INTERPOLATORY POINTWISE ESTIMATES FOR POLYNOMIAL APPROXIMATION

H. H. Gonska, D. Leviatan, I. A. Shevchuk and H.-J. Wenz^1

Dedicated to the memory of Vladislav Kirilovich Dzjadyk, 18.02.1919–26.10.1998.

His influence on this work and on our previous research is invaluable.

Abstract. We discuss whether or not it is possible to have interpolatory pointwise estimates in the approximation of a function f 2 C[0, 1], by polynomials. For the sake of completeness as well as in order to strengthen some existing results, we discuss briefly the situation in unconstrained approximation. Then we deal with positive and monotone constraints where we show exactly when such interpolatory estimates are achievable by proving affirmative results and by providing the necessary counterexamples in all other cases.

§1. Introduction and main results

The effect of the endpoints of the finite interval on the quality of approximation of continuous functions by algebraic polynomials, was first observed by Nikolskiǐ [Nik46]. Later pointwise estimates of this phenomenon were given by Timan [Tim51] (k = 1), Dzjadyk [Dzj58, Dzj77] (k = 2), Freud [Fre59] (k = 2), and Brudnyǐ [Bru63] (k ≥ 2), who proved that if f ∈ C^r[0, 1], then for each n ≥ N = r + k − 1, a polynomial p_n ∈ Π_n exists, such that (1.1) |f(x) − p_n(x)| ≤ c(r, k)ρ^r_n(x)ω_k (f^{(r)}, ρ_n(x)), 0 ≤ x ≤ 1. where ρ_n(x) :=^1_{n2} +^1_n φ(x), φ(x) := √ x(1 − x), and where ω_k, k ≥ 1, is the ordinary kth modulus of smoothness, and c(r, k) is a constant which depends only on r and k, and which is independent of f and n. Note that for n = r + k − 1, (1.1) is in fact a Whitney inequality [Whi57].

Lorentz at a conference in Oberwolfach [Lor64], raised the question whether ρ_n(x) can be replaced by the smaller quantity δ_n(x) :=^1_n φ(x), that is, whether (1.2) |f(x) − p_n(x)| ≤ c(r, k)δ^r_n(x)ω_k (f^{(r)}, δ_n(x)), 0 ≤ x ≤ 1, holds. Such estimates we call interpolatory pointwise estimates.

1991 Mathematics Subject Classification. 41A10, 41A25, 41A29.

Key words and phrases. Approximation by polynomials, Shape preserving approximation, Degree of approximation, Interpolatory pointwise estimates.

1The authors acknowledge partial support for this work by the Volkswagen–Stiftung (RiP program at Oberwolfach). The third author’s contribution was also sponsored under the program “Förderung der Europafähigkeit der Hochschulen” of the state of Nordrhein–Westfalen.

Indeed, Teljakovskiǐ [Tel66] (k = 1, r = 0), Gopengauz [Gop67] (k = 1, r ≥ 1), DeVore [DeV76, DeV77] (k = 2, r = 0), and Gonska and Hinnemann [HiGo83, GoHi85] (r ≥ 0, k ≤ r + 2), proved that for f ∈ C^r[0, 1], if k ≤ r + 2, there are polynomials p_n ∈ Π_n for which (1.2) holds, for all n ≥ N = 4r + 4.

When r + k = 2, then it is known that (1.2) is valid for all n ≥ 1(= r + k − 1), i.e., we have an interpolatory Whitney-type estimate and we don’t need to exclude all n < 4r + 4. So, although in this paper we intend to concentrate mostly on constrained approximation, for the sake of completeness we give in Section 2 a short proof of the interpolatory Whitney-type estimate for unconstrained approximation. Namely,

Proposition 1. Let k ≤ r + 2 and assume that f ∈ C^r[0, 1]. Then there is a polynomial p_{2[(r+k+1)/2]−1} ∈ Π_{2[(r+k+1)/2]−1} for which

(1.3) |f(x) − p_{2[(r+k+1)/2]−1}(x)| ≤ c(r)φ^r (x)ω_k (f^{(r)}, φ(x)), 0 ≤ x ≤ 1,

and if k ≤ r, then also

(1.4) |f(x) − p_{2[(r+k+1)/2]−1}(x)| ≤ c(r)φ^{2[(r+k+1)/2]}(x)ω_k (f^{(r)}, 1), 0 ≤ x ≤ 1,

where c(r) depends only on r.

Note that the polynomial degree depends on whether r + k is even or odd.

Combining (1.2) and (1.3) we may now conclude the validity of

Corollary 1. Let k ≤ r + 2 and assume that f ∈ C^r[0, 1]. Then for each n ≥ 2[(r + k + 1)/2] − 1, there is a polynomial p_n ∈ Π_n, such that (1.2) holds with a constant c(r) depending only on r.

Remark 1. (i) It should be noted that it is impossible in Corollary 1, to replace 2[(r + k + 1)/2] − 1 by any lower figure as is manifested in the approximation of f(x) := x^{2[(r+k+1)/2]−1}.

(ii) Proposition 1 is a simple consequence of inequality (2.3) below, which is proved in [She84a, She84b] (see also Galan [Gal91] and [She92, Theorem 4.3, Lemma 6.4]), and which is a realization of an idea of Dzjadyk to combine the Whitney and Marchaud estimates in one inequality. Inequality (1.3) also follows from some inequalities of Gopengauz [Gop92, Gop94] (which also follow from (2.3) below).

Conversely, it has been shown by Yu [Yu85a], that (1.2) is not valid if k > r+2. Namely, she proved for all r ≥ 0, that if k > r + 2, then for each n and every constant A > 0, a function f = f_{r,k,n,A} ∈ C^r[0, 1] exists, such that for any polynomial p_n ∈ Π_n, there is a point x ∈ [0, 1] for which |f(x) − p_n(x)| > Aδ^r_n(x)ω_k(f^{(r)}, δ_n(x)), holds.

We strengthen this negative result by proving in Section 3,

Theorem 1. Given r ≥ 0, a function f = f_r ∈ C^r[0, 1] exists, such that for any algebraic polynomial p,

(1.5) lim sup_{x→0} |f(x) − p(x)| φ^r(x)ω_{r+3}(f^{(r)}, φ(x)) = ∞. Remark 2. (i) Evidently (1.5) implies that for the same function f_r and any polynomial p_n ∈ Π_n, for arbitrary n, we have

lim sup x→0 |f(x) − p_n(x)| δ^r_n(x)ω_k (f^{(r)}, δ_n(x)) = ∞, for any k ≥ r + 3.

(ii) Obviously by symmetry, we have a similar phenomenon at x = 1. In fact it is easy to construct a function which exhibits this phenomenon at both endpoints. Indeed one may take f^∗_r (x) := f_r (x) + χ_r(x)(f_r (1 − x) − f_r(x)), where χ ∈ C^{2r+3} is such that 0 ≤ χ(x) ≤ 1, 0 ≤ x ≤ 1, and χ(x) = 0, 0 ≤ x ≤ 1/4, χ(x) = 1, 3/4 ≤ x ≤ 1.

The main purpose of this paper is to discuss interpolatory pointwise estimates for constrained approximation. We will investigate positive and monotone approximation. We denote by Δ^0 the set of positive functions on [0, 1], and by Δ^1 the collection of monotone nondecreasing functions on that interval.

The problem of positive approximation is to estimate the pointwise degree of approximation of a function f ∈ C^r[0, 1]∩Δ^0 by polynomials p_n ∈ Π_n ∩Δ^0. Estimates of the form (1.1) for positive approximation are known. In fact, Timan [Tim51] proved his result for unconstrained approximation in the case r = 0 and k = 1, using positive linear operators. Other positive linear operators which provide (1.1) for r = 0 and k = 1, were constructed by, among others, Lehnhoff [Leh83] and Cao and Gonska [CaGo94]. It is worthwhile noting that for unconstrained approximation, linear operators which yield etimates of the form (1.1) for r = 0 and any k ≥ 1, were first constructed by Brudnyǐ [Bru68]. Recently, Dzyubenko [Dzy96] has given an affirmative answer to all other cases of (1.1) for positive approximation, applying nonlinear methods. To the best of our knowledge the difficult question whether positive linear operators can provide an affirmative answer to (1.1) in the case r = 0 and k = 2 has been settled only recently by Gavrea [Gav96].

Gavrea [Gav95] was also the first to construct positive linear operators which yield the interpolatory estimates (1.2) in the case r = 0 and k = 1, and recently [Gav96], he has constructed such operators which yield (1.2) for r = 0 and k = 2. It is interesting to note that these operators also preserve monotonicity and convexity of the function, see Cottin et al. [CoAl98]. Thus (1.2) is valid for positive approximation provided r + k ≤ 2.

It remains to investigate the cases where r + k > 2. To this end we have the following affirmative answer which we prove in Section 4.

