SOME ESTIMATES FOR CONVEX POLYNOMIAL APPROXIMATION IN L_p

Y. K. Hu^1, D. Leviatan and X. M. Yu

Abstract. We prove a direct theorem for convex polynomial Lp-approximation, 0 < p < 1, in terms of the classical modulus of smoothness ω3(f, t)p. This theorem may be regarded as an extension to Lp of the well-known pointwise estimates of the Timan type and their variants of R. DeVore, Y. K. Hu and D. Leviatan for convex approximation in Lp. It leads to a characterization of convex functions in Lipschitz classes (and more general Besov spaces) in terms of their approximation by algebraic polynomials.

1. Introduction

Let f ∈ L_p[−1, 1], 0 < p < ∞, and Π_n be the set of all algebraic polynomials of degree ≤ n. We are interested in approximating a convex function f in L_p by convex polynomials P_n ∈ Π_n and estimating the degree of approximation.

In 1981, Švedov [Š] proved that for a given convex f ∈ L_p[−1, 1], 0 < p ≤ ∞ and n ≥ 1, convex polynomials P_n ∈ Π_n exist, such that ‖f − P_n‖_p ≤ Cω_2(f, 1 n )_p , (1.1)

where C depends only on p and ω_2(f, ·)_p is the ordinary second order modulus of smoothness of f in the L_p (quasi-) norm. Švedov also showed that in (1.1), ω_2 cannot be replaced by ω_4 while keeping the constant C independent of f and n.

Several improvements of Švedov’s result have since been obtained in a series of papers by DeVore, Leviatan and Yu (see [DeL], [L], [LY] and [Y] ). The improvements have been in the direction of obtaining estimates that yield characterization of smoothness classes of convex functions in L_p by means of their degree of convex approximation, or (in C[−1, 1]) also by means of pointwise estimates. Namely, for a convex f ∈ L_p[−1, 1], 0 < p ≤ ∞ and n ≥ 1, convex polynomials P_n ∈ Π_n exist, such that ‖f − P_n‖_p ≤ Cω^φ_2 (f, 1 n )_p ,

1The first author was partially supported by the Faculty Research Committee of Georgia Southern University

1991 Mathematics Subject Classification. 41A10, 41A15, 41A29.

Key words and phrases. Degree of convex approximation, Constrained polynomial approximation in Lp.

where ω^φ_2 (f, ·)_p is the Ditzian-Totik [DiT] second modulus of smoothness of f in L_p. For a convex f ∈ C[−1, 1] and n ≥ 1, convex polynomials P_n ∈ Π_n exist, such that |f(x) − P_n(x)| ≤ Cω_2(f, ρ_n(x))_∞ , where C is an absolute constant and ρ_n(x) := n^{−2} + n^{−1} √ 1 − x^2, −1 ≤ x ≤ 1, n ≥ 1.

Over the years since Švedov’s result attempts have been made to close the gap between ω_2 and ω_4, namely, the possibility of estimating convex polynomial approximation in terms of ω_3. First, for p = ∞, Hu, Leviatan and Yu [HLY] verified that for a convex function f ∈ C[−1, 1] and n ≥ 2, convex polynomials P_n ∈ Π_n exist, such that ‖f − P_n‖_∞ ≤ Cω_3(f, 1 n )_∞ .

Then Kopotun [K1] has obtained stronger estimates by replacing the ordinary third modulus in the above inequality by the third Ditzian-Totik modulus of smoothness ω^φ_3 (f, ·)_∞. He has also obtained pointwise estimates involving the third modulus of smoothness, namely, for such a convex f ∈ C[−1, 1] and n ≥ 2, convex polynomials P_n ∈ Π_n exist, such that

|f(x) − P_n(x)| ≤ Cω_3(f, ρ_n(x))_∞ . (1.2)

Finally, the following result by DeVore, Hu and Leviatan [DeHL] shows that similar estimates in terms of ω^φ_3 (f, ·)_p are valid also for 0 < p < ∞, thus completely closing the gap left by Švedov.

