Convex polynomial approximation
in the uniform norm: conclusion *

K. Kopotun', D. Leviatan and I. A. Shevchuk®

Abstract

Estimating the degree of approximation in the uniform norm, of a convex
function on a finite interval, by convex algebraic polynomials, has received wide
attention over the last twenty years. However, while much progress has been made
especially in recent years by, among others, the authors of this article, separately
and jointly, there have been left some interesting open questions. In this paper
we give final answers to all those open problems. We are able to say, for each
rth differentiable convex function, whether or not its degree of convex polynomial
approximation in the uniform norm may be estimated by a Jackson-type estimate
involving the weighted Ditzian-Totik kth modulus of smoothness, and how the
constants in this estimate behave. It turns out that for some pairs (k,r) we have
such estimate with constants depending only on these parameters; for other pairs
the estimate is valid, but only with constants that depend on the function being
approximated; while there are pairs for which the Jackson-type estimate is, in
general, invalid.

1 Introduction

Let Cla, b] denote the space of continuous functions f on [a, b], equipped with the uniform
norm

1Mo = ma |f @)L

For I := [—1, 1], we omit the interval from this notation and write || - || := || - ||;. Also,
let IP,, be the space of all algebraic polynomials of degree < n — 1, and denote by

E(f)i= inf [If =pul.

*AMS classification: 41A10, 41A25, 41A29. Keywords and phrases: Convex approximation by
polynomials, Degree of approximation.

"Department of Mathematics, University of Manitoba, Winnipeg, Manitoba, R3T 2N2, Canada
(kopotunk@cc.umanitoba.ca). Supported by NSERC of Canada.

¥School of Mathematical Sciences, Raymond and Beverley Sackler Faculty of Exact Sciences, Tel
Aviv University, Tel Aviv 69978, Israel (leviatan@math.tau.ac.il).

$Faculty of Mechanics and Mathematics, National Taras Shevchenko University of Kyiv, 01033 Kyiv,
Ukraine (shevchuk@univ.kiev.ua). Part of this work was done while the third author was visiting
University of Manitoba in 2002.



the degree of best uniform polynomial approximation of f.
Finally, we denote by A2, the set of convex functions on I, and let

@ () = _
E(f) = Lt 1f = pall

denote the degree of best uniform convex polynomial approximation of f € A?2NC[-1, 1].

Throughout this paper we will have parameters k, I, m, r all of which will denote
nonnegative integers, with k£ +r > 0.

With p(z) := V1 — 22, we denote by B", r > 1, the space of all functions f € C[—1, 1]
with locally absolutely continuous (r —1)st derivative in (—1, 1) such that ng’“ ) H < 00,
where for g € L>°[—1, 1], we denote

gl := ess sup, ey 1ylg(2)]

We use the same notation for the L., norm on I, as there can be no confusion.

The following estimates of the degree of convex polynomial approximation of func-
tions f € B"NA? were proved by Leviatan [13] (r = 1 and 2) and by Kopotun [5] (r = 3
and r > 5):

(11) () < 4

" n

le" FOU n>

Moreover, Kopotun [5] showed that, in general, (1.1) is invalid for » = 4. Namely,
for every A > 0 and n > 1, there exists a function f = f, 4 € B* N A?, for which

EZ(f) > Alle*f?.

Nevertheless, Leviatan and Shevchuk [12] have recently proved that, for f € B* N A?,

c 1
B < 5 (7l + 1) nz1,

with an absolute constant ¢, which implies (1.1) for n > N(f) instead of n > r.

In fact, Leviatan [13] and Kopotun [7] have obtained estimates refining those in (1.1)
and involving, respectively, the Ditzian-Totik (D-T) moduli [2], and the weighted D-T
moduli of smoothness (see [15]), defined later in this section. In particular, the following
result follows from [13], [6], [7], [5], [9], [12], and this paper (the case o = 4).

Theorem 1.1 For f € A% and any o > 0, we have
E.(f)=0 (n’a) , n—oo <= EYf)=0 (n’a) , N — oo.
Let
0s(z) =/ (1 — 2 —0p(x)/2) (1 +x — dp(x)/2) = \/(1 —0p(2)/2)% — 2.
The weighted D-T modulus of smoothness of a function f € C(—1,1), is defined by

wlf,'r(f7 t) ‘= sup ng};h()AZgo()(fa )H )

0<h<t




where

2
=0

0, otherwise,

- k —i ) .
Aj(f @) = Z() (=" f(w = kh/2+ih), if |v+kh/2] <1,

is the kth symmetric difference.
If r=0and f € C[-1,1], then

WE(f,) == wio(f,t) = sup AL, (f, )]
0<h<t

is the (usual) D-T modulus. Also, if ¢(-) in the above definition is replaced by 1, then
we get the ordinary kth modulus of smoothness:

wi(f,t) == sup [|AL(f, )]

0<h<t

Since ps(z) < p(r) < 1, it is clear from the above definitions that, if f € C[—1,1],
then

(1'2) wlf,r(ﬁt) Swlf(ﬁt) ka(f?ﬂ'
Also, for f € C(—1,1) and k > 1, we have

(13) w/f+l,r(f7 t) S Cwlf,r(f7 t)
and

(1.4) wi, (f, 1) <cle"fl -

Here and in the sequel, we write ¢ for a constant which may depend only on £ and r.
Moreover, it immediately follows from the definition that, for any [a,b] C (—1,1),

(1.5) wi(f, 1, [a,0]) < Cwf (f,1),

where C' depends on k, r, and dist{[a,b], £1} > 0, and wi(f,t, [a,b]) is the kth usual
modulus of smoothness on [a, b], i.e.,

wi(fot,[a,0]) == sup [|AF(f, ) |ljarn/2,o—khs2) -
0<h<t

The modulus wlfﬂ, has many of the properties of the usual and D-T moduli of smooth-
ness. In particular, for any £ € N, r > 0, and f € C(—1,1),

w,f’r(f, At) <c(A+ 1)kwf7r(f, t)y, A>0.