Theorem 2. Let k ≤ r. If f ∈ C^r[0, 1] ∩ Δ^0, then for each n ≥ N := 2[(r + k + 1)/2], there is a polynomial p_n ∈ Π_n ∩ Δ^0, such that (1.6) |f(x) − p_n(x)| ≤ c(r)δ^r_n(x)ω_k (f^{(r)}, δ_n(x)), 0 ≤ x ≤ 1. A special case of Theorem 2 is an interpolatory Whitney-type estimate which we need in the proof of the theorem and which we prove in Section 2. Namely,

Proposition 2. Let r ≥ 2 and k ≤ r. For any f ∈ C^r[0, 1] ∩ Δ^0, a polynomial p_{2[(r+k+1)/2]} ∈ Π_{2[(r+k+1)/2]} ∩ Δ^0 exists, such that

(1.7) |f(x) − p_{2[(r+k+1)/2]}(x)| ≤ c(r)φ^{2[(r+k+1)/2]}(x)ω_k(f^{(r)}, 1), 0 ≤ x ≤ 1,

which in turn implies

(1.8) |f(x) − p_{2[(r+k+1)/2]}(x)| ≤ c(r)φ^r (x)ω_k (f^{(r)}, φ(x)), 0 ≤ x ≤ 1.

Remark 3. One should emphasize that in case r > 1, it is impossible in general to have Theorem 2 for a polynomial of lower degree, say degree r + k − 1 when r + k is even, or r + k when it is odd. We will give counterexamples in Section 3.

Together with the affirmative cases r + k ≤ 2, Theorem 2 covers all occurrences where (1.8) holds. For all other cases we have a negative result of the nature of Yu’s result [Yu85a]. Namely, we prove in Section 3,

Theorem 3. Let k > r ≥ 1. Then for each n ≥ 1 and every constant A > 0, a function f = f_{k,r,n,A} ∈ C^r[0, 1] ∩ Δ^0 exists, such that for any polynomial p_n ∈ Π_n ∩ Δ^0, there is a point x ∈ [0, 1], for which (1.9) |f(x) − p_n(x)| > A x^{r/2} n^r ω_k ( f^{(r)}, √ x n ) , holds.

Remark 4. (i) By symmetry, we have a similar phenomenon at x = 1. (ii) A quick glance at (1.9) shows that for the function f_{k,r,n,A}, one may take the function f_{r+1,r,n,2}r+1�k_A. (iii) Theorem 1 implies the validity of Theorem 3, also for the case r = 0 and k > 2, since the corresponding function in Theorem 1 is nonnegative. One should also note that the arguments used in the proof of Theorem 6 below, are applicable to the proof of Theorem 3 for the case k > max{2, r}. One must only replace in the proof of Theorem 6, Δ^1 by Δ^0.

The problem of monotone approximation is that of estimating the degree of approximation of a monotone nondecreasing function by monotone nondecreasing polynomials. Unlike positive approximation, this problem is interesting also when estimating the norm, but we deal here with pointwise estimates. The latter are due to Lorentz and Zeller [LoZe68] (r = 0, k = 1), DeVore and Yu [DeYu85] (r + k = 2), and Shevchuk [She92, Theorem 17.3] (r > 0), who proved that if r = 0 and k ≤ 2, or if r > 0, if f ∈ C^r[0, 1] ∩ Δ^1, then for each n ≥ N := r + k − 1, a polynomial p_n ∈ Π_n ∩ Δ^1 exists such that (1.1) holds. Shvedov [Shv79] has shown that (1.1) is not valid in case of monotone approximation, for r = 0 and k > 2, if we insist on having c = c(r, k) and N = N(r, k). Furthermore, recently it has been proved by Wu and Zhou [WuZh92] for r = 0 and k > 3, and by Leviatan and Shevchuk [LeSh99] for r = 0 and k = 3, that (1.1) fails in case of monotone approximation also when we allow c = c(f) and N = N(f).

DeVore and Yu [DeYu85] were first to establish interpolatory pointwise estimates for monotone approximation, showing that for r + k ≤ 2, if f ∈ C^r[0, 1] ∩ Δ^1, then for each n ≥ 1, a polynomial p_n ∈ Π_n ∩ Δ^1 exists, such that (1.10) |f(x) − p_n(x)| ≤ cδ^r_n(x)ω_k (f^{(r)}, δ_n(x)), 0 ≤ x ≤ 1. We just mention that similar interpolatory estimates for convex approximation for r+k ≤ 2 are due independently to Yu [Yu85b] and Leviatan [Lev86], and that linear approximation operators which preserve monotonicity and convexity also of higher order and which yield (1.10) for r + k ≤ 2 have been constructed by Cao and Gonska [CaGo94].

DeVore and Yu naturally have raised the question whether (1.10) might be valid for other pairs of r and k. We show here that this is not so, even for the Sobolev classes W^r[0, 1] of functions f, having an (r − 1)st absolutely continuous derivative and such that |f^{(r)}(x)| ≤ 1 a.e. in [0, 1]. In Section 3, we prove Theorem 4. Let r > 2. Then for each n there is a function f = f_{r,n} ∈ W^r[0, 1] ∩ Δ^1, such that for every polynomial p_n ∈ Π_n ∩ Δ^1, either

(1.11) lim sup_{x→0} |f(x) − p_n(x)| φ^r(x) = ∞, or (1.12) lim sup_{x→1} |f(x) − p_n(x)| φ^r(x) = ∞. Remark 5. Actually we prove that if (1.11) fails, then f(1) ≠ p_n(1). Of course, by symmetry, if (1.12) fails then f(0) ≠ p_n(0).

An immediate consequence of Theorem 4 is Corollary 2. Let r + k > 2. Then for each n there exists a function f = f_{r,k,n} ∈ C^r[0, 1] ∩ Δ^1, such that for every polynomial p_n ∈ Π_n ∩ Δ^1, either

lim sup x→0 |f(x) − p_n(x)| φ^r(x)ω_k(f^{(r)}, φ(x)) = ∞, or lim sup x→1 |f(x) − p_n(x)| φ^r(x)ω_k(f^{(r)}, φ(x)) = ∞. Nevertheless all is not lost, and it is possible to salvage something by insisting only on interpolation at one endpoint rather than at both. Namely, we prove in Section 4, Theorem 5. Let k ≤ max{r, 2}. If f ∈ C^r[0, 1] ∩ Δ^1, then for each n ≥ N := k + r − 1, there is a polynomial p_n ∈ Π_n ∩ Δ^1, such that (1.13) |f(x) − p_n(x)| ≤ c(r)ρ^r_n(x)ω_k (f^{(r)}, ρ_n(x)), 0 ≤ x ≤ 1, and (1.14) |f(x) − p_n(x)| ≤ c(r) x^{r/2} n^r ω_k ( f^{(r)}, √ x n ) , 0 ≤ x ≤ 1. A special case of Theorem 5 is an interpolatory Whitney-type estimate which we need in the proof of the theorem and which we prove in Section 2. Namely,

Proposition 3. Let k ≤ max{r, 2}. If f ∈ C^r[0, 1] ∩ Δ^1, then there is a polynomial p_{k+r−1} ∈ Π_{k+r−1} ∩ Δ^1, such that (1.18) |f(x) − p_{r+k−1}(x)| ≤ c(r)x^{r/2} ω_k(f^{(r)}, √ x), 0 ≤ x ≤ 1. and if k ≤ r, then (1.19) |f(x) − p_{r+k−1}(x)| ≤ c(r)x^r ω_k(f^{(r)}, 1), 0 ≤ x ≤ 1. Theorem 5 is the best one can achieve since we show in Section 3 that,

Theorem 6. Let k > max{r, 2}. Then for each n ≥ 1 and every constant A > 0, a function f = f_{r,k,n,A} ∈ C^r[0, 1] ∩ Δ^1 exists, such that for any polynomial p_n ∈ Π_n ∩ Δ^1, there is a point x ∈ [0, 1] for which (1.9) holds.

Remark 6. Again by symmetry, we have a similar phenomenon at x = 1.

In order to have an overview, we summarize the results in the following array, where the + sign in the (k, r) entry means that the interpolatory pointwise estimates hold for unconstrained approximation as well as for positive and monotone approximation (in the latter in the sense of Theorem 5); the − sign means that interpolatory estimates fail in all cases (consult the variations in failure in the various cases); and the ⊕ sign means that the interpolatory estimates are valid for the unconstrained case, while they fail for positive and monotone approximation, except for the one ⨁ sign where the interpolatory estimate is valid also for monotone approximation (in the sense of Theorem 5), that is, it fails only for positive approximation.

r . . . . . . . . . . . . . . . . . . 3 + + + ⊕ ⊕ − · · · 2 + + ⊕ ⊕ − − · · · 1 + ⨁ ⊕ − − − · · · 0 + + − − − − · · · 1 2 3 4 5 6 k

Fig.

