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Abstract

We introduce new moduli of smoothness for functions f € L,[—1,1]nC"1(—1,1),

1 <p<oo, r>1, that have an (r — 1)st locally absolutely continuous derivative
in (—1,1), and such that ¢" f(") is in L,[—1,1], where ¢(z) = (1 — %)'/2. These
moduli are equivalent to certain weighted DT moduli, but our definition is more
transparent and simpler. In addition, instead of applying these weighted moduli
to weighted approximation, which was the purpose of the original DT moduli, we
apply these moduli to obtain Jackson-type estimates on the approximation of func-
tions in Lpy[—1,1] (no weight), by means of algebraic polynomials. Moreover, we
also prove matching inverse theorems thus obtaining constructive characterization
of various smoothness classes of functions via the degree of their approximation
by algebraic polynomials.

1 Motivation

The purpose of this section is to provide some motivation to the introduction of
the new moduli of smoothness that we discuss in this paper.

We start with a simple example. Suppose that A} is the space of all func-
tions in L,[—1,1], 1 < p < oo, such that their rate of approximation by algebraic
polynomials of degree < n in the L,-norm is O(n~%). How can we character-
ize this approximation space? The answer is very well known by now. There
are several approaches but the ones that became most popular in recent decades
involve moduli of smoothness of Ivanov 75 (f,d(t,-))qp (introduced in 1980-1981)
and Ditzian-Totik wy (f,t), (introduced around 1984). The Ditzian-Totik (DT)
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modulus is defined in (2.1) by letting » = 0 (see also Remark 2.3), and the Ivanov
modulus (see [2, Section 16], for example) is given by

Tk(f’ 6(t7 '))q,P = ”wk(f7 K 5(t7 ))QHP )
where

AL(f.x)| dv.

1 5(t,x)
wi(f 2, 6(t, ) = /

T20(t ) J st

It turns out (see, e.g., [2]) that wf (f, ), ~ 7%(f, A(t,-))pp with A(t,-) == te(-)+12,

but, according to [2, p. 142], “The [Ivanov] moduli ... are a somewhat more cum-

bersome method to describe smoothness than ... [DT moduli], and their compu-
tation is more difficult.”

It follows from [3, Theorems 7.2.1 and 7.2.4] that, for 0 < o < k,

‘ q

(1.1) FEAT = Wf(f,t)y=0(t%), t >0

A natural question now is what can be said about smoothness of the deriva-
tives of functions from AJ. Surely, if « is large enough, then functions from A7
have to be differentiable (or rather, almost everywhere, they coincide with func-
tions which are differentiable). Note that (1.1) does not explicitly describe the
behavior of these derivatives (but see Remark 1.1 below). While it is true that
wi(fot)p < ctrw,f_r(f(”,t)p, it is NOT true that, for appropriate a, f € A% only
if wf_ (f",1), = O(t*"). One needs to replace wf_ (f),t), with an appropri-
ated weighted modulus (as we show in Section 9). This is very different from the
trigonometric case where the classical moduli of smoothness are used in analogous
results on characterization of (trigonometric) approximation spaces.

Remark 1.1. To be more precise, we mention that (1.1) implicitly describes the
behavior of the derivatives of f since it follows from [3, Theorem 6.2.2 and Corol-
lary 6.3.2] ([3, Corollary 6.3.2] has a couple of misprints, but this can be easily
rectified) that, for 1 <r < a,

wi (f,t)p = O(t) w

k
)

T ) = 077
Ok

(S ) = 0.

However, if t* is replaced by a more complicated function and, correspondingly,
Ay is replaced by the space of functions Ap(¢) whose rate of approzimation is
O(¢(1/n)), then [3, Theorem 6.2.2 and Corollary 6.3.2] are no longer valid, and it
becomes much harder to get an explicit description of the behavior of the derivatives
of functions from Ay(¢). For example, if ¢(t) :=t/(In(t/2))?, then

feA(d) = wilfit)=0(6(1),

and [3, Theorem 6.3.1 (a)] implies that f' is locally absolutely continuous and
Qo(f',t)pp = O(—=1/1n(t/2)). However, [3, Theorem 6.2.2] does not give any in-
formation about wy(f',t),p other than that it is bounded below by Qu(f',t)ep-
Hence, there is a need for an inverse theorem for an algebraic approximation ex-
plicitly involving derivatives of functions as in the classical trigonometric case
(see [7, Theorem 6.1.3], for ezample). We prove such a theorem in Section 9 (see
Theorem 9.1). In particular, it implies that

feA(d) = ofi(f 1)y =0(-1/In(t/2)).

=
k
= g



In summary, there is a need for a new measure of smoothness and /or new results
that would help resolve the above mentioned problems. The purpose of this paper
is to introduce new moduli serving this purpose. These moduli are equivalent to
certain weighted DT moduli, but, to rephrase [2, p. 142], “these weighted DT
moduli are a somewhat more cumbersome method to describe smoothness than
our moduli, and their computation is more difficult” (see Section 8 for the exact
definition of these weighted DT moduli).

2 Introduction and definitions

As alluded to above, we are interested in the constructive characterization of the
functions in L,[—1,1], 1 < p < oo and C[—1,1] when p = oo, with given degree
of approximation by algebraic polynomials, which is analogous to the characteri-
zation of periodic functions in L,[—m, 7], respectively, C|—m, 7], with given degree
of approximation by trigonometric polynomials. Our characterization yields infor-
mation on the smoothness of the derivatives of the approximated functions, and is
described in Sections 8 and 9 by means of direct and inverse theorems relating cer-
tain weighted DT moduli of smoothness of a function f € L,[—1, 1], respectively,
f € C[—1,1], to its degrees of best unweighted approximation in the space.

The first sections are devoted to introducing the above mentioned DT moduli of
smoothness in a new, equivalent form, which is more transparent and simpler. We
prove the equivalence via K-functionals. For p = 0o, these moduli of smoothness
were introduced by the third author [6] (see also [4]), and certain direct and inverse
theorems proved, however, no relations to weighted DT moduli were discussed.

In the sequel we will have constants ¢ that may depend only on some of the
parameters involved (p, k, r), but are independent of the function and of ¢ or n,
as the case may be. The constants ¢ may be different even if they appear in the
same line.

Let || -llp = || - s, 1 < p < 00, and g(z) := VI = 22.

