with f on J;,,, that yields (6.7), i.e., satisfies

cla,s)  cla,s)(2s+ 1)

6.9 B < -
(6.9) P < me m*(2s + 1)

Evidently, doubling the constant on the right hand side of (6.9), we can guarantee that, in
addition, S(xj—l—l,m) = f(xj+1,m)'



18 D. LEVIATAN, I. A. SHEVCHUK, AND O. V. VLASIUK

Let I; n(2s41) be an interval where S has yet not been defined that is, a partition interval
not contained in any of the above J;,. In particular, f is monotone on I; (2s41), and
without loss we may assume that it is nondecreasing there. By virtue of (6.7) there exists a
nondecreasing polynomial P, ; of degree < r, on I; y,(2541), satisfying

c(a, s)
(m(2s + 1))
To simplify notation, we may assume that I; 2541y = [a,b], b > a, that f(a) = 0 and, by
adding a constant to the polynomial, that f(a) = P,41,(a) (again doubling the constant on

the right hand side of (6.10)).
We will further modify P, ;, to ensure that

(6.11) f(0) = Pri1,i(b).
If (6.11) does not hold, then we distinguish between two cases.
First, assume that P..,;(b) > f(b). Then, let 0 < 6 : f(b)(b) < 1. Obviously,
Qri1(x) := 0P,;1,(x) is nondecreasing and Q,41,(b) = f(b) Also, by (6.10),
1Qrs1i — fIl N Qryri — Pryrill + [Py — £l
c(, 5)

1,0
(610) ||f - PT+1,i’|Ii7m(zs+1) = Er+1(f)li,m(25+1) S

< (X =0)[[Pryrall +2

(m(2s+ 1))
— (a S)
= (1= 0)|Prari(0)] +2m
c(a, s)

= |Pry14(b) — f(b)] + 2
c(a, s)
(m(2s + 1))
Otherwise P,41,:(b) < f(b). Let the linear function [ be defined by

(m(2s+ 1))«

T —a
l(z) = (F(0) = Bryra(b)) 5 —
—a

Then, clearly, [ is nondecreasing on I; p(2s11) and so is Q41 := Pry1; + 1. Also Qr11,4(b) =

f(b) and
ca, s)
r+1,1 < r 7 + Pr T S 4——.
||Q +1, f” |f( ) +1, ( )‘ || +1, f” (m(28 + 1>>a
Thus, in both cases we set S := Q,41,; on I; p(25+41)-
To summarize, we have constructed a piecewise polynomial S of degree < r, which is
comonotone with f in [—1, 1] and,

de(a, s)(2s +1)*
1f—=8| < m@s e é(a, s).

However, S may not be continuous at the right hand ends of the intervals J;,, corresponding

to the O s. So we change S going from left to right adding constants to the left part to

match it to the right part to obtain S. This increases the error ||f — S| by at most an
additional sé¢(a, s).
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In conclusion, we have established (6.8) with é(a,s) = 4(s + 1)c(a, s)(2s + 1)*, where
c(a, s) asin (6.7), for every n = m(2s+1), m > s. This, in turn, trivially implies (6.8) with
N(a,s) = s5(2s5 4 1).

Now, S € ¥, 41,(Y:) N AD(Y}), so that by Lemma 10, we have

<

F 1, )by (8, 1/0) + Ea, sy
Tt 17 8>wf+1 (fa 1/”) + 036(067 S)niau

2

IA A

Ca(
CQ(

for all n > max{ci(r +1,s), N(a, s)}.
Finally, combining (6.5) and Lemma 2, yields

Wi (£ 1/m) < exlan™.
This completes the proof. 0]

Combining Theorem 1 with the positive result for 0 < o < 1 and N = 1 from [9], we
conclude,

Corollary 2. For a ¢ A, and N < [§], there is “+” in Fig 2. in position (N, a).

(5) We may apply the ideas of the proof of Theorem 2 in order to obtain new information
about some of the outstanding cases. We begin with a € (2, 3]. In particular, the following
proposition will show that, for & = 3, we have “@”. Recall that earlier we could not even
guarantee that we have no “—" at some positions of the form (N, 3).

