FREE-KNOT SPLINES APPROXIMATION
OF s-MONOTONE FUNCTIONS

V. N. KONOVALOV AND D. LEVIATAN!

Abstract. Let I be a finite interval and r,s € N. Given a set M, of functions defined on
I, denote by A M the subset of all functions y € M such that the s-difference Asy(-) is
nonnegative on I, V7 > 0. Further, denote by A% Wy, the class of func'gons z on I with the
seminorm ||m(r)||Lp <1, such that Afz >0, 7 > 0. Let My (hg) := v cihg(wit — 6;) |
ci,wi,0; € R | beasingle hidden layer perceptron univariate model with n units in the hidden
layer, and activation functions hg (t) = tﬁ_, t € R, k € Ng. We give two-sided estimates both of
the best unconstrained approximation FE Aj_W;, My, (hg) Ly k=r—1,r,s=0,1,...,7r+1,

and of the best s-monotonicity preserving approximation E A% W}/, A3 My (hg) Ly k =

r—1,r,s=0,1,...,7 4+ 1. The most significant results are contained in Theorem 2.

§1. INTRODUCTION
Let X be a real linear space of vectors  with a norm ||z||x, W C X, W # 0, and

McC X, M#0]. Let

E(x,M)x := inf |z — ,
(@, M)x = inf Jlo—ylx
denote the best approximation of the vector x € X by M and let

E(W,M)x = sup BE(z, M)x,
zeW

denote the deviation of the set W from M.

Let s =0,1,..., and for a function x defined on I, let

Alz(t) = Zs:(—l)s_k <S>x(t +k7), {t,t+stycCIl, s=0,1,...,

k
k=0
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be the s-th difference of the function x, with step 7 > 0. Denote by A% M the subclass
of functions z € M for which Afz(¢t) > 0, for all 7 > 0 such that [t,¢ 4+ s7] C I. Further
denote by

Bla AM) = inf = ulx,

the best approximation of the vector z € X by A% M, and by

E(W, AiM) = sup E(z, A1 M)x,

X zeW

the deviation of the set W from AiM .

For r € N, denote as usual

Wy =Wy(I):={z:1—-R| 'Y e AC)o.(a,b), ||x(r)||Lp(]) <1}, 1<p<oo,

where I = [a, b], and where AC,.(a,b) denotes the set of absolutely continuous functions
in every compact subinterval of (a,b).

In this paper we discuss shape preserving free-knot polynomial spline approximation
which may be viewed as a single hidden layer perceptron univariate model with n units
in the hidden layer, and activation functions hg(t) := ti, t € R, k € Ny, where ty :=

max{0,t}. Namely, the function
y(t) =Y cihg(wit — 6;), teER,
i=1

where ¢; € R, w; € R and 6; € R, that is called a single hidden layer perceptron model, is
viewed as a polynomial spline o, ,,(-) of degree k, belonging to C*~1(R), with knots w; 6;.
The reader is referred to the survey [Pi] where various approximation-theoretic problems
that arise in the multilayer feedforward perceptron (MLP) model in neural networks are
discussed.
Thus, let
n
M, (hy) == {Zcihk(wit —0:) | ci,w;, 0; € ]R} , tER,

i=1
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be a 3n parameter family of polynomial splines. For k = r—1 and k = r, we are interested
in the asymptotic behavior of the best unconstrained approximation (Ai Wy, Mn(hk)) Lo

q
s=0,1,...,r+ 1. Further, we obtain the asymptotic behavior of the best s-monotonicity

preserving approximation, (AiW;j, AiMn(hk)) k=r—1,r,s=0,1,...,r+ 1.

Ly’
§2. MAIN RESULTS

Our first result is
Theorem 1. Let 1 <p,gq< oo, re N, and 0 < s <r. Then

(2.1) E(AL Wy, My(her)) = B(ALW, AL My (hy—a)) =07

L L,

Furthermore, if s =1 + 1, then

(2.2) E(AT WY, Mn(hr_l))Lq =n"",

while

(2.3) E(Aflwg,Afan(m_l))Lq = 1.