For k € Ny, h > 0, an interval J and f: J — R, let

k

k A
Aj(frw,d) = ; (z) (~D* " f(a + (i —k/2)h), if xE£kh/2€J,
0, otherwise,

be the kth symmetric difference, and let AF(f,x) := AF(f,z,[-1,1]).
Definition 2.1. Let 1 < p < oo and r € Ng. Then forr >1, let

B, = { f | 07V € ACioe(~1,1) and | f7" |, < +o0},
and set BY := L,[—1,1].

(Recall that ACj,.(—1,1) denotes the set of functions which are locally abso-
lutely continuous in (—1,1).)

Definition 2.2. For f € B}, define

)

(2.1) WE 0 = sup [ WEAO)AE ()]

0<h<t

where
Ws(xz) = (1 — 2 — 6p()/2)(1 + 2 — 5p()/2)) />,



For ¢ > 0, denote
D5 :={z | 1-0dp(x)/2> |z} \ {1}
4 — 82
o | 1ol < 355 | = 1+ w1 -0,
where

w(8) == 26%/(4 + 62).

Observe that ©5 = 0 if § > 2, and note that Afw(x) (f,x) is defined to be identically

0if x ¢ Dy, and that Ws is well defined on D5 (in fact, if 6 < 2, then Dom(Wy) =

D5 U{£1}).
Hence,
2 (f) 1), = W (NAF (.
WOty = sup W OALGUO ||
and
(2.2) W (£, 0y = wf (£, 2/k), for ¢ > 2/k.

)

Remark 2.3. When r =0, wf ,(f,t), reduces to the well known kth DT modulus
of smoothness wi (f,t), (see, e.g., [3]).

Remark 2.4. When p = oo, w,fr(f, t)oo Teduces to the modulus of smoothness
introduced by the third author (see, e.g., [4,6]).

Our moduli of smoothness are certain type of weighted DT moduli (see Section
5 for details). However, we give a more transparent and simpler definition of the
moduli, which, in particular, makes their monotonicity in ¢, self-evident. More-
over, we are not interested in weighted approximation, rather we are interested in
applying these moduli to estimates on the non-weighted approximation of f € B}
(see Section 8 for details).

If 1 < p < 00, our moduli are equivalent to the following averaged moduli of
smoothness.

Definition 2.5. Let k € N, 7 € Ny and f € B}, 1 <p < co. Then, the averaged
modulus of smoothness is defined as

* r 1 t " , 1/p
Wb (f0,6)p 1= / / Wi, ()AL o (fO )P dadr )
¢ 0 Dpr
For convenience, for p = oo, we also define

Wit (F7) oo = Wl (F7), 1)oe.

)

While the modulus w} (f (T),t)p is obviously a non-decreasing function of ¢, the

averaged modulus w,” (f ("), t)p does not have to be non-decreasing. At the same
time, it immediately follows from Definition 2.5 that

(2.3) Wil (fD, 1)y < (ta/1) P wi? (F0) t)p,  for 0 <ty <ty

\T

It turns out that the above defined moduli are equivalent to the following
K-functional.



Definition 2.6 (K-functional). For k € N, r € Ng, 1 < p < oo and f € B},
denote

KE(f7),1F), = ei];lkfw(\l(f(’") — 9"l + tllg* T
g&bp

The following result is valid.

Theorem 2.7. Ifk € N,r € No, 1 <p < oo and f € B, then, for all0 <t < 2/k,
(24) KL (fD ), <@t (77,0, < wf (F7, 0, < eKE (£, 80,

where constants ¢ may depend only on k, r and p.

Remark 2.8. Note that with an additional restriction that t < tg, in the case
r =0, Theorem 2.7 becomes [3, Theorem 2.1.1] (with ¢(z) = V1 —22), and that
to can be taken to be (2k)~! as was shown in [1, Theorem 6.6.2].

Remark 2.9. It follows from Theorem 2.7 that

w,fvr(f(”),t)p ~ wf;(f(r), t)er ps
where w!}(f(”),t)@qp is a weighted DT modulus defined in (5.1) (see Section 5 for
more details).

Since it is obvious that

Wit (F7, 1), < Wl (F7), 1),

only the first and last inequalities in (2.4) need to be proved. Their proofs are
given, respectively, in Sections 6 and 4.
We conclude this section with an immediate consequence of Theorem 2.7.

Corollary 2.10. Let k € N, 7 € No, 1 <p < oo, f € B} and A > 1. Then, for all
t>0,
Wi (FD M) < eX'wf (F7), 1),

)

Proof. Using Theorem 2.7, identity (2.2) and the monotonicity, in ¢, of both
the K-functional K (f(),t*), and the modulus w{ (f™,t),, and denoting f :=
min{ ¢, 2/k}, we have

w]f,r(f(r)7 )\t)P = w?;r(f(r)? t
(
for any ¢t > 0. O

Remark 2.11. With an additional restriction that t < ty, in the case r = 0,
Corollary 2.10 becomes [3, Theorem 4.1.2] .



3 Auxiliary results

In the following proposition, we list several useful properties of the weights Ws(x)
and the sets D5, 6 > 0, which will be used below. (Note that the statements in
this proposition are vacuously true for §’s such that ®5 and/or Dys5 are empty.)

Proposition 3.1 (Properties of Ws(z) and Dj).
(i) Ws(x) < p(u), for x € D5 and u € [—|z| — dp(x)/2,|z| + dp(x)/2].
(il) Ws(x) < ¢(z), for = € Dy.
(iii) o(z) < 2Ws(x), for x € Dys.
(iv) o[¢'(z)| <1, for z € Ds.
v) Ify(z) :==x+019(x)/2 and |61| < 0, then 1/2 < y/(x) < 3/2, for all z € Dy.
(vi) If 01 > 02, then D5, C Dy, .

Proof. For x € ®5 and u € [—|x| — 0p(x)/2,|z| + dp(x)/2], we have

p*(u) = Wi(2) > ¢ (2| + 8p(2)/2) = Wi(z) = (1 = |a| = dp(2)/2)d¢(x) >0,

which implies (i).

Choosing u to be x in (i) we get (ii).

Now, 6 < 1 implies 1 + |z| < 2(1 + |z| — dp(x)/2), and = € Dy, that is,
do(x) <1 —|z|, yields 1 — |z| < 2(1 — |z| — 0p(z)/2). Hence,

p?(z) = (1-]a|)(1+z]) < 4(1-|z[-0p(2)/2)(1+]z|-dp(x)/2) = 4W5(z), @ € Doy,

and so (iii) is verified. If 6 > 1 then (iii) is vacuously true since Dy5 = ().
If v € Dg, then §p(z) /2 < 1—|z| = (1+]|z]) "t?(z), that is p(z) > §(1+|z])/2.
Hence

ol¢(z)] =06

<

which is (iv).
Property (v) immediately follows from (iv), and (vi) is obvious. O

The first important property of the new moduli is stated in the following
lemma.

