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1 Introduction

There are two kinds of estimates of the degree of approximation of continu-
ous functions on [—1, 1] by algebraic polynomials, Nikolskii-type pointwise
estimates and Jackson-type uniform estimates, involving either ordinary
moduli of smoothness, or the Ditzian-Totik (DT) ones, or the recent es-
timates involving the weighted DT-moduli of smoothness. Specifically, if

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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wi(f,1/n) denotes the ordinary modulus of smoothness (of order k), then
the uniform estimates took the form

(1) En(f) = inf |If = pallof-1 < c(k,rinw(f7,1/n), n >k,

where f € C"[—1,1] =: C", the space of r times continuously differentiable
functions on [—1, 1] (when r = 0 we suppress the superscript r, that is, we
write C := C[—1,1] instead of C[—1,1]), E,(f) is the degree of approxi-
mation of f by polynomials of degree < n, the class of which we denote by
Ppn, and c(k,r) is a constant which may depend on k and r but is indepen-
dent of f and n. Similar estimates hold for the other moduli of smoothness
mentioned above.

In the sequel, we denote by ¢ constants, which may depend only on the
parameters indicated in the parentheses.

While we are dealing with the notation of function spaces, we denote

as usual by Lo := Loo[—1,1] the space of functions essentially bounded
in [~1,1], equipped with the norm || - || := || - |1 [=1,1] := esssupf and,
in particular, if f € C, then ||f|| = [|fl[¢[=1,1)- For r € N we let W" be

the subspace of all functions f € C, possessing an absolutely continuous
(r — 1)-st derivative in (—1,1) and such that f) € L.

Since the early papers by Lorentz, Zeller, DeVore, and Newman, on
shape preserving approximation most papers (many of them by some or all
the authors of this paper), were dedicated to the question of the validity of
analogs of these estimates for comonotone and coconvex approximations.
Namely, for each triple (k,r, s), where k and r are as above and s is the num-
ber of changes of monotonicity or convexity, respectively, of the function
f, it is now known whether or not (1) is valid where the approximation is
restricted to polynomials which are comonotone or coconvex, respectively,
with f (see, e.g., [15] and [17], respectively). Estimates for the analogue
of (1) for the weighted DT-moduli of smoothness are also known (see e.g.
[15, 12, 13]). Finally, in [15] are given the complete tables of validity for
comonotone pointwise estimates (see [3] for details).

Recently, Dzyubenko and collaborators have dealt with coconvex Nikol-
skii-type (pointwise) estimates (see references) and have covered most but
not all cases. The purpose of this paper is to complete the table of the
validity or invalidity of the estimates in the case of coconvex polynomial
approximation. This will enable us to compare this table with a corre-
sponding one for coconvex Jackson-type (uniform) estimates.
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2  Pointwise and uniform coconvex approxima-
tion: tables of validity

Let f € Cla,b], where a < b. For k € N, denote by

(2) wk(fv 2 [CL, b])
k k
= sup sup Z(—l)ki] < >f(x —kh/2+ jh)|,

hel0,t] a<z—kh/2<z+kh/2<b | 2 J
the ordinary k-th modulus of smoothness of f, in [a,b]. For the sake of
uniformity in notation we also denote wo(f,t,[a,b]) := |[|f[lay- When
f € C we suppress mentioning the interval, namely, we write wg(f,t) :=
wr(f,t,[—1,1]).

For n € N, let
1 V1—2?
pn(x) =t x € [-1,1].

If f € C", then by the classical Nikolskii-type direct pointwise estimates a
sequence { P}, . of polynomials P, € Py, exists, such that

3)  If(@) = Pa(@)] < elk,r)pp(@)wn(f T pule), @€ [-1,1].

This direct theorem was proved by Timan for £ = 1, by Dzyadyk and,
independently, by Freud, for £ = 2, and by Brudnyi for k > 3 (for details,
see [1], p. 381). Note that since p,(z) < Z, (3) implies (1).