This, in turn, implies that if a function f is not a polynomial of degree < k — 1, then,
for some C' = C(f) > 0,

(1.6) Wi, (fit) > Cth, forall 0<t<1.

For arbitrary f € C(—1,1), the function w/ (f,*) may be unbounded. However, it
was shown in [10,15] that a necessary and sufficient condition for wf .(f,#) to be bounded
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for all t > 0 is that ¢" f € L>°(—1,1). Moreover, if r > 1, then w,f’r(f, t) — 0,ast — 0, if

and only if lim, .41 ¢"(z) f(z) = 0. Therefore, we denote (C?D = C[-1,1] and, for r > 1,
(1.7) C,:={feC(-L,)NC[-1,1] | lim o' (x)f)(x) = 0}.

Clearly C7, C B". If f € B", then f € (Cio for all 0 <[ < r, and

(18) Ww,l’l(f(l),t) < Ctr—l ||(prf(r)

T

) t>0.

Note that for f € C, and any 0 <1 <r and k > 1, the following inequalities hold (see

[15]).

(1.9) Wl (fOS8) < et Wl (F, 1), >0,

in particular, if [ = 0, then

(1.10) Wi (fit) < ct"wf (fT1),  t>0.
Finally, for 0 <1 < r/2,
T T l
(1.11) C, cB" c C'[-1,1],
and
(1.12) Wi (fO ) et Wl (.1, t>0, 0<I<r/2

In this paper, we are interested in determining for which values of parameters k£ and
r, the statement

if feA? N Cy, then

(113)  EQ() < Cwg (70 /m), nz N,

where C = const > 0 and N = const > 0,

is valid, and for which it is invalid. Here and later in this paper, for clarity of exposition,
we denote wy,(f,t) ;= [|¢" f||. Hence, in the case k = 0, (1.13) becomes:

C T T
EO(f) < I fOll, a2,

for f € A2NB", which is the inequality (1.1).

It turns out that the validity of the above statement depends not only on our choice
of k and r but also on whether or not we allow constants appearing in (1.13) to depend
on the function f.

For reader’s convenience we describe our results using an array in Fig. 1 below.
There, the symbols “—”, “©”, and “+”, have the following meaning.



e The symbol “~” in the position (k,r) means that there is a function f € A2NC",,
y @

such that

e WE, (0, 1/m)
In other words, the estimate (1.13) is invalid even if we allow constants C' and N
to depend on the function f.

= OQ.

e The symbol “+” in the position (k,r) means that (1.13) (or (1.1) if £ = 0) is valid
with C' depending only on k and r, and N =k + r.

e The symbol “©” in the position (k,r) means that (1.13) is valid with C' depending
only on k and r, and N depending on the function f; and there are no constants
C and N independent of f, such that (1.13) holds for every function f € A*NC,.

+
4
T

HoN W A Ol O

FI1G. 1. CONVEX APPROXIMATION: VALIDITY OF E(?)(f) < Cn~"wf, (f,1/n), n> N

These results are obtained in (or can be derived from) the following papers.



Positive results: “+” in position (k,r)

1986 | (2,0), hence, {(k,r) | k+r <2} Leviatan [13]
1994 | (3,0), hence, {(k,r) | k+r < 3} Kopotun [6] (see also Hu, Leviatan
and Yu [4])
1992 | {(0,7) | r > 5} Kopotun [5]
1995 | {(k,r) |r >5,k> 1} Kopotun [7]
Positive results: “©” in position (k,r)
2003 | (4,0), hence, {(k,r) | k+r =4} Leviatan and Shevchuk [12]
— 1 (3,2), hence (2,3) and (1,4) This paper (see Corollary 2.2)
Negative results: “+” CANNOT be in position (k,r)
1981 | (4,0), hence, {(k,0) | kK > 4} Shvedov [16]
1991 | (3,1), hence, {(k,r) |4 —k <r <1} | Mania (see [15])
1992 | (0,4), hence, {(k,r) |4 —k <r <4} | Kopotun [5]
Negative results: “©” CANNOT be in position (k,r)
1992 | (5,0), hence, {(k,0) | k > 5} Wu and Zhou [17]
2002 | (4,1), hence, {(k,r) |5 —k <r <1} | Nissim and Yushchenko [14]
— | (2,4), hence, {(k,7) | 6 — k <r <4} | This paper (see Corollary 2.4)

The structure of our paper is as follows. In Section 2 we state our main results
and after collecting some auxiliary results in Section 3, we prove the positive results
in Section 4, and the negative results in Sections 5. Section 6 is an appendix which is
devoted to a short proof of auxiliary inequalities involving Chebyshev polynomials.