Remark 6. Pointwise estimates for unconstrained approximation whether of Timan type or interpolatory ones, have in many cases included also estimates of simulataneous approximation of the function f and its derivatives by the polynomials and their respective derivatives. We have not discussed such questions here. However, we should point out that if we had analogous results of interpolatory type for simultaneous approximation of f and its first derivative, with k = r = 2 in Theorem 5 (1.14) (i.e., monotone approximation), then the estimates for f^′, would contradict (1.9) of Theorem 3 (positive approximation), for k = 2, r = 1. Thus the situation is more complicated in constrained approximation.

In the proofs we will have absolute constants and constants which depend only on r and k. Since eventually proofs of the affirmative results will end up with the latter, we will not distinguish between them and use the notation c for both types. These constants may differ from one another on different occurrences even when they appear on the same line. Sometimes however, we will need to carry to later point in a proof specific such constants, so these we will denote by c_1, c_2 etc. Constants which may depend on other parameters will be denoted by A, A_1, A_2. Again they may differ from one another on different occurrences. Finally, ‖ · ‖ will always denote the usual sup-norm, that is, ‖f‖ = max{|f(x)|, x ∈ [0, 1]}.

§2 Whitney-type interpolatory estimates

Given r ≥ 0 and k ≥ 1, set m := r + k and let 0 ≤ x_0 ≤ x_1 ≤ · · · ≤ x_m ≤ 1 be so that x_{i+r+1} > x_i for all i = 0, . . . , m − r − 1. Then the generalized divided difference of order m at the knots x_0, . . . , x_m, [x_0, . . . , x_m; f], is well defined for f ∈ C^r[0, 1].

For each pair of integers (p, q), with 0 ≤ p ≤ k − 1 and p + r + 1 ≤ q ≤ m, we write d(p, q) := min{x_{q+1} − x_p, x_q − x_{p−1}}, where x_{−1} = −1 and x_{m+1} = 2. Now, given a continuous function ω : [0, 2] → [0, ∞), denote

(2.1) Λ_{p,q,r}(x_0, . . . , x_m; ω) := ∫_{d(p,q)} x_q −x_p u r+p−q−1ω(u) du ∏_{p−1} i=0 (x_q − x_i) ∏_m j=q+1(xj − xp) ,

and (2.2) Λ_r(x_0, . . . , x_m; ω) := max_{0≤p≤k−1} max_{p+r+1≤q≤m} Λ_{p,q,r}(x_0, . . . , x_m; ω).

Then by virtue of [She92, Theorem 4.3 and Lemma 6.4] we have the following

Lemma 1. There is a constant c(r, k) such that for every f ∈ C^r[0, 1],

(2.3) |[x_0, . . . , x_m; f]| ≤ c(r, k)Λ_r(x_0, . . . , x_m; ω_k(f^{(r)}, ·)).

We are ready for the

Proof of Proposition 1. We have to deal separately with m = r +k even and odd. When m is odd, we replace k by k + 1 and m by m + 1, in the construction below, and this accounts for the different degrees of the polynomials. It should be noted that when m is odd, then k ≤ r + 2 implies k + 1 ≤ r + 2 so that we work exactly with the same assumptions and we may even replace in (1.3) ω_k by ω_{k+1}. Thus we will assume m is even. Put (2.4) x_0 = x_1 = · · · = x^m_{2 −1} = 0, x^m_2 = x, and x^m_{2 +1} = · · · = x_m = 1,

where x ∈ (0, 1) is a fixed arbitrary point. Given f ∈ C^r[0, 1], we write ω(·) := ω_k(f^{(r)}, ·), and we will show that

(2.5) Λ_r := Λ_r(x_0, . . . , x_m; ω) ≤ c ω(φ(x)) φ^k(x) .

Moreover, if k ≤ r, then also

(2.6) Λ_r ≤ cω(1).

To this end observe that since q − p ≥ r + 1 ≥ m/2, then the denominator in (2.1) is always equal to 1. Hence, for all admissible pairs (p, q) we have

(2.7) Λ_{p,q,r}(x_0, . . . , x_m; ω) = ∫_{d(p,q)} x_q −x_p u^{r+p−q−1}ω(u) du. If r ≥ m/2, then for all pairs (p, q), x_q − x_p = 1, while d(0, m) = 2. Hence,

(2.8)

Λ_r =

∫_2 1 u^{−k−1}ω(u) du ≤ cω(1) ≤ c ω(φ(x)) φ^k(x) . Thus (2.6) is proved as well as (2.5) for r ≥ m/2. If r + 1 = m/2, then k − 1 = m/2 ≥ 1, and x_{r+1} − x_0 = x and x_m − x_{k−1} = 1 − x. Then by virtue of (2.7),

Λ_r = max{

∫_1 x u^{−2}ω(u) du, ∫_1 1−x u^{−2}ω(u) du, cω(1)}. If x ≤ 1/2 say, (in the case x > 1/2, x is replaced by 1 − x), then ∫_1 1−x u^{−2}ω(u) du ≤ ∫_1 x u^{−2}ω(u) du = ∫^√_x x u^{−2}ω(u) du + ∫_1 √ x u^{−2}ω(u) du ≤ ω( √ x) ∫_∞ x du u^2 + c ω( √ x) ( √ x)^k ∫_1 √ x u^{k−2} du ≤ c ω( √ x) ( √ x)^k ≤ c ω(φ(x)) φ^k(x) , where in the second term in the third row we used the fact that the function t^{−k}ω(t) is essentialy decreasing in (0, 1] (i.e., t^{−k}_1 ω(t_1) ≤ ct^{−k}_2 ω(t_2), 0 < t_2 ≤ t_1 ≤ 1) and in the left inequality on the last row we used the fact that in this case k ≥ 2. This completes the proof of (2.5).

Now let ℓ_{r+k−1} denote the Lagrange–Hermite polynomial which interpolates f and its derivatives up to the order^m_2 − 1 at both 0 and 1. Then it is well known that f(x) − ℓ_{r+k−1}(x) = φ^m(x)[x_0, . . . , x_m; f].

Hence (1.3) follows by (2.3) and (2.5) and (1.4) follows by (2.3) and (2.6). This concludes our proof. �

Next is the Proof of Proposition 2. As in the proof of Proposition 1, we distinguish between the cases m = r + k even and odd. For odd m, we replace throughout the proof k by k + 1 and m by m + 1, and we note again that in this case k + 1 ≤ r, so that again we work exactly with the same assumptions and we may even replace in (1.7) and (1.8), ω_k by ω_{k+1}. Thus we assume that m is even.

With x_0, . . . , x_m as in (2.4), and ℓ_{r+k−1} denoting the Lagrange–Hermite polynomial interpolating f and its derivatives up to order^m_2 − 1 at both 0 and 1, we have by (2.8) |f(x) − ℓ_{r+k−1}(x)| ≤ c_1φ^{r+k}(x)ω(1) =: q_{r+k}(x). Since r + k is even, we observe that q_{r+k} is a polynomial (of exact degree r + k). Now p_{r+k} := ℓ_{r+k−1} + q_{r+k} is a polynomial of degree r + k satisfying |f(x) − p_{r+k}(x)| ≤ cφ^{r+k}(x)ω(1), while evidently, p_{r+k} is nonnegative. This completes the proof of (1.7) for r + k even. � The main part of the proof of Proposition 3 is quite similar, but we have an additional case to consider.

Proof of Proposition 3. We begin with the special case r = 1 and k = 2. It is well known that ℓ_1, the linear interpolant of f^′ at 0 and 1, satisfies

|f^′(x) − ℓ_1(x)| ≤ cω_2(f^′, √ x(1 − x)), and obviously it is nonnegative. Hence putting p_2(x) := f(0) + ∫_x 0 ℓ_1(u) du, we have a nondecreasing polynomial which yields |f(x) − p_2(x)| ≤ ∫_x 0 |f^′(u) − ℓ_1(u)| du ≤ cxω_2(f^′, √ x) ≤ √ xω_2(f^′, √ x). The rest of the proof is again similar to that of Proposition 1, we take k ≤ r but we make no distinction between odd and even r + k. We put

x_0 = · · · = x_{r−2} = 0, x_{r−1} = x, and x_r = · · · = x_{r+k−1} = 1,

where x ∈ (0, 1) is arbitrary. Now we show that

(2.9) Λ_{r−1} := Λ_{r−1}(x_0, . . . , x_{r+k−1}; ω) ≤ c ω(1) 1 − x .

Indeed, as before, if k < r, then we have Λ_{r−1} ≤ cω(1), and if k = r, then Λ_{r−1} ≤ max{

∫_1 1−x ω(u) u^2 du, cω(1)} ≤ c ω(1) 1 − x . Let ℓ_{r+k−2} be the Lagrange–Hermite polynomial for f^′, interpolating f^{(j)}(0), j = 1, . . . , r− 1 and f^{(j)}(1), j = 1, . . . , k. Then f^′(x) − ℓ_{r+k−2}(x) = x^{r−1}(1 − x)^k[x_0, . . . , x_{r+k−1}; f^′].