Remarks. (i) The upper bounds in (2.1) for s = 0,1,...,r — 1 are an immediate conse-

quence of [H, Theorem 1.1]. We show that in order to obtain the upper bounds in (2.1) for
s = r, we can still use the approach of [H]. What (2.1) shows as a special case, is that Hu’s
upper estimates (which are given only for 0 < s < r, p =1 and ¢ = ), are best possible.
We give a simple proof of this fact. Also, the upper bound in (2.2) follows immediately
from well known estimates on the degree of approximation of elements in W, by free knot
splines with n knots.
(7i) The upper bound in (2.1) for s = 1,2, and to some extent the lower bound in those
cases, also follows from the work of Leviatan and Shadrin [LS, Theorems 1 and 2].
(#47) Note that (2.3) is not surprising as the set A" M, (h,_1) only contains polynomials
of degree <r — 1.

Next we state our main result. We show that there is no improvement in (2.1), if we
replace h,_1 with h,, but that such a replacement improves significantly the orders of

approximation in (2.2) and (2.3). Namely, we prove
3



Theorem 2. Let 1 <p,q< oo, r €N, and 0 < s <r. Then

(2.4) E(ASW,, Mn(hT))Lq = E(AS W), AiMn(hr))Lq =n"".

Furthermore, if 1 <r € N, and if r =1 and either p =00 or 1 < p,q < oo, then

(2.5) E(ATW), My (hy)), < E(AT'W) A M, (), <n"7h

Lqg Ly

On the other hand, if r = p =1 and q = oo, then

(2.6) E(ALWL, My(h)), = E(AZW], AL M, (), =n7",

oo

and finally, if r =1, 1 < p < 00 and q = oo, then there exist absolute constants ¢ > 0

and cg, such that for any e > 0,

(2.7)  an? <B(AIW,, Mu(h)), < E(ATW,, AL M, (h)), < e tn7 e

Obviously in view of the lefthand inequality in (2.7), we hope that £ may be removed

from the righthand side, but we have not succeeded in that.

We prove the upper bounds in (2.5) through (2.7) by applying in a more delicate way

the basic idea of ‘balanced partition’ of Hu [HJ.

It is interesting to compare the above asymptotic relations with our earlier estimates of

the Kolmogorov and shape preserving widths of the sets AW, 0 < s <r+ 1, which in

most cases are bigger (see [KL1] and [KL2]). In the theorems we quote below d,, (AL W}) L,

denotes the usual Kolmogorov n width, and
dn(ALW) A% L)L, = }\% E(ALW,, M™ N A% L),

where the infimum is taken over all linear manifolds M™, of dimension n.

Theorem KL1. Letr € N and 1 < p,q < oo, be so that r — % + % > 0. If (r,p) # (1,1),

and if (r,p) = (1,1) and 1 < q < 2, then for each s =0,1,...,r,

dn(AiWJ)Lq — n—r+(max{%,%}—max{%a%})+7 n Z r.
4



If, on the other hand, (r,p) = (1,1) and 2 < q < oo, then for s =0,1,

Njw

c1n

Nl

<dp(ALW])L, e (log(n+ 1), n>1,
where ¢y > 0 and cy do not depend on n. Furthermore,
A (AW, =TT medEs s

And

Theorem KL2. Let s =1,2, s <r eN, and 1 < p,q < 00, be so thatr—%—k% > 0.
Then

1

du(ALW] AL L)L, < n G e
If, on the other hand, s =r + 1 =2, then
11
(2.8) do(AZWp, A% L), <n" "4, n>1
For 3 < s <r+ 1 the shape preserving widths were obtained in [KL3]. Namely,

Theorem KL3. Letr e N, se N and 1 <p,q <oo. For 3 <s <r, we have

_ 1_
4 (MWL A5L,), = H 7

Also, if s=r+1, r > 2, then

+1 +1 =2
dn(Ai Wy, Al Lq)Lq,\n , n>r.

§3. APPROXIMATION BY FREE-KNOT SPLINES OF DEGREE r — 1
This section contains the proof of Theorem 1. We begin with a lemma.

Lemma 1. For alln > 1,

(3.1) B(hp, My (hy—1)), 227 (n4+1)7".
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Proof. Let P._1(J) denote the space of all algebraic polynomials of degree < r — 1 on the
interval J C R, and set P._; := P._1(I). Denote by

y(t) = ZcihT_l(wit—bi), w; €ER, b ER, t1=1,...,n,
=1

an arbitrary function from M, (h,_1). If T}, := {t;}72; C R, is the collection of 0 < m <n
distinct knots t; 1= w; 'b;, t; < --- < tp, then Tp, N (0,1) = 0, implies y € P,_1([0,1]).