Proposition 5. For a € (2,3], N > 3 we have either “+" or “&7”.

Proof. Since we wish to prove at least “@®”, we may limit ourselves to n > N*, where
N* = N*(Y;) is so big that any interval J;,, 1 < j < n — 1, contains at most one of the
extreme points y;, and both J; ,, and J,,_1, contain no extreme point, that is, f is monotone
there. Following the lines of proof of Theorem 2, it suffices to establish the inequalities

c(a, s, N)

, j=1,...,.n—1, n>N-"
na

(6.12) ENTA(f)s, <

Note that by our choice of N*, 0 =0 or o = 1.
Observing that 2 < a < N+ 1 =2+ N — 1, we conclude by Lemma 2 that f € C’fp, and

wh_1o(f"t) < cla, N)t* %, t>0.
Hence, combining with (4.4), we obtain
(6.13) | JinlPwn-a(f" [ Jjnl; Jim) < en2wg_15(f",1/n) < e, N)n™®, 1<j<n—1.
At the same time, by [5, Tables 2 and 16], we know that if a function g € CP[-1,1] is

monotone in [—1, 1], or if it changes its monotonicity once there, say, at Y7 = {7}, then,
respectively,

EW(9) < e(N)wn_1(g", 1),
and
EY (9, 1) < e(N)wn1(g",1).
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Translating the last two inequalities to an interval [a, b], (by the linear transformation 2y =
(b —a)x + b+ a), we readily see that if g is monotone in [a, b], or if g changes monotonicity
once there, say, at Y7 = {1}, then, respectively,
B (9)ian < e(N)(b = alPwn-1(g",b — a [a, ),
and .
B (9. Yy < e(N) (b — a)wn-a(g",b — as[a, b]).
Therefore, for each J;,, 1 < j < n — 1, we obtain by (6.13), that
BNy (£, < cloy N Pwon-a(f" | Jjmls Jin) < cla, N)n~®.

This proves (6.12) for 1 < j <n — 1.
For the intervals J; ,, and J,,_; ,,, we observe that 2 < a < 2+ 2N, and apply Lemma 3 to
obtain that f is continuously differentiable in [—1,1] and,

wn(f,) < clo, NS, 10
As above, by [5, Table 2|, we end up having

cla, N C
(P < el M alon (7l 1) < S8 (1,1 02) < e, wpme

The case of J,_1, is the same. This completes the proof of (6.12).
We proceed with the proof as in the proof of Theorem 2, except that the piecewise poly-
nomials are of degree < N + 1 instead of being of degree < r + 1. U

(6) We still need to close some gaps for o € (2s,2s + 3].

Proposition 6. For a € (2s,2s + 2] and N = s+ 2, there is “+ 7 in position (N,«), and
for a € (2s+ 2,25+ 3| and N > s+ 3, there is “+" in position (N, «).

Proof. We apply the same strategy as in the proof of Proposition 5. Assume first that
2s < a < 2s+ 2. Then from 2s < a < 25 + 3, we conclude by Lemma 2 that f € C’f,s and,

w}i%(f@s),t) < cla,s, N)t“ 2, ¢ >0.

Combining with (4.4), we obtain

]ij\zswg(f(zs), | Jinls Jin) < cn’zsw}i%(f@s), 1/n) <cla,s, N)n™% 1<j<n-—1.
As explained in the proof of Proposition 5, [5, Tables 16, 17 and 18] show us that

E;;ig(f)‘]j’n < (a, s, N)\Jj,n|25w3(f(28), | Jinl; Jin) < cla,s, N)n™® 1<j<n-—L1
In order to deal with J; ,, and J,,_; ,,, we use the fact that 2s < a < 2544, so that by Lemma
3, f € C*]—1,1] and,

wao(f,1) < elar, s, N)t2 5.
Again, we get by [5, Tables 16, 17 and 18] that
E(Fnn < clays, N)[Junlw0s(f9) [Tinl; Jin) < e(a, s, N)n™®,

and similarly for J,,_1,. We complete the proof as before.
Now, if 2s+2 < a < 2s+ 3 and N > s+ 3, then we write 2s +2 < a < s+ N +1=
2s+2+ N — s —1, and we conclude from Lemma 2, that f € C’gs” and,

wﬁfsfl,25+2(f(28+2)7t) < c(a,s, N)ta_Qs_Q-
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We may also write 2s +2 < a < 2N =25+ 2+ 2(N — s — 1), and apply Lemma 3 to obtain
that f € C*T'[—1,1] and

wy_s—1(fEY 1) < e(a, s, N)t2 =571,
Thus, we proceed as before. We leave the details to the reader. O