Thus by (2.3) and (2.9), (2.10) |f^′(x) − ℓ_{r+k−2}(x)| ≤ c_1x^{r−1}ω(1). Put p_{r+k−1}(x) := f(0) + ∫_x 0 ℓ_{r+k−2}(u) du + c_1 r x^r ω(1). Then by (2.10) we obtain |f(x) − p_{r+k−1}(x)| ≤ ∫_x 0 c_1u^{r−1}ω(1) du + c_1 r x^r ω(1) ≤ cx^rω(1) ≤ cx^{r/2}ω( √ x), which is (1.19) and (1.18), while at the same time by virtue of (2.10), we have p^′_{r+k−1}(x) = f^′(x) + (ℓ_{r+k−2}(x) − f^′(x)) + c_1x^{r−1}ω(1) ≥ f^′(x) ≥ 0.

This completes our proof. � §3 Negative results and counterexamples We begin with unconstrained approximation.

Proof of Theorem 1. First we recall the general convention to denote by Φ^k, the set of continuous nondecreasing functions ω : [0, ∞) → [0, ∞), such that ω(0) = 0 and t^{−k}ω(t) is nonincreasing in [0, ∞).

By [She92,Theorem 2.2], if k > 1 and ω ∈ Φ^k, then the function F (x, ω, k) := 1 (k − 2)!

∫_1 x x(u − x)^{k−2} u^k ω(u) du, 0 ≤ x ≤ 1, is continuous and satisfies (3.1) ω(t) ≤ ω_k(F, t) ≤ kω(t).

Given r ≥ 0, we successively define a sequence of points t_i ∈ (0, 1], as follows. Set t_1 := 1/2 and assume that t_{2i−1}, i ≥ 1, has been defined. Then put t_{2i} := t^{r+3}_{2i−1} and t_{2i+1} := t_{2i−1}t^{r+2}_{2i} . Obviously, t_i → 0 as i → ∞. Now let

ω(t) := 1/2, t ≥ 1/2, t_{2i−1}t^{r+3}/t_{2i}, t_{2i} ≤ t ≤ t_{2i−1}, t_{2i+1}, t_{2i+1} ≤ t ≤ t_{2i}, 0, t = 0. Then it is readily seen that ω ∈ Φ^{r+3}. Since

(r + 2) t^{r+2}_{2i} ω(t_{2i})

∫_{t2i}�_1 t2_i ω(u) u^2 du = 1 t_{2i−1} − t^{r+1}_{2i} ,

we see that

(3.2) lim sup_{x→0} x^{r+2} ω(x) ∫_1 x ω(u) u^2 du = ∞. Also ∫_{t2i}

t2_i+1 ω(u) u^2 du = 1 − t_{2i+1} t_{2i} , which implies

(3.3)

∫_1 0 ω(u) u^2 du = ∞, and finally since ω(x) ≤ x, 0 ≤ x ≤ 1, then

(3.4)

∫_1 t2_i ω(u) u^2 du ≤ ∫_1 t2_i 1 u du = log t^{−1}_{2i} .

We are ready to define the function f_r. We write

f_r(x) := 1 (r − 1)! ∫_x 0 (x − t)^{r−1}F (t, ω, r + 3) dt, whence f^{(r)}_r (x) = F (x, ω, r + 3).

Observe that since ω ∈ Φ^{r+3}, then by (3.1)

ω(t) ≤ ω_{r+3}(f^{(r)}_r , t) ≤ (r + 3)ω(t).

Taking the highest power of x and of u in the double integral which defines f_r gives the dominant term in the computation of the function, and it is not hard to see that with a suitable constant c_1 we have |f(x) − c_1x^{r+1} ∫_1 x ω(u) u^2 du| ≤ cx^{r/2}ω( √ x), which in turn implies

(3.5) |f(x) − c_1x^{r+1}

∫_1 √ x ω(u) u^2 du| ≤ cx^{r/2}ω( √ x). Now fix n and assume to the contrary that (1.5) is not valid. Then for some constant A, we have (3.6) |f(x) − p_n(x)| ≤ Ax^{r/2}ω( √ x). Hence, it follows by (3.5) that

|p_n(x) − c_1x^{r+1}

∫_1 √ x ω(u) u^2 du| ≤ Ax^{r/2}ω( √ x), and by change of variable

(3.7) |q_{2n}(x) − c_1x^{2r+2}

∫_1 x ω(u) u^2 du| ≤ A_1x^r ω(x). This together with (3.4) and the definition of ω yields

|q_{2n}(t_{2i})| ≤ c_1t^{2r+2}_{2i} log t^{−1}_{2i} + A_1t^{2r+2}_{2i} t_{2i−1} ≤ At^{2r+2}_{2i} log t^{−1}_{2i} ,

which in turn implies that q_{2n}(x) = x^{2r+2}Q(x), where Q ∈ Π_{2n−2r−2}. By virtue of (3.3) there is a δ > 0 so that ‖Q‖ ≤ 1 2c_1

∫_1 x ω(u) u^2 du, 0 < x ≤ δ. Hence it follows from (3.7) that

x^{2r+2}

∫_1 x ω(u) u^2 du ≤ 2A_1 c_1 x^rω(x), 0 < x ≤ δ, which contradicts (3.2). Thus (3.6) is not valid and (1.5) is proven. This completes our proof. �

We now prove the assertions made in Remark 3 by constructing counterexamples. Counterexamples for Remark 3. For m = r + k even, consider the function f(x) := x^{m/2+2}(1 − x)^{m/2−2} ∈ Π_m ∩ Δ^0.

Assume to the contrary, that there exists a nonnegative polynomial p_{m−1} ∈ Π_{m−1} satisfying, |f(x) − p_{m−1}(x)| ≤ cφ^r(x)ω_k(f^{(r)}, φ(x)). Then, f − p_{m−1} ∈ Π_m and must have the form f(x) − p_{m−1}(x) = A · x^{m/2}(1 − x)^{m/2}, Comparing the coefficients of x^m on both sides we have A = 1. This yields p_{m−1}(x) = x^{m/2+2}(1 − x)^{m/2−2} − x^{m/2}(1 − x)^{m/2} = x^{m/2}(1 − x)^{m/2−2}(x^2 − (1 − x)^2), whence p_{m−1} changes sign in [0, 1], contradicting our assumption. The minimal degree is thus m.

For m odd, take f(x) := x^{(m+1)/2+2}(1 − x)^{(m+1)/2−2} ∈ Π_{m+1} ∩ Δ^0, and the same proof shows that we cannot approximate it well by polynomials of degree m + 1. �

Next is the Proof of Theorem 3. Without loss of generality assume n ≥ k = r + 1. For b ∈ (0, 1), fix S_{b,r} ∈ C^{2r+1} which is nonnegative and so that S_{b,r}(x) = 1, if x ≤ b/2, S_{b,r}(x) = 0, if x ≥ b and ‖S^{(j)}_{b,r} ‖ ≤ cb^{−j} , j = 0, . . . , 2r + 1. Set g_{b,r}(x) = x(x − b)^r , if r is even, and g_{b,r}(x) = (x − b)^{r+1}, if r is odd. Finally, put f_{b,r} := g_{b,r}S_{b,r}. Evidently f_{b,r} ∈ C^{2r+1} ∩ Δ^0 and we have the inequalities (3.8) ‖f_{b,r}‖ ≤ c_1b^{r+1}, ‖f^{(r)}_{b,r} ‖ ≤ c_2b. For given r ≥ 1, n ≥ r + 1 and A > 0, we take b ∈ (0, 1) such that (3.9) c_1(2bn^2)^{r+1} + c_2A4^{r+1}bn^{r+2} < 1, and put f = f_{r+1,r,n,A} := f_{b,r}. Suppose to the contrary that for some polynomial p_n ∈ Π_n ∩ Δ^0, we have (3.10) |f(x) − p_n(x)| ≤ A x^{r/2} n^r ω_{r+1}(f^{(r)}, √ x n ), 0 ≤ x ≤ 1. Then it follows that |f(x) − p_n(x)| ≤ A‖f^{(2r+1)}‖ x^{r+1/2} n^{2r+1} , 0 ≤ x ≤ 1, which implies p^{(j)}_n (0) = f^{(j)}(0) = g^{(j)}_{b,r} (0), j = 0, . . . , r.

Hence, for some 0 < θ < 1, 0 ≤ p_n(b) = p_n(b) − g_{b,r}(b) = b^{r+1} (r + 1)!

