APPROXIMATION OF SOBOLEV-TYPE
CLASSES WITH QUASI-SEMINORMS

Z. D1TZ1IAN, V. N. KONOVALOV AND D. LEVIATAN

Abstract. Since the Sobolev set W, 0 < p < 1, in general is not contained in Lq, 0 <
g < oo. We limit ourselves to the set W7 N Loo, 0 < p < 1. We prove that the Kolmogorov
n-width of the latter set in Lgy, 0 < ¢ < 1 is asymptotically 1, that is, the set cannot be

approximated by n-dimensional linear manifolds in the Ly-norm. We then describe a related
s

set, the width of which is asymptotically n™".

1. INTRODUCTION AND FUNCTION CLASSES

Very little is known on the exact order of any width of nontrivial classes of functions in
the Ls-metric for 0 < g < 1. Recall that for 1 < p,q < oo, the orders of most widths of the
classical Sobolev classes W in L, are well known. In contrast, for 0 < p <1 the behavior
of any of the widths of these classes in Ly, 0 < ¢ < 00, are not known. In general, the class
Wy, 0 <p <1, is not contained in Ly, but even if we overcome this difficulty by taking,
say, the smaller set W) N Lo, 0 < p < 1, we will show that it cannot be approximated
well in L, for any 0 < ¢ < oo. We remind the reader that for the approximation of
f €L, 0<p<1, by polynomials and by splines with either equidistant knots or knots
on the Chebyshev partition, there are known Jackson-type estimates involving the moduli
of smoothness of f in the L,-quasi-norm (see, e.g., [1]). However, there are no simple
relations between the moduli of smoothness and the derivatives of f, if exist. Moreover,
the moduli of smoothness are not equivalent to K-functionals which are identically zero
(see, e.g., [3, Thm 2.1]). Thus, we introduce new classes V', 0 < p < 1, which we feel

are the proper replacement of the Sobolev classes for 0 < p < 1, and we obtain the exact
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orders of their Kolmogorov, linear, and pseudo-dimensional widths in L,, 0 < ¢ < 1. We
also obtain for these classes exact orders of best approximation in Ly, 0 < ¢ < 1, by
rational functions and free-knot splines.

Let I = (a,b) be a finite open finite interval, r € N, and 0 < p < co. By Wy := W/ (I)
we denote the usual Sobolev space of all functions x : I — R such that z(r=1) ¢ AC),c(I)

equipped with the (quasi-)seminorm
Izl = =L,
In Section 2 we state our result on estimates of various widths of the subset

W;m:{xem4|§]m®mﬁg1,nﬂumg1} 0<p<l,
s=0

in Ly, 0 < g <1. We show that they stay away from 0, as n — oo.
For 7 € N, 0 < p < oo, we denote by V) := V] (), the space of all functions x : I — R
such that 2"~ € AC),.(I) for which the (quasi-)seminorm

(J;

t T
SUDyc ‘fto |2 )(7')|d7’ ) p = o0,

P 1/p
ﬁpﬁmwm]ﬁ) . 0<p< oo,

]y =

where tg is the midpoint of I, is finite. In Section 2 we give estimates of various widths of

the unit ball V" of V}, in L;, 0 < ¢ < 1. We show that they tend to 0 when n — oo.
After a section of auxiliary lemmas, we prove the two main results in Sections 4 and 5.

Finally in Section 6 we discuss the inclusion and noninclusion relations between V) and

Wr.

p

2. VARIOUS WIDTHS AND THE MAIN RESULTS
Let X be a real linear space of vectors x with norm ||z||x, and W be any nonempty
subset in X. Recall that the Kolmogorov n-width of W is defined by

(W)=t sup int o~y
x
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where the lefthand infimum is taken over all affine subsets M™ of (algebraic) dimension

< n. The linear n-width of W is defined by

dp (W5 .= }\?E iﬂf SSVE/ |z — Az| x,
x

where the lefthand infimum is taken over all affine subsets M™ of dimension < n, and the
middle infimum is taken over all linear continuous maps A from affine subsets M = M (W)
containing W into M".

Finally, we will also have estimates for yet another width, the pseudo-dimensional
width which was introduced by Maiorov and Ratsaby [7-9], using the concept of pseudo-
dimension due to Pollard [12]. Namely, let M = M (T') be a set of real-valued functions
x(t) defined on the set T', and denote

1, a>0
Sgna :=
0, a<O.

The pseudo-dimension dim,; M of the set M is the largest integer n such that there exist

points ti,...,t, € T and a vector (yi,...,y,) € R™, for which
card{(Sgn(z(t1) + y1),...,Sen(x(t,) + yn)) | x € M} = 2".

If n can be arbitrarily large, then dim,s M := oo.
The pseudo-dimensional n-width of W is defined by

dn(W)5? = inf inf |z —
n(W)x" = inf sup inf lz = yllx,

where the lefthand infimum is taken over all subsets M™ in a normed space X of real-valued
functions such that dim,, M"™ <n.

The following properties of the pseudo-dimension are known (see [4]).

If M is an arbitrary affine subset in a space of real-valued functions and dim M < oo,

then

(2.1) dimy,s M = dim M.
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Let P, := P,(I) be the space of algebraic polynomials p,, of degree < n. Denote by
R, := R,(I) the manifold of rational functions r, = p,/q, where p,,q, € P,. Also
denote by X, ,, = X, ,(I), the manifold of all piecewise polynomials o, ,,, of order r and
with n — 1 knots in I, i.e., 0,, € X, ,, if for some points a =ty < t; < --- < ¢, = b it
is a polynomial of degree < r — 1 on each interval (¢;_1,¢;), ¢ = 1,...,n. The rational
functions 7, are defined arbitrarily at the poles, and the piecewise polynomials o, ,, are
assigned arbitrary values at the knots.