Lemma 3.2. Ifr € No, 1 <p < oo and f € B}, then

lim wk (), t)p = 0.

t—0t

Proof. Let € > 0. Then there is § > 0 such that

€ p
¢ (2)fN(2)|Pde < (=) .
Lo P @10 @1 < (555)

Set
") (2 , if ze®s,
(r)( ): {f ( ) é

0, otherwise.

Since ¢(") € L,[—1,1], there exists ¢ty > 0 such that
W9 1), < €/2, 0<t<t.

6



For each h > 0, we have

Wi ()ak, (77|

p
< W8k 6|+ ROk - 000
< [k Hp+ o2k 5 =)
= I+ Is.

Now if h < to, then I1 < €/2, and

k

po (D) (L (@i (- k)

1=0

g+ (i~ k/2h(a)]) dr)

3 ()L (&= rmenls e+ - /2ot

=0

IN

p 1/p
e+ i~ k2hpla)]) o)

2> (Y ([ (el -0 w)

=0

< 2§: ( ) </[—1,11\@5 Isor(u>f<”(u)lp> " <e/2,

where for the second inequality we used, for z € Dy, the inequality Wiy (x) <
o(u(x)), where u = u(z) := x + (i — k/2)hp(z)), and the third inequality follows
because Proposition 3.1(v) implies that «/(z) > 1/2 when & € @y, This completes
the proof. O

IA

Remark 3.3. Note that f € Bl only implies that wf’r(f(”),t)oo < oo fort >
0 and does NOT imply that lim;_,g+ w,fyr(f(r),t)oo = 0 even if we assume that
f e C(-1,1). For example if fis such that f0)(z) .= ¢~ "(z), r € N, then
feB N C””( 1,1) and wk (f"), )5 > const > 0.

In was proved in [4] (see also [6]) that, for r € N and f € C"(—1,1),

lim wkr(f(T t)oo =0 if and only if xl_l)Hil " (x) f) () = 0.

t—0t

In the case r = 0, it is easy to see (see also [3, p. 37]) that limy_,q+ wy o (f,t)so = 0
if and only if f € C[—1,1].

Lemma 3.4. Let 1 <p < oo andr € Ny. If g € B*!, then

Hgﬂg(m < o0,
p

for any v > 0 such that v > r — 1.

Corollary 3.5. Let 1 <p < oo and r € No. If g € Bjt?, then g € B,



Proof of Lemma 3.4. Suppose that we are given g € IB%;H. Without loss of gen-

erality we can assume that g(")(0) = 0.
First, we consider the case p = co. Since p(u) > ¢(z) for |u| < |z|, we have

[ = |e@ [ o au
o 0 )
< sor“g“”“)Hw‘W(w) /0 o~ (u) du
< (pr+1g(r+1)Hoo‘/0 7 () du
< C‘¢r+1g(r+1)H .
Similarly, if p =1, then
1 T
[, = [ w@]| [ oV du] ds
- 0
1 T
< [ ei@| [ ertile ) de] do
1
< ‘wrﬂg(rﬂ)Hl/lwr1($)dx <ec (pr+1g(r+1)H1‘

Suppose now that 1 < p < oo and ¢ = p/(p — 1) is such that (r+1)q # 2 (i.e.,
either r > 1, or r = 0 and p # 2). Using Holder inequality we have

P
ool
1 z »
- [ | [l a
! x 1/q T 1/p\ P
< /Igﬂp(z) (/0 (’D—(T—i-l)fI(u) du /O |<,0T+1(u)g(r+1)(u)|pdu > di
p [t z p/q
< )(,OT—HQ(T—H)H / QD’yp(.ﬁ) / (p—(r—&-l)q(u)du da
pJ-1 0

p [ z p/q
— 2’wr+lg(r+1)H / OP(z) / oD () dy i

rJo 0

! z p/q
< gltwp/2 ‘ SDwrlg(wrl)H:/ (1-— x)’vp/2 </ (1- u)*(r+1)q/2 du> du
0 0
1
< c (pr+1g(7"+1) :/0 (1—$)7p/2max{17(1_x)flfp(rfl)/2}dx
1

< cfpttgty Z/o max{(1 — 2)/2 (1 — )" HPO—+D/2 gy
< cf|lprtgrty) P

P

Finally, if p =2 and r = 0, then

A

2
le7glls <

IN

du
1= dx

dz < clleg/||;-

1 T
21*’*\%09’!\3/ <1—~’v>7/
0 0

cllesl [ [ 5™
2Jo Jo (1—w)




4 Proof of Theorem 2.7: the upper estimate

The upper estimate of our modulus by the K-functional in Theorem 2.7 (i.e., the
last inequality in (2.4)) immediately follows from the following lemma.

Lemma 4.1. Ifk € N, r € Ng, 1 <p < oo and f € B}, then
wf (f7 1), < clk,r,p)K (f7,5),, forallt> 0.

Proof. In view of (2.2) and the monotonicity of the K-functional in ¢, we may
assume that ¢ < 2/k. Take any g € IB%’;”. Corollary 3.5 implies that g € B},
whence

w2)07r(f(r)7t)p S wfﬂ‘(f(r) - g(r)7 t)p + w]f,r(g(r)7t>p'

Take h such that 0 < h <.

For each 0 < i < k, put y;(x) := z + (i — k/2)hp(z). Then Proposition 3.1(v)
implies that y}(x) > 1/2, for x € Dy, and so we have (with obvious modifications
if p=00)

" (wa) (F (i) — 97 W) |z, o)
1/p
= </ (i (@) f 7 (i) — 9y ())!pdfl?)
Dkh

1 1/p
< ol ( | el - g<r><y>|pdy)

= 22" (f0) = gy,

Since Ws(x) < p(y) for all x € D5, y € [z — dp(z)/2, 2+ dp(z)/2] and 0 <
0 <2, we get

k
T T k T T
Wi (fD =g, < sup [N <Z.>so (i) |F 7 (wi) — 97 (i)
0<h<t i—0 Ly(®n)
< 2FHP () — g(”)H :
P
To estimate the second term wk (gt t)p, using the identity
h/2 h/2
(4.1) Ak (f,z) / / (x +uy + -+ ug)duy - - - dug,
h/2 h/2
we have
w]:ir (g(T)’ t)P
= sup |WI,AF (g0, .
2 W6,
he/2 he/2
0<h<t —he/2 —hep/2 Ly (D)




By Hélder’s inequality (with 1/p + 1/q = 1), for each u satisfying —1 < z + u —
ho(x)/2 < x4+ u+ he(x)/2 < 1, we have

ho(z)/2 z+u+the(x)/2
/ g (2 + w + ) duy, / g (v)dw

—hep(w) /2 +u—hp()/2
_ /x+u+hgo(w)/2 gok—w(v)’g(k"'r) (U)|dv
T Jatu—hp(z))2 ()
< H(PIH_T (k) HLP(A (z,u)) H(P THLq(A(x,u))a

where h h
Az, u) = [m +u— 5(,0(56), x4 u+ 24,0(3:)] .