2 Main Results

Theorem 2.1 If f € C2 NA?, then

(2.1) Ey(f)(f) <c (n_g W:fg(f”, 1/n) + ”_6||f”||[—1/2,1/2]) , n=>N,
where ¢ and N are absolute constants.

Hence,

(2.2) EP(f) < en W8, (f",1/n), n>N(f).

By virtue of (1.9), an immediate consequence is

Corollary 2.2 Let2<r <4, 1<k<5-r. IffcC] N A2, then
(2:3) EQ(f) < —wf,(f7,1/n), n>N(f).
n'f’ ’

On the other hand, we have the following negative result.

Theorem 2.3 There is a function f € C, N A?, such that

n*ES(f)
2.4 li R A —
(24) M e )

Corollary 2.4 Let 0 < r < 4 and k > 6 —r. Then there is a function f € Cfo N A2,

such that @
n" By (f)

lim sup —;

- — OQ.
e W (F, 1/n)



3 Auxiliary Results

The following notion of the length of an interval J := [a,b] C I, relative to its position
in 7, was introduced in [10]:

/]
J) = ——,
/J/ S0(a+b)

2
where |J| := b — a is the length of J. The following was proved in [10] (see inequalities

(2.20)-(2.22) there):
(3.1) If J; CJ, then /J1/ < /J/.
(32)  wilf [, J) Swi(f, /1 T))-
1
33) 1) € s el (1)), where w(et) = TF -,
Let z; := cos(jm/n), 0 < j < n, be the Chebyshev knots, and denote [; := [z, x;_1],

1 <j <n. Then, |[;| ~ @ + =5 (see (5.6) for exact constants in this equivalence) and
(see [10, ineq. (3.1)])

?

S

</I;/ <

313

forall 1 <j <n.
Also, for 1 < j < n we have

1| < cw(wj, zj-n)n

Therefore, for 1 < j <nand 0 <1 <,

(3.4) ' wir o (FO | ) 1) < el wi(F), 151, 1)
451" - -
<ce—— ¢ O L) < enTTw? f(r),n 1.
— wr(xjawj—l) k,r (f / ]/) — k,r( )

In the cases j = 1 and j = n, we cannot use the same sequence of estimates since
w(xj,z;—1) = 0. However, we have

wp(f,1?) < 2wP(f,t), t>0, k>1,

([10, (2.25)] or [2, Corollary 3.1.3]). Hence, since |I1|, |I,| ~ n~2, we conclude by (1.12)
that, for all 0 <[ < r/2 and j =1 or n,

(3'5) |[j|lwk+r—l(f(l)v |Ij” Ij) < cn_Qlwlerrfl(f(l% 1/”) < Cn_rwlf,r (f(r)7 1/n) :

Let L,,—1(g; 20, 215 - - -, Z2m—1) denote the polynomial of degree < m — 1 which interpo-
lates a function g at the points zo, 21, ..., 2m—1. We remind the reader that [z, ..., zy; ¢]
stands for the m-th divided difference of a function g at the knots zy, ..., z,, defined by

9(zm) — Limn—1(9; 20, 21, - - - Zm-1)(Zm)
(zm— 20)(Zm — 21) -+ - (2 — 2m-1)

(3.6) (20,215« -+ Zm; 9] 1=

7



The following Newton formula for interpolating polynomials is well known:

m—1
(3.7) Lin-1(g; 20, 22, -« -, 2m—1)(2) = Z(l' —20) (= zi-1)[20,- -+, 215 9] -
i=0
Also, assuming that zg, z1, ..., 2z, form either a non-increasing or a non-decreasing se-

quence such that ming<;<m,—1 |2it1 — 2i| ~ Maxo<i<m-1 |2i+1 — 2i|, and using Whitney’s
inequality we have the following estimate:

(3.8)|[20, 21, - - -, 2m3 9| < Clzm — 20| " wim (9, |2m — 20|, [min{ 2o, 2, }, max{zo, zm }]) ,
where C depends on m and the ratio minogigm_l |Zi+1 — Zi|/maX0§i§m_1 |Zi+1 — Zi|-
Lemma 3.1 Let f € C, n > k+ 1, and let a polynomial pii, of degree < k +
r — 1 be such that p,(gr(:cl) = fOxy) for all i = 0,1,...,r — 1, and p,(QT(a:) =
L1 (f7) 21,20, ..., 2)(x). Then,

C T
(39) ||f - pk—i—r”h < ;W]f,r(f( )7 1/”) :
We remark that a similar estimate holds for the interval I,, and a polynomial pj.,
which is analogously defined on I,,.

Proof. First, we denote L;_; := Ly_1(f");21,25,...,2;) and note that it follows by
Whitney’s theorem and (3.3), that for any 5 € [z1,1) and the interval J := [zy, 5] we
have

1Lt — fOUs < cwn(F7, 1))

< G gk U I S g ek )
and, in particular,
(3.10) Lk (8) = FOB)] < ————wf (f,1/n).