(p^{(r+1)} n (θb) − g^{(r+1)}_{b,r} (θb)), so that (3.11) p^{(r+1)}_n (θb) ≥ g^{(r+1)}_{b,r} (θb) = (r + 1)!. On the other hand, (3.8) implies ω_{r+1}(f^{(r)}, t) ≤ c_22^{r+1}b, which combined with (3.10) yields ‖p_n‖ ≤ ‖f‖ + ‖p_n − f‖ ≤ c_1b^{r+1} + c_2A2^{r+1} b n^r . Therefore by virtue of Markov’s inequality, ‖p^{(r+1)}_n ‖ ≤ c_1(2bn^2)^{r+1} + c_2A4^{r+1}bn^{r+2} < 1, by the choice of b. This contradicts (3.11) and completes our proof. � Next we have the Proof of Theorem 4. Given n, let b = n^{−2} and let f(x) := { (b^r − (b − x)^r )/r!, 0 ≤ x ≤ b, b^r /r!, b < x ≤ 1. Then f ∈ W^r[0, 1]∩Δ^1. Suppose to the contrary, that there is a nondecreasing polynomial p_n for which (1.11) fails. Then for that polynomial and some constant A, we have |f(x) − p_n(x)| ≤ Aφ^r(x) ≤ Ax √ x, 0 ≤ x ≤ b, since r > 2. Hence p_n(0) = f(0) = 0 and p^′_n(0) = f^′(0) = b^{r−1}/(r − 1)!. Since p_n ∈ Δ^1, we have ‖p_n‖ = p_n(1), so that applying Markov’s inequality we end up with b^{r−1} (r − 1)!

= p^′_n(0) ≤ 2n^2‖p_n‖ = 2n^2p_n(1), or p_n(1) ≥ b^{r−1} 2(r − 1)!n^2 . On the other hand

f(1) = b^r r! = b^{r−1} 2(r − 1)!n^2 2bn^2 r < b^{r−1} 2(r − 1)!n^2 . Thus f(1) ≠ p_n(1), and (1.12) is satisfied. �

And finally we have the Proof of Theorem 6. Let σ_n(x) := 1/n^2 + √ x/n. Then σ_n(x) ≤ 3/(2n^2) + x/2, and for every q_n ∈ Π_n, we readily have |q_n(x)| ≤ ‖q_n/σ^r_n‖(3/(2n^2) + x/2)^r , so that by a Dzjadyk-type inequality (see, e.g., [She92, (14.9)]) we obtain,

(3.12) |q^{(r+1)}_n (0)| ≤ c_rn^2‖q_n/σ^r_n‖.

Obviously we may take in (3.12), c_r ≥ 1.

Now for b ∈ (0, 1), let S_{b,r} ∈ C^{2r+1}[0, 1] ∩ Δ^1 be so that S_{b,r}(x) = 0, 0 ≤ x ≤ b, S_{b,r}(x) = 1, x ≥ 2b, and ‖S^{(j)}_{b.r} ‖ ≤ cb^{−j} , j = 1, . . . , 2r + 1. Finally denote Q_{b,r}(x) := (x − b)^{r+2} and put f_{b,r} := Q_{b,r}S_{b,r}, so that f_{b,r} ∈ C^{2r+1}[0, 1] ∩ Δ^1.

We first show that for every n ≥ r +2, and b < (c_rn^2)^{−1}, if p_n ∈ Π_n satisfies p^{(r+1)}_n (0) ≥ 0, then

(3.13) ‖ ‖ ‖ f^{b,r} − p^n σ^r_n ‖ ‖ ‖ ≥ b c_rn^2 . Indeed, if we assume to the contrary that |f_{b,r}(x) − p_n(x)| ≤ σ^r_n(x) b c_r n^2 , then the polynomial q_n := p_n − Q_{b,r} ∈ Π_n, satisfies |q_n(x)| ≤ |p_n(x) − f_{b,r}(x)| + |f_{b,r}(x) − (x − b)^{r+2}| < 2σ^r_n(x) b c_r n^2 , 0 ≤ x ≤ 1, since by the choice of b, ‖f_{b,r} − Q_{b,r}‖ = b^{r+2} < σ^r_n(x) b c_r n^2 . Thus by (3.12) |q^{(r+1)} n (0)| < c_rn^2 2b c_rn^2 = 2b. On the other hand, our assumption p^{(r+1)}n ≥ 0 yields

q^{(r+1)} n (0) = p^{(r+1)}_n (0) − Q^{(r+1)}_{b,r} (0) ≥ −Q^{(r+1)}_{b,r} (0) = (r + 2)! b ≥ 2b,

a contradiction. This completes the proof of (3.13).

We also need the estimate

(3.14) ω_3(f^{(r)}_{r,b} , 1) = ω_3(f^{(r)}_{r,b} − Q^{(r)}_{b,r} , 1) ≤ 2^3‖f^{(r)}_{r,b} − Q^{(r)}_{b,r} ‖ ≤ c^∗_r b^2,

for some constant c^∗_r. Now choose b ∈ (0, 1) so that b < min{ 1 c_rn^2 , 2^{3−k} c^∗_rAc_rn^2 } and take f := f_{r,b}. If to the contrary p_n ∈ Π_n ∩ Δ^1, n ≥ r + 2, satisfies

(3.15) |f(x) − p_n(x)| ≤ A ( √ x n )_r ω_k ( f^{(r)}, √ x n )

≤ A2^{k−r−1} ( √ x n )_{2r+1} ‖f^{(2r+1)}‖, 0 ≤ x ≤ 1, then, since f vanishes on [0, b], we have |p_n(x)| ≤ 2^{k−r−1}A ( √ x n )_{2r+1} ‖f^{(2r+1)}‖, 0 ≤ x ≤ b. Hence p^{(j)}_n (0) = 0, j = 0, . . . , r, and since we assumed that p_n ∈ Δ^1, it follows that p^{(r+1)} n (0) ≥ 0. Thus by (3.13), there is a point x ∈ [0, 1] for which |f(x) − p_n(x)| ≥ b c_rn^2 σ^r_n(x) ≥ b c_rn^2 (√ x n )_r . Finally, by (3.14) |f(x) − p_n(x)| ( √ x/n)^r ω_k(f^{(r)}, √ x/n) ≥ b c_rn^2 2^{3−k} ω_3(f^{(r)}, √ x/n) ≥ b c_rn^2 2^{3−k} c^∗_r b^2 > A, which contradicts (3.15) and thus completes our proof. �

§4 Interpolatory estimates for positive and monotone approximation We begin with some lemmas. The first lemma is well-known in simultaneous approximation. It readily follows from the work of Dzjadyk, Trigub, Lebed, Brudnyǐ and Gopengauz (see, e.g., [GoHi85, Satz 5.2]) Lemma 2. Let g ∈ C^r[0, 1] and assume that the polynomial Q_n ∈ Π_n satisfies (4.1) |g(x) − Q_n(x)| ≤ Aρ^r_n(x)ω_k(g^{(r)}, ρ_n(x)), 0 ≤ x ≤ 1, for some A > 0. Then for all 0 ≤ j ≤ r, we have (4.2) |g^{(j)}(x) − Q^{(j)}_n (x)| ≤ cAρ^{r−j}_n (x)ω_k (g^{(r)}, ρ_n(x)), 0 ≤ x ≤ 1.

Following Dzjadyk [Dzj77, p.274] (see also [She92, p.149]), we construct algebraic polynomials, q̃_n(y) := cos^2 n arccos y

(y − y_n)^2 + sin^2 n arccos y (y + 1)^2 , y ∈ [−1, 1], where y_n := − cos(π/2n), which are of degree 2n − 2 and which are readily seen to satisfy c_1n^4 ≤ q̃_n(y) ≤ cn^4, y ∈ [−1, −1 + 2/n^2], c_1 ≤ (1 + y)^2q̃_n(y) ≤ c, y ∈ [−1 + 2/n^2, 1].

Thus for q_n(x) := 4 c_1n^4 · q̃_n(2x − 1), we have

(4.3) 1 ≤ q_n(x) ≤ c, x ∈ [0, 1/n^2], 1 ≤ (xn^2)^2q_n(x) ≤ c, x ∈ [1/n^2, 1]. Set (4.4) W_n(x) := { φ^{2r}(x)(q_n(x) + q_n(1 − x))^{r/2} , if r is even, φ^{2r}(x)(q_n(x) + q_n(1 − x))^{(r+1)/2}(1 + n^2φ^2(x)), if r is odd, which is a polynomial of degree r(n + 1) for r even, and of degree (r + 1)(n + 1) for r odd. By virtue of (4.3), it follows immediately that

(4.5) φ^{2r}(x) ≤ W_n(x) ≤ cφ^{2r}(x), x ∈ [0, 1/n^2] ∪ [1 − 1/n^2, 1], 2^{−r} ≤ n^{2r}W_n(x) ≤ c, x ∈ [1/n^2, 1 − 1/n^2].

Finally let the polynomials τ_n (of degree 2nr − 1) be defined by,

τ_n(x) := (∫_1 0 φ^{2r−2}(u)q^r_n(u) du )−1 ∫_1 x φ^{2r−2}(u)q^r_n(u) du. Then we summarize their properties in the following lemma.

Lemma 3. For all n, 0 ≤ τ_n(x) ≤ 1, 0 ≤ x ≤ 1, and τ_n(0) = 1. Also the polynomials satisfy

(4.6) τ^{(j)}_n (0) = 0, j = 1, . . . , r − 1, τ^{(j)}_n (1) = 0, j = 0, . . . , r − 1, and (4.7) τ_n(x) ≤ c(n^2x)^{−r} , 1 n^2 ≤ x ≤ 1.