Thus, in order to complete the proof, it suffices to prove

) hp(z)/2 LI
(4.2) / ( (@) / / 1™ " e Aot
Dih —hp(z)/2 —hp(z)/2

k+7‘ (k+r) ||L
P

p
x| (A(@u g ))dU1 duk—l) dx

< chkp”g(k-i-r)(pk-i-ng’

noting that, in the case k = 1, this inequality is understood as

P
(4.3) /@ < @)™ g g ||LP<A<$0>)) iz
h
< kPl

and, if p = oo, then (4.2) is replaced by

) he@/2 phel@2
44 swp (wkm) J Y IR P S
TED L, —hy(z)/2 —he(x)/2

k+r

<TG et sy dun - dukl)

< Chk||g(k+r)g0k+r ”OO

To this end we write,

L= +/ +f — Li(p) + B(p) + Is(p)
Dkn Dokn (®Dkn\D2kn)NI[0,1] Dkn\D2rn)N[—1,0]

if 1 <p< oo, and

sup < sup + sup + sup =: I1(00) + I2(00) + I3(0)
Okn Dokn (Den\D2kn)N[0,1]  (Drn\D2kn)N[—1,0]

if p = oc.
Part I: estimate of I;

First, we note that, if h > 1/k, then Doxp, = 0, and so no estimate of Iy is
needed. Hence, in this part, we may assume that h < 1/k.
For x € ®95 and u € [z — dp(x)/2,x + dp(x)/2], we have

1(1 = |ul) < (1 — |zl +0p(x)/2) <1 =[] < 2(1 = |z| = dp(2)/2) < 2(1 = [ul),

10



where for the second and third inequalities we applied the fact that dp(z) < 1—|z|.
Also, obviously,

1
S ful) <1+ Jof < 201+ [ul).

Hence, for x € D95 and u € [z — dp(x)/2, 2 + dp(x)/2],

(45) 59() < 9(z) < 2p(u).

Also, note that dp(x) < 1 — |z| (i.e., z € Dag) implies
(4.6) J < p(z).

So, if z € Doy, then by(4.5),

@z phez
kh(x)/ / 1™ Ly (A tup 1)) du -+ dug—y
he@)/2 (a2

k+r
< @)he@) ! s (hp(a)

_ 2k+rhk—1+1/q<p1/q—1(x) _ 2k+rhk—1/p¢—1/p(a:),

where we applied Proposition 3.1(ii). Note that the above estimate is also valid
for k = 1.
Therefore by (4.5) and (4.6), for 1 < p < co we have

p
Li(p) < /@ (2k+rhkl/pQO1/p(‘r)‘|(pk+Tg(k+r)HLp([xkhcp(m)/2,w+kh<p(x)/2])) dx
2kh

z+khp(z)/2
— 2P(k‘+r)hkp—1/ 1 / #@/ ‘gpk'i'r(u)g(k"'r) (u)‘p dudzx
®2kh 80(33) Tr— kh(p(x)/Q

hkpl/ /:B-i-khiﬁ(il? ‘ k+7" (k+7")( )‘pd d
c 7 u)| dudx
Dorn Jo—khp(z)/2 PU )+kh/2

ba(u) p
- 1/ /b() o(u +k:h/2‘90k+r g(km(“)‘ dedu
1(u

- o [ S

IN

where —1 < a1 < ag < 1 and

khy/1 —u2 + (kh/2)2

by (u) — by (u) < < kh(p(u) + kh/2).

1+ (kh/2)?
Hence,
Ii(p) < chP?|| gkt .
If p = oo, then
Ii(oc) < ;12151 <2k+rhk\|¢k+rg(k+r)||Loo([z_kh(p(m)/Q,m+khgo(z)/2})>
< M|kt gl

Part II: estimate of I

11



In this part, we estimate I3, the estimate of I3 being completely analogous. It
is convenient to introduce the notation

hp()/2 ho@/2
/ o™ e Aoty - - detgr,

ook = Wi(e) [
—hp(z)/2 —hp(x)/2
Fy(x, k) := Fy(x, k,0),
and
Erh = (Dpn \ Dagn) N[0, 1].

The required estimates for I5(p) and I2(c0) follow, respectively, from

(4.7) / (Fy(x, k,r))P do < chFP,
Ekn
and
(4.8) sup Fy(z, k, ) < ch”.
€&

First we observe that if v € A(x,uy + -+ + up—1) and |u;| < he(x)/2, then
x —kho(x)/2 <v < x4+ kho(x)/2,
which, by Proposition 3.1(i) implies, for x € Dy, that
Win(2) < ¢(v).
Hence

ke —k
en @™ L, (At +ue—1)) S N0 Ly (A utt-tur_1))s

so that
Folx, k,r) < Fy(z, k), x € D

Thus, (4.7) and (4.8) follow, respectively, from

(4.9) / (Fy(z, k)P da < ch*P,
Ekh
and
(4.10) sup Fy(z, k) < ch”.
rEELR

Recall that () = 262/(4 + §?) and note that &gy = (1 — u(2kh), 1 — p(kh)] N
[0,1], i.e.,

) (U= p(2kh), 1 — p(kh)], if h<1/k,
10,1 — p(kh)], if 1/k<h<2/k.

It will be convenient for us to separate the proof for “small” and “large” h.
We first consider the case when h < 1/(v/2k).

Part 1I(i): h < 1/(\v/2k)

12



It is easy to see that, if h < 1/(v/2k), then

8k?h? 3k?h?
< meas(Exp) < 5

and, for x € &y,

2kh

4k2h?
<1-—x<2k?h? and =5 < p(z) < 2kh.

It is important to note that, if h < 1/(v/2k) and x € €y, then
(4.11) x — kho(x)/2 > 0.
This implies that, if v € A(xz,u; + ... ug—1) where x € &g, and |u;| < ho(x)/2,

then v > 0 and so
V1—v<pw) </2(1—0).