Thus in this case

5. ) =yOl > int, [ = malar

—2
> 27,

where we have applied the well known formula (see, e.g., [T, p. 96])

1
(3.3) inf / 7 — o (0)]dE = 277

mr—1€P_1 | 4
Otherwise, denote ©,, := {HZ- f.:rol, where 0 < 0; < --- < 6, <1 are the knots T, N (0,1),
and let S?_,(0,,) := S?_,(0,;[0,1]), denote the space of all polynomial splines on [0, 1] of
degree < r — 1, with knots 8;, i =1,...,u. If I; := [97;,91‘4-1], t=20,...,u, where 6y := 0,
and 6,11 := 1, then
1hr = yllz, = [1Pr = yllLi0,
> E(hy, 501(6,)

(3.4) La0]
m
- Z E(h“ PT_l(Ii»Ll([i)'
i=0
By virtue of (3.3), it is easily seen that
E(hTa PT—l(Ii))Ll(Ii) - wr_jrelfl;r_l /Iz|(t - el) - Wr—l(t”dt

=27 =1t

where 6, := %(0Z + 0,41). Hence if we write z; := |I;|, i =0,...,p, then >-% jx; =1, and
if we wish to have a lower bound to the righthand side of (3.4), then we have to consider

the extremal problem

o
(3.5) f(x) ::Zx;"“ —inf; 2; >0, i=0,...,p4, Z%’:l,
‘ i=0



We use Lagrange multipliers, namely, we let

La(w; f) =Y ajt = A (Z T — 1)

i=0
and we impose that the partial derivatives vanish, i.e.,

0
8351-

Ly(z;f)=(r+1z; —=A=0, i=0,...,u.

The solution is z; = (r + 1)*%)\%, i=20,...,u, so that

1

1= sz =(pn+1)(r+ 1)_%)\?.
i=1

Hence, A = (r + 1)(p +1)"" and z; = (1 + 1)~'. The minimal value of f(z) in (3.5) is
obtained at z, := ((p+1)7%,...,(p+1)7!) and

p+1

Fa) =3 ((p+ )™ = (u+1).

=1

Thus we conclude by (3.4) that
e () = y()llzy =27 H(p+ )77 =27 (n+ 1) 7"
Combining this with (3.2) yields (3.1) and completes the proof. [

We are ready to prove Theorem 1.

Proof of Theorem 1. As we have remarked above (Remark (7)), the upper bounds in

(2.1) for s = 0,1,...,7 — 1, follows from [H, Theorem 1.1], since ||z|, < 2|zl and
Wy C 21/”/W1’", forall 1 < p < (% + ]% = 1). Also, since AQHW; C Wy, the

upper bound in (2.2) follows immediately from well known estimates on the degree of
approximation of elements in W, by free knot splines with n knots (see, e.g., [H, Theorem
2.1]). In order to complete the proof of the upper bound in (2.1) for s = r, we may without
loss of generality, again assume that x € W7, and apply Hu’s construction [H], to obtain
a balanced partition of [-1,1], T: -1 =ty <t; < --- <t, =1, so that

(3.6) (tivr =) e 2y ) <27
7



Due to the fact that ("~ is nondecreasing, for a fixed 0 < i < n and ro := [“$2], there

is a quadrature

ti+1
/ o(7)dz =V (r ZAkg (ur) + R(g),
t;

k=1

where A > 0 and ¢; = uy < u; < - < Up, < Upo+1 = ti+1, which is exact for

P._1([ti,ti+1]). (See Petrov [Pe| for a similar idea.) Thus we have

tit1
(3.7) / (tigr — 7)7dx" (7 ZAk iv1—ug), j=0,...,r—1,
t

7

and, in particular, for 7 = 0 we have

Z Ap = 2" D (t41) — 207D (4).
Hence, if Sy is defined on [t;,t;41), 0 < i < n, by

m
SO(T):x(Til)(tl)_{—ZAk‘ = Sm, Um, §T<um+1’ ’)’)’L:O"..’ro7
k=1

then evidently, z("=D(¢;) < 5, < 2"V (t;41), m =0,..., 79 — 1. Furthermore, it follows
by (3.7) that

ti+1 . t7,+1 .
(38) / (ti—l—l — T)Jdl'(r_l)(T) = / (ti+1 — T)]dSO(T), 0 § j S r—1.
t t

2 2

Now set




which by virtue of (3.6) and (3.8), yields for t; <t < t;41,

t

! - 72 (@D (7) - So(r))dr

(r—2)!
(T — 2>' (ti—l—l o ti)r—Q /t i1 ‘x(r—l)(T) _ S()(T)|d7’

|z(t) = S, ()] <

< (r — 2)|(tz+1 —t;)" 2/ i+1(m( 71)(75 1) — x(ril)(ti))dT

r —

< (tig1 — ti) Hl’(T)HLl[ti,tm] 5 n=",

where in the third inequality we used the fact that ("~ is nondecreasing and that
x= () < So(r) < 2"V (t;41). This completes the proof of the upper bound in (2.1).