It is known that
(2.2) dimys R,, < dimp, 3, , < n.

It follows by (2.1) that if W is a nonempty subset of X, a normed space of real-valued

functions, then
(2.3) dp(W)R? < dp(W)R' < dn (W)

Given W C X, let
E(W,R,)x := sup inf |z —7r,|x,
zEW ™mE€RR

EW., X n)x :=sup inf |z —o,n|x-
xeEW Ur,nezr,n

It follows from (2.2) that there exist an absolute integer o > 0 and an integer 3 = 3(r) > 0,

such that
(2.4) Ao (W2 < E(W, R,) x,
(2.5) dgn(W)E? < E(W, ) x

We are ready to state our first result.

Theorem 1. Letr € N and 0 <p < 1. For any 0 < q < oo,

(2.6) dn (W5 )00 < d (W )5 = dn (W )T < 1,
and
(2.7) E(W;"’OO,EM)L‘] = E(W) . Rn)r, < 1.

On the other hand we show



Theorem 2. Letr € N and 0 < p,q < 1, be such thatr —1—1/p+1/q > 0. Then

(2.8) dnﬂﬁﬁ?f><dnﬂﬁﬁ?f><dn0$7%3><n_ﬂ
and
(2.9) E(Vp’“, Enn)Lq = E(VX,Rn)Lq =n"".

3. AUXILIARY LEMMAS

The following lemma follows immediately from [6, Lemma 2.2, p. 489] (also see |9,

Claim 1)).

Lemma A. Let m € N and V,,, ;== {v | v := (v1,...,0mp),v; = £1,i = 1,...,m}. Then
there exists a subset F,, C Vy, of cardinality > 2™/16 such that for any 0,0 € F,,, where

0 # 0, the distance |0 — 0[[ym > m /2.

Given € > 0, points x;, 7 = 1,...,n, in a linear normed space X are called e-distinguishable
if ||z; — zj||x > € for all i # j. Let H be any nonempty subset of X, the maximal integer
n € N, such that there exist n e-distinguishable points h; € H, is called the e-packing
number M (H)x of H in X. If n can be arbitrarily large, then M (H)x := oo.

The next lemma follows directly from [5, Corollary 3] (also see [9, Lemma 1}).

Lemma B. Let H, , := {h} be a set of Lebesgue-measurable functions h on (0,1) such

that |||, < a < oo and dim,s Hy, o < n < oo. Then for any € > 0,
M (Hy o)L, <e(n+1)(dea/e)”.

We prove the following

Lemma 1. Let I := (0,1), and let a > 0, ¢ > 0, and m € N, such that m > 16(8 +
log,(a/€)), be given. Suppose that a set ®,, = {¢} C Lo exists, of cardinality > 2m/16
such that

lelloe <a, @€ Pm,
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and for some 0 < q < 1,
e = ¢llL, 2&, &7 ¢
Then for any n € N such that n < (16(8 + logz(a/e)))_lm we have

dp (B )72 > 2727 1/9(20 — 1)V 4,

Proof. Let H, C L, be such that dim,s H,, < n. Denote
(3.1) 6 :=E(®p, Hy)rL,-
With any ¢ € ®,,, we associate an element hs(p;-) € H,, such that

(3.2) l() = hs(e; )L, <26,

and denote by
H&,n = H&,n([) = {h(S(QD? ')a p e (I)m}v

the collection of these functions. Now we let

—a, for t : hs(p;t) < —a,
hoa(pit) == < hs(p;t),  for t:|hs(p;t)] <a,
a, for t : hs(p;t) > a,

and denote by
H&,n,a = H&n,a(I) = {hé,a(QO; ’)7 Y e q)m}a

the collection of the truncated functions. Clearly

(3.3) 1hs,a(0; )Le S @, @ € P,
and
(3.4) dimy,s Hs p,q < dim,s Hsp, < dimys H,, < n.

6



We will prove that

(3.5) 6> 272 Va1 — 1)Vag,

Assume to the contrary that

(3.6) 5 <2727 Vaa —1)Vag,

where ¢ is defined by (3.1). Then, recalling that 0 < ¢ < 1, we have

(3-7) 11hs.a(5-) =hs.a(@; DT, = 10 =2l7, —[16() = Ps.a(@; )7L, —116() = Ps.a(@; )L,

Since |@(t)] < a and |@(t)| < a, t € I, (3.2) implies

1() = ho.a(@: )T, < 11@() — hs(@:-)II7, <2707,

and

1() = hs.a(@: )T, < l1@() — hs(@:-)lI7, <2707

q

which substituting in (3.7) yields

(3.8) hs.a(#5) = hs,a(@NIE, = 16— @lIT, — 297167 > 27%¢.

q

Setting 1 := /2, we see from (3.8) that the function class Hs ,, , consists of n-distinguishable
functions in L,. Thus, in view of ||z||z, > [|z|/z,, 0 < ¢ < 1, we conclude that the function
class Hs o contains at least om/16 n-distinguishable functions in L;. On the other hand
by virtue of (3.3), ||hs,a(¢; )|, < a. Hence by Lemma B we have an upper estimate on

the n-packing number M, (Hs o)1, of the function class Hs p 4, namely,

1

M, (Hspn,a)r, <e(n+1)(dea/n)" =e(n+ 1)(46261/5)”