Finally, we summarize the “ + 7 cases in the following statement (thus proving the last
statement in Remark 3 in the introduction).

Theorem 3. In all cases where we have “+7, we may take N* = N.

Proof. We are going to apply the generalized Whitney inequality for comonotone poly-
nomial approximation (see [2, Corollary 3.1] and Pleshakov and Shatalina [14, Theorem
2]). The following Whitney inequality holds for comonotone polynomial approximation for
feC-1,1]nAN(Y,).

(6.14) B (£.Y0) < el r, s)w(f7, 1),

when either k=1and r >0,ork=2andr=s,orr > s+ 1and k > 1.

Thus assume that for the triple (o, s, N) satisfying (1.2), there exists N* = N*(a, s, N) for
which (1.3) is valid. Obviously, we may assume that N* > N for otherwise there is nothing
to prove.

First, assume N < [a/2]. Take r = N — 1 and observe that a > 2r. Let 2r < § <
min{2r + 2, a} and write k = 1 so that N = k + r. Then by (1.2),

n’E,(f) <1, n>k+r,
which, by virtue of Lemma 3, yields that f € C"[—1,1] and
wi(f,1) < ()12 = ¢(a).
Hence, we apply (6.14) and conclude that
(6.15) EQ(f,Y:) < cla 5).

In order to complete the proof in this case we have to prove that (1.3) is valid for N < n < N*.
Indeed, noting that N* = N*(a, s, N), we obtain by (6.15),

naEr(Ll)(f,Y;) < (N*)“E](\})(f,Y;) < (N*(a,8,N))%(av, s) =: ¢, s, N),

and the proof is complete.

Second, assume that [a/2] = s+ 1 and N = s+ 2. Then we take r = s and k = 2, so
that N = k+r and 2r = 2s < a < 2r + 2k. Since (1.2) is satisfied, it follows by Lemma 3
that f € C"[—1,1] and

wa(fM)1) < e(a, )19%7" = ¢(a, 5).
Hence, we again apply (6.14) and obtain (6.15). We complete the proof in this case as above.

Finally, if N > [a/2] > s + 2, then we take r = s+ 1 and £ = N —r. Once more
2r = 2s+2 < a < 2N = 2r + 2k, and (1.2) is satisfied. Hence, by virtue of Lemma 3,
feC[—1,1] and

wk(f(r)v 1) < C(a’ 85 N),
which, in turn, by virtue of (6.14), implies

EV(f,Y:) < cla, s, N).

The proof of this case now follows as above. This completes the proof of our theorem. [
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7. PROOF OF THEOREM 1

(i) First, it follows by Theorem 3 that in all “+ 7 cases, N* < N (see Remarks 2 and 3 in
the introduction).

(a) That one has “+ 7, in these a’s, for N < [a/2], follows from Theorem 2.

(b) This case follows from Proposition 6.

(c¢) That one has “+ 7 for a > 2s + 2 for all N > 2, follows from Propositions 4 and 6.
(i) Both cases are the conclusion of Section 5(1).
(iii) For o € A it follows from Section 5(5). For s > 2 and 2 < [a/2] < s we have @ for all
N > [a/2] 4+ 1, by virtue of Proposition 1. For s > 2 and [a/2] = s+ 1 we obtain & for
N > s+ 3 by combining Propositions 2 and 4, bearing in mind Remark 1. For [a/2] = 1,
it follows by Section 6(3) that we have @ for 2 < N < s+ 1. Finally, for s =1if 1 < o < 2,
see Section 6(1), and if 2 < o < 4, then we combine Propositions 2 through 5 to obtain &
for N > 4. This completes the proof. O
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