The lower bounds in (2.1) and (2.2) readily follow from Lemma 1. Indeed, %h, €
AW, forall s =0,1,...,7+ 1,1 <p < oo, and for 1 < g < oo we have

1
E(ASW, A% My (hy—1)), > E(—hr,Mn(hr_l))L

q q

>277E ( s M (hy-1))
> 2—%12—27”(71 +1)°T

r!
> 12737“71”77’
r

The upper bound in (2.3) readily follows by observing that for every x € W7, Taylor’s

formula yields,

r—1 t
1
=Y a0y / 2 (r)(t—7) | < 5,
=0 0 T

- (r—1)!

and that Py C AT M, (hy_1).
For the lower bound in (2.3) we observe that z € AT M, (h,_1) if and only if (") (t) =

0,t € I, ie., if and only if x € P._;. Thus, we take x,411 = hry1 € A’lezf,

9
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1 <p < o0, and for all 1 < g < oo, we obtain (see (3.2))

B(AT Wy A M, (heo) 2 B(ATTW)L o)

Ly Ly

> E(A WL P,

—E(hr-l-b PT)LQ

>
~(r+1)!
This completes the proof of the lower bound in (2.3) and thus the proof of Theorem 1.

§4 IMPROVED APPROXIMATION BY FREE-KNOT SPLINES OF DEGREE r
This section contains the proof of Theorem 2. First we need

Lemma 2. For everyn > 1 and each o > 1,

-1

n n —Q
1
(4.1) sup E x; " E x; < (1 - —) n~ 1t
a
i=1 j=i

z;>0,i=1,...,n

Proof. We begin with the well known inequality (see [HLP])

1 n _é n % 1 n %
(3] = (M) = (i350)
i=1 =1 =1

where y; > 0,1 <i <n, and o, > 0. Taking § = 1 and setting

1
@

n
Yi ‘= Ty E Xy 5 iZl,...,’)‘L,
j=i
we see that
1 —1\ @
n n n n @
—« —a—1
E x, E X <n E T; E x;
i=1 j=i i=1 j=i

O



Thus it remains to prove that

n n B —1
(4.2) Zﬂcz Z-Tj < (1 - é) ;
=1 Jj=1

for all z; > 0,1 <4 <n, such that 1 +--- 4+ x,, = 1. To this end, set

1
e

n
zi::E zj, t=1,...,n, and z,41 =0.
j=i

Then x; = z; — z;41, 1 =1,...,n, hence

e

n n B 1

_ T a
Y x| Y x; = (2 — 2i41)7
=1 Jj=1 ;

So (4.2) is valid and Lemma 2 is proved. [
We are ready to prove Theorem 2.

Proof of Theorem 2. We begin with the proof of (2.4). To this end, we first observe that

E(ASWIL, My (hy))r, < E(ALWS,AS M, (hy))p, < E(ALW], A% M, (hy))1

00 )

for all 1 < p,q < oo. Hence in order to prove (2.4), it suffices to prove the following two

inequalities.

(4.3) E(AZWT, AL M, (hy))r., <en™, s=0,1,...,m,
and

(4.4) E(ASWL, My (b)), 2 cen™", s=0,1,...,r.

11



We begin with (4.3), and take x € AL W7

Ifr=1,then 0 <s <1, and fil |2/ (T)|dT < 1. Let =1 =219 <713 < -+ < Tpy1:=1,

T+ p 1
< —.
[ <

J

be such that

Then the piecewise linear function oy ,(¢; ) which interpolates x at t = 75, j = 0,...,n+1,

has n knots, and it is in A% M,,(hy). It is readily seen that

Iz — o1 (52|10 < en”,

and (4.3) follows.
For r > 1, by Theorem 1 there is a 0,1 (s ) € A5 M, (h,—1) such that

(4.5) |2 = or—1n (3 2)||e Sen"