Theorem A. Let f ∈ L_p[−1, 1], 0 < p < ∞, be convex. Then for each n ≥ 2, a convex polynomial P_n ∈ Π_n exists, such that ‖f − P_n‖_p ≤ Cω^φ_3 (f, 1 n )_p ,

where C is a constant which depends only on p when p → 0.

In this paper, we consider the case 0 < p < ∞, and establish a theorem that may be regarded as an extension of (1.2) to L_p.

We follow some ideas of Leviatan and Operstein [LO]. We use the usual notation for the (quasi-)norms of a sequence {a_k} of numbers and a sequence {g_k} of functions

‖a_k‖_{ℓp} := ( ∞∑ k=1 |a_k|^p)^{1/p}, ‖g_k‖_{ℓp (Lp )} := (_∞ ∑ k=1 ‖g_k‖^p_{Lp} )_{1/p} .

The following was proved in [LO].

Theorem B. For every function f ∈ L_p[−1, 1], 0 < p < ∞, a sequence of algebraic polynomials P_k ∈ Π_2k , which preserve monotonicity and convexity exists, such that ‖ ‖ ‖ f − P_k ω(ρ_2k ) ‖ ‖ ‖_{ℓp (Lp )} ≤ C ‖ ‖ ‖ ω_2(f, 2^{−k})_p ω(2^{−k}) ‖ ‖ ‖_{ℓp} , for every majorant ω : R_+ → R_+ satisfying

M^{−1}ω(t_2) ≤ ω(t_1) ≤ Mω(t_2), 0 < t_1 ≤ t_2 ≤ 2t_1 , (1.3)

for some M ≥ 1. The constant C = C(M) depends on M, and on p, if p → 0.

For nonconstrained approximation, this theorem was proved by E. Dyn’kin [Dy] for ω(t) = t^α, α > 0, and by Operstein [O-1] and [O-2] for a general ω. In this case the theorem is valid with ω_r(f, 2^{−k})_p for any r ≥ 1, replacing ω_2(f, 2^{−k})_p, and the theorem leads to characterization of some classes of functions which are described by smoothness conditions.

While Theorem B gives best estimates of this type for monotone approximation, in view of Theorem A, it is natural to expect that for convex approximation Theorem B would hold with ω_3(f, t)_p. Indeed, the main result of this paper is that such an estimate is valid, namely, we prove the following.

Theorem 1.1. For every convex function f ∈ L_p[−1, 1], 0 < p ≤ ∞, a sequence of convex polynomials P_k ∈ Π_2k exists, such that ‖ ‖ ‖ ‖ f − P_k ω(ρ_2k ) ‖ ‖ ‖ ‖_{ℓp (Lp )} ≤ C ‖ ‖ ‖ ‖ ω_3(f, 2^{−k})_p ω(2^{−k}) ‖ ‖ ‖ ‖_{ℓp} , (1.4)

for every majorant ω : R_+ → R_+ satisfying (1.3) for some M ≥ 1. The constant C = C(M, p) depends on M, and on p, if p → 0.

Note that if we take ω(·) = ω_3(f, ·)_∞, which evidently satisfies (1.3), then for p = ∞, (1.4) becomes (1.2) and we have nothing new. Thus, we concentrate in this paper on proving the case 0 < p < ∞.

Denote by

Lip^∗(α, p) := {f ∈ L_p[−1, 1] : ω_3(f, t)_p = O(t^α)}, 0 < α < 3, 0 < p < ∞ ,

the extension of the classical Lipschitz classes to the L_p metric. Then, from Theorem 1.1, we obtain the characterization of convex functions f ∈ Lip^∗(α, p).

Corollary 1.2. A convex function f is in Lip^∗(α, p), if and only if, a sequence of convex polynomials P_k ∈ Π_2k exists, such that ‖ ‖(f − P_k) min(1, t2^k)^γ ‖ ‖_{ℓp(Lp )} = O(t^α), for some α < γ < 3.