Now, for any ¢ < oo, © € &g, and u € [—(k — 1)hp(x)/2, (k — 1)heo(x) /2], we
have

(412) ||<)0_kHLq(.A(.'L’,’LL))
tuthp(x)/2 La
< (/ (1-— U)_kQ/QdU>
ztu—hep(z)/2

(1—2—u— he(x)/2) ¥V it kg > 2,

1/q

1—z—u+hp(x)/2 .

S C(k, q) <ln Wm) y if kq = 2,
h—hk+2/a, if kq < 2,

and note that (4.12) is also valid if ¢ = co
We also observe that, if & > 2, then for any * € & and u € [—(k —

2)hp(x)/2, (k = 2)he(x)/2],
(4.13) /h@(z ? / 1 —Tr—UuU—u — u2)_1dU1dU2 < ch?.

Indeed, using the fact that 1 — 2 — u > hp(x) and changing variables to v :=
—2u1/(hp(x)) and w := —2us/(hy(x)), we have

/ / (l—2z—u—wu —ug)_lduldug
hp(x)/2 J—hp(x) /2

heo(x)/2
< / / — Uy — UQ)_ldU1dU2

h
= <P/ / (2+v+w)_1dvdw
2 JaJa

= (2In2)he(z) < c(k)h?.

Thus, (4.13) implies that, forany k > 2, a > 1—k, z € i, and u € [—ho(x)/2, hp(z)/2],

hep(x)/2 he(2)/2
(4.14)/ / (l—x—u—ul—---—uk,l)adul...duk,l

he@)2 S one@)
é Ch2k’+2a—2 .

13



Now, for any x € &, we have

he(x)/2 he(z)/2 k
?1(1‘,/{) = / / w (:B+U1+-'-—|—uk)du1---duk
—hep(z)/2 —he(z)/2

he(x)/2 he(x)/2

S / ---/ (1—x—ul—--.—uk)_k/zdul..-duk
—hp@)/2 S —hp(@)/2

< chk,

which implies (4.10) and so completes the proof in the case p = occ.
For 1 < p < oo, it is convenient to break the proof of (4.9) into several cases.

Case 1: 1<p<oo,k=1andqg>2
Using (4.12) we have,

LA cacmlnpdx=1é 16, (poop e
h h

< c/ (1 — 2 — ho(x)/2) P21y
En

1—p(h)
:c/ (1 — 2 — ho(x)/2)P* Yda
1—p(2h)

1
gc/ (1 y)P/>tdy
1/(1+h2)

< ch?.

CASE 2: 1<p<oo,k=1landg=2
Applying (4.12) we obtain,

1—p(h) ho(x)
Fo(x,1 2 dx < c/ ln(1+ 14 )dw
|, @t o =2~ hp@) ]2
1—p(h) 252
< c/ In <1+ ) dzx
1—p(2h) 1—2—hp(z)/2
1 2
< c/ In (1 + 2h > dy
1/(1+h2) -y
< ch?.

CasE 3: 1<p<oo,k=1landqg<?2
We apply (4.12) and get

/ (Fg(z,1))Pdax < c/ hP~2dx < cmeas(E,)hP ™2 < ch?.
Sh gh

CASE 4: 1<p<oo,k>2and2/p<k
Note that in this case, kg > 2 and k/2 + 1/q > 1, and applying (4.12) and

14



(4.14), we get

| Gy ds
Ekn
ho(x)/2 ho(x)/2
<of ([own)
Exn \J —hep(x)/2 —he(x)/2
p
l—2z—uy— - —up_1 — ho(x)/2 _k/2+1/qdu1---duk,1 dx
( ¢(z)/2)
< cmeas(&pp ) hF2H2/ 0P < cphp,

CASE 5: 1<p<ooand2/p>k>2

Since 2 < k < 2/p and p > 1 can hold simultaneously only if £k =2 and p =1,
using (4.12) for ¢ = oo we have

/ Foo(z,2)dx
Ean

= / / HSO Lo (A () dud
Ean J —hp(z

< / / (1—2—u— hp(z)/2)  dudx
Ean J—hy I)/Q
1—p(2h)
= c/ In <1 + W) dx
1—p(4h) 1 -z — hyp(x)
<

1—p(2h) 2
c/ In <1 + 4h> dx
1—p(4h) 1 -z — hp(x)

1 4 2
< c/ In <1 + h ) dy
1/(144h2) I-y

< ch?.

It remains to consider the case when 1/(v/2k) < h < 2/k.
Part T1(ii): 1/(v/2k) < h <2/k

If 1/(v2k) < h < 2/k, then, for x € &, h ~ 1 — 2 ~ (x) ~ c(k), and
meas(Expn) < c(k) (“<” cannot be replaced with “~” since meas(€2) = 0). In-
equalities (4.9) and (4.10) which we need to verify become

(4.15) / (F (0, k)P dar < c,
Ern
and
(4.16) sup Fi(z, k) <c
TEELR

We can prove (4.15) and (4.16) using the proof used in Part II(i) with the
only difference that we can no longer use the fact that ¢(v) ~ /1 —wv for v €
A(x,up + -+ up—1) with € Ep and |u;| < he(x)/2. At the same time, since
we no longer need to keep track of powers of h’s, this proof can be considerably
simplified.

15



First, let F' € C[—1,1] be such that F*)(z) = ¢~ *(x), z € (—1,1). Applying
the identity (4.1) for any = € &gy, we have

ho(a)/2 ho(@)/2
Fi(z, k) = / / O " (x+ur + -+ ug)dug - - duy,
he(x)/2 —hp(x)/2

= AfpwF) <e,

which implies (4.16) and so completes the proof in the case p = oco.
Now, observing that, for —1 <a < b < 1,

b 2+ 24+ (p if v < —2
(4.17) [t a0 <

a 1, lf ’7 > _27
we conclude that

e F24(a) + pFH2A(b), if kg > 2,

—k <c(k
1™ lLyfay < (K, q) 1, if kg < 2.

Therefore, in particular,

.rfq(JU, 1) = ||<'071H]Lq[wfhW(m)/ZfEJrhcp(m)/Q]
—14+2/q( _ —142/q '
< clk,q) {¢ (= hp(2)/2) + o7 2/9(x + hp(2)/2), i g > 2,
b if ¢ < 2.