The (r — 1)st derivative an _117)1( ;x) is piecewise constant so that for an arbitrary e > 0

to be prescribed, it is easy to see that there exists a piecewise linear function oy 2y, (+; ),

with 2n knots such that

r—1
(4.6) 1o 30 (5 2) = o1 ane(52) |z, < e

Moreover if r — 1 < s <7, then 01,2,.(;2) € Ai_T+1M2n(hr). Let

r—2

Orone(t;x) == Z 7(nk)1 (0 tk / / / O1.2n.e(T52) drdry - - - dTyp 3.
k=0
If r—1 < s <, then clearly o, 2,.(; ) € A% My, (h,). However, if 0 < s <7 — 2, then
we cannot guarantee this. Still, from (4.6), for every k =0,...,r — 2
k k
(4.7) lor? n(52) =0l )L < e

so that the function

. €
Gron,e(t;x) == Opan(t;x) + ;ts € A% My, (hy), 0<s<r.
12



Indeed, we have to show this only for s <7 — 2, but then by (4.7) with k£ = s, we have

5 (tx) = ', (tx) + e
>0l (tx)—e+te

where we used the fact that o* (t;z) > 0 for t € I. Also, by virtue of (4.7) with k = 0,

r—1,n

we obtain

||U7"—1,n('; LL‘) - 5—7“,2’)1,6<'; x)HLoo S 267

and combining with (4.5), we conclude that

[2(-) = Granc(32) Lo < M12() = 1,0 (52 L + lor-1,0(52) = Gron,c(52) |1

<ecn~ "+ 2e.

Taking € := n~", yields (4.3).
In order to prove (4.4), we take t,; := —1 + %, and denote Ip; = [tni—1,tnil, I =

1,...,2n, and their midpoints ¢, ; := %(tn,i—l +tni) i=1,...,2n. Now set

0, t€ (tni-1,tni), t=1,...,2n,
T L e

1, te (fn,iatn,i)y 1=1,...,2n,

and let

t Tr—1 T1
T (t) ::/1/1 /1 xon(T)drdry ---drr_q t el

Evidently, x,, € AW for all s =0,1,...,7. Also it easy to verify that

1

= %’t—fmilr%—ﬂ'r’i(t), tE[n’i, izl,...,?n,

Ty (1)

where 7, ; € P,.

If y € M,,(h,), then there exist n subintervals I,, ;,, k = 1,...,n (depending, of course,
13



on y), such that YL, is a polynomial of degree < r. Hence,

Denote by

1
= inf t|" — t)|dt .
o= nf [l = (o)l > 0

Then it follows that

inf / [t —tni|” — T (B)|dt = c.(2n)""" k=1,...,n,
€ Py I

n,ig

which by (4.8) yields

n

Hxnﬂ“ —yllz, > Cr@”)_?n_l

1
2r!
k=
i 277’71”77’
51 .
since y € M, (h,) was arbitrary, (4.4) follows.

We proceed to prove the upper bounds in (2.5) through (2.7). Let n > land 1 < g < oo,
be fixed and assume that x € Ale; NCT, satisfies the additional assumption (™ (0) = 0.
We remove this assumption in the second part of the proof. Then we have that z(") is
nonnegative on [0, 1] and nonpositive on [—1,0]. We will concentrate on the interval [0, 1],
the other interval being a symmetric case, and assume that ||z("|| L,0,1] > 0, otherwise
there is nothing to prove.

We begin with some preparatory construction. Let t := (¢1,...,t, 1) € S" 1 :={0 <
tl S S tn—l § 1}, and set Iz‘ = [ti—]_)ti]a = 1, cee, . Set

F, 4 (x(r); Ii) = {

’Ii|r_1+$ f[i (2 (t) — 2 (t;1))dt, 1 <p<o0,

|Ii|r+% (x(r)(tz‘) - x(r)(tifl))u p = 00.
14



Denote

F;?;X (t; x(r)) — lrg%xn F,, (ac(r); Iz‘)a

Ep (6:2®)) i= min B o(«0: 1),

and set

Apg(t507)) = e (.00)) —E (152,

which is evidently continuous on the compact set S™~!. Let

Amin(a:(r)) ‘= min Apyq(t;x(r)).

D,q tegn-1

We will prove that Agjiqn (x(r)) = 0. To this end, assume to the contrary that Ag};ﬂ (x(’")) >
0. Denote by T\ the collection of all points t. = (¢, 1,...,t«n—1), Wwhere the minimum is

attained, and let J(t.) := {j(t.)}, be the set of all indices such that

Fpq (273 [t je-1 b)) = Bl (b5 2).