Proof. Except for (4.7) all the assertions are straightforward. In order to prove (4.7), observe that by (4.3) ∫_1 0 φ^{2r−2}(u)q^r_n(u) du ≥ ∫_{1/n}2 0 φ^{2r−2}(u) du ≥ 2^{1−r} ∫_{1/n}2 0 u^{r−1} du = cn^{−2r}, so that

(xn^2)^r τ_n(x) ≤ cx^rn^{4r} ∫_∞ x u^{r−1}(un^2)^{−2r} du = cx^r ∫_∞ x u^{−r−1} du = c. This completes the proof. �

The main tool in the proof of Theorem 2 is Lemma 4. Let g ∈ C^r, and suppose that Q_n ∈ Π_n satisfies (4.1) with k = r. Denote by T_{r−1} and T^∗_{r−1}, the Taylor polynomials of degree r − 1 of g − Q_n, about x = 0, and about x = 1, respectively. Then for the polynomial (4.8) V_n = V_n(g, Q_n) := Q_n + T_{r−1}τ_n + T^∗_{r−1}τ_n(1 − ·), we have (4.9) |V_n(x) − Q_n(x)| ≤ c_2An^{−2r} ω_r(g^{(r)}, 1/n^2), 0 ≤ x ≤ 1,

(4.10) |g(x) − V_n(x)| ≤ cAδ^r_n(x)ω_r (g^{(r)}, δ_n(x)), 0 ≤ x ≤ 1, and (4.11) |g(x) − V_n(x)| ≤ c_3Aφ^{2r}(x)ω_r (g^{(r)}, 1/n^2), x ∈ [0, 1/n^2] ∪ [1/n^2, 1 − 1/n^2].

Proof. By Lemma 2, Q_n satisfies (4.2) and in particular, if we write ω(t) := Aω_r (g^{(r)}, t), then n^{2(r−j)}|g^{(j)}(0) − Q^{(j)}_n (0)| ≤ cω(1/n^2), j = 0, . . . , r − 1. Hence n^{2r}|T_{r−1}(x)| ≤ c(1 + n^2x)^{r−1}ω(1/n^2), 0 ≤ x ≤ 1, which in turn implies by virtue of Lemma 3, n^{2r}‖T_{r−1}τ_n‖ ≤ cω(1/n^2). Similarly, n^{2r}‖T^∗_{r−1}τ_n(1 − ·)‖ ≤ cω(1/n^2), and (4.9) follows. Now by (4.1) and (4.9) we readily have, (4.12) |g(x) − V_n(x)| ≤ cρ^r_n(x)ω(ρ_n(x)), 0 ≤ x ≤ 1, which in turn implies (4.10) for x ∈ [1/n^2, 1 − 1/n^2].

For x ∈ [0, 1/n^2] ∪ [1 − 1/n^2, 1], (4.10) follows from (4.11), therefore we are done once we prove the latter. To this end assume x ∈ [0, 1/n^2], the other case is analogous, and apply Lemma 2 again to (4.12). Then (4.13) |g^{(r)}(x) − V^{(r)}_n (x)| ≤ cω(1/n^2), x ∈ [0, 1/n^2], where we used the fact that ρ_n(x) ≤ 2/n^2 in that interval. Writing g − V_n = (g − Q_n − T_{r−1}) − (T_{r−1}(τ_n − 1) + T^∗_{r−1}τ_n(1 − ·)) =: (g − Q_n − T_{r−1}) − T̃_{r−1},

we note that (4.6) implies T̃^{(j)}_{r−1}(0) = 0, j = 0, . . . , r−1. Also g^{(j)}(0)−Q^{(j)}_n (0)−T^{(j)}_{r−1}(0) = 0, j = 0, . . . , r − 1. Therefore, g^{(j)}(0) − V^{(j)}_n (0) = 0, j = 0, . . . , r − 1, whence, applying (4.13) we have for x ∈ [0, 1/n^2], |g(x) − V_n(x)| = 1 (r − 1)! | | | ∫_x 0 (x − u)^{r−1}(g^{(r)}(u) − V^{(r)}_n (u)) du | | | ≤ cω(1/n^2) ∫_x 0 (x − u)^{r−1} du = cx^rω(1/n^2) ≤ cφ^{2r}(x)ω(1/n^2). This proves (4.11) and completes our proof. �

We are ready for the

Proof of Theorem 2. We will prove the theorem for all n > 6r. Then we will combine this with Proposition 2 and the proof will be complete. Note that the polynomials V_n and W_n above are of degree not exceeding 3rn. Obviously, it suffices to prove Theorem 2 for k = r.

Write n_1 := [n/(3r)]. Since n_1 > 2r − 1, then by Dzyubenko [Dzy96], there is a polynomial Q_{n1} ∈ Π_{n1} , satisfying Q_{n1} (x) ≥ 0, 0 ≤ x ≤ 1, and |f(x) − Q_{n1} (x)| ≤ c_4ρ^r_{n1} (x)ω(ρ^r_{n1} (x)), 0 ≤ x ≤ 1, where again ω(t) := ω_r(f^{(r)}, t).

Now put P_n := V_{n1} + c_5ω(1/n^2_1)W_{n1} ∈ Π_n, where c_5 := c_4 max{c_3, 2^rc_2}.

By virtue of Lemma 4 and (4.5), we get |f(x) − P_n(x)| ≤ cδ^r_{n1} (x)ω(δ_{n1} (x)) + cω(1/n^2_1) min{1/n^{2r}_1 , φ^{2r}(x)} ≤ cδ^r_{n1} (x)ω(δ_{n1} (x)) ≤ cδ^r_n(x)ω(δ_n(x)). Now Q_n is nonnegative so that by (4.9) (with A = c_4), V_{n1} (x) ≥ −c_2c_4n^{−2r}_1 ω(1/n^2_1), 0 ≤ x ≤ 1.

Hence for x ∈ [1/n^2_1, 1 − 1/n^2_1], we have by (4.5), P_n(x) ≥ −c_2c_4n^{−2r}_1 ω(1/n^2_1) + c_52^{−r}n^{−2r}_1 ω(1/n^2_1) ≥ 0.

On the other hand, for x ∈ [0, 1/n^2_1] ∪ [1 − 1/n^2_1, 1], by (4.11) and (4.5), and observing that f(x) ≥ 0, x ∈ [0, 1] and c_5 ≥ c_3c_4, we conclude that P_n(x) = f(x) + (V_{n1} − f(x)) + c_5ω(1/n^2_1)W_{n1} (x) ≥ −c_3c_4φ^{2r}(x)ω(1/n^2_1) + c_5φ^{2r}(x)ω(1/n^2_1) ≥ 0.

This completes our proof. �

For the proof of Theorem 5 we also need some notation. For l = r, 2r, denote the sequence of polynomials t_l (of degrees (2n − 1)l),

(4.14) t_l(x) = t_{n,l}(x) := ∫_x 0 u^{l−1}q^l_n(u) du ∫_1 0 u^{l−1}q^l_n(u) du ,

where the polynomials q_n are defined prior to (4.3). Then it is easy to show the following

Lemma 5. t_l is a nondecreasing polynomial thus, t_l(x) ≤ t_l(1) = 1, and t^{(j)}_l (0) = 0, j = 0, . . . , l − 1. Also (4.15) t_l(x) ≤ c(n^2x)^l, 0 ≤ x ≤ n^{−2}, and (4.16) cn^2 ≤ t^′_l(x)(n^2x)^{1−l}(1 + n^2x)^{2l} ≤ cn^2. Finally (4.17) 1 − t_l(x) ≤ c(1 + n^2x)^{−l}, 0 ≤ x ≤ 1.

Proof of Theorem 5. As in the proof of Theorem 2, we prove Theorem 5 for all n sufficiently large. Then we combine this with Proposition 3 and the proof is complete. We first prove the theorem under the assumption that k ≤ r. The outstanding case, i.e., r = 1 and k = 2, has to be treated separately and this will be done after the general proof.

As was mentioned in the introduction for our f ∈ C^r ∩ Δ^1, there exist polynomials Q_n ∈ Π_n ∩ Δ^1 which satisfy (4.1), with a constant A which depends only on r and k. Thus, if (once again) ω(t) := ω_k(f^{(r)}, t), then it follows by Lemma 2 that |f^{(j)}(0) − Q^{(j)}(0)| ≤ cn^{2j−2r}ω(1/n^2).

Therefore, if T_{r−1} is the Taylor polynomial of f − Q_n about x = 0, then

(4.18) n^{2r}|T_{r−1}(x)| ≤ cω(1/n^2)(1 + n^2x)^{r−1}, 0 ≤ x ≤ 1, n^{2r−2}|T^′_{r−1}(x)| ≤ cω(1/n^2)(1 + n^2x)^{r−2}, 0 ≤ x ≤ 1, We will show that for a suitably prescribed constant c_r the polynomial P_n := Q_n + T_{r−1}(1 − t_{2r}) + c_rn^{−2r}ω(1/n^2)t_r, fulfills the requirements of Theorem 5, except that it is of degree 4nr − r − 1. Since in the proof of Theorem 2 we have explained how we modify the degree to end up with degree n, we will not repeat that here. First, we prove that (4.19) P^′_n(x) ≥ 0, 0 ≤ x ≤ 1.