Hence, (4.15) is verified if k =1 and ¢ < 2 (p > 2), and for ¢ > 2 (1 < p < 2) we
have

/ (T )P de < / (672(x — hp()/2) + @ 2(x + hip() /2)) da

En

< ¢ 90” (2 + hy(w) /2)dx

< cpp2 )dv < c.

o

\@\

Finally, if K = 1 and p = ¢ = 2, then we observe that, for a centrally symmetric
set S C R%, we have [[g f(—7) daz—ffs 7)dz. Hence,

, o ho(a) /2
/ (Fo(w,1)) dr = / L dtde
En En Jx—he(x)/2 11—t

z+h<p
< c/ / 7dtdx
Dy, Jz—he(z)/2 1-

< cc/@h In(1 -z — he(z)/2)dx

1
< c—c/ In(1 —wv)dv <,
-1

and so (4.15) is verified for all 1 <p < 0o if k = 1.
If1<p<ooandk>2 then kg > 2 and so

he(x)/2 he(x)/2
Fylz, k) < c/ / (gﬁ_k+2/q($+ul+"'+uk—1 — hp(x)/2)
—hep(x)/2 —hep(x)/2

Fo 2 (g g 4wy + hgo(a:)/2>> duy - - - dug—1.
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Again, let F' € C[-1,1], be such that F(#~1)

(z) = @ F*2/4(z) (this is possible
provided k + 2/q > 2). Applying the identity (4.1

), we have
Fola,k) < ey L (Foo—ho(x)/2) + ey L (Fa + ho(x)/2) < ¢
This implies (4.15) in all remaining cases except for k = 2 and p = 1 (¢ = o0).

Finally, twice using the fact that {(z,u) } T € Dop, |ul < ho(z)/2} is centrally
symmetric, we have

he(x)/2
< c/g /w (¢ 2z +u—ho(x)/2) + ¢ 2(z + u + hp(z)/2)) dudz

he(x)/2
/ 0 2(z +u + ho(x)/2)dudx
2h

J
h(z)/2
< c/@ : (1—z—u— hp(z)/2) tdudz
c/@ (In(1 = z) = In(1 — z — he(z))) dw

|In(1 — z)|dz < c.

IA
o
\H

-1

This completes the proof of the lemma. O

5 Weighted DT moduli

The following weighted DT moduli are defined in [3, p. 218] (with D = (0,1)).

k k
wy(fit)wp = sup HwAh f
prer U771 I I TREE
Nk
+ sup wAhf sup ||lwA}f ,
0<h<t Lp[0,1265]  0<h<t; Lp[1-12¢7,1]

where if ¢(z) = \/x(1 — ), then t§ =t} = k2t

It was shown in [3 Theorem 6.1.1] that, under certain restrictions on ¢ and
w, wa(f, t)w,p is equivalent to the following weighted K-functional Kj, (f, ) p:

k - ; _ k k()
Kol o=, ok (0 = 9wl ) + ette @l ).

In particular, with obvious modifications for (—1,1) instead of D = (0,1),
=@ and w := ", we have

W!Z(fa ) p

5.1 = ©"AF
(5.1) 0<h<t he Lp[—1+4t*,1-1]
— —
+ su N + su N
oono 117 Wl o1 are oo I 21 S
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where t* := 2k%*t? and A is an absolute constant (for example, A = 12 as in [3]),
and note that it is readily seen that the K-functional defined in Definition 2.6,
satisfies

KE (59 = Ko (1 )p = ink (I = gl + 16479, ).
g GACIOC

It follows from [3, Theorem 6.1.1] that
(5.2) M= (f ) grp < KE (1) < MWE(ft)grp

for some M > 1 and 0 < t < tg.
A similar quantity to the following averaged modulus was considered in [3,
(6.1.9)] (recall that t* := 2kt?):

1+ 1/p
(53) WDy = ( [ ’:@(I)U,x)rwxdr)
+t
X , 1/p
1 t —1+At
+ <*/ / |w(w)zﬁ(f,:v)|pdacdu>
™ Jo J-1
- 1/p
*/ / , )P dx du ,
t At*
where 1 < p < o0.

Also, from the statement in [3, p. 57], we conclude that, for sufficiently small
t>0,

(54) K]ir(.ﬂ ) <M1"J (fa)

6 Proof of Theorem 2.7: the lower estimate

We will apply (5.4) (for 1 < p < oo) and the second inequality in (5.2) (for p = 00)
in order to complete the proof of the lower estimate in Theorem 2.7.

Lemma 6.1. Let k € N, r € Ng, 1 <p < oo and f € B,,. Then
W (FT ) p < ell, )2 (FT) e(k)t)p, 0 <t < c(k).
Proof. We estimate each of the three terms in the definition (5.3) separately.

First, recall that t* := 2k?t?> and note that [—1+4+t*,1—t*] C Dokt and so using
Proposition 3.1(iii) we have

1—t*

6.1 0 )P de dr
( )
1+t*
D 1—t*
< 2 / / D) AL (f7) 2) P da dr
1+t*
Tp
2 / / |Wk7' Tgo(.z’)( (T)vm)|pdl‘d7—
szz

2’"pww f(r

IN

IA
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We now estimate the second term (dealing with the function near —1), the third
term being similar.

If ¢ is sufficiently small (for example, t < (2k+y/A + k/2)~! will do), then

t* —14+At* —
1 / & (@) RO, 2)P de du
0 —1

1 t* 1+ At*
= = / (@) AL, o + /2P d du

t* R 1+(A+k/2)t*
1 / / o (y — ku/2)AR(F, )P dy du

T+ku/2
—1+(A+k/2)t* / 2(y+1)/k
0

IN

IN

1 [oiATR/2) 20y 1)/ (ke(y)) k (r)
t /0 )" (y — khp(y) [2) A4 o) (FT, y)IP dh dy

1 [ A+R/2) p2(y+1)/ (ke(y)) , L ")

|, /0 () Wi (1) Ay (7 9) [P dh dy
—1+(A+k/2)t" r2(y+1)/ (ke(y)) Wr A O P dhd
C\/t**/_1 /0 (Win () Ahe) (S 9)] Y

1 /C t*/ .
= Win(y)A F )P dy dh
vt DpnN[—1,—14+(A+k/2)t*] Win(y) h@(y)( )l

< aph (FO, ek},

IN

IN

where, for the third inequality, we used the fact that ¢(y—khp(y)/2) < vV2Win(y)
if0<h<2y+1)/(ke(y)) and y < —1/2. O

Lemma 6.2. Let k € N, r € Ny and f € B_,. Then

WE(F, ) gr 00 < eyl (F7), c(k)t)oo, 0 <t < (k).