Also, let ψ : R_+ → R_+, be a nondecreasing function satisfying the condition ψ(ct) ≤ C_0c^sψ(t), ∀c ≥ 1, t > 0, and 0 < s = s(ψ) < ∞ . The generalized Besov spaces B^ψ_{pq}, 0 < p, q ≤ ∞, are defined by

B^ψ_{pq}[−1, 1] := {f ∈ L_p[−1, 1] :

∫_1 0 ( ω_r (f, t)_p ψ(t) )_q dt t < ∞}. In the special case that ψ(t) = t^s, 0 < s < ∞, the classes B^ψ_{pq} coincide with the classical Besov spaces B^s_{pq}. From Theorem 1.1, we have the following corollary.

Corollary 1.3. A convex f belongs to B^ψ_{pq}[−1, 1], 0 < s(ψ) < 3, if and only if, a sequence of convex polynomials P_k ∈ Π_2k exists, such that {‖ ‖ ‖ f − P_k ψ_i(ρ_2k ) ‖ ‖ ‖ ‖_p }_∞ i,k=0 ∈ ℓ_q(ℓ_p), where ψ_i(u) := ψ(u) ( 2^iu + (2^iu)^{−1} )_γ , s(ψ) < γ < 3. To prove Theorem 1.1, we shall follow the methods employed in [LO] and [DeHL]. In §2, we give several auxiliary results including the convex continuous piecewise quadratic approximation in L_p and polynomial approximation to truncated power functions. The proof of Theorem 1.1 then follows in §3. In the sequel as above the constant C is an absolute constant which depends only on the parameter that are specified and we take the liberty to use it to denote different constants on different occurrences even in the same line.

2. Auxiliary results

Let x_{n,j} := cos^{n−j}_n π, j = 0, 1, . . . , n, x_{n,j} := −1, j < 0 and x_{n,j} := 1, j > n, and set d_{n,j}(x) := 1 + |x − x_{n,j} | /|I_{n,j}|, where |I_{n,j}| = |x_{n,j} − x_{n,j−1}|, j = 1, 2, . . . , n. Then we have the following estimates for |I_{n,j} | and d_{n,j}(x).

Lemma 2.1. For n ≥ 1, |I_{n,j}| ∼ ρ_n(x), x ∈ I_{n,j}, (2.1) and |I_{n,j} | |I_{n,i}| ≤ Cd_{n,j}(x), x ∈ I_{n,i}, i, j = 1, . . . , n . (2.2) Proof. Relation(2.1) is self-evident. In order to prove (2.2) we note that the following inequalities were proved in [K2, (26)] (our notation is somewhat different). C_1d^{−2}_{n,j} (x)ρ_n(x) ≤ ρ_n(x_{n,j} ) ≤ C_2d_{n,j} (x)ρ_n(x). Now (2.2) follows by combining this with (2.1). �

Direct computations yield (see [LO]),

Lemma 2.2. Let β ≥ 2. Then there is a constant C = C(β) such that ∫_1 −1 d_{n,j} (x)^{−β} dx ≤ C|I_{n,j}|, j = 1, . . . , n, (2.3) and_n ∑ j=1 d^{−β}_{n,j} (x) ≤ C, x ∈ [−1, 1]. (2.4) Finally, we need the following result (see [LO, Lemma 2.3]) Lemma 2.3. Let B_l := {I_{n,j} : 2^{−l} < |I_{n,j}| ≤ 2^{−l+1}, j = 1, . . . , n, n = 2^k, k = 0, 1, . . . }, and let Ĩ_{n,j} ⊂ [−1, 1] be intervals such that Ĩ_{n,j} contains I_{n,j} with |Ĩ_{n,j}| ≤ A|I_{n,j} | for some absolute constant A. Then there exists an absolute constant K such that ∑ I_{n,j} ∈B_l χ_{Ĩn,j} (x) ≤ K, −1 ≤ x ≤ 1.