Everywhere below we assume that f ¢ Py, and for such an f, we find
it convenient to rewrite (3) in the form

f_Pn

Eppr(f) = inf || ——FF—
( ) pZWk(f(T),pn)

PrePr,

‘Sc(k,r), n>k+r.

It follows immediately by (3) that if f € W7, then a sequence {P,}52, of
polynomials P,, € P, exists, such that

f (@) = Pa(@)] < e(r)ph (@) f 7], = e [-1,1].

In this paper we compare the validity or invalidity of the uniform and
pointwise estimates for coconvex approximation, for a given triplet (k,r, s),
where k > 0 is the order of the modulus of smoothness of £, r > 0, and s
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is the number of changes of convexity. More precisely, denote by Y, s € N,
the set of all collections Yy := {y;}7_, of points y;, such that

—“l<y, <<y < 1.

For Y, € Y, denote by A® (Ys) the collection of functions f € C, that
change convexity at the points y;, and are convex in [y;,1]. That is f €
A®P)(Y;) if and only if f is convex in [y, 1], concave in [y, 1], convex in
[ys, y2], and so on. Note that if f is twice differentiable in [—1,1], then
f € AP(Y,) if and only if

f'(x)(z) >0, =ze€[-1,1],

where
S

II(z) := H(x — Yi).
i=1
To unify the notation we set Yy := (§, Yo = {0}, and denote by A (Yp)
the set of convex functions f € C.
For f € AP(Y;) let

EP(f,Y) = inf_ |If =P,
P,ePnNA®R)(YS)

denote the degree of best uniform coconvex polynomial approximation, and
denote for f € C" N AP(Y,) (f e W nABR(Y,), if k = 0),

f - Pn
Ppwr(fT), pn)

)

E® (£.v,) = inf
n,k,r(f ) PnGPnﬂA<2>(YS)

so that we always have
EQ(£,Ys) < 20 T (fO,1/n)EC) (£,Y5).

Thus, with this notation the purpose of the paper is for a given triplet
(k,r,s), to establish whether or not the inequality

(4) E®) (fY.)<e  n=N,

is valid for a function f € C" N AR (Y;) (f € W nAG(Y,), if k = 0), and
f ¢ Pk+r~

With Ny := NU {0}, let (k,r,s) € Ng x Ng x Ny and k& +r # 0. We say
that



G.A. Dzyubenko, D. Leviatan and I.A. Shevchuk 5

a) (4) is not valid with both ¢ and N independent on Y, if for each A > 0
there is a positive integer NN, such that for every n > N there are, a
collection Y € Y, and a function f € C" N AP(Y;) (f € W n AQ(Yy), if
k = 0), satisfying

(5) EP) (1Y) > A

b) (4) is not valid with ¢ = ¢(k,r,s) and N independent of f, if for each
A > 0 there are, a positive integer N and a collection Y; € Y, such that
for every n > N, a function f € C"NAG(Y,) (f € W NAR(Y,), if k = 0)
exists, satisfying (5);

¢) (4) is not valid for any Ys with both ¢ and N independent of f, if for
each A > 0 and Y, € Y, there is a positive integer IV, such that for every
n > N, a function f € C"NA@(Y,) (f € W™ N AR(Yy), if k = 0) exists,
satisfying (5);

d) (4) cannot be had even if we allow both constants ¢ and N to depend
on all parameters k, r, Y, and f, if for each Y; € Y, there is a function
feC"nA®(Y,), such that

lim sup Eg,)g,r(f, Ys) = oo.

n—oo
It turns out we have to distinguish between five different cases for a triplet
(k,r,s). Namely,

Definition 1. Let (k,r,s) € Ng x Ng x Ny and k +r # 0. We write

1. (k,r,s) € “+7 if (4) holds with ¢ = c(k,r,s) and N =k +r;

2. (k,rys) € “@”if (4) holds with ¢ = c¢(k,r,Ys) and N = k+r, as well as,
with ¢ = ¢(k,r,s) and N = (k,r,Ys), but (4) is not valid with both ¢ and N
independent on Yy,

3. (k,r,s) € “©” if (4) holds with ¢ = c(k,r,Ys) and N = k+r, as
well as, with ¢ = ¢(k,r,s) and N = (k,r,Ys, f), but (4) is not valid with
c¢=c(k,r,s) and N independent of f;

4. (k,r,s) € “©7if (4) holds with ¢ = c(k,r,s) and N = (k,r,Ys, f) but
(4) is not valid for any Ys, with both ¢ and N independent of f;

5. (k,r,8) € “=": (4) cannot be had even if we allow both constants ¢ and
N to depend on all parameters k, v, Ys and f.