< 2%7(2Pa/e)" = 2B Hoea(a/)n,
Since m > 16(8 4 logy(a/e))n, it follows that

o8 Homs(0/Nn < N (Hy )y, < 2 Hosa(a/on
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a contradiction. Thus (3.6) is contradicted and (3.5) is valid. Hence for any subset H,, € L,

with dim,s H,, < n, we have
E(®,,, Hy)p, > 27271927 — 1)V e,

and in turn

dy (B, )50 > 27271/ a(24 — 1)V 4,
This completes the proof of Lemma 1. [

Lemma 2. Let0<p <1, and forb; >0,1=1,...,n, let

n 1/p n 1/p
(5p,i = <Z b?) - < Z b?) y 1 S 7 S n — 1, 6p,n = bn‘
=i =

j=i+1
Denote
Ty = {t = (1, ytn) [0<t <000 < tnyZ(biti)p < 1}7
i=1
and
Sy = {t =t b)) [0St S <t Y Gyt < 1}.
i=1
If
lpn(t) == piti, tER™,
i=1
then
. W) =1,
(3.9) 2 p, (t)

and consequently Ty, , C Spn-

Proof. We consider the extremal problem

n p
lg’n(t) - <Z 5p,iti) — Sup; 0 S tl S Tt S tn, Z(bztz)p S 1.
=1 ;

8



Denote 7; :=t,i =1,...,n, and let 7 := (71,...,7,). Then we get an equivalent extremal

problem,

n p n
nr)i= (L garl”) —sup 0sm<sm YUnsL
1=1 i=1

By Minkowski’s inequality it is easy to verify f,, is convex. Therefore it achieves its

maximum on the vertices of

n
Qpon = {T [0S < <y Y BT < 1}.
=1

If e :=(0,...,0), e® := (1,1,...,1), e® :=(0,1,...,1), ..., e := (0,...,0,1), then

these vertices are

n —1
0 =0 B = (Z bﬁ,) e®, k=1,..,n
=

Since

fp,n('r(o)) =0, fp,n(T(k)) =1, k=1,....n,

we conclude that

(X foun(T) = aX o (1) = 1.

This completes the proof. [

Lemma 3. Let0<p,q<1andb; >0,7=1,...,n. Denote
n 2 P
@p,n::{ezz(el,...,en)|9izo,1§ign,2(bi29j) g1}.
i=1 N j=1

Fora; >0,1<1<mn, let

fam(0) = (Z(azﬂi)q)l/q, f c R

Then
n —1/p
max fyn(0) <n9! max a (Z b?) :

0€O, » 1<i<n
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Proof. The inequality
n 1/q
(Z(@iei)q) < pt/at Zaz i = ggn(0), 0€Opn,
i=1

follows by the concavity of u?. Set

tiizzei, 7::1,...,71,.

Then
Oh=1t1, Oi=t;i—ti1, 1=2,...,n,

and

Gqn(0) = nt/at <a1t1 + Zaz — tl_l)) =: hgn(t).

=2

Hence, by Lemma 2

P TZX Jan (0) = max hgn(t) < X hg, n(t),

where T}, , and S, ,, were defined in Lemma 2. The function h, ,, is linear, thus it achieves

its maximum at one of the vertices of the simplex S, ,,, that is, at t() 1 < k < n, where

t© :=(0,...,0), and

n —1/p
t®) = <Zb§) M k=1....n.
j=k

Now hgn(7(9)) =0, and for k > 1,
0, i #k

Tz‘(k) - Ti(’j)l = n i
(sran) " e

where we take 7, ( ) — 0,1 <k <n. Hence
1/q—1 - U
_ o 1/q— P
)= e {er(307) -
]:

We need a well-known relation between various quasi-norms of polynomials, see, e.g.,

[2, Chapter 4, Thm 2.7]
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Lemma C. Let m,._1 be a polynomial of degree < r —1, r € N, and p,q > po. Then there

exists a constant ¢ = c(r,pg) such that for any finite interval J,
||7Tr—1||Lq(J) < C|J|1/q_1/p||7fr—1||Lp(J)'

Finally, in the proof of (2.9), we use the following relation between the degrees of rational
approximation and those of free-knots splines, due to Pekarskii [10] and Petrushev [11] (see

also [6, Chapter 10, Thm 6.2]).

Lemma D. Letr € N,0<p<oo, A >0, y=min{l,p}, and x € L,. Then

n 1/v
E(xz,R,)r, < en™ A (Z k;_l(k;’\E(x,Z,«’k)L )7> )
k=1

where ¢ = ¢(r,p, A).

4. PROOF OF THEOREM 1

The upper bound in (2.6) is trivial. Thus, we prove the lower bounds. To this end, we
are going to construct extremal functions.

Let I be the generic interval (0,1), and fix r,m € N, and 0 < p < 1. Let

(4.1) €5 = es(pr,m) :=m~ AP s =0,1,... 7
and set )
Ts = Ts(p,rym) 1= 228_2_1“% +e/2, s=1,...,r
k=0
Define
1-(1—p)"
(4.2) Po(t) := ¢o(t;p,7,m) = { m PU=P)" 1€ (—€0/2,€0/2),
07 3 ¢ (_60/27 60/2>7

and

t

Ps(t) := @s(t;p,r,m) = = / (Ps—1(T +75) = ps—1(T — 75)) dT

— 00

t+7s
:/ ps—1(T)dr, teR, s=1,...,r
t

—Ts
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It is easy to see that

(4.3) supp ¢s = |— Z 25 1=ke, Z 2571 kel s=0,1,...,7

hence

supp ¢g C supp ¢1 C --- C supp ¢,.

Since by (4.1) we have ey < €1 < --- < €, it follows from (4.3) that
(4.4) €s < |supp ¢s| < 25Tle,, s5=0,1,...,7

Also, we have

(4.5) ds(t) = ps(—t) >0, teR, s=0,1,...,r
and
(4.6) ¢s(t) = [|Pslloor)y, t€(—€s/2,6/2), s=0,1,...,m7.