We also need some results of Kopotun on the approximation of truncated powers [K1], namely Lemma 2.4. For n ≥ 1, there exist polynomials σ_{n,j} , R_{n,j} and R̄_{n,j}, j = 1, . . . , n − 1, of degrees not exceeding^{25}_8 sn, satisfying |(x − x_{n,j})_+ − σ_{n,j} (x)| ≤ Cd_{n,j}(x)^{−s}|I_{n,j}|, x ∈ [−1, 1], (2.5) | |(x − x_{n,j} )^2_+ − R_{n,j}(x) | | ≤ Cd_{n,j}(x)^{−s}|I_{n,j} |^2, x ∈ [−1, 1] (2.6) and | |(x − x_{n,j} )^2_+ − R̄_{n,j}(x) | | ≤ Cd_{n,j}(x)^{−s}|I_{n,j} |^2, x ∈ [−1, 1], (2.7) where s ≥ 1 + log_2M + 2 max(1,^1_p ) with the M in (1.3). Moreover, if we denote χ_{n,j} := χ_{[xn,j ,1]}, then there is an integer L such that for all n ≥ 1 and j = 1, . . . , n − 1, (x_{n,j+1} − x_{n,j} )σ^{00}_{Ln,Lj} (x) − R^{00}_{Ln,Lj} (x) ≥ −2χ_{n,j} (x), x ∈ [−1, 1] (2.8) and (x_{n,j} − x_{n,j−1})σ^{00}_{Ln,Lj} (x) + R̄^{00}_{Ln,Lj} (x) ≥ 2χ_{n,j} (x), x ∈ [−1, 1]. (2.9) Our last lemma is a recent result on convex spline approximation due to DeVore, Hu and Leviatan [DeHL].

Lemma 2.5. Let f ∈ L_p[−1, 1], 0 < p < ∞, be convex. Then, there exists a continuous convex piecewise quadratic S_n(f) with knots at x_{n,j} , j = 0, 1, . . . , n, such that ‖f − S_n(f)‖_{Lp (In,j )} ≤ Cω_3(f, |Ĩ_{n,j} |, Ĩ_{n,j})_p, j = 1, . . . , n, (2.10) where each interval Ĩ_{n,j} contains I_{n,j} with |Ĩ_{n,j}| ≤ A|I_{n,j}| (where A is independent of f, n, j and p).

3. Proof of Theorem 1.1

Let f ∈ L_p[−1, 1], 0 < p < ∞, be convex. From Lemma 2.5, there exists a continuous convex piecewise quadratic S_n(f) with knots at x_{n,j} , j = 0, 1, . . . , n, which satisfies (2.10). Now (1.3) and (2.1) imply ω(ρ_n) ∼ ω(|I_{n,j}|) for x ∈ I_{n,j}. Hence, ‖ ‖ ‖ ‖ f − S_n(f) ω(ρ_n) ‖ ‖ ‖ ‖ p p = n∑ j=1 ‖ ‖ ‖ ‖ f − S_n(f) ω(ρ_n) ‖ ‖ ‖ ‖ p L_p (I_{n,j} ) ≤ C n∑ j=1 ‖f − S_n(f)‖^p_{Lp (In,j )} ω(|I_{n,j} |)^p ≤ C n∑ j=1 ω_3(f, |Ĩ_{n,j} |, Ĩ_{n,j})^p ω(|I_{n,j}|)^p .

(3.1)

Next we construct a sequence of convex polynomials P_n(f) which are close to S_n(f) in the sense of (3.1). The construction is originally due to Kopotun [K1] and was used for the L_p case and in the way we need it here, by DeVore, Hu and Leviatan [DeHL], §3.