We summarize the results in the following theorem.

Theorem 1.
1. (k,r,s) € “+7,if s =0 and either k <3 andr <3 —k, or k>0 and
r>2;,ors=1and k<2andr <2-—k;
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2. (k,rys)e“®”,ifs>2and k<2 andr <2 —k;

3. (k,rys) € “@7, if s > 2 and either k =3 andr =0, or k=2 andr =1,
orl<k<3andr=2,0ork>0andr > 3;

4. (k,r,s) € “©7,ifs =1 and eitherk =3 andr =0, or k=2 andr =1,
orl<k<3andr=2,ork>0andr > 3.

5. (k,r,s) € “=7, otherwise.

We find it easier and more convenient for the reader to comprehend
Theorem 1 by describing the results in the following truth tables for the
pairs (k,r), for “pointwise estimates, s = 07, “pointwise estimates, s = 1”
and “pointwise estimates, s > 2”. We also take the opportunity to compare
these tables with tables for “uniform” coconvex approximation (see [17], p.
110 and 114), namely, when the estimates

(6) EP(f,Ys) < en"wp(f,1/n), n >N,
are valid.

We do this before proceeding to give references to the already known
results and to prove the new ones.

ror : r Do :
3 + + + + + + 3 + + + + + + +
2 + + + + + + 2 + + + + + + +
I + + + - = = 1+ + + 6 - - =
0 + + + 0 + + + © -
0 1 2 3 4 5 &k 01 2 3 4 5 6 &k
Pointwise, s =0 Uniform, s =0
Tl Tl
4 ©6 6 6 6 © © 4 + + + + + +
3 6 6 6 6 6 © 3 + + + + + +
2 + © 6 6 — — 2 + + + & - -
1 + + © - - 1 + + & - - -
0 + + 6 - 0 + + & - -
01 2 3 4 5 &k 0 1 2 3 4 5 &k

Pointwise, s = 1 Uniform, s =1
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ro Do rorr T
4 0 0o 0 © © O 4 & & & ©® @ @
3 0 © 0 0 © © 3 & & & & & @
2 ® 0 © © — -— 2 & & & & — -—
1 & & 0 — — — 1 & & & - — —
0 e & 0 - — - 0 ® & & - -
0 1 2 3 4 5 k 0 1 2 3 4 5 k
Pointwise, s > 2 Uniform, s > 2

Note that the “Uniform” tables do not contain the case ” @ 7.

Credits. Theorem 1.1 (that is, the “ + " case) was proved for s = 0, first
by Leviatan [14] for k¥ < 2 and r < 2 — k, and later by Kopotun [10] for
k <3 and r <3 — k, and by Mania and Shevchuk (see [1], Theorem 7.6.5)
fork=0andr > 2. Fors=1,k <2andr <2—k, it was proved by
Dzyubenko, Gilewicz and Shevchuk [4].

The positive result in Theorem 1.2 (that is, the “@” cases) was proved
in [4], and the negative result in [16].

The first variant of the positive result in Theorem 1.3 (that is, the “©”
cases) was proved in [7, 8] and the second one for > 2 follows from Remark
1.3 in [6] (“... the arguments of this paper can be easily extended to the
case s > 1, so that the exact analogs of Theorems 1.1 through 2.2 hold also
for s > 1.”). We prove here the second variant for r < 2, that is, for s > 1
and either k = 3 and r = 0, or £ = 2 and r = 1. The negative result was
proved in [5].

The positive result in Theorem 1.4 (that is, the “© " cases) for r > 2
was proved in [6]. We are going to prove it here for r < 2, that is, for s = 1
and either k = 3 and r = 0, or £ = 2 and r = 1. The negative result was
proved in [5].