By virtue of (4.4) and (4.6), we obtain

s—1 s—1

@7 dolleem® []er < loslio@ <2220l [ ers s=0.1,...

k=0 k=0

Hence, combining (4.4) through (4.7) we conclude that

160 = [ ooy at
supp ¢s

2s+1 €s
< 16117 _ iyt
0
(4.8) s—1 p
< 23+1632p8(s+1)/2”¢5 ”p (H €k>
k=0
s—1
s+1)(s+2)/2
< 9(s+1)(s+2)/ | po (- L (®)Es ( €k>
k=0

12



Now by (4.1) and (4.2)

s—1 p MP C(pyr s—1 it
qu()(')”ioc(]g)es H €k =m P-P)" “m P H m—P(-p

k=0 k=0
1-(1-p)” _(1-p)°  1-(1-p)°
=m A=pP)" ¢y A=-p)"ypn (A-p)"
which substituting in (4.8), yields
(4.9) I6s (I gy < 20TDEF2m=1 = 0,1,

By virtue of (4.7) and (4.2), we obtain

r—1
Prll e ®) = @0l Lo (m) H €k
k=0

(4.10)
1-A-p)"  1-(1-p)"
=m P0—P)" my p(-p)7 =1,
and
r—1
6 (2w <272 g0 @ [T e
k=0
4.11 1-(1—p)” 1-(1—-p)"
(4.11) — or(r+1)/2,, "p(1=p)™ = p(—p)"
— 2r(7‘+1)/2.
In turn (4.10) combined with (4.1), (4.5) and (4.6), implies
(4.12) or(t) >1, te[—(2m) ", (2m)" .

Finally, (4.1), (4.4) and (4.5) yield

|supp ¢,-| < 2""1m

and

-1

b

(4.13) supp ¢, C [—2"m ™", 2"m™].

13

=m

-1
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Next, set
_ 3r(r+1)
or(t):=(r+1)7"2 2 ¢.(2"1t), teR

Then it follows from (4.13) that
(4.14) supp @, C [—(2m)_1, (2m)_1},

and by (4.11) we have
. _3r(r4+1)  r(r41)
lorllem < (r+1)""2 2p 27 2

(4.15) <(r+1)"t2- rrtl) 51y

= (r41)"t2 7+,

Finally, (4.12) implies
(4.16) op(t) > (r4+1)"t273r+D/@) - e (—o7r 2t 972 L),

Y

Direct calculations using (4.9) yield for s =0,1,...,r,

||95£S) ”p = /
L,(R)
3r(r+1)

_ (T + 1)7p2— 5 2(r+1)sp25 / ‘¢r—s (2r+1t)‘Pdt
R

-1 —Sr(;Jrl) (r4+1)s 4(s) (or+1
(r+1)7'2 P2 Pl (2711

P
dt

3r(r+1)
2

(4.17) < (r4+1)7P27 7 2rt2sy=(r+l) ||¢T_s||zzp(R)
<(r+1)F2 37‘(7;1) o(r+2)sy—(r+1)o (T—s+1)2(r—s+2) -
< (r 4+ 1)7P2 T /2,1
< (r+1)"Pm™L
Let tm == i/m, i = 0,1,...,m, and set Ip,; = [tmi-1,tms], © = 1,...,m. Denote

tm,i = (tm,i—1 +tm,i)/2, 1 =1,...,m, and set

Oprmilt) = @r(t —tm), tER, i=1,...,m.
14



It follows by (4.14) and (4.16) that
(4.18) Supp @p.rm,i C Imi, 1=1,...,m,

and

Oprm.i(t) > (r 4 1)712=Grr+1))/(2p),
(4.19)

tE (fng— 27" 2m L i +27"2m™Y), i=1,....m.

)

While (4.15) and (4.17) yield

(4.20) leprmi()oe < (41712770 G =1 m,
and

(4.21) lol) Ol < (r+1)Pm™, i=1,...m.
Write

m
Dy = Pprm (L) = {gp | o = Z”Wp,r,mmv = (v1,...,0m) € Fm},
i=1
where F),, is the class of sign-vectors defined in Lemma A. Then by Lemma A

(4.22) card @, , , > om/16,

Let ¢ € @, 1. Then, by virtue of (4.18) and (4.21) we obtain for any 0 < s < r,

1/p
1oL = ( / |so<8><t>|pdt)

m 1/p
(X [ \so;fl,m,xt)rpdt)
i=1

m,i

m 1/p
=Y ||so;fi,m,i<->||ip>
1=1

m 1/p
< |20+ 1)‘pm‘1>
i=1
g (7”—'— 17

1)~
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so that
T
Z H(p(S)HLp <1, Y e q)p,r,m-
s=0

It also follows from (4.18) and (4.20) that
ol = ZviSopmm”Loo
i=1

= max {[uil[@prm()r..}

< (r+1)7t27rrH) <

Hence, we conclude that

(4.23) Pprm CWyoo, 0<p<l, rmeN
For any two different vectors ¢ := (01,...,0,,) and 0 := (01,...,0y), in F,, let
m m
Cb = Z ﬁigop,r,m,i and ¢> = Z Zv}iQO;o,r,TrL,iy
i=1 i=1

be the associated functions, respectively. If ||0 — ¥|[;;» > m/2, then, evidently, there exist
indices 41, ...,4r, 4] such that 9, = —v;, k = 1,...,[m/4]. Therefore, by (4.18) and
(4.19) we get for 0 < g < 1,

m q
190) = 6O = [ |30 = 5pnematt)]
=1
= Z/ |0; — 0:|pp,r,m,i (8)|9dE
=1 Ivn,i

- -1

m t_m’i+2_r 2m
> [o; — ] / R
, i 1

[m/4]

> 2—r—1m—1(7a+1)—q2—(37’(r+1)q)/(2p) Z 29
=1

> 2 " Iy 4 1)fq2*(3?”(7"+1)q)/(2p)2q2*2m

 (r 4 1)"920- (rH3)—(Br(r+1))/ (29).
16



Thus, for
g:=(r+ 1)*121*(7”+3)/qf(37“(7“+1))/(2p).

we have
16() =@M,y =&, ¢#@, 6,0 € Pprm.