We begin with^1_{n2} ≤ x ≤ 1. Since Q_n is nondecreasing, we need to evaluate the derivative of the remaining terms. It follows by (4.18) that |T_{r−1}(x)| ≤ cx^{r−1} n^2 ω(1/n^2), 1 n^2 ≤ x ≤ 1, |T^′_{r−1}(x)| ≤ cx^{r−2} n^2 ω(1/n^2), ≤ cx^{r−1}ω(1/n^2), 1 n^2 ≤ x ≤ 1.

Hence combining with (4.16) and (4.17),

|T^′_{r−1}(x)(1 − t_{2r}(x)) − T_{r−1}(x)t^′_{2r} (x)| ≤ cx^{r−1}ω(1/n^2)(1 + n^2x)^{−2r} ≤ c_rn^{−2r}ω(1/n^2)t^′_r(x), for a suitable c_r. Thus (4.19) is proved for^1_{n2} ≤ x ≤ 1. In order to establish (4.19) for 0 ≤ x ≤^1_{n2} we write W_n := Q_n + T_{r−1}(1 − t_{2r}), and we first prove (4.20) |f^{(r)}(x) − W^{(r)}_n (x)| ≤ cω(1/n^2), 0 ≤ x ≤ 1/n^2. Indeed, by (4.17) and (4.18), |T_{r−1}(x)(1 − t_{2r}(x))| ≤ c n^{2r} ω(1/n^2)(1 + n^2x)^{r−1}(1 + n^2x)^{−2r} ≤ c n^{2r} ω(1/n^2), 0 ≤ x ≤ 1. Hence by (4.1), (4.21) |f(x) − W_n(x)| ≤ cρ^r_n(x)ω(ρ_n(x)), 0 ≤ x ≤ 1. Therefore Lemma 2 yields, |f^{(r)}(x) − W^{(r)}_n (x)| ≤ cω(ρ_n(x)), 0 ≤ x ≤ 1, and (4.20) is proven. Next by Lemma 5, we readily see that W^{(j)}_n (0) = f^{(j)}(0), j = 0, . . . , r − 1.

Then by Taylor formula and (4.20), |f^′(x) − W^′_n(x)| ≤ c | | | | ∫_x 0 (x − u)^{r−2}ω(1/n^2) du | | | | = cx^{r−1}ω(1/n^2), 0 ≤ x ≤ 1/n^2. (4.22) Since by (4.16) t^′_r(x) ≥ cn^{2r}x^{r−1}, we obtain from (4.22),

P^′_n(x) = W^′_n(x) + c_r 1 n^{2r} ω(1/n^2)t^′_r(x) ≥ f^′(x) + (c_r − c)x^{r−1}ω(1/n^2) ≥ 0, 0 ≤ x ≤ 1/n^2,

for a suitably large c_r, where we also used the monotonicity of f. This proves (4.19) for the remaining interval, 0 ≤ x ≤ 1/n^2.

By virtue of (4.21) and the immediate inequality 1 n^{2r} ω(1/n^2)t_r (x) ≤ ρ^r_n(x)ω(ρ_n(x)), 0 ≤ x ≤ 1, we obtain that P_n satisfies (1.13). Thus it remains to prove that it satisfies (1.14). For 1 n2 ≤ x ≤ 1, we have ρ_n(x) ≤^{2√x}_n and (1.14) follows by (1.13). For 0 ≤ x ≤ 1/n^2, just as we proved (4.22), we obtain |f(x) − W_n(x)| ≤ c | | | | ∫_x 0 (x − u)^{r−1}ω(1/n^2) du | | | | = cx^rω(1/n^2) ≤ cx^r (n √ x)^k ω( √ x/n) ≤ cx^{r/2} n^r ω( √ x/n), 0 ≤ x ≤ 1/n^2. Finally by (4.15) c_r n^{2r} ω(1/n^2)t_r(x) ≤ c_rx^rω(1/n^2) ≤ cx^{r/2} n^r ω( √ x/n), 0 ≤ x ≤ 1/n^2. Just as above. This concludes the proof of (1.14) when k ≤ r.

We turn now to the special case r = 1, k = 2, which requires a special proof. Let n ≥ n_0 and write ω(t) := ω_2(f^′, t). Without loss of generality we may assume that f(0) = 0. By Gavrea [Gav96], there is a polynomial Ṽ_{n−1} ∈ Π_{n−1} ∩ Δ^0 satisfying (4.23) |f^′(x) − Ṽ_{n−1}(x)| ≤ cω( √ x/n), x ∈ [0, 1]. Therefore for V_n(x) := ∫_x 0 Ṽ_{n−1}(u) du, we have (4.24) |f(x) − V_n(x)| ≤ cxω( √ x/n), x ∈ [0, 1]. By Shevchuk [She92, Theorem 17.3] there is a polynomial U_n ∈ Π_n ∩ Δ^1, such that (4.25) |f(x) − U_n(x)| ≤ cρ_n(x)ω(ρ_n(x)), 0 ≤ x ≤ 1, so that by Lemma 2, (4.26) |f^′(x) − U^′_n(x)| ≤ cω(ρ_n(x)), 0 ≤ x ≤ 1.

Consider the polynomial R_n := V_n + (U_n − V_n)t_4 = U_n + (1 − t_4)(V_n − U_n) = (1 − t_4)V_n + t_4U_n,

(4.27) where t_4 ∈ Π_{8n−4} is defined by (4.14). In order to estimate R_n − f and R^′_n, we observe that (nx)^2ω(1/n^2) ≤ 4xω( √ x/n) ≤ 4( √ x/n)ω( √ x/n), x ∈ [0, 1/n^2], and ω( √ x/n) ≤ n^2xω(1/n^2), x ∈ [1/n^2, 1], ρ_n(x) ≤ 2 √ x/n ≤ 2x/n^2, x ∈ [1/n^2, 1]. Thus, applying Lemma 5 and (4.23) through (4.27), we get for x ∈ [0, 1/n^2], (1 − t_4(x))|f(x) − V_n(x)| ≤ |f(x) − V_n(x)| ≤ c( √ x/n)ω( √ x/n), t_4(x)|f(x) − U_n(x)| ≤ c(n^2x)^4n^{−2}ω(1/n^2) ≤ c(nx)^2ω(1/n^2) ≤ c( √ x/n)ω( √ x/n), and t^′_4(x)|V_n(x) − U_n(x)| ≤ cn^2(n^2x)^3n^{−2}ω(1/n^2) ≤ cn^2xω(1/n^2), t_4(x)|V^′_n(x) − U^′_n(x)| ≤ c(n^2x)^4ω(1/n^2) ≤ cn^2xω(1/n^2). Therefore we obtain |f(x) − R_n(x)| ≤ (1 − t_4(x))|f(x) − V_n(x)| + t_4(x)|f(x) − U_n(x)| ≤ c( √ x/n)ω( √ x/n), x ∈ [0, 1/n^2], (4.28) and R^′_n(x) ≥ V^′_n(x) − t^′_4(x)|V_n(x) − U_n(x)| − t_4(x)|V^′_n(x) − U^′_n(x)| ≥ −cxn^2ω(1/n^2), x ∈ [0, 1/n^2]. (4.29) We turn now to x ∈ [1/n^2, 1]. Here we have |f(x) − U_n(x)| ≤ cρ_n(x)ω(ρ_n(x)), (1 − t_4(x))|U_n(x) − V_n(x)| ≤ (1 − t_4(x))|f(x) − V_n(x)| + (1 − t_4(x))|f(x) − U_n(x)| ≤ cx(xn^2)^{−4}ω( √ x/n) ≤ cx(xn^2)^{−3}ω(1/n^2) ≤ cn^{−2}ω(1/n^2) ≤ cρ_n(x)ω(ρ_n(x)), and t^′_4(x)|V_n(x) − U_n(x)| ≤ n^2(xn^2)^{−5}xω( √ x/n) ≤ c(xn^2)^{−3}ω(1/n^2), (1 − t_4(x))|V^′_n(x) − U^′_n(x)| ≤ c(xn^2)^{−4}ω(ρ_n(x)) ≤ c(xn^2)^{−3}ω(1/n^2).

Therefore, (4.30) |f(x) − R_n(x)| ≤ cρ_n(x)ω(ρ_n(x)), x ∈ [1/n^2, 1], and R^′_n(x) ≥ U^′_n(x) − t^′_4(x)|V_n(x) − U_n(x)| − (1 − t_4(x))|V^′_n(x) − U^′_n(x)| ≥ −c(xn^2)^{−3}ω(1/n^2), x ∈ [1/n^2, 1].