Then clearly cardJ(t.) > 1. Our assumption that A;}f;ﬂ (a:(”)) > 0, implies that there is
an index j(t.) € J(t.) such that either j(t.) & 1 is not in J(t.). Without loss assume it

is j(t«) — 1. Then we have

(4.9) Fpg (2" [t ey -2 tje—11) < Fpg (2173 [t jen)—10 tajien)])-

Observing that F, , (33(7"); [ti_l,ti]) increases continuously when t;_; decrease and when
t; increase, we increase t, j,)—1 a little to, say, t;,j(t*)—l’ so that we still preserve the

inequality

Fpq (ﬂf(r); [t*,j(t*)—%t;,j(t*)—l]) < Fpq (x(r)é [t;,j(t*)—lvt*,j(t*)])a

while the lefthand side is bigger and the righthand side is smaller than their counterparts

in (4.9). This provides a new point t/, := (t*,l, oo e jt.)—25 t;7j(t*)_1, by j(ta)s - - - ,t*’n_l)
15



in T,, such that cardJ(t,) = cardJ(t,) — 1. Repeating this process cardJ(t.) times, we
end up with t. € T, such that

Fy g (#0: e icr. ) — Bt (20 < AL ()

foralli =1,...,n, a contradiction. Thus we have shown that for every fixed 1 < p,q < oo,
there exists a partition 0 =: t§ < ¢} < --- < tf_; < % := 1} of [0,1] (for the sake of

simplicity in the notation we suppress the indices p and ¢) such that

(4.10) Fyq (ac(r); [tr t*]) = (t*; x(r)): F;‘;n (t*; x(r))> 0, 1=1,...,n.

i—1> Y

Doing the same in [—1,0], we end up with a partition
Tp:—1l=tr, <. <t <0=ty <ty - <ty,

of I, which in addition to (4.10), satisfies

(4.11) Fpog(z 5[t ot i]) = - = Fpg (a5 [t7 1, 85]) > 0.

Set I} :=[t;_;,t7], 1 <i<mn,and I} := [t],t; ], n<i< —1

We are ready to proceed with the proof. Put ry := [#} Then following the proof
of Theorem 1 with r replaced by r + 1, we conclude that for the above partition there
exists a spline o,.(-; z), of degree r (with ro additional knots in every interval I) the rth

derivative of which is nondecreasing in I, and such that

(4.12) ol (tr_q;x) = () (tr_4), ol (t5;z) = z(®) (tr), s=0,...,r—1,
and
(4.13) 2 () <o (ta) <), o, <t<t;, -n<i<n.
Finally,
|z(t) — o (t;2) | < L / ™ (1) = o (r;2)|(t—7)"'dr
T I —_ (T’ . 1)' - b 9



whence
‘I* 'I" 1—|—

(4.14) lz() = or (52) I, 1) < Y / |2 (t) — o) (£ 2) | dt.
We will restrict our discussion to [0, 1], the other case is symmetric. It follows by virtue

of (4.12) that

|2 (t) — o (t;2)|dt = 2 / (@) = o (t;2)) , dt

*

I*
§2/(ﬂ”@—xm@;QMt

<21 |(2(8) — M (ty), 1<i<n,

where for the first inequality we used the monotonicity of 0'( )( x) and in the last inequality

we applied the monotonicity of (™). This combined with (4.14) implies

Fmax(t*;x(’")), 1 <p< oo,

2
l#C) = ol 0y < Gy o

which in turn yields

1
2n FmaX(t (7 )), 1 <p<oc.

(415) Hx( _Ur Y HL [0,1] = (7“ 1>| D,q

Next we wish to estimate Ha: " from below and we first assume that 1 < p < cc.

M0
Then by Holder’s inequality we obtain,

Hx(T)Hip[o,l] - ;/1; (x(r)(t))pdt
_ / (e (1) — 2 (1)) dt

+Z / (#@() =2 (_0) +
j=1

> || ( / (@) - <ts>>dt)

+ 31| ( [ a0 -2t )
i=2 i

p
+Z / (z(t3) — 2 (_)))dt |

17

i—1

(= (3) — 2 (t5_)) ] dt



since by assumption z( (t%) = (" (0) = 0. Hence,

L= Hx(T)HLp([O,l])
n 7 P %
> (Zu: (ZI;H JRCRCE <T><91>)dt) )
i=1 j=1 j

(4.16) & (ZW (Zf}kl”é) )