Finally, Theorem 1.5 (that is, the “ —” case) was proved by Wu and
Zhou [18, 20], for s = 0 and either £k > 5 and r = 0, or k > 4 and r = 1;
and for s > 1 and either kK > 4 and r = 0, or £ > 3 and r = 1. It was
proved by Gilewicz and Yushchenko [9] for s > 1 and k > 4 and r = 2, and
by Yushchenko [19] for s = 0 and either K = 4 and » = 0, or k = 3 and
r=1.

3 Thecase (k=3,r=0,s>1)

Our aim is to prove,
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Theorem 2. For each Yy € Y, and every function f € AP(Y,) there are
a number N = N (Y, f) and a sequence {P,}:°  of polynomials P, € Py,
such that

[f(x) = Pa(2)] < cws(f, pn(2)), x€[-1,1],

where ¢ is an absolute constant.

Theorem 2 readily follows from Theorems 3 and 4 below, but in order
to formulate them we need some notations.

Let zj, := cos(jn/n), j = 0,...,n, be the Chebyshev partition of
[—1,1]. For n € N and Y, = {y;}_; € Y, denote by

Oin = (Tjs1,n: Tj—2,n); i Yi € [Xjn,Tj—1,n),

where x, 41, := —1 and z_1, := 1. Let

0=0(nY,) =] Oin
=1

Set Iy = [Tjn,Tj—1n),  =1,...,n, and let |I; | = xj_1, — zjy, be its
length. It is well known that

(7) L1l < 3|Linl,

and

s) pu(@) < Ll < 5pul@), @ € L.

In particular
(9) |Oin| < cipn(x), =€ Oy,

where |O; | denotes the length of O; ,, and ¢; < 65 is an absolute constant.

Denote by 3, the collection of all continuous piecewise polynomials
of degree < k, on the Chebyshev partition {z;,}]_, and by X, (Y;), the
subset of 3, ,, consisting of those continuous piecewise polynomials S € Yy,
such that for every i = 1,...,s, S|o,,, is a polynomial.

The following Theorem allows us to reduce the proofs of the direct
estimates for (co)convex polynomial approximation to those for (co)convex
piecewise polynomial approximation, proofs which are much easier.

Theorem 3[2]. Letk € N and s € Ny. For everyYs € Y, an f € AP (Yy),
ann > N(k,Ys), and a piecewise polynomial S € .., (Ys) N AR(Yy), there
is a polynomial P, € A®(Y;) of degree < c*(k, s)n, such that

=5

uuwf&@ﬂﬁdh@<“4wa%>

>wdﬁ%@m rel 11
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Thus, our main result is,

Theorem 4. If f € AP(Y,), then there exists an N = N(f,Ys), such that
for eachn > N, a piecewise polynomial S € ng(Y;)ﬂA@)(Y;) exists, such
that

[f(x) = S(@)] < cws(f, pn(2)), @€ [-1,1],

where ¢ 1s an absolute constant.

4  Proof of Theorem 4

We begin with three lemmas.
Everywhere below ¢; are absolute constants.

Lemma 1. For each convex (concave) function f € Cla,b] there exists a
number d = d([a,b], f) > 0, such that for each h,

h| < E := inf —1
|h| < Q(f)[a,b] ZIGI%DQHf ||[a,b},

there is convex (concave) function g € Cla,b], g(z) = g(z,h, f,[a,b]),
satisfying

g(x) = f(z) +h, z€la,atd;  glz)=f(x), z€lb-db]

1f = 9llja,s) = |A].