(4.31) Moreover, estimates (4.29) and (4.31) imply (4.32) R^′_n(x) ≥ −c_1(xn^2)(1 + xn^2)^{−4}ω(1/n^2). Now for the polynomial t_2, we have by Lemma 5,

(4.33)

0 ≤ t_2(x) ≤ min{1, c(n^2x)^2}, x ∈ [0, 1], t^′_2(x) ≥ c_2n^2(xn^2)(1 + xn^2)^{−4}, x ∈ [0, 1], so we put, P̃_n := R_n + (c_1/c_2)n^{−2}ω(1/n^2)t_2 ∈ Π_{9n−4}.

Then (4.31) and (4.32) imply that P̃^′_n(x) ≥ 0, x ∈ [0, 1]. And since by (4.33), {_{1n2} ω(1/n^2)t_2(x) ≤ c(xn)^2ω(1/n^2) ≤ c( √ x/n)ω( √ x/n), 0 ≤ x ≤ 1/n^2, 1 n2 ω(1/n^2)t_2(x) ≤ (c/n^2)ω(1/n^2) ≤ c(ρ_n(x))ω(ρ_n(x)), 1/n^2 ≤ x ≤ 1, then together with (4.28) and (4.30), we obtained the desired inequalities, except that the polynomial P̃_n ∈ Π_{9n−4}. A standard argument now yields a polynomial P_n ∈ Π_n such that (1.13) and (1.14) are satisfied. This completes the proof. �

References

[Bru63] Yu. A. Brudnyǐ, Generalization of a theorem of A. F. Timan, (in Russian), Dokl. Akad. Nauk SSSR 148 (1963), 1237-1240; English transl. in Sov. Math. Dokl. 4 (1963), 244-247.

[Bru68] Yu. A. Brudnyǐ, Approximation of functions by algebraic polynomials, (in Russian), Izv. Akad. Nauk SSSR 32 (1968), 780-787.

[CaGo94] J.-d. Cao and H. Gonska, Pointwise estimates for higher order convexity preserving polynomial approximation, J. Austral. Math. Soc. Ser. B 36 (1994), 213-233.

[CoAl98] C. Cottin, I. Gavrea, H. Gonska, D. Kacsó, and D.-x. Zhou, Global smoothness preservation and the variation–diminishing property, J. Inequal. Appls. (to appear).

[DeV76] R. A. DeVore, Degree of approximation, in Approximation Theory II (G. G. Lorentz, C. K. Chui and L. L. Schumaker, eds.), Proc. Int. Conf. Approx. Theory Austin 1976, Academic Press, New York, 1976, pp. 117-161.

[DeV77] R. A. DeVore, Pointwise approximation by polynomials and splines, in The Theory of Approximation of Functions (S. B. Stechkin and S. A. Teljakovskiǐ, eds.), Proc. Int. Conf. Kaluga 1975, Nauka, Moscow, 1977, pp. 132-144.

[DeYu85] R. A. DeVore and X. M. Yu, Pointwise estimates for monotone polynomial approximation, Constr. Approx. 1 (1985), 323-331.

[Dzj58] V. K. Dzjadyk, A further strengthening of Jackson’s theorem on the approximation of continuous functions by ordinary polynomials, (in Russian), Dokl. Akad. Nauk SSSR 121 (1958), 403-406.

[Dzj77] V. K. Dzjadyk, Introduction to the Theory of Uniform Approximation of Functions by Polynomials, (in Russian), Izdatel’stvo Nauka, Moscow, 1977.

[Dzy96] G. A. Dzyubenko, Copositive pointwise approximation, (in Russian), Ukrain. Mat. Zh. 48 (1996), 326-334; English transl. in Ukrainian Math. J. 48 (1996), 367-376.

[Fre59] G. Freud, Über die Approximation reeller stetiger Funktionen durch gewöhnliche Polynome, Math. Ann. 137 (1959), 17-25.

[Gal91] V. D. Galan, Smooth functions and estimates of derivatives, (in Russian), Institute of Mathematics of the Ukrainian Academy of Sciences at Kyiv, Autoref. of cand. thesis (1991), pp. 15. [Gav95] I. Gavrea, Approximation by positive linear operators, Anal. Numér. Théor. Approx. 24 (1995), 109-115.

[Gav96] I. Gavrea, The approximation of the continuous functions by means of some linear positive operators, Result. Math. 30 (1996), 55-66.

[GoHi85] H. H. Gonska and E. Hinnemann, Punktweise Abschätzungen zur Approximation durch algebraische Polynome, Acta Math. Hung. 46 (1985), 243-254.

[Gop67] I. E. Gopengauz, A theorem of A. F. Timan on the approximation of functions by polynomials on a finite segment, (in Russian), Mat. Zametki 1 (1967), 163-172.

[Gop92] I. E. Gopengauz, Pointwise estimate of the error of interpolation with multiple nodes in the ends of a closed interval, (in Russian), Mat. Zametki 51 (1992), 55-61.

[Gop94] I. E. Gopengauz, Pointwise estimates of the Hermitian interpolation, J. Approx. Theory 77 (1994), 31-41.

[HiGo83] E. Hinnemann and H. H. Gonska, Generalization of a theorem of DeVore, Approximation Theory IV (C. K. Chui et al., eds.), Proc. Int. Sympos. Approx. Theory College Station 1983, Academic Press, New York, NY, 1983, pp. 527-532.

[Leh83] H. G. Lehnhoff, A simple proof of A. F. Timan’s theorem, J. Approx. Theory 38 (1983), 172-176.

[Lev86] D. Leviatan, Pointwise estimates for convex polynomial approximation, Proc. Amer. Math. Soc. 98 (1986), 471-474.

[LeSh99] D. Leviatan and I. A. Shevchuk, Monotone approximation estimates involving the third modulus of smoothness, in Approximation Theory IX (C. K. Chui and L. L. Schumaker, eds.), Proc. Int. Conf. Approx. Theory Nashville 1998, Vanderbilt University Press, Nashville, TN, to appear.

[Lor64] G. G. Lorentz, New and Unsolved Problem, in On Approximation Theory (P. L. Butzer and J. Korevaar, eds.), Proc. Conf. Oberwolfach 1963, Birkhäuser, Basel, 1964, p. 185.

[LoZe68] G. G. Lorentz and K. L. Zeller, Degree of approximation by monotone polynomials I, J. Approx. Theory 1 (1968), 501-504.

[Nik46] S. M. Nikolskiǐ, On the best approximation of functions satisfying Lipschitz’s conditions by polynomials, (in Russian), Izv. Akad. Nauk SSSR, Ser. Mat. 10 (1946), 295-317.

[She84a] I. A. Shevchuk, Extensions of functions which are traces of functions belonging to H^φ_k on an arbitrary subset of the line, Analysis Mathematica 3 (1984), 249-273.

[She84b] I. A. Shevchuk, Constructive description of traces of differentiable functions of a real variable, (in Russian), Institute of Mathematics of the Ukrainian Academy of Sciences at Kyiv, preprint 83.19 (1984), pp. 40.

[She92] I. A. Shevchuk, Polynomial Approximation and Traces of Continuous Functions on a Segment, (in Russian), Naukova Dumka, Kyiv, 1992.

[Shv79] A. S. Shvedov, Jackson’s theorem in L^p, 0 < p < 1, for algebraic polynomials, and orders of comonotone approximation, (in Russian), Mat. Zametki 25 (1979), 107-117; English transl. in Math. Notes 25 (1979), 57-65.

[Tel66] S. A. Teljakovskiǐ, Two theorems on the approximation of functions by algebraic polynomials, (in Russian), Matem. Sbornik, N. S. 70 (1966), 252-265; English transl. in Amer. Math. Soc. Transl., Ser. 2, 77 (1968), 163-178.

[Tim51] A. F. Timan, Strengthening of Jackson’s theorem on best approximation of continuous functions given on a finite interval of the real axis, (in Russian), Dokl. Akad. Nauk SSSR 78 (1951), 17-20.

[Yu85a] X. M. Yu, Pointwise estimate for algebraic polynomial approximation, Approx. Theory Appl. 1 (1985), no. 3, 109-114.

[Yu85b] X. M. Yu, Pointwise estimates for convex polynomial approximation, Approx. Theory Appl. 1 (1985), no. 4, 65-74.

[Whi57] H. Whitney, On functions with bounded n-th differences, J. Math. Pures Appl., IX Ser. 36 (1957), 67-95.

[WuZh92] X. Wu and S. P. Zhou, On a counterexample in monotone approximation, J. Approx. Theory 69 (1992), 205-211.

Fachbereich Mathematik, Universität Duisburg, 47048 Duisburg, Germany gonska@informatik.uni-duisburg.de

School of Mathematical Sciences, Sackler Faculty of Exact Sciences, Tel Aviv University, Tel Aviv 69978, Israel leviatan@math.tau.ac.il

Faculty of Mathematics and Mechanics, National Taras Shevchenko University of Kyiv, 252017 Kyiv, Ukraine shevchuk@imath.kiev.ua

Fachbereich Mathematik, Universität Duisburg, 47048 Duisburg, Germany wenz@informatik.uni-duisburg.de