First we classify the knots x_{n,j} according to four types depending on the second order divided differences of S_n(f), a_{n,j} := [x_{n,j−1}, x_{n,j} , x_{n,j+1}]S_n(f), j = 1, . . . , n − 1. We define x_{n,j} to be of type I, if a_{n,j+1} < a_{n,j} ≤ a_{n,j−1}. We define x_{n,j} to be of type II, if a_{n,j−1} < a_{n,j} ≤ a_{n,j+1}. If max{a_{n,j−1}, a_{n,j+1}} < a_{n,j} , we say that x_{n,j} is of type III and all other x^′_{n,j} s are of type IV. Let A_{n,0} := [x_{n,0}, x_{n,1}]S_n(f) − [x_{n,1}, x_{n,2}]S_n(f) + [x_{n,0}, x_{n,2}]S_n(f), A_{n,j} := a_{n,j} − a_{n,j+1}, j = 1, . . . , n − 2, and B_{n,j} := −A_{n,j−1}, j = 2, . . . , n − 1. Then the continuous convex piecewise quadratic S_n(f) obtained in Lemma 2.5 has the following representation on [−1, 1].

S_n(f)(x) =S_n(f)(−1) + A_{n,0}(x + 1) + a_{n,1}(x + 1)^2 + ∑ x_{n,j} ∈I∪III A_{n,j} ( (x_{n,j+1} − x_{n,j} )(x − x_{n,j} )_+ − (x − x_{n,j} )^2_+ )

+ ∑ x_{n,j} ∈II∪III B_{n,j} ( (x_{n,j} − x_{n,j−1})(x − x_{n,j} )_+ + (x − x_{n,j} )^2_+ ) , (3.2)

where by the definition of the various types it follows that A_{n,j} > 0 for x_{n,j} ∈ I ∪ III and B_{n,j} > 0 for x_{n,j} ∈ II ∪ III. Also, we have the following estimates for |A_{n,j} | and |B_{n,j}|, (see [DeHL], (3.12)). |A_{n,j} | , |B_{n,j}| ≤ C |I_{n,j}|^{−2− 1p} ω_3(f, |Ĩ_{n,j} |, Ĩ_{n,j})_p. (3.3)

By Lemma 2.4, the polynomials

P_n(f)(x) =S_n(f)(−1) + A_{n,0}(x + 1) + a_{n,1}(x + 1)^2 + ∑ x_{n,j} ∈I∪III A_{n,j} ((x_{n,j+1} − x_{n,j} )σ_{Ln,Lj} (x) − R_{Ln,Lj} (x)) + ∑ x_{n,j} ∈II∪III B_{n,j} ( (x_{n,j} − x_{n,j−1})σ_{Ln,Lj} (x) + R̄_{Ln,Lj} (x) ) , (3.4)

satisfy P_n(f)^{00} (x) ≥ S_n(f)^{00} (x) ≥ 0

for all x ∈ [−1, 1], x ≠ x_{n,j} , 1 ≤ j ≤ n − 1, so that they are convex in [−1, 1].

Denote

J^{(1)}_n (x) := ∑ x_{n,j} ∈I∪III A_{n,j} [(x_{n,j+1} − x_{n,j} ) ((x − x_{n,j} )_+ − σ_{Ln,Lj} (x)) − ( (x − x_{n,j} )^2_+ − R_{Ln,Lj} (x) )] , and J^{(2)}_n (x) := ∑ x_{n,j} ∈II∪III B_{n,j} [(x_{n,j} − x_{n,j−1}) ((x − x_{n,j} )_+ − σ_{Ln,Lj} (x)) + ( (x − x_{n,j} )^2_+ − R̄_{Ln,Lj}(x) )] . Then, it follows from (3.2) and (3.4) that

S_n(f)(x) − P_n(f)(x) = J^{(1)}_n (x) + J^{(2)}_n (x). (3.5)

Now, by (2.5)–(2.7) and (3.3), we have | |J^{(k)}_n (x) | | ≤ C n∑ j=1 |I_{n,j}|^{−2− 1p} ω_3(f, |Ĩ_{n,j} |, Ĩ_{n,j})_p|I_{n,j}|^2d^{−s}_{n,j}(x)