If we set

a:=(r41)"12 70+,

then by (4.20) we have

||90p,r,m,i L (R) S a, NS (I)p,r,m~

Therefore for

m := [16(8 + logy(a/e))|n, n €N,

it follows by virtue of (4.22) and Lemma 1, that

A (@p.rom) ) 2 27271020 = 1) 06 =i c,

where ¢ = ¢(r, p,q). This, by (4.23), in turn implies

psd

d"(W];OO)Lq(I) 2 6
where ¢ = ¢(r, p,q). The lower bounds
dn(W;,oo)l[%:L Z dn(W;)n,oo)]z(;l Z G,

and

E(W,

p,007

Er,n)L Z C,

q

E(W"

p,007

Rn)Lq Z (63

where ¢ = ¢(r, p, q), now follow readily from (2.3) through (2.5). This completes the proof

of Theorem 1. [
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5. PROOF OF THEOREM 2 (UPPER BOUNDS)

Here it is more convenient to take I := (—1,1). Fix n € N and set

(5.1) Bi=(—-1+1/q)/(r=1=1/p+1/q) > 1,

which is well defined since by assumption r — 1 —1/p+1/g > 0. We partition I by
g 1—((n—id)/n)f’ i=0,1,...,n,
L 1+ ((n+d)/n)%, i=—1,...,—n,

and set
[ti—hti)? izl?"';n;

I =15, :=
pm { (ti,ti+1], i: —1,...,—n.

Given an x € V', we denote by

r—1
t—t)
Wr—l,i(x;t) = 7T7~_1(.’13;t; tz) = Zx(S)(tZ)(T)a L= 07 :i:l, R j:(n - 1)7
s=0 )

its Taylor polynomial of the degree r — 1 about t;, and define the associated piecewise

polynomial

Tr—1,i—1(x;t), tel;, i=1,...,n,

Orn(X;t) i= 0 rn(T;t) = :
7”,7'7»( ) B, ,’I’L( ) { 7T7"—]_7Z—|—].(x’t)7 t & I’L? 1 = —17...,_77/-

We first assume that = € Vpr satisfies in addition

Then
1 t
_ (r) _\r—1
x(t)—(r_l)!/ox (T)(t—7)"""dr, tel.
Set
i(t) == 1 t\x“")(T)\(t ) ldr, tel
- (=D , ’
and
1




clearly, x = & — z, and
Orm(x;t) = 0p n(E51) — 0pn(23t), tel.

It readily follows that

[Z[lv; <1 and [|2|yv; < 2.

Also, it is easy to see, that
() >0, and #®t)>0, s=0,....,r—1, tel0,1),
and
(-2 () >0, and (=1)""*2 () >0, s=0,...,r—1, te(=1,0].

Moreover, for every s = 0,...,r — 1 the functions #*) and #(*) are nondecreasing in [0,1)
because Z(") (t) > 0 and (") (t) > 0 a.e. for t € I. Respectively, the functions (—1)" %)
and (—1)"~*2(%) are nonincreasing in (—1,0] for every s =0,...,r — 1.

Let 0 < ¢ < p < 1. Then it follows immediately from Hoélder’s inequality that & € L,

and we will prove that

(5.2) 1Z(-) = orn ()L, j0,1)) S en”™,

where ¢ = ¢(r, p,q). A similar proof yields the same inequality for the norm of & in [0, 1),
and for the norms of & and Z in (—1,0].
To this end, we observe that (5.2) is trivial for n = 1, so that we may assume n > 1.

From the definition of m,_; ;—; and by Taylor’s expansion we have,

1 t
(1)~ mro1 i1 (30) = 1)'/ O — ), =1, 1.
AT

If we denote

0; :=0,,(2) ;= 2"V (t;) — 2" V(t; 1), i=1,...,n—1,
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then 6; >0,i=1,...,n—1, since 2"~ is nondecreasing in [0,1), and by the above,
Z(t) — 11 (E50)| < c|L|"7Y;, tel, i=1,...,n—1.

Hence

(5.3) 12(-) = orn (@5 )| L, (1) < c]Ii\T_Hl/qu, t1=1,...,n—1.

For 1 = n we get by Holder’s inequality

~ T 1 1
Hx() — Wr—l,n—l(w; ')HLq(In) - m (/t
: n—1

1

< c|In|7”‘1(/
tn—1

1

< c\In|T_1_l/p+1/q<(/
tn_1

tn—1
1 t
gc|1n|r—1—1/p+1/Q<(/O /0|:Tc(7")(7')|d7'

<l L [T

t q 1/q
/ O ()t — 7y tdr dt)
tn—1

t q 1/q
/ 1) (7)|dr dt)

tn—l

t P 1/p
/ 50 (1) dr dt)

P 1/p
dt)

Vi

< C|[n|r—1—1/p+1/q_

Hence
(54) 1) = 0o (@ Y1) < el 7170511,

Since ¢ < 1, we apply the inequality a? + b? < 2179(a + b)4, a,b > 0, to obtain from (5.3)
and (5.4),

n—1

1/q
1Z(-) = 08,0 (T3 )| L, (j0,1)) < C(Z(21/Q—1’Ii’r—1+1/q(9i)Q)
i=1
+ 021/q—1|In|T—1—1/p+1/q.