Proof. We prove Lemma 1 for a convex function f. Let [ be a linear function
of best approximation of the function f, that is || f —I[|[q.5) = E2(f) [0 = E-
Set f* := f — [, and note that f*(a) = f*(b) = E. If h = 0, then there is
nothing to prove. Hence, we may assume that 0 < |h| < E # 0. Denote by
z1 and x5 the (exactly two) roots of the equation f*(z) =0, z1 < x5, and
let x9 and x4 be the (exactly two) roots of the equation f*(z) = |h| — E,
xo < x4. Finally, let z3 be a root of the equation f*(z) = —E. Clearly we
have

a<x <x9g < w3z < Ty <IT5<b.
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Then Lemma 1 is valid with d = min{z; — a,b — x5}, and the evidently
convex function,

f*(x)+ h, if x € [a,s3),

g(x)=Ul(z)+< h—F if x € |x3, 4],
f(z) if x € [x4,0],
if h > 0, and
f*(z)+ h, if x € [a, ],
glx)=1l(z)+ —FE if x € [xe,xs],
f(x) if x € [xs,0],
if h < 0. O
Denote by

[t to; f] = w

the first divided difference of the function f at the points t; and ts.

Lemma 2. Given the interval [a,b], let y € (a,b) be such that (b—y)/3 <
y—a<30b-y). If a function f € C|a,b] is concave on [a,y] and convex
on [y, b, then there is a linear function l(x) = l(x, f,|a,b],y), such that

(10) U'<la,y; f] and 1" <[y,b; f],
we may choose l(a) = f(a) or l(b) = f(b), and

(11) Hf_lH[a.b] §C2W3(f7b_a7 [a,b]),

where the modulus of smoothness for the interval [a,b] was defined in (2).

Proof. Since f is concave on [a,y] and convex on [y,b], then (see [11])
Es(Hap) < 3B3(f)ap = cainfpepy If — plljap), whence Ea(f)ay <
caws(f,b — a,la,b]). Therefore, it readily follows that the choice of either
li(z) = f(a) + (z — a)[a,y; f], or la(x) = f(b) + (z — b)[y,b; f], according
to which of the two divided differences is smaller, clearly fulfils (10), while
(11) follows immediately by Whitney’s Theorem and the fact that [; j =1
or j = 2, interpolates f at two points, the distance between which is pro-
portional to b—a. In order to guarantee that [(a) = f(a), if the choice is [,
then we take | = [;. Otherwise, if h := ls(a) — f(a), then by (11) we may
take | = lo — h, which satisfies (10) and (11), and we obtain l(a) = f(a).
Guaranteeing, instead, that I(b) = f(b) is done in a similar way. O
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Lemma 3. For f € A®\(Y,), there exists an N = N(f,Y,), such that for
each n > N, a function f, € AP(Yy) exists, such that fnlo,.,, is linear for
alli=1,...,s, and

[f(2) = fu(2)] < csws (f, pn(2)), € [-1,1].

Proof. Set

y; = min{y; + %(1 = lwil), %(%‘—1 +ui)},
and

i o= max{ys — 3 (1~ ll), 5 (0 + virn)},
where yp := 1 and ys4+1 := —1. Now write

J = [y;,yz] and JZ+ = [ylayj]

)

We divide 1 < i < s into two sets. We write ¢ € A, if there are two linear
functions [;— and l;+, such that,

fly-=li- and  fl = liy.

Otherwise i ¢ A.
Let Ny be so big that for n > Ny,

Oin CJ-UJE =y ,yf], 1<i<s,

and note that in particular O; ,NO;41, =0, 1 <i < s. Denote by y;rn and
Y., the right and left ends of O; », respectively. Let n > Ny and i € A. We
denote by L} , the polygonal line consisting of three segments, such that

i,n?
L (1) =L, (y) = Li,,(1) =0 and L], (y},) =1,

and similarly, we denote by L;  , the polygonal line consisting of three linear

pieces, such that,

L;n(—l) = Lz_n(yz) =L;,(1)=0 and L:n(yz_n) =1,

)

and define

oo G h) — W), (FD)G =) 2 0;
o (Uit (Yip) — lim(y; ) Li s otherwise.
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Clearly,
(12) Lin € AD(Yy),

and either (f + Lin)lo;,, = li—, or (f + Lin)|o;,, = li+, so that f + L, is
linear on O; . Hence, with

