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Let wo,21,...,2n € R, be pairwise disjoint, and let &,61,...,0, € N. Set S

g =3 "_, 6. Foreach pair j,psuchthat 0 <j<nand 0<p<8; —1, let y;, be : Ré-c'ei"\ied

iLl complex number. Then there is a unique polynomial, H(x), of degree § — 1, such July 312018
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HP@) =y for 0<p<t;~1, 0<5<n

In particular, there is a unique fundamental Hermite polynomial, T} »(z), of degree
f — 1, such that i o
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T (@s) = 84,60y 07 <0,~1, 0Ls<n,
§ being Kronecker's delta, and we have the representation _
H@)= Y HO@)Tis(@)= 3 wialisle).
0<pLoy, 0<pLhy,

DZisn 0gisn

We give an explicit representation of the polynomials Ty p(z).
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§1. Introduction

Fix n € N. Let o, %1,...,2n € R, be pairwise disjoint, and let 8y, 8,,...,8, € N. Set § := orn O
and let

n
w(z) 1= H(:c ~z,)% and wi(z) = w@)/(z—x)%, 0<j<n
v=0
For each pair j,p such that 0 < j <nand 0 <p < 8; -1, let Y4.p be a complex number. Then there
is & unique polynomial, H{z), of degree # — 1, such that
HP(z)) =y;n for 0<p<h—1, 0<j<n
If 75 p(x) is the Hermite interpolation polynomial, of degree § — 1, such that,

TN ay) = 6500, 0ST <8, —1, 0<s<n,

j!p
4 being Kronecker’s delta, then it readily follows that the above polynomial H (x) has the representa-
tion
H(z) = Z H?) (25)Tjp(z) = Z Y5 T5p(T).
0Zpsby, 0<pty,
DLi<n 0Lisn

Thus, we are interested in representing the fundamental Hermite polynomials Tjpz), 0 < p < 85,
0=j<n

In the literature (see, e.g., [3, 2.5 Ex. 4, (2.5.25)-(2.5.27)}, [6, pp. 844-849], (2, Chapter 1], [1,
p. 147 (33) and (34}]) one may find a representation that involves derivatives of wj 'z} evaluated at
z = z;. Such a representation was useful, for instance, to Szabados (5], and could be used to obtain an
explicit representation of Ty ,(z). In fact, in [4, pp. 201-204] the authors work out the differentiation
and give an explicit representation, and we would like to thank Giuseppe Mastroianni for bringing
this book, in Rumanian, to our attention, but this book is hardly accessible,

We obtain here the explicit representation in a very simple way, with no differentiation and, in
addition, we provide a recursive formula for computing the terms.

§2. Main result

Given a pair j,p, 0 <p < 6, — 1, 0 < § < n, straightforward calculations show that the function
(@ — ;)" wj{x)
pl wilzy)

Jiplz) = giw(2); (2.1)
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where g; () is an infinitely- differentiable function with the only requirement that g;.(z;) = 1,
satisfies |

(’")(ms)wé» bpr, for O<r<9 -1, s;éj, and 0<r<p,s—3 o (2.2)

Hence, we look for g;,,(z) so that f; ,(z} also sat1sﬁes
(r)(:vj) =0, p<r<6;~1 (2.3)

We will construct a polynomial g;,(z) of degree #; — 1 — p that guarantees (2.3) and such that
gip(zy) = 1. Thus, (2.1) would yield a representation for T} ,{z).
For ¢ € Ny, denote -

Hjg = {(Tuluzs ' 7u € No and ZT# =g}
]

We have the following result.
Theorem 2.1. Given a pair j,p, 0 <p < 6; — 1, 0 < j < n, the function

19_,'—1—;[7

gip{z) = > Bygla -z,
g={

where o 1 _
Bjq 1= Z H(TU+ ‘T )( —z;)"™, 0<g<d;-1-p (2.4)
(Tudups€Hyq vi] .
Corollary 2.2. Given a pair j,p, 0 <p <8; ~1, 0 < j <n, we have
g;—=1-p
(2 — ;)" w;(z)
Ty pm) = sl e By lz — zy)7,
5P P' wj(u"«"j) QZ_O a4 .?}

where By, is given in (2.4).
In order to prove the theorem we need the following simple lemma.