(5.5)

Thus we need an estimate on the sum on the righthand side. Observe that for t € I,
2<i<n,
i—1 i—1
F0(8) = 20D (1) = 20D () + Y () — 20D ()] > 36, > 0.
j=1 j=1
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Hence
1
|‘j3(r_1)‘|ip([0,1)) :/0 ’f(r—l)(tﬂpdt
:Z/ 12V (t)|Pdt
i=1 71
>y [t
i=2 71
n 1—1 P
S (D
i=2 j=1
On the other hand,

1
||i-(r1)||72p([0’1)):/0 |ai~(’“*1)(t)|pdt

= /01 /Otgzm(T)dT

< s, <1

p

dt

Together these two inequalities imply

n—1 % P
(5.6) Z<|Ii+1|1/ngj) <1
1 j=1

1=

Now, simple calculations show that
cin—i+ 1) nf <Ll <en—i+ 1) tnf i=1,..n,

for some constants ¢; = ¢1(5) > 0 and c¢o = c2(f), which substituting in (5.5) and (5.6)

yield, respectively,

n—-1 1/q
|2() — O'r’n(,’lvj‘; ~)|]Lq([071)) < <Z ((él (n — i)ﬁ—l/nﬁ)r—1+1/q9i)q)

(5.7) 1
+ éln—ﬁ(?"—1—1/104—1/61)7
and
n—1 7 P
S (om0, ) <1,
i=1 j=1
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for some constants ¢; = ¢1(r, p,q) and é; = é(r, p, q).

Thus with a; := (51(ﬂ—i)5_1/n5)r_1+1/q and b; := (ég(n—i)ﬁ_l/nﬁ)l/p, i=1,...

1, we have to estimate

n—1 1/q n—1 1/q

(Z ((er(n — i)ﬁ—l/nf’)’"‘“”q@i)q) = (Z(azﬂi)") = fon-1(0);
i=1 i=1
under the constraint
n—1 % P
9120, Zzl,,n—l, Z(bZZQJ) Sl
i=1 j=1

This is exactly what Lemma 3 is about, and we conclude by it that

n—1 —1/p
_ )Y .
5:5) fa @ £ (=7 s Ja(30)
j=i

where ¢ = ¢(r, p,q). So all we need is to estimate the righthand side of (5.8).

Straightforward calculations yield
n—1 n—1
S - S
j=i j=i
> én~P(n—1)P,
whence,

n—1 —1/p
. P
e ()
j=1

< C*ﬁ—l/pn—ﬁ(r—l—l/pﬂ/q) 1<m<ax 1(n _ Z')(ﬁ—l)(r—lJrl/q)—ﬁ/p

< e A1/ p1/0) (g _ )81/ 0)B/p < o mri-1/a,

since the choice of § in (5.1) guarantees that

max (n — i)BDE=1H1/0=8/p _ ( _ y(B-D(r—141/0)~B/p,
1<i<n—1
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Substituting in (5.8) yields

(5.9) fan—1(0) <en™",

where ¢ = ¢(r, p,q). The choice of 3 in (5.1) also gives
nAr—1-1/p+1/9) < n",

which substituted together with (5.9) into (5.7) yields

(5.10) 1Z2(-) = orn(E; )L, o1y <en™™, n=1,2,...,

where ¢ = ¢(r, p, q). Similarly we obtain

(5.11) 12(-) = orn(@; )L (o)) Sen™, n=1,2,...,

where ¢ = ¢(r, p, q).

Combining (5.10) and (5.11) we conclude that for 0 < ¢ < p < 1 we have
(5.12) l2(-) = ornl@; )z, (o) Sen™, n=1,2,...,

where ¢ = ¢(r, p, q).

If on the other hand 0 < p < ¢ < 1, then in general we can no longer guarantee that
r € V, necessarily belongs to L,. We have this we have assumed that r—1—1/p+1/q > 0.
In order to see this we first observe that in this case r > 1. We will show that if z € V],

then for all £ € I we have the pointwise convergence,

NE

z(t) = o 00(x5t) + Y (0w (@;t) — 0001 (251))

N
Il
—

WK

=0,20(Z;t) + (O’ngu (#5t) — oy ov—1(&; t))

N
Il
_

oo

— 0p.20(23t) — Z<UT’2” (@3t) — 0 ov—1 (2 t))

v=1
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In fact we will show more, namely, that

oo

g (E5t) = |0y 20 (F )7 + ) |orov (#5t) — 0y g0 (31|

v=1
and

o0
g (B5) = |0y 20 ()7 + ) |omov (#51) — 0y 201 (2;1)|

v=1

converge pointwise for all t € I and any 0 < ¢ < 1.
Indeed, for a fixed t € I,

r—1

t
/ 12 (7) | dr

0

t
| e olar

0

Since r > 1, the above series are dominated by a convergent geometric series.

|z(t) — opov(z;t)] < izIfl&XQﬂlIQu’i

< C2—(r—l)u

Now for v € Nand all 1 <7 < 2"~! we have Ipv-1 ;= Igv 9i—1 U Iov 2. Also,

Orov—1 (53', t) = 771"—1(52'; t, t2”*1,i—1)

= Tr_1(Z5t,tov 2i2), tE€ Ipw-1;

while
5 Tr—1(Z;t, tov 2i—2), t€ Iov 951,
o ov (T5t) = }
Tr—1(Z5t,tov 2i—1), t € Iov 9.
Hence
0, t el i1,
Or2ov (jt) — 0 ’Qu—l(.f't) = { . . ’
" ’ " ’ Tr—1 (&5, tov 2i—1) — Tpr—1 (T3¢, tor—1 1), t € Iav 2,
so that
020 5) — gz (@ Mty

(5.13)

= |lmr—1(F5 -, tar 2i-1) — T 1 (T tov—1 1) | Ly (Tov 20)-
By virtue of Lemma C we have