Proof. The proof is very similar to that of Lemma 6.1. First, recalling that t* :=
2k%t?, noting that [—1 +t*, 1 — t*] C D9y and using Proposition 3.1(iii) we have

POAE (P < w? (f0) ).
T CACEVREIEAUR] BN SEAND

If 0 < h <t*, then

Nk

"ORR, )|

Loo[—1,—1+At*]
@ (@) AR+ kh/2)|

sup
z€[—1,—1+At*]

IN

sup

& (y — kh/2AK(F,p)|.
yE[—14+kh/2,—1+(A+k/2)t*]
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Hence, if ¢ is sufficiently small (¢ < (2ky/A + k/2)~! will do), then

%
r Ak (r)
0<S;Ll£t* (@) Anlf ’x)HLm[—l,—1+Atﬂ
< sup sup " (y — kh/2)AL(f (T),y)‘
YE[—1,— 1+ (At+k/2)t*] 0<h<2(y+1)/k
= sup sup ‘90"(1/ — khp(y) /2) Ay (F, y)‘
YE[-1,~1+(A+k/2)t7] 0<h<2(y+1)/(kip(y)
< 27 sup sup Wi () A (17w
y€[~1,—1+(A+k/2)t*] 0<h<2(y+1)/(ky(y)
< 272 g sup Wi ()8, (P, 0)|

0<h<c(k)t yeDppN[—1,—14+(A+k/2)t*]
< 2T/2w,f7r(f(7"), c(k)t) oo

wr(')zﬁ(f(r), ) H is similar. O

The estimate of supg.j,«s« .
= Loo [1—At*,1

We are now ready to complete the proof of the lower estimate in Theorem 2.7.
First, estimates (5.2) and (5.4) together with Lemmas 6.1 and 6.2 imply that, for
feB,, 1<p<oo,

(6.2) K;:T(f(r),tk)p < cwl:jf,(f(’"), cit)p, 0<t<eo,

where ¢; = ¢1(k) and ca = c2(k) are some positive constants which we now consider
fixed.

Now, suppose that 0 < ¢t < 2/k and let p := max{1,c;1,2/(kc2)}. Then, since
t/p < co, taking into account (2.3), we have

KE(F 9, < b KE (7, (t/m)F)p < cwpf (F7), eat/ ),
< e(p/e)) P (£, 1)y,

which completes the proof of the lower estimate in Theorem 2.7.

7 Hierarchy between moduli

The following theorem illustrates the hierarchy between the moduli of smoothness.

Theorem 7.1. If f € B;™!, 1 <p < oo, reNy and k > 2, then
w]:ir(f(r)? t)p S th]f—17r+1(f(r+1)7 t)p
Proof. By virtue of [3, (6.2.9)], we have
t
W!;(f(’"),t)@np < C/O (Q]:o(fmﬁ)wr,p /7)dr,

where Q’; was defined in [3, (8.1.2)] as follows

o AL f

Qk ,t T = ’ .
o(fterp Oiilzt Lp[—14+2k2h2,—1+2k2R2]
Also, by [3, (6.3.2)], we obtain

QL) ) < ctQET (FOHD 1) e
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Hence,

t
WE(fD ) grp < c /0 QEL(FO0HD 7)o, dr

< ctQETL (PO 1) i, < ctwETH (PO ) i,

P

where for the second inequality we used the monotonicity of ijfl( f (T“),t)
and for the third we applied [3, (6.2.9)].

In view of the equivalence between our and weighted DT moduli (see Re-
mark 2.9), our proof is complete. O

e tlp

We also have the other usual hierarchy which follows by [3, Theorem 6.1.4].
Theorem 7.2. If f € B, 1 <p <oo,r €Ny and k > 2, then

wlf,r(f(r)vt)p < Cwlf—u(f(r)at)p'

8 Polynomial approximation: direct results

This section is devoted to the approximation of functions f € Ly[—1,1], 1 <p <
00, by polynomials of degree < n. Let P, be the set of polynomials of degree < n
and denote by

E(Py= inf If =puly

the degree of approximation of f € Ly[—1,1] by elements of P,,.
An immediate application of Theorem 7.1, together with [3, Theorem 7.2.1], is
the following.

Theorem 8.1. If f € B, 1 <p < oo, then
(8.1) En(f)p € e (f7, 1), m2 i+
Proof. Tt follows from [3, Theorem 7.2.1] that
En(f)p < cwf, (f,1/n)p, n>k+r
Since f € B}, we apply Theorem 7.1 r times and (8.1) follows. O

An immediate consequence of Theorem 8.1 is the following direct estimate.

Corollary 8.2. If f € B, 7 € No, 1 <p < o0, and if for some k €N, and a > r,
w,f,r(f(”,t)p =O0(t*"), then
(8.2) E.(f)p<en™, n>k+r.

It is interesting to compare (8.1) with estimates of how well Pér) approximates

). Our result here is the following.

Theorem 8.3. If f € B, r € N, 1 < p < oo, and P,, denotes the polynomial of

best approzimation of f in L,[—1,1], of degree < n. I'f‘fo1 (wfm(f(r), T)p/T)dT < 00,
for some k € N, then

1/n
(™ — PT(LT))SOTHP < C/o (wlf,r(f(r)’T)p/T)dT'
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Proof. Using Potapov’s estimate (see, e.g., [3, (7.2.7)])
(8.3) le" Pl < e, v)n” || Pallps

we have

1D =PI, < SRS — PEYL e
j=1

o0
¢ 20| Pyin — Pyi-inllp

<
j=1
< CZ 270" (|| Pysy, — fllp +11f = Pai-1,llp)
j=1
< Czwzf,r(f(T)v 1/(2jn)>p
j=1
00 1/(291n)
< CZ/l (wlf,r(f(r)ﬂ')p/T)dT

j=1 /(29n)
1/n
< o /0 (f (£, 7)p/7)dr,

where for the first inequality we used the fact that ||(f() — PQ(;;)L)(,OTHP — 0 (see

details in the proof of Theorem 9.1 below), and for the fourth inequality we used
Theorem 8.1 and Corollary 2.10. 0

9 Polynomial approximation: inverse theo-
rems

Denote by @ the set of nondecreasing functions ¢ : [0,1] — [0,00), satisfying
#(0+) = 0. Recalling that E,(f), is the degree of approximation of f by polyno-
mials of degree < n, we have the following inverse theorem.

Theorem 9.1. Given 1 <p<oo, ke N, re Ny, N €N, and ¢ € ® such that
1
/ ro(w) du < +00
0

ur+1

(i-e., if r =0, this condition is not needed). If

En(f)pgqs(;), for all n> N,

then one of the representatives of f has a locally absolutely continuous derivative

fo=V, f e B, and

p7
, tro(u 1 U
wi (F, 1), <c /0 uT(Jrl)dquctk t ukir}rldquc(N)tkEkH( Fp, t€]0,1/2].