' x|r—lt+g () () — 2 (¢
Xllglilgn<|fz| JACRCEE >)dt)

K3

1
‘ P\ p
= (ZU? (Zfﬂ”) ) Frg (8 2™),
i=1 j=1

where we applied that for all ¢ and j,

r * r * |I’L*| r T *
/ (=7(65) =2 (650t 2 / (27 (1) = 2 (5 1)) dt,
Ir jlJry

k2

since (") is nondecreasing. In view of (4.10), we may combine (4.15) and (4.16) to obtain

l2() = or (52) [l 0.1

(4.17) ont [ i AN
S PN DI H :

For p = oo we have

Sl

1> Hm(’”)HL [0,1]

_Z (@™ () — 2 ()
(4.18) N (



Again in view of (4.10), we may combine (4.15) and (4.18) to obtain

i=1

'\ /m 1
2na ol—r—1
(4.19) () — O-Tvn(';w)HLq[O,l] < (r—1)! (Z‘]z | q) :

Since W ([0,1]) € W7 ([0,1]), 1 < p < oo, for r > 1 we substitute p = 1 and ¢ = oo in
(4.17), and obtain by Lemma 2 with o = r,

2 - * : *|—7
leC) = orn Gl o < Gy RN
i=1 j=1

(4.20) 2 e [ X e
i=1 j=i

2 1
<—= _(1-=) nThL
(r—1)! r

If r=1and 1 < ¢ < oo, then again we substitute p =1 in (4.17) and obtain by Lemma 2
with @ = 1+ 1,

n A

=) =orn(32) g0 < 200 | DM | 15517

i=1 j=1

1 " 1 "
=2t | DI Y1)
i=1 =i

<2(q+ 1)1+%n*2.

(4.21)

If r=1,p=1and g = oo, then by (4.17)
n % -t

o)~ o)l <2 [ Sut [ i1
(4.22) - ~

n —1
<2 (z umu:rl)
=1

=on~ 1
19



Finally if » = 1 and p = ¢ = oo, then it follows by (4.19) that
n ~1
w1
o) = el < (310
i=1
n ~1
(4.23) < sup (Z 951_1)

z;>0,2=1,....n \ ;=1
32'1++.’,Un:1
= n_2,

where the last equality readily follows by induction.

So, we are left with the case r =1, ¢=o0c and 1 < p < 0. Wetake0<6§1—%and
denote p* := (1 —¢)~'. Then 1 < p* < p, so that W ([0,1]) € W,.([0,1]). By virtue of
(4.17)

*

_ 1
p p*

Hx(')_017”(';I)HLOO[0,1] <2 ka' Z'I;rl ;
i=1 =1

where here the intervals I are the ones associated with p*. Hence we have

n L
: P p*
n i
. . -1
”x(')_Ulvn("x)”Lm[o,uSQ Sup sz ij
z;>0,2=1,....n \ ;=1 i—1
1+ twn =1 !
1
n 7 Dx
< | e | 2™
i=1 j=1
.
n n Px
_ —Dx
ol DL DIES
i=1 j=1

Now we apply Lemma 2 with a = p, := (1 — &)~ to obtain

1
P« Px

n 7
(4.24) le Z:cj_l < e tpT2rE,
i=1 j=1

We have estimates similar to (4.20) through (4.24) for the interval [—1,0] and together

they complete the proof of the upper bounds in (2.5), (2.6) and (2.7) under the additional
20



assumptions that € C™ and z(")(0) = 0. All that is left is to reduce the general case
x € A’leg, to the above.

First we extend x € AQHW;’ to R by setting

Yoo me (=1t +1)%, ¢ € (~o0, 1),
z(t) == x=(t), te[-1,1]
Mo B () —1)%, te (1,400),
so that all the derivatives (%), s = 0,

., — 1 are locally absolutely continuous on R and
(" € L,(R) with

12 L, @) = 12|z, (1)

F0r0<5<%,let

wh—t

5/ Z(t+7)d telR,

be the Steklov average. Then Z5 € C"(R), :I:gr) (t)=0,teR\[-1— 15,1+ 16], and

M\»—A

%E’%me B '%gr)”Ll(R) =0.

Hence

lim [ ) — 27,

lim oo(I):O’ s=0,...,7—1.