(L= By
Now, since for any g € C"[a,b] and z € [a, D],

r—1 (4) a ' T
= g ( ) (T_ll)'/ (Jf—u)r—lg(r)(u)dﬂm

using (3.10), we conclude that, for any z; < x < 1, the following holds:

@) =per@l = g | [ = (7000 =2 )

< c/x(x — )"t !f(T)(u) — Ly (u)] du
' e _ r—1
1
< cw,ﬁr(f(’”), 1/n) / (1— u)’”/Q_l du
< ol —a1) P, (f7,1/n)
< cn_rwlfﬂ,(f(r), 1/n).
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Note that since f — pg, is continuous, the above inequality is also valid for z = 1. The
proof of the lemma is now complete. O

Lemma 3.2 Let o, 3 € R be such that a + 3 > 1, and let 1 <v < |5]. Then,

5] 20+

l3]
—o, — « c—Oo— n
(3'11) Z ‘IZ‘ ' ﬁ(xl) ~n’ +ﬁZZ ’ = Cya—l-ﬁ—l ’

1=V

where C' and the constants in the equivalence relation depend only on « and (3, and are
independent of v and n.

Furthermore,
n—1

(3.12) Z |1 %P (2;) < Cn2eth

i=1

Proof. Taking into account that, for any 1 <i <[],

() . i
Ii ~ d i) = 1 — Ty = ~ =,
| I;]| —an o(x;) =1/1 — a7 = sin(in/n) -

12 2] 12 pats

—Q — 6% —— o —— n
DO )~ Y omte P Y i < O

1=V

we have

Inequality (3.12) immediately follows from (3.11) with v = 1 taking into account that
p(i) = @(xn-i) and | L] = [Lipa| ~ |1i]. m

Lemma 3.3 Let k> 2, re N, 1 <m < k—1,n2>3m, and let j € N be such that

[Zj4m, x;] C [=1/2,1/2] (which is equivalent to n/3 < j < 2n/3 —m). Then, for any
feC(=L1),
(3.13) g, @ge1, s Ty I < € (nPwf (F,1/0) + 1 Fllimap2a/21)

where ¢ depends only on k and r.

Note that Lemma 3.3 is valid if m = 0 and m = k as well. However, since (3.13)
becomes quite weak in these cases, they are excluded from the statement.

Proof. First, recall the Marchaud inequality for a function f € Cla,b] and 1 < m < k:

b= oe(f, s, [a, b)) ds
onfitfatl) < cend [T LB IE L gy, |




Now, taking [a,b] = [—1/2,1/2] in the above estimate, using (3.8), and taking into
account that |z; — z;4m| ~ 1/n for all j such that x; € [-1/2,1/2], we have

2, @iy i Il <0 ey = Tjpm) ™" (fo 25 = Ty [Tj4m, 75])
< enwn(f,1/n,[—1/2,1/2])
1
Wk(f7 S, [_1/27 1/2]) ds
< c/ T +ell flla/a/2
1/n
1
wkf7sa —1 2712 —1-m
_ [ AR gy g
1/n
1
< enfuwp(f,1/n,[—1/2,1/2]) / s ds + || flli-1/2.72
1/n
< cnkwk(f, 1/n, [—1/27 1/2]) + CHfH[71/2,1/2}
< enfwf (f,1/n) + el flli—1j2,1/2
where the last inequality follows from (1.5). o

The following lemma generalizes Lemma 3.3 to the cases when x; can be close to the
endpoints of [—1,1]. Note that the condition r > k — 2m in its statement is essential.
In fact, this is the main reason why (2.2) is no longer valid with w,f,z, k > 4, instead of

©
W372.

Lemma 3.4 Let k > 2, n > max{3k,6}, 1 <m < k—1, and let r € Ny, r > k — 2m.
Then, for f € C(—1,1) and for every 1 <j<n—m—1,

(314) |[$j,xj+1,...,$j+m;f]|

r+2m—~k
n
< O e (f1 . |
= (min{j,n—j}> wk,r(f7 /) +cll flli=1/2,/2

Proof. It is sufficient to prove this lemma for 1 < j < L%j, the other case being
symmetric. For convenience, everywhere in the proof below, we write [xj,...,x;4,]
instead of [z;,...,2;4,; f], and w instead of wf (f,1/n). Also, recall that, for all 1 <
i < 2], o(x;) ~i/n and || ~i/n?.

Now, for all 1 < j <n — k — 1, the inequalities (3.8) and (3.3) imply

o | o (f, 25 — s (2548, 75])
AL w " (@, 1)l ([ [Tk 5] /)

ol R (z)w

(@), Tjgrs - - g

IAIA A

Therefore, if 1 < j < min {n —k—1,1%] }, then

Hxx | _ i 2 k+r
Jo ]+1a"'7$]+/€]|—cn ] w,
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which is stronger than (3.14) for m = k. We now use induction in m (the case m =k
being its base). Suppose that & and r are fixed, that m is such that 1 <m <k —1 and
m > (k —r)/2, and that (3.14) is valid with m replaced by m + 1. We will now show
that it has to be valid for m as well which will complete the proof of the lemma.