If, in addition, N < k +r, then

" " ro(u) R0
w,ﬁr(f(),t)pﬁc/o o du + ctf t uk+r+1du’ t€0,1/2].
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Remark 9.2. For p = oo, this theorem was proved in [5].

Remark 9.3. A classical restatement of Theorem 9.1 is Theorem 9.1" below. We
prefer the current (integral) version since we find it rather more convenient to use.

Proof. Since the theorem was proved in [5] for p = 0o, we may assume that
1<p<oo.

We first give the proof for the case r > 1. Without any loss of generality
assume that N > k+r. Set m; := N2J and ¢j = <Z>(mj_1). We represent f as the
telescopic series (converging to f in L)

(9'1) f=Pipr + (PN _PkJrT) +Z(ij+1 _ij) =: Pk+r+Q+ZQja
=0 =0

where P, € P, are the polynomials of best approximation of f, that is ||f —
P,|lp, = En(f)p. Hence, the polynomials @; are of degree < mj;; and satisfy
1Qjllp < Gjr1 + &5 < 26 .

As in the proof of Lemma 4.1, for each 0 < i < k, put y;(x) := x4+ (i—k/2)he(x)
and recall that Ws(z) < ¢(y) for all x € D5, y € [x — dp(z)/2,x + dp(z)/2] and
0<d<2

Then, using Proposition 3.1(v) and (8.3), we have

k

r k T T r
[WienA (Q( : < Z <Z><p (vi) Q; )(yz») < 2k+1/p’ ; )
=0 Lp(®kn) P
< emjq||Q)lly < emijo;.
Therefore, if we denote J := min{j : 1/m; < t}, then we have
oo 11
9.2) wf o ¢t < ¢ mh; < c ?; du
( k,r J J w1
J=J+1 » j=J+1 j=J+1
[e’e] -1 -1
it ¢(u) /mJ ¢(u)
< ¢ /‘ du < du
j;—l myt Ut o ut!
t
< $(u) du.
0 ur+1

We also note that, in a similar fashion, (8.3) implies that

Sl QW < }:“@_t/¢
=0 =0

forall 1 < v < r. This implies that {¢” ,ka) } is a Cauchy sequence in LL,, converging
to some function ¢”f, € L,, and there is a subsequence of this sequence which
converges pointwise almost everywhere to ¢” f,,. Moreover, we conclude that there
exists a sequence {n;} C N such that, for each 1 < v < r, {P,(L';) } converges
pointwise almost everywhere to f, and

(93 Tim [l6¥ (f, — Py = 0.
—00
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Now, considering S := [-1+4¢,1 —¢], ¢ > 0, denoting fy := f and using the argu-
ment [7, section 6.1.3], we write, for xp which is one of the points of convergence
forall 1 <v <7,

foa@) = foalan) = [ n0)
— foma@) = P O@) — (fmaloo) — PV a0)) = [ (00 - PO)

zo

and conclude that

foor(@) — foi (o) = / " hdt

for almost all x € S and all 1 < v < r. Hence, recalling that fo = f, it follows
that almost everywhere f(z) is identical with a function possessing an absolutely
continuous derivative of order (r — 1) and f(") € L,(S). Hence, differentiation of
(9.1) is justified. Also, (9.3) implies that f € Bj,.

We now continue with our estimates, and using (8.3) with v = r + k we have

k +k k k
e QU < emEE|Q;l, < emtE .

Hence, for 0 < j < J, taking into account that 1/m; > t/2 and denoting m_; :=
N/2, we have

(9.4), ZQ(” t

p
k) Ly
k k +k) k k k
< o §j|w+ QU™ < ct }:W+ o <t Z/ O
2N p(u) b g
< ctF d <tk/ du<ctk/ du
= Z/ uk+r+1 v R
1
k ¢(U)
< a uk+r+1d :

Finally, we have the estimate
9:5)  wf QM) 1)y < ct*| " QI < A" NTHQ, < N B (),

Note that if N = k + r, then @ = 0, so that the left hand side of (9.5) vanishes
and no estimate is needed.

Now, the observation that Ay hola )(Plg:)w x) = 0, combined with (9.2), (9.4), and

(9.5), completes the proof of the theorem for r > 1.
For r =0, we write

f= Pk+Q+ZQg — Py,
7=0

where Q := Py — P and Q; := Py, ., — Pm; (see (9.1)), and complete the proof
as above, just applying (9.4), (9.5), and

Hf mj41 Hp EmJ+1 (f)p S ¢m]+1

(i.e., the same type of estimate as for ||Qm,.,,[p)- O
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Choosing

b(u) = E.(f)p, ifl/n<u<l/(n+1),n>N-1,
YT BNy N <u<,

in Theorem 9.1 we immediately get the following result which, in fact, is equivalent
to Theorem 9.1.

Theorem 9.1'. Given 1 <p<oo, k€N, reNy, NeN. If

o

Z " EL(f)p < +oo

n=1

(i.e., if r = 0, this condition is not needed), then one of the representatives of f

has a locally absolutely continuous derivative f~—Y, f € Br

s and

Wi (F ), < e > T T Ea(f)

n>max{N,1/t}

+Ctk Z nkJrrflEn(f)p

N<n<max{1/t,N}
+e(N)* By (f)p,  t€1(0,1/2].

If, in addition, N < k 4+, then

Wi (fO ), < e >0 " El(f),

n>max{N,1/t}

+cth > B (), t€[0,1/2].
N<n<max{1/t,N}

Another immediate corollary of Theorem 9.1 with ¢(¢) :=t“ and N =k +r is
the following result which is an inverse to (8.2) .

Corollary 9.4. Letr € Ng, k e Nandr < o < r+k, and let f € L,y[—1,1],
1<p<oo. If

(9.6) E.(f)p<n™®, n>N,
for some N >k +r, then f € B, and

w,f (f(r),t)p < cla,k,r)t* " + (N, k, r)tkEk+r(f)p, t> 0.

T
In particular, if N =k +r, then (9.6) implies that f € B}, and
wfr(f(r),t)p < c(a, k,r)t* ", t>0.
Corollaries 8.2 and 9.4 imply the following constructive characterization result.

Corollary 9.5. Let r € No, k € N, r < a < r+k, and let f € L,y[—1,1],
1 <p<oo. Then En(f)p < cn™, for alln >k +r, if and only if f € By, and
Wi (f, 1)y < et ¢ >0,
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