It is obvious that for any 6 > 0, a:( " s nondecreasing on I5 := [—1 + 26,1 — 15] and that

”x(T)HLP(Ié) < Hx(r)HLp(I)'

Hence s € AZ_HW];“(L;) and i'grfl) is convex on Is. Let m.(xs;-) be an rth degree

polynomial such that

T

WﬁT_l)(afg;O) _ a~:((s7"—1)(0)7 7T(r—l)(j’;(;;t) < j(r—l)(t)v
and put

i‘(t)g = fg(t)—ﬂr(i‘(;;t), t e Is.
21



o (r)

Since Z; ’ is nondecreasing on Is and

it readily follows that

H'T(T)”LP(I(;) = 3|‘m(T)“Lp(16)< SH'T(T)HLP(I)'

Indeed, if 7\ (Z5;t) = m" (#5;0) > 0, then 0 < w" (#5;¢) < &5 (t) in [0,1 — $6]. Hence

<8 0+ 10 G,

S Hx(T)HLp(Ié) + 2||7T(T) (%53 ')HLP[OJ—%(S]
< Hx(r)HL L) T 2||93(T)HL [0,1—14]

< 3||:13 < 3Hx(r)

(T)HL S(I5) = HL L)

Otherwise, 7\ (Z5;0) < 0, so that 0 > 7\ (&) > jgr) (t) in [-1+ 16,0], and the proof
is similar.

Now, by the above proof applied to the function &5 € C"(Is), an r + 1-monotone
spline o, , (-; 5:5) exists in I5, which satisfies the appropriate righthand inequalities in (2.5)
through (2.7), in the interval I, with constants that are independent of §. We extend it
to I by

S0 2 (-1 + 1)t +1-10)%, te[-1,-1+1d],

S LA Loyt -1+ o), tel- 141

Orn (t;:fsg) = {
thus preserving the r + 1-monotonicity, and set
Orn,s (t; .:l:) =Orp (t; :7:5) + 7 (zs53t), teEL.

Evidently, O'T’m(;(-; :E) € AT'qu, and for sufficiently small § yields the upper bounds in

(2.5) through (2.7). This completes the proof of the upper bounds.
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We proceed to prove the lower bounds. Since x,,1 := ﬁl)!hrﬂ € Aflwg , we apply

Lemma 1 and obtain for all r e N, 1 <p < oo and 1 < g < o0,

E(AT W) AT M (he)), > E(2041, Ma(hy))

Lq
> 274 B 11, Mo (hr))
1
(r+1)!
> 1 —3r—4, —r—1
~ (r+1)! '

Ly

2—2(T+1) (n 4 1)—7‘—1

Q=

Y
)

Thus the lower bounds in (2.5) and (2.7) are established.

For the remaining case r = p = 1 and ¢ = oo, we need another extreme function. Let
Zn, be the piecewise linear function with knots 79 = 7,0 := —1, 7, = 7,,; := 1 — 2771
i=1,...,n+1, and 7,12 = Ty nt2 = 1, taking the values z,,(79) = z,(71) := 0, 2,,(7;) =

201 =2 ... n+2. Set

t
i(®) = llzalls? [ (i, ter.
—1

Straightforward calculations yield ||z, |z, = 222, so that

4 t
’I’Lt = n d, t I.
m(0)i= g [ wman te

Clearly ||y, |lo, = 1 and y, € A%Lq, hence y, € AIW{!. Put J; := [r,Tig1), @ =
0,1,...,n+ 1. Then

(4.25) |Ji|=27" i=0,...,n, and | Jng1| =277

For every h € M, (hl) there exists an index 0 < jo < n+1 for which A is a linear function

on J;. Hence for 1 < jp <mn,

lyn = Pl = llyn = RllLoo ()

(4.26) > nf Jlyn —mll, )

4 .
> 2072 inf max|t* — m(t)],
3n—+5 T1EPL tEJT),

23



and if jo =n + 1, then

(4.27)

4
_p S 92n—1 ¢ 2 — i (t

)

The infima on the righthand sides of (4.26) and (4.27) are of course the norm of the

Chebyshev polynomial of degree 2 associated with the respective Jj, interval, i.e.,

Thus,

inf 2 —mi(t)| = 27215, %
Lt max| (& —m (1) [jol

by virtue of (4.25), (4.26) and (4.27) we conclude that

B(AIWL, AL M, (h),), > E(AZW], My (h)),
4 -5
> 2
—3n+5
> L,
= 64"

and the lower bound in (2.6) follows. This completes the proof of Theorem 2. [
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