= C n∑ j=1 |I_{n,j}|^{− 1p} ω_3(f, |Ĩ_{n,j} |, Ĩ_{n,j})_pd^{−s}_{n,j} (x), k = 1, 2, (3.6)

where s > log_2M + 2 max(1,^1_p ). Observe that (1.3) and (2.2) imply that for x ∈ I_{n,i}, 1 ≤ i ≤ n, ω(|I_{n,j}|) ω(|I_{n,i}|) ≤ ( 1 + |I_{n,j}| |I_{n,i}| )_α

≤ C (1 + d_{n,j} (x))^α ≤ Cd^α_{n,j}(x), j = 1, . . . , n, (3.7) where α = log_2M with M given in (1.3). Then, by virtue of (2.3), (3.5), (3.6) and (3.7), we have ‖ ‖ ‖ S_n(f) − P_n(f) ω(ρ_n) ‖ ‖ ‖ p p = n∑ i=1 ‖ ‖ ‖ S_n(f) − P_n(f) ω(ρ_n) ‖ ‖ ‖ p L_p (I_{n,i}) ≤ C n∑ i=1 ‖S_n(f) − P_n(f)‖^p_{Lp (In,i)} ω(|I_{n,i}|)^p

≤ C n∑ i=1 ∫ I_{n,i} | | |J^{(1)}n (x) + J^{(2)}n (x) | | |^p ω(|I_{n,i}|)^p dx

≤ C n∑ i=1 ∫ I_{n,i} n∑ j=1 |I_{n,j} |^{− 1p} ω_3(f, |Ĩ_{n,j} |, Ĩ_{n,j})_pd^{−s}_{n,j} (x) ω(|I_{n,j} |) ω(|I_{n,j}|) ω(|I_{n,i}|) p dx

≤ C n∑ i=1 ∫ I_{n,i} n∑ j=1 |I_{n,j} |^{− 1p} ω_3(f, |Ĩ_{n,j} |, Ĩ_{n,j})_pd^{−s+α}_{n,j} (x) ω(|I_{n,j}|) p dx. (3.8) When 1 ≤ p < ∞, we apply Jensen’s inequality to the p-th power of the inner sum (the sum on j) on the right-hand side of (3.8). By (2.4), we obtain ‖ ‖ ‖ ‖ S_n(f) − P_n(f) ω(ρ_n) ‖ ‖ ‖ ‖ p p ≤ C n∑ i=1 ∫ I_{n,i} n∑ j=1 ( |I_{n,j}|^{− 1p} ω_3(f, |Ĩ_{n,j} |, Ĩ_{n,j})_p ω(|I_{n,j} |) )_p d^{−s+α} n,j (x)dx

≤ C n∑ j=1 |I_{n,j}|^{−1}ω_3(f, |Ĩ_{n,j}|, Ĩ_{n,j} )^p ω(|I_{n,j}|)^p ∫_1 −1 d^{−s+α} n,j (x)dx

≤ C n∑ j=1 ω_3(f, |Ĩ_{n,j} |, Ĩ_{n,j})^p ω(|I_{n,j} |)^p ,

(3.9)

where for the last inequality we used (2.3).

When 0 < p < 1, we have by virtue of the subadditivity of ‖·‖^p and (2.3), ‖ ‖ ‖ ‖ S_n(f) − P_n(f) ω(ρ_n) ‖ ‖ ‖ ‖ p p ≤ C n∑ i=1 n∑ j=1 ∫ I_{n,i} |I_{n,j} |^{−1}ω_3(f, |Ĩ_{n,j} |, Ĩ_{n,j})^p ω(|I_{n,j} |)^p d^{(−s+α)p} n,j (x)dx

≤ C n∑ j=1 |I_{n,j}|^{−1}ω_3(f, |Ĩ_{n,j}|, Ĩ_{n,j} )^p ω(|I_{n,j}|)^p ∫_1 −1 d^{(−s+α)p} n,j (x)dx

≤ C n∑ j=1 ω_3(f, |Ĩ_{n,j} |, Ĩ_{n,j})^p ω(|I_{n,j}|)^p .