Ln:=) Lin,

€A

we conclude that (f + Ly)|o;,, is linear for each i € A. Also, clearly, L,|o,
is linear for each i ¢ A.
If M :=max;eal|li, —1I_|, then by (9),

iy = L1y = wi) < My, — yi) < M|Oyn| < ectMpu(yf,),
and
Ui = L (vi = vi) < c1Mpu(y;,)-
Hence, it follows that
|Lin(x)| <caMpp(x), ze[-1,1],
which in turn implies,
(13) |Lp(z)| < seiMpp(z), =€[-1,1].
On the other hand, for each i € A there exists t? > 0, such that
wi(f,t [y wd ) = iy — Lt t <t
Therefore, if A # (), then we have

ws(f,t) > Mt, t<t°:=mint’.
1€A
Combining with (13) this in turn yields, for all n > N° := max{Np, [1/tY]},
(14) [Ln(2)| < sciws(f, pu(2)), =€ [-1,1],

Next, for i ¢ A, denote J; := J,
Ji = J:r .
Now we need an auxiliary function g,, which coincides with f on a

major part of the interval [—1,1]. In fact, it differs from f only on the
O;’s and on the J;’s, where ¢ ¢ A.

if f|,+ is linear. Otherwise, we put
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We fix i ¢ A and assume that J; := Jj and that ¢ is odd, that is, f is
convex on J;. The other cases are similar. By Lemma 2, there is a linear
function [; ,,, such that

(15) in < Wi vis 1o Uiy < [visuis £,
(16) FWin) = lin(yi,):

and

(17) If = linlp, < c2ws(f, |Oinl),

in particular,

him = lin(yi,) — F(yf,) < cows(f, |Oinl)-

Since i ¢ A, it follows that Es(f)s, > 0, and we may apply Lemma 1 with
d; :=d(J;, f) and g(z, hin, f, J;), guaranteed by that lemma.
We take N; > N9 so big that for all n > N; we have

Yin —yi <di and  cows(f, |Oinl) < E2(f)1;,
and we define
f(z), if € J;\Oin;
Gin(x) = lim, if x€O;p;
g(ﬂ:’,hiﬂ—“f, J’L)7 if HARS J’L\Oz,n
Then by (17),
|f(z) = gin(x)| < cows(f,|Oinl), =€ J; U

Hence, the inequality

max pp(z) <2 min  p,(x),
z€JUJ z€JUJS

combined with (7) through (9), yields
(18) [f(@) = gin(2)| < caws(f, pn(x)), =€ J7 Ui

Also, g;n, is continuous on J; U J;, it is concave on J; and convex on J;,
and g;,(x) = f(x) near both ends of J; U J;.
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Thus, for each n > N := max;¢ 4 N;, the function

( ) L gi’n(a:), if z¢€ Oi,n UJ; with ¢ ¢ A;
A (x), otherwise

satisfies

(19) gn € AP(Yy),

(20) |f(@) = gn()] < cows(f,pn(x)), =€ [-1,1],
and

(21) gn is a linear function on each O; with ¢ ¢ A.

Combining (19) through (21) with (12) and (14), we conclude that
Jn =gn+ Ln,

is the required function. This completes the proof of Lemma 3. O

Denote by

[tr, ta, t3; f] := [tl,tz;{] - Efg,tg;f]’
1= 13

the second divided difference of the function f at the points t1, t2, t3.
Proof of Theorem 4. Let N and f, be defined by Lemma 3. For eachn > N
and j =2,...,n—1let

Pim = fn(@jn) + (. — 2j0)[Tjn, Tj—1n; fnl
+(sgnll(z;n)) (@ — xjn) (. — xj-15)
~min{|[Zn, Tj—1,n, Tj—2,05 ol | [Zjms Tim1,0s Tjt1,n; full)

be the quadratic polynomial that interpolates f, at the points x;,, ;-1
and either x;_5 , or 41 . It is readily seen (see e.g.,[10]), that the required
piecewise polynomial S may be taken in the form

S|Ij’n :pj,nv ] = 25"'7n_ 17 S|Il7n :p2,n and S|In,n :pn—l,n'

This concludes the proof.
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