Let 1 < p < [5] be an index such that [,,4m,z,] C [-1/2,1/2]. Lemma 3.3 implies
that

[ s gl | < € ("W + ([ fllc1/2,/2) -
Also,
—[zj, i1, Tjm] = ([Tp o Tpm] — [y Tjm]) — [T, - Tt
pn—1
= Z(%erﬂ = Z)[Ti, Tigt, - Tipmaa] = [T - Ty

i=j

Therefore,
1]

[z, Tjs1s -, Tjm]| < CZ L] [, Tigrs - - s Tipman]| + cenw + cll fll=1/2,1/2 »

i=j

and using our induction hypothesis we have

Hmhxj-i-lv s >a7j+m]|

L3]
n
< N ot (e
- Ci:j’ \(n (min{z’,n—i}

+en*w + o[ fll 212,12

l3]
enfw Z |1 <;> +en®w + || flli-12.1/2
i=j

r+2(m+1)—k
) Wt 1z

IN

L L3 nr+2mfk L
cnow m +cntw +- CHf||[—1/271/2]
1=j

n r+2m—~k
< onbw (;) el flcryzaga

IA

and the proof is now complete. 0

We need the following special case of Lemma 3.4 for j =1, k=3, r=2,and m =1
or 2.

Corollary 3.5 Letn>9, m=1orm=2, and f € C(—1,1). Then,

(3.15) [z, 2, . Tog1s fl] < en® 2wl (f, 1/n) + cll fll=1/2.1/2 -
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4 Proofs of positive results

Let X, be the collection of all continuous piecewise polynomials of degree £ —1, on the
Chebyshev partition {z;}7_, = {cos(jm/n)};_,.
The following lemma is a corollary of (more general) Theorem 3 in [11].

Lemma 4.1 For every k € N there are constants ¢ = c(k) and ¢, = c.(k), such that if
n €N and S € X, N A2, then there is a polynomial P, € A? of degree < c,n, satisfying

(4.1) IS = Poll < cwf(S,1/m).

Hence, in order to obtain direct estimates for polynomial approximation, we only
need to construct suitable piecewise polynomials S € ¥y, N A2

In order to construct such piecewise polynomials, we use the following result which
was proved in [12] (see Corollary 2.4 there).

Lemma 4.2 Let k € N, and let f € C*[a,a + h], h > 0, be convex. Then there exists
a convex polynomial P of degree < k + 1 satisfying P(a) = f(a), P(a + h) = f(a+ h),
P'(a) > f'(a), and P'(a+ h) < f'(a+ h), and such that

1f = Pllisass < c(k)i%(f" . [a,a+ h)).

Lemma 4.3 If f € (C?D N A2, then for n > 9, there is a continuous piecewise quartic
polynomial s, € X5, N A?, such that

(4.2) I = snl

c
[$7L71,.'L‘1] S ﬁ w-ﬁ;?(fﬁj 1/”)
and, for 7 =1 and 7 =n,

(4.3) 1f = sallr, < en 2w, (f", 1/n) + en”°| f" ] 21/2.1/2) -

Proof. First, we apply Lemma 4.2 on each interval I;, j =2,...,n—1 (i.e., set a :== z;
and h := |[;| = z;_1 — x;), with & = 3, and define s,, |;:= P.
On the intervals I; and I,,, we define s,, as follows

sO(xy+) = fO(z)), i=0,1, and s'(x)=f"(x1), z€l,

n

and
s zp1—) = fD(2,y), i=0,1, and s"(z) = f"(2p_1), z€I,.

n

Then, s, is a continuous piecewise quartic polynomial on [—1,1] which is convex
(since s, is non-decreasing for all = € [—1, 1]) and such that, for every j =2,...,n — 1,

1f = sullz, < el Pws(F", 1151, 4;)
Now, we use the estimate (3.4) with [ =7 = 2 and k = 3 to conclude
c
(4.4 17 = sully, < Geba(s” 1/m)

12



for j = 2,...,n — 1. Hence, (4.2) is proved, and it remains to estimate || f — s,||;, and
|f — snllz,- We only estimate the former since the latter can be dealt with analogously.
First, Lemma 3.1 with £ = 3 and r = 2 implies that

c !
(1.5) I1F =l < S5 wha(s" 1/m)

where the polynomial /; of degree < 4 is such that l&i) (z1) = f@(21),7=0,1, and

H(x) = Lo(f" 21,22, 25)(x)
= ["(@1) + (2 = z)[wr, 225 [ + (2 — 20) (@ — w2) [0, 22, 255 7]

Now, using Corollary 3.5, we have for every z € I,
i (z) = sp(2)| = [l{(z) = f"(z1)|
= |(@— @)z, 22 '] + (2 — 21)(2 — 22) [w1, 2, 233 f]]
n=2 [y, wo; £+ 07 [, o, w3 f]
cen™? (nt wf, (", 1/n) + 11" | i=12.1/2)
+en™t (n® wiy(f7, 1/n) + 1 li-1/2,1/21)
en?wfo(f",1/n) + en”? | f -1z

VARVAN

IN

and, therefore,

/ (o —w) () — 5 (2)) du

x1
< en 4 - sl
< e Wy (11 /m) + en ]l 1y

() = sn ()]

Combining this with (4.5) and using the triangle inequality we get (4.3). O

Proof of Theorem 2.1. By virtue of Lemma 4.1, the inequality
1f = sall < en 2w, (", 1/n) + en™° | -1/2.072
which follows from Lemma 4.3, and the estimate
W (sn1/n) < el f = sull + cwf (f,1/n) < ellf = sull + en w5 (", 1/n)

(see (1.10)), we conclude that there exists a polynomial P, € A? of degree < cn such
that

If = Bl 1f = sull + [lsn = Bull

<
< |If = sull + cwg (sn, 1/n)
< cn? w}iQ(f", 1/n) + cn76||f”||[_1/2,1/2] .