(3.10)

Now, it follows from (3.1), (3.9) and (3.10) that ‖ ‖ ‖ ‖ f − P_n(f) ω(ρ_n) ‖ ‖ ‖ ‖ p p ≤ C n∑ j=1 ω_3(f, |Ĩ_{n,j} |, Ĩ_{n,j})^p ω(|I_{n,j}|)^p .

Finally, by Lemma 2.3 we have (see [LO] for a similar approach), ∞∑ k=1 ‖ ‖ ‖ f − P_2k (f) ω(ρ_2k ) ‖ ‖ ‖ p p ≤ C ∞∑ k=1

2^k∑

j=1 ω_3(f, |Ĩ_2k_{,j}|, Ĩ_2k_{,j} )^p ω(|I_2k_{,j} |)^p ≤ C ∞∑ l=1 ∑ I2_{k,j} ∈B_l ω_3(f, |Ĩ_2k_{,j} |, Ĩ_2k_{,j} )^p ω(|I_2k_{,j} |)^p ≤ C ∞∑ l=1 ω_3(f, 2^{−l})^p ω(2^{−l})^p sup −1≤x≤1 ∑ I2_{k ,j} ∈B_l χ_{Ĩ2k,j} (x)

≤ C ∞∑ l=1 ω_3(f, 2^{−l})^p ω(2^{−l})^p .

This completes the proof of Theorem 1.1. �

References

[DeHL] R, A. DeVore, Y. K. Hu and D. Leviatan, Convex polynomial and spline approximation in Lp, 0 < p < 1, Constr. Approx. (to appear).

[DeL] R. A. DeVore and D. Leviatan, Convex polynomial approximation in Lp(0 < p < 1), J. Approx. Theory 75 (1993), 79-84.

[DiT] Z. Ditzian and V. Totik, Moduli of smoothness, Springer-Verlag, New York, 1987. [Dy] E. Dyn’kin, A constructive characterization of the Sobolev and Besov spaces, Trudy Mat. Inst.

Steklov 155 (1981), 41-76; English transl. in Proc. Steklov Inst. Math. 155 (1983), 39-74. [HLY] Y. K. Hu, D. Leviatan and X. M. Yu, Convex polynomial and spline approximation in C[�1, 1], Constr. Approx. 10 (1994), 31-64.

[K1] K. A. Kopotun, Pointwise and uniform estimates for convex approximation of functions by algebraic polynomials, Constr. Approx. 10 (1994), 153-178.

[K2] K. A. Kopotun, Simultaneous approximation by algebraic polynomials, preprint. [L] D. Leviatan, Pointwise estimates for convex polynomial approximation, Proc. Amer. Math. Soc.

98 (1986), 471-474.

[LO] D. Leviatan and V. Operstein, Shape preserving approximation in Lp, Constr. Approx. (to appear).

[LY] D. Leviatan and X. M. Yu, Shape preserving approximation by polynomials in Lp, preprint. [O1] V. Operstein, A characterization of smoothness in terms of approximation by algebraic polynomials in Lp, J. Approx. Theory (to appear).

[O2] V. Operstein, A characterization of the Besov spaces, Trans. Amer. Math. Soc. (to appear). [Š] A. S. Shvedov, Orders of coapproximation of functions by algebraic polynomials, Mat. Zametki 29 (1981), 117-130; English transl. in Math. Notes 29 (1981), 63-70.

[Y] X. M. Yu, Convex polynomial Approximation in Lp Spaces, Approx. Theory and Appl. 3 (1987), 72-83.

Department of Mathematics and Computer Science, Georgia Southern University, Statesboro, GA 30460-8093

School of Mathematics, Raymond and Beverly Sackler Faculty of Exact Sciences, Tel Aviv University, Tel Aviv 69978, Israel

Department of Mathematics, Southwest Missouri State University, Springfield, MO 65804