Lemma 2.3. Given j, denocte

Dj={z:|r~z;] <minjz, —z;|}.
s#J
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The function wj“l(w) is analytic in Dy and possesses the Taylor expansion about z;,

N a—— if”jq(ﬂ?—%)", z € Dy, {2.5)
wilz)  wylz;) ’

where

Bjgi= Y. H(Tﬁi"hl)(mu—w;)‘“, g0

(TU)u#jEHj.q v#E]

Proof. Recall that w;(z) = [1,.;(z — 2,)%. Hence,

@ =TT (-2 (1- 222 ) " =i [ (1-222) 7. o

vt v#]

Now, for each v #£ 7,

-0 o0
x— 2y v g+6,—-1 _
1 J) = ( ):c-m» HWr—z)%, xeD,,
( Ty — X qsz: q (zy PV ) J

and the Cauchy product of the n — 1 absolutely convergent series in D, combined with (2.6) yield,

o0
wit(@) =wiMNm;) Y Bjglz —2;)% we D
g=0
This completes the proof. [ |

Proof of Theorem 2.1. Given 0 < p < 8; — 1, observe that the function h;{x) 1= {z — x; )7 /p! satisfies
W (2g) = 6oy 1200 (2.7)
For x € D;, by Lemms 2.3, write

(z - 25)P wilz) _ (@ —ay
pt wilz) v

() = P wim) SN p
hi(x) W (1y) (;Ba.q( z;)".
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Then for p < 7 < 6; — 1, it follows by (2.7) that,

0= h(r)(i:‘) _ i (r) (M) (k) (wj(m Bylex; )(r k (2_.8)
! ! fe=0 K p[ = Wy {x.ﬁ‘ =0 J‘q r=1;
r w (rc) ] ("M_'p)
4(z
= Bjle —z;)9
(p) (wj(‘?j) ; JQ( ! ) T=x;
T wy{z) B T
=1{ ] 2 B (z—x
(p> w.? (x.?) g= J‘q( J) r=imy
=i (),
where i
( A (“'N“_mj‘pwj < ~pB ) 2.0
pile) = TP s Z salz — ;)" (2.9)
g=20

Comparing (2.1) with (2.5), we conclude that we may take
7 f;~1-p

gip(T Z Bjolx — 25)",

a polynomial of degree 6; — 1 — p, such that gj,p(mj) =1, and (2.3) is satisfied. This completes the
proof. |

Proof of Corellary 2.2. The polynomial g; ,(z) is the truncated Taylor expansion of w;{z;) /w,{z), and
once we have the concrete polynomial g, »(z}, we do not limit x to be in D;. a

8§3. Recursive formula

Following an idea of Szabados [5], we provide an inductive way to compute the coefficients By,
Theorem 3.1, For§; >2,0<j <n, let
= 6
ai‘jtzzwi““?, 1<i<8; -1,

U=Q ('TV - $J)
v#j




152 A, Jakimovski and D. Leviatan

Then .
1
Bra = D aigBie-i, 1Sg<8—1.
i=1

Proof. First, we observe that

] ; (i~1)
1 ( 95. _w(m)) Im:m‘: 1Si59j—1,
z—z; w(z) ?

(wjl(w)>f B w.?'l(""") (CL‘ "’g“jl'j - L;l((;:))) '

and that,

It follows by (2.5) that,

Hence, for 1 < g < 0 -1,

1o wilzy
—Zai‘ij\q_i - J( J)
q:’}:l

|
3
~
.
=
—
TN
=
| =
]
£ g
e
Bls
N
T.
=
=
1l
8
—
TN
£
.
—
2

- wjé»;cj) [(wjt:c)” loma

- eule) (] )‘Q),m:B.
WJ(I') =& hd?

where for the third equality we have applied (3.1).
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