71 (25 - tar 2i-1) — Tr1 (55 tav—1 i 1)l Ly (1w 00)
(5.14) L
< c|lav 94 /a= /pHWr—l(i’; Stovoio1) = M1 (5 s tev—1 1)L, (Tov 20)
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where ¢ = ¢(r, p, ¢q), and
|mr—1(Z; -, tov 2i—1) — mpr1 (T -, t2v—1,i—1)||1£p([2%2i)
< 2() = mrea (& tor—rim DI (1 0
(5.15) +12C) = w1 (@ v 2i- )T (10 0
< 2(-) = 1 (@ ‘,tzwl,z‘—l)H]zp([QV_l’i)
+ || 2() — mr_1(F; 'at2V,2¢—1)||Z£p(12V72i)-
Substituting (5.14) and (5.15) in (5.13) implies
|or2v (%) — o gv—1 (& ')H%q(fy_l’i)
(5.16) < C‘Izufljl“l_q/p’lj:(') — M1 (&5 -, tzwl,z’—l)Hqu([zy,l’i)

+ | Tyv 2| VYR 2() — T (- t2V72i,1)||‘ip(I2u’2i),

where ¢ = ¢(r, p, q), and where we used the convexity of the function ud/P.

Denoting
Oov i == 0pov i (T)
= j(r_l) (tgu’i) — jj(r_l)(t2u7i_1), 1= 1, ceey 2V — ].,
similar to (5.3) and (5.4) we obtain

2(-) = 1 (F s tow i)l 2y (1w ) < | T2v i P00 5,

(5.17)

i=1,...,2"—1,
and
(5.18) 1Z(-) = mr—1 (T -, t2r 20 1)Ly (100 o) < [ Iow oo |" 1

Substituting (5.17) and (5.18) in (5.16) yields,

|20 (&5 +) — 0y 2v-1(F5 )| L, (j0,1)

S 1/q
<el D (|I2”—1,i|r1+1/q92v—1,i)q) + Ly v |FT I YPHY/a
(5.19) 2

= 1/q

! é( Z (‘IQV’i‘T_IH/qHzV,i)q) + &|Iw g [T/ P

i=1
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with some constant ¢ = ¢é(r, p, ¢), and our goal is to estimate the righthand side of (5.19).
But we have done just that for 3 satisfying (5.1). Observe that we have obtained the
estimate of the righthand side of (5.7) by Lemma 3, for all 0 < p,¢ < 1, provided r — 1 —
1/p+1/q > 0. Thus we conclude that for the prescribed (3,

|or20 (%5°) = Op2v—1(Z5 ) || Ly j0,1) < 2777,

where ¢ = ¢(r, p, q). Similarly we have
|20 (%) — 07 2v—1(Z5 )| L, (~1,0) < 2777,
where ¢ = ¢(r, p,q). And combined we end up with
(5.20) or2v (Z; ) — 0 ov—1 (23 )| (= 27" y=1,2,...,

where ¢ = ¢(r, p, q), so that the series

[e.¢]
> llovan (@) = oy ()11, <Z €27 < 0c.

It thus follows by Fatou lemma that the function
o
Tqr(Et) 1= |01 (F )|+ ) |orow (E5t) — 0y g (£51)]9
v=1

is integrable in I, and since
|2(t)]|? < ogr(E:t), tel,

we conclude that & € L,(I). Moreover, by virtue of (5.20), we readily get

o0

12() = oran (@), 1y < D llowar (@57) = orav (#9115, 1)
v=n-+1
(@)
< ) @< n=0,1,2,..,

v=n-+1
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where ¢ = ¢(r, p, q). Similarly we obtain the upper bounds

12(-) = or2n (@ ML, <27, n=0,1,2,...,
where ¢ = ¢(r, p, q), and together we have
(5.21) |z(-) = oron (@ )Mo, <27, n=0,1,2,...,

where ¢ = ¢(r, p, q).
Recall that the upper bounds (5.12) and (5.21) have been proved under the additional
assumption that

2(0)=0, s=0,...,r—1.
If this is not the case, then we let

tS

, tel.
s!

r—1
B(t) = a(t) - Y 2)(0)
s=0
Evidently z € Vy, [|Z|lv; = [|zv;, and

i0)=0, s=0,...,r—1.

Finally,

Thus we conclude that for z € V],

(5.22) |2(-) = orn(z; )L,y Sen™, 0<qg<p<l, n=12,...,
and
(5.23) |2(-) = oron (@ )L, <27, 0<p<qg<l, n=012,...,

where ¢ = ¢(r, p, q).
Let S, := &3, be a space of piecewise polynomials of degree < r—1 on each subinterval

I,;, i ==1,...,£n, and continuous at the point ¢ = 0. Then dim S, = 2rn — 1, and the
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mapping defined above o;.,, : V) — S, is linear. Hence it follows immediately by (5.22),

and it follows by standard technique from (5.23) that

dn(Vp’”)%Z <en ", 0<pqg<l, n=12,...,

where ¢ = ¢(r, p,q). In view of (2.3) we immediately obtain

dn(‘/pr)]zid < dn(‘/pr)]zzl S Cn_r’ 0< p,q < 1? n= 1’ 2’ T

where ¢ = ¢(r, p, q).