This completes the proof of the estimate (2.1).
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In order to prove (2.2) note that (1.6) implies that
n’wi,(f",1/n) > C(f), forall neN.
Hence, for n > || f"||i=1/2,1/2/C(f) =: N(f),

1
ﬁ”f”H[_l/Q’l/Q] <C(f) <nPwiy(f",1/n).

Therefore,
If = Pull < en™wis(f",1/n), n>N(f),

which completes the proof of the theorem. 0

5 Proofs of negative results

In order to prove Theorem 2.3, let b € (0,1) and, for x € [—1, 1], set

b
n—
1+2+b

T

and  Gy(z) ::/ (x —u)gp(u) du.

-1

gp(z) =1

Clearly, Gy is in C*[—1, 1] (note also that G} is concave on [—1, 1]).
First, we prove

Lemma 5.1 The following estimates hold:

(5.1) wiy(Gy ) < e
and ) 502
e
. - < .
(5.2) blnb]gb(x)]_(l—l—x)lnl_i_x

Proof. First, taking into account that Gl(f) =gy(x) = (14 x4+ b)~% we have
4
wia(GyY 1) = wEa(gi. 1) < clle'll <.
To prove (5.2) we have to check the inequality

1, 1+x2+0 3e?
bln-In——— < (1 | )
nbn 2 <( +x)n1+$

Indeed, this inequality holds for x = —1. At the same time, for the derivatives of both
sides we have

d 1. 1+z+0b bln1/b 3e 3e d 3e?
<y _ <1 <m— = (14
d:c( T ) T+2+b6- "Tta+b6- "1tz do << +x)n1—|—x>’

which completes the proof. 0
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Denote by P the set of polynomials p,, of degree < n — 1, such that
pa(=1) 2 0.

Clearly, every polynomial p,, from P, N A? is also in P%.

In the proof of Lemma 5.3 below we need the following Dzyadyk type inequality (see
[15, Lemma 14.1 and (14.9)]) which is a generalization of the classical Dzyadyk inequality

[3].
Lemma 5.2 (Dzyadyk type inequality) Let m € Ny, n € N, and y be any point in
[—1,1]. Then, for any v € Ny, and any polynomial P, of degree <mn — 1,

Pn()

|+ pu(y)]™

Y

(5.3) IPY(y)| < C(m,v)p" " (y) H |- —y

where p,(z) := —‘1;”2 + 5.
Since the references [3] and [15] may not be readily accessible, for the sake of com-
pleteness, we give a short proof of Lemma 5.2 here.

Proof. Everywhere in this proof, C' denotes constants that may depend only on m

and v. Now, we recall that x; = cos(jn/n), 0 < j < n, I; = [zj,x;1], and let
Z; 1= cos (j — %) I 1 < j < n, be the zeros of the Chebyshev polynomial T,,(z) =

n
cos(n arccos z) of degree n.

For any 1 < j <mnand z € I,

4 5 -
(5.4) §|5L"—Ij| < |Ta(2)||1;] < 4|z — 741,
(5.5) || < 4min {|z; 1 — 3], ||z; — ]},
and
7T2
(5.6) pn(z) < |I;] < gpn(l’)-

We note that all constants in (5.4)-(5.6) are exact. Estimates (5.5)-(5.6) are simple
trigonometric inequalities and so we omit their proofs. Inequalities (5.4) can also be
verified using standard Calculus techniques, and are certainly known (perhaps not with
the exact constant). For reader’s convenience, we give a short proof in the last section
“Appendix”.

The right inequality in (5.4), (5.5), and the observation ||7,,|| = 1 imply that, for any
re[-1,1]and 1 <j<mn,

(5.7) [ Ta(@)[ (1] + [ = 25]) <5z =2y

Now, let y € [—1, 1] be fixed and denote by u the index such that y € I,,, 1 < pp < n.
Without loss of generality, we assume that y # 7, and

[

15
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Hence, we need to show that, for every v € Ny,

(5.8) P (y)| < Cpi(y) .
Now, @)
o y—2, Tz

W= TR T

is a polynomial of degree n — 1 such that ¢,(y) = 1, and inequalities (5.4) and (5.7)
imply

T (x)

T —Zy

3][#| 5 15 ‘Iu’
4 |$_5ju|+|[u| 4 |x_57u|+|[u|

- [53]

for all z € [—1,1]. Using (5.6) we get

|z =yl + puly) < |z — 2, i % — vl 11< 7T_2|x_3~7u| +7T_2+1
Pn(y) Pn(Y) Pn(Y) 2 |
< 6. |x_3~7u’+’[u|
- | 2,]
and, therefore,
23pn(y
aula)] < W el

|z —y[ + pu(y)

Hence, Q,(x) := (gn(x))™ is a polynomial of degree m(n — 1), and the following inequal-
ities are satisfied:

Pn()

ErAO

IP.Qull < 23752 (1) H —

and

1Qnl < C-

We now use the well known Markov-Bernstein inequality

Lo o1 < Clpal

which is satisfied for every polynomial p,, of degree < n — 1, to conclude that

[Pa(1)Qu (W) < Cp ¥ i1y (W) < Cpi¥ (y)

and
QY W) < Cplly 1y (v) < Oy (y)

for v € Nyg. We will now use strong induction in v to prove (5.8). If v = 0, (5.8) is
obvious. Suppose now that (5.8) is proved for all 0 < [ <y — 1. Using Leibniz Identity

for derivatives
14

@@l =3 () 10w )