Obviously we also have
E(Vgazr,n>Lq Scn_r, O0<pg<l, n=12,...,

where ¢ = ¢(r, p,q), and finally applying Lemma D with A = r 4+ 1/q and v = ¢, the last
inequality yields,

E(V),Ry)r, <en™, 0<p,qg<l, n=12...,
where ¢ = ¢(r, p,q). This completes the proof of the upper bounds in Theorem 2. [J

6. PROOF OF THEOREM 2 (THE LOWER BOUNDS)

The proof follows the same lines as that of the lower bounds in Theorem 1, but it is
simpler. Let ¢ € C§°(R) be nonnegative with suppy = [0,1] =: I, ||¢|l.. = 1, and
p(t) =11if t € [1/4,3/4]. For r € N, let

r(t) == o)/l e, tER,

and for m € N to be prescribed, take t; :=t,,,; :==i/m, i =0,1,...,m, and [; := I, ; :=

[ti—1,t;], i =1,...,m. Denote

(br,m,i(t) = m—T¢r(m(t—ti_1)), teR, i=1,...,m,
28



Then, supp ¢r.mi = L, i =1,...,m,

(6.1) 1600 i =1, 0 Grmit) Sm " o@|IZL, tel,
and

(6.2) rami(®) =m oML, € [tim +1/(4m), t; — 1/(4m)).
Write

(p"":m = (I)’f’7m(I) = {¢ | ¢ = Zviér,m,ia v i= (Ula .. '7Um) € Fm} 5
=1

where F,,, is the class of sign-vectors defined in Lemma A. Then, by virtue of (6.1), we

have
1Ly <mTeNLE 1y 1671y €1, ¢ € Brm,

so that @, ,, C V;f. Hence

(6.3) dn (VP! > dp(®r )P, 0<q<1, n>1.

For any two different vectors ¢ := (01,...,0,,) and 0 := (01,...,0m), in F,, let
Z ibrmi and ¢ i= Zwbrm,
=1 =1

be the associated functions in ®,.,,. If || — o[j;m > m/2, then there exist [m/4] indices

i1, ..+, 0[m/4] Such that 0;, = —v;,, k=1,..., [m/4]. Hence, by (6.2),

Z(@z — 03)Pr.m,i ()

dt
i=1

-y / 185 — 547Gy ()0t
=1 m,i

>
|

[m /4] bty —
> Y [0y — 0|1 m= | L2 dt
- tomig -1 1o -
k=1 m,ig 1 Am
[m /4]

e CIEOR

>m=" e (2m)” 12" [m/éﬂ

> 23 Lm0 =i
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If we set a := m~"||¢™|;1, and given n € N, we take m = [80(2%/97! 4 1)]n, then

applying Lemma 1, as we did in the proof of Theorem 1, we conclude that
dn(®rom)L, >cen™", neN, 0<qg<l,
where ¢ = ¢(r, q). By virtue of (6.3) and (2.3) this implies

da (V)7 = da(V)E 2 du(V) Zen™, 0<pg <1, n=12...,

where ¢ = ¢(r, q). The lower bounds

E(VPT,ZT,n)Lq >en™", 0<pg<l, n=12...,

and

E(V), Ry, >cen™, 0<p,qg<l, n=12...,

where ¢ = ¢(r, q), readily follow from (2.4) and(2.5). This completes the proof of the lower
bounds in Theorem 2. [J

7. RELATIONS BETWEEN THE SPACES W; AND V;

Let X and Y be linear spaces equipped with the (quasi-)seminorms ||z|x and ||y||y,
respectively. If X C Y, we say that X is embedded in Y, notation X — Y, if |z|y <
cllz||x for all x € X. Otherwise we write X + Y.

The following relations hold between W, and V.
Proposition 1. For everyr € N, Vj ¢ W}, 0 < p < co. However, while for 1 < p < oo,

Wy = Vp, if 0 <p <1, then Wj + V.

Proof. We begin with the easiest part which is to observe that if 1 < p < oo, then by
Holder inequality,
T
zllvy < cllelwy, Yz e W,

. ol/p—1, -1
where ¢ := 21/P=1p=1/P|J|. Thus, W, = V.
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On the other hand, let 0 < p < oo, and take 0 < € < |I|. Recall that ¢y is the midpoint
of I, and set
e, b (<1124 to, ~(IT] = €)/2 + to),
Tepolt) =1 0, te [=(1] = £)/2 + to, to + (1T] — 2)/2].
e~ VPl e (to+ (|I] —€)/2,t0 + |1]/2),
and

¢
Teps(t) == / Teps_1(T)dr, s=1,...,r, tel.

to

Then clearly, z. , » € W, NV}, and straightforward calculations yield

% p,r Wi = e and ”xe,pﬂ’HV; =2"'(p+ 1)_1/1)‘

Obviously, there exists no constant ¢ > 0 such that

[ 22,p,r wr < C”xs,p,rHV;:

for all ¢ — 0. Thus V) /> W).
Finally, let 0 < p < 1 and take 0 < & < |I|. Set

O, t e [—|I‘/2+t0,t0—€/2],
Ye po(t) == e lr te (—e/2 + to,to +€/2),
0, t € (to+¢e/2,t0+11|/2),

and

¢
Yep,s(t) == / Yeps—1(T)dr, s=1,...,r, tel.

to

Again it is clear that y. ,,» € W, NV}, and again by straightforward calculations,

1Ye,p,r Wr(I) = 1 and ||yep.r vr(n) = 2*1(5_1_ (p + 1)715%_ |I|)5171/p'

This time it is clear that there exists no constant ¢ > 0 such that

||y€,p,rHV;(1) S CHyE,p,T |W;(I)7
for all e — 0. Thus W) + V. This completes the proof of Proposition 1. [

On the other hand we do have,
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Proposition 2. The inclusion V; C Ly, is valid for every r € N and all 0 < p < oo.
Proof. For x € V7, let

t—t
T — 1 Z; t to ZIB(S) S'O)

denote the Taylor polynomial of . Then

1 s r—1
(t) :Wr—l(@t;to)‘f‘m/ " (1) (t — )" .

Now m,_1(z;t;t9) € Ly, 0 < p < 00, so it suffices to prove that the remainder does too.

If 0 < p < o0, then

/1 /t:x(r)(T)(t )y

) <o / o) ()]dr| dt
1 1J4

= 27" 2]l < oo,

and for p = oo,

sup
tel

/t:x(r)(T)(t )y

S 2—T+1|I|’F—1 sup
tel

t
/ 2 () dr
to

= 27" I 2]l vy, < oo

Thus the proof is complete. [J
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