=0
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the fact that @, (y) = 1, and the induction hypothesis we have
v—1
14 14 14 v | 2
PO = IR0 <RI+ X () )IrCwlek- )
1=0

< cot)+ 03 (}) W) = Cr),

and so (5.8) is verified for [ = v as well. This completes the proof of the lemma. O

Lemma 5.3 For each b € (0,n™2), and every polynomial p, € P, we have

c 1 1
|Gy — pnl| > ﬁln% o

Proof. Put
gi(x) = —In(n*(1+z+b), (z):=g(z)— gi(x) =Inn’b,

so that [(x) is a constant. Let

T

Gy(z) = /x(x —u)gy(u) du and L(z):= / (x —u)l(u) du = %(m +1)*Inn?b.

-1 -1

Then we have
Gy (x) + L(z) = Gp(z).

Also, for every p, € P,
(5.9) pl(—1) = L"(—1) > —I(—1) = In1/n?.
Straightforward computations yield
/ lgi(w)| du < ¢/n* +cen®*(1+2)°, —1<a<1,
—1

whence

|Gy (z)] < (x+ 1)/ g5 (w)] du < c(1 4 ) /n* + en®(1 +2)% <

1
Hence,
. 1
() = L) < o = Gol + 16 0)] < en® (1 = Goll + ) (1% + (14 )

We now apply (5.3) with y = —1, k =2, and m = 3:

pa(z) — L(z)
(x+1+n"2)3

1
< ent(lpn — Goll + ).

pn(=1) = L"(=1)| < en”?

17



This combined with (5.9), in turn completes the proof of the lemma. 0

We are now ready to prove Theorem 2.3 by constructing a counterexample.
Proof of Theorem 2.3. Let b, € (0,1/e), n > 2, be such that

b,In — = —,
nbn n?

and set 1
fulx) = cﬁGbn (x),

where ¢ < 1 (which is independent of n) is taken so small that (5.12) and (5.13) below
are fulfilled. We summarize the properties of f, as follows from Lemma 5.1. Namely,
for every n > 2,

£, € C®[~1,1]
(5.10) P < (14 2) 0
1+z
(5.11) fu(=1) = fi(=1) = f(=1) =0,
(5.12) I£P0 <1, §=0,1,2, and ¥ P <1, =34,
and
(5.13) Wi (fV,1/n) < n72

The definition of b,, yields

Inl <Ilnlnn?><Inlnl/y, =1 .
nlnn <lnlnn° <Ilnlnl/ anbn

Hence, by virtue of Lemma 5.3, there exists n; > 2 such that, for all n > n; and p,, € P},

Inlnn

for some suitable constant ¢, > 0, where we used the fact that g, := cn’p, € P.
Now, we put Dy := 1 and

D = DO’—I = i . e i
S - 1 B
where n, is defined by induction as follows. Suppose that nq,...,n,_1, ¢ > 1, have been

selected. We write

o—1
Fg,l(a:) = Z Djflfn]. (l’)
j=1
and select n, > n,_1 to be so large that the following inequalities are satisfied:

(5.15) max{o, |\, |} < Dy_yInInlnn, ,
(5.16) IFO || < Dy_1n, .

18



Note that (5.16) implies
(5.17) By -2(Fl ) < || Y

Now, let
D,(x) = 3 Diifo (@),
j=0

where the uniform convergence of the series as well as its four times term-by-term dif-
ferentiation for x € (—1,1), is justified by (5.12). In fact, since

Y

o 7—1

i i 1 ./ 1\ D,nS
(518)2 Djfl = D0,1 6 < Dofl <_> = o < 2DO‘*17
j=o j=o j=o N
the inequalities (5.12) imply that
(5.19) |®,]| < 2D,_1 and ||¢*®W| < 2D,_;.

Setting
fi(z) == ®1(x),
and using properties of the wy, modulus, we have by (5.13), (5.15) and (5.19):

o1 o1 1 a1
(5.20) W§4(fg )7 —) < w§4(F(£31, n_) + wg 4(Dy—1 éi)v n_) + w;4(q)£r~)kl7 n_)
L 6 Dy
< n—gHFaqH + e + ¢D,
Da—l o—1
< 5 (Inlnlnn, +¢) <2 5 Inlnlnn,
na' (o2

for sufficiently large o.
On the other hand, by virtue of (5.11) and (5.17) there exists a polynomial g, of
degree n, — 3, such that

tn, (—1) = F7_1(=1) = 0,

and
1F) = n, || < 2¢D,.
Hence, for
Qo) = [ (@~ w)a, () du
-1

we have

Q:;o'(_l) - qna(_l) = 07
and
(521) ||Fa—1 - QngH S 4CDU>

19



where we have used the relations

Fy (1) = F_(~1) = 0.

o—1

Now, if p,, € P , then
fl — Pn, = (Fcf—l - Qn(,) + Da—l(fn(, - Rng) + q)cr—‘,-lu

where we observe that R, = ﬁ(png — Qn,) € P; . Therefore, by virtue of (5.14),
(5.19) and (5.21),

(5:22) [fs = pu, I = Doallfug = Bl = [1Fo1 = Qu, || = [[Poal
> D(,_lc—:; Inlnn, — (4¢+2)D, = D,(ciInlnn, — (4c + 2))
n

(e

1
—D,c,Inlnn, ,
2

v

where the last inequality holds for all sufficiently large o.
The inequalities (5.10) and (5.18) imply that

3e?
i) <20 +2) =,
so that if we put
M) = 2(1 4 7) In %
2 1+

and

hmw—/ﬂx—w%www

-1
and if we denote
f(z) == f1(x) + f2(2)

then f is a convex function on [—1,1].
Note also that f, is twice continuously differentiable in [—1,1], and it is in B°. We
will show that there exists a polynomial Q,, € P,, such that Q”(—1) = 0 and

C
(5.23) If2 = Qull < -

It follows from [8, Theorem 1] that there exists a polynomial R,, such that

If2 = Rall < cw(f2,1/n)

and
Ifs — Ryll < cwi(f3,1/n).

Therefore, since (see (1.8))
W (F2,1/n) < en )| @®1Y|| < en”©
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and (see (1.9))
W (5, 1/n) < enwfo(f5”, 1/n) < en || < en”?,

we conclude that R, satisfies the inequalities ||fo — R,|| < en ¢ and ||fy — R!|| < en™2
In particular, since f5(—1) = 0, the estimate |R//(—1)| < ¢n~? holds.

Now, it follows from [5, Lemma 8] (or see [7, Lemma 14c]) that there exists a poly-
nomial M,, € P, such that ||M,| < cn™ and M/ (—1) > 2710,

We now define Q,, as follows:

Clearly, Q7(—1) =0, and

If2 = Qnll < [If2 = Rall + ‘ Mol < lIf2 = Rull + en 2| M| < en™®

M” -1

which proves (5.23).
Now, (1.8) implies that

1 .
4 — 6 _
5 (1. 2) <l < en,

and hence, using (5.20) and (5.15), we have

1 o 1 o 1
w;4(f(4)7n_) < w;4( g)vn_)_._wiél(fé)vn_)
2
< n_g (Dy_1Inlnlnn, + ¢)
D, _
< 3 3 1lnlnlnng,
n

g

for sufficiently large o.
On the other hand, (5.22) and (5.23) imply that, if P, € P} | then

If = Pl = [Ifr = (Pay — L, )l = [If2 = Qun, |l
C*Dg_l C*D
> Bl ne Inlnn, §>Z ne Lnlnn,

for sufficiently large o, where we used the fact that P,, —Q,, € P}, .
Thus, taking into account that EL(f) > inf, cp: || f — pnl|l we have

nﬁEg)(f) e Inlnn,
ws 4(f,1/ny) — 12 Inlnlnn,

— OO0 as o0 — &O.

This concludes the proof of Theorem 2.3. U
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6 Appendix

Lemma 6.1 Letn € N and 1 < j < n. Denote

T (x)

flﬁ—xj

tj(z) == L], v # &5, and (%) = T, (3)) |1,
where T,,(z) := cosnarccos z is the Chebyshev polynomial of degree n, and &; = cos(j —
1/2)T is the zero of T),, lying in I;. Then, for every x € I;, we have

(6.1) g < 1t(2)| < 4.

Moreover, the constants in (6.1) are exact and cannot be improved.

Proof. First, we observe that |t,_j;1(—2)| = |[t;(z)| and {—2 | 2 € [,_j11} = 1.
Hence, without loss of generality, one can assume that j < [(n+1)/2]. Note that t; is
a polynomial of degree n — 1 having exactly n — 1 real zeros Z;, 1 < i < n and i # j.
Therefore, by Rolle’s theorem, t; has exactly n — 2 distinct zeros. In particular, t; has
a unique zero in [Tj41,Z;-1] D I; if j > 2, and so |t;(x)| > min{|t;(x;)|, |t;(z;-1)|} for
x € I; and j > 1. Hence, for x € I;,

| 1] - || 4cos®(m/4n) 4

(@) = |t(;)] —z; T i —a1 4dcos?(nfan) —1 7 3’

Ly

which is the lower estimate in (6.1).

To prove the upper estimate, we use (i) sin(af) < asinf, for all « > 1 and 0 < 6 <
m/a, and (ii) |sinf| < |0], for all 6 € R.

Denoting 7 := arccosz (and hence x € [; implies that (j — 1)7/n < 7 < jn/n) and
7= (j —1/2)% we have, for z € I},

@) = |1 sinn(t — 7;)/2sinn(r + 75)/2 < n|z;]| < n|L|
] - J . . —_ . _ . . T

sin(t —7;)/2  sin(r + 75)/2 sin(7 +7;)/2 ~ sin((j — 1); +75)/2
2n sin 5~ sin(j —1/2)7 < j—1/2

sin(j — 3/4)= =T 3/

Therefore, if j # 1, then ||t;]|;, < 67/5 < 4.
Finally, if j = 1, since t; is positive and strictly increasing on [Zs, 1], we have
|11

0<t1($)§t1(1):ﬁ:40082 (%)<4, rzel.
- 41

The inequalities (6.1) are now verified. The constants in (6.1) are exact since t;(1) =

4cos? () — 4 and ty(z1) = 4cos? (£) /(4cos® () — 1) — 4/3 as n — o0. O
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