More on comonotone polynomial approximation

D. Leviatan^�

School of Mathematics, Raymond and Beverley Sackler Faculty of Exact Sciences Tel Aviv University, 69978 Tel Aviv, Israel

I. A. Shevchuk

Institute of Mathematics, National Academy of Sciences of Ukraine 3, Tereshchenkivska str., 252601 Kyiv, Ukraine

Abstract. The main achievement of this article is that we show what was to us a surprising conclusion, namely, twice continuously differentiable functions in (0,1) (with some regular behavior at the endpoints) which change monotonicity at least once in the interval are approximable better by comonotone polynomials, than such functions which are merely monotone. We obtain Jackson type estimates for the comonotone polynomial approximation of such functions which are impossible to achieve for monotone approximation.

1. Introduction and main results

Denote by Y_s, s ≥ 1, the collection of all sets Y := Y_s : 0 < y_s < · · · < y_1 < 1, and let Δ^{(1)}(Y ), be the collection of all functions f ∈ C[0, 1] which change monotonicity at the points of Y , and are nondecreasing in [y_1, 1]. Set Π(x) := ∏_s i=1(x − y_i). Then for f ∈ C^1(0, 1), f ∈ Δ^{(1)}(Y ) iff

f^′(x)Π(x) ≥ 0, x ∈ (0, 1).

The degree of comonotone approximation by polynomials p_{n−1} of degree not exceeding n − 1 will be denoted by

E^{(1)}_n (f, Y ) := inf pn�1 ∈Δ^{(1)} (Y ) ‖f − p_{n−1}‖. Here and below ‖ · ‖ denotes the uniform norm over [0, 1].

�AMS classification: 41A10, 41A25, 41A29.

Keywords and phrases: Comonotone approximation by polynomials, Degree of approximation.

Let φ(x) := √ x(1 − x) and set

φ_δ(x) := √ (1 − x −^δ_2 φ(x))(x −^δ_2 φ(x)), x ±^δ_2 φ(x) ∈ [0, 1].

Let C^r_φ, r ∈ N, be the space of those functions f ∈ C^r (0, 1) for which lim x→1/2±1/2 φ^r(x)f^{(r)} (x) = 0,

and for completion, put C^0_φ := C[0, 1]. For f ∈ C^r_φ and k ≥ 1, denote

ω^φ_{k,r}(f^{(r)} , t) := sup_{0≤h≤t} sup_x |φ^r_{kh}(x)Δ^k_{hφ(x)}f^{(r)}(x)|, t ≥ 0,

where

Δ^k_{hφ(x)}g(x) := k∑ j=0 (−1)^{k−j} ( k j ) g(x − (k − j)hφ(x)/2), and the inner supremum is taken over all x so that x ± k 2 hφ(x) ∈ (0, 1). Note that for f ∈ C[0, 1], ω^φ_{k,0}(f, t) := ω^φ_k (f, t), where the latter is the Ditzian–Totik [1] modulus of smoothness. In a recent paper [5] we have investigated the validity of the statements: for every f ∈ Δ^{(1)}(Y ) ∩ C^r_φ, E^{(1)}_n (f, Y ) ≤ C n^r ω^φ_{k,r}(f^{(r)}, 1 n ), n ≥ N, (1) where C and N are constants, independent of n and f. Among other results we have shown in [5] that

Theorem LS1. If f ∈ C^r_φ ∩ Δ^{(1)}(Y ), with r > 2, then

E^{(1)}_n (f, Y ) ≤ C(k, r, Y ) n^r ω^φ_{k,r}(f^{(r)}, 1 n ), n ≥ k + r, and E^{(1)}_n (f, Y ) ≤ C(k, r, s) n^r ω^φ_{k,r}(f^{(r)} , 1 n ), n ≥ N (k, r, Y ). We are now able to answer what happens in most cases where r ≤ 2. In the sequel c = c(s), denotes different constants which are either absolute constants or depend only on s, while C(Y ) and N (Y ) denote constants which depend on Y . We first have

Theorem 1. If f ∈ C^1_φ ∩ Δ^{(1)}(Y ), then

E^{(1)}_n (f, Y ) ≤ c 1 n ω^φ_{2,1}(f^′, 1 n ), n ≥ N (Y ), (2) and E^{(1)}_n (f, Y ) ≤ C(Y ) 1 n ω^φ_{2,1}(f^′, 1 n ), n ≥ 3. (2^′)

An immediate consequence of Theorem 1 is, Corollary 1. If f ∈ C^2_φ ∩ Δ^{(1)}(Y ), then

E^{(1)}_n (f, Y ) ≤ c 1 n^2 ω^φ_{1,2}(f^{′′}, 1 n ), n ≥ N (Y ), (3) and E^{(1)}_n (f, Y ) ≤ C(Y ) 1 n^2 ω^φ_{1,2}(f^{′′}, 1 n ), n ≥ 3. (3^′)

Remark 1. It should be noted that in the cases r = 1, k = 2, and r = 2, k = 1, the estimates are better than in the purely monotone approximation case in that we have no estimates of the form (3) and (3^′), and (2) and (2^′), respectively (see [3]).

Another consequence of Theorem 1 is, Corollary 2. If f ∈ Δ^{(1)}(Y ), and E_n(f) ≤ 1 n^2 , ∀n ≥ 3, then E^{(1)}_n (f, Y ) ≤ C(Y ) 1 n^2 , ∀n ≥ 3, and E^{(1)}_n (f, Y ) ≤ c 1 n^2 , ∀n ≥ N (Y ). On the other hand we are going to show that, Theorem 2. For each Y ∈ Y_s there is a function f ∈ C^2[0, 1] ∩ Δ^{(1)}(Y ), such that lim_{n→∞} sup n^2E^{(1)}_n (f, Y ) ω^φ_{3,2}(f^{′′},^1_n ) = ∞. By virtue of properties of the moduli of smoothness, we immediately get, Corollary 3. Let 0 ≤ r ≤ 2, and k ≥ 5 − r. Then for each Y ∈ Y_s there is a function f ∈ C^r_φ ∩ Δ^{(1)}(Y ), such that

lim_{n→∞} sup n^rE^{(1)}_n (f, Y ) ω^φ_{k,r}(f^{(r)},^1_n )

= ∞. (4)

Remark 2. Corollary 3 is partially known. The cases r = 1, k ≥ 4 follow by [2], and the cases r = 0, k ≥ 5 follow by [7]. Actually, [7] yields that (4) is true for r = 0, k ≥ 3.

Remark 3. The proof of Theorem 2 implies also the validity of the following result for purely monotone approximation. Let 0 ≤ r ≤ 2 and k ≥ 5 − r. Then there is a function f ∈ C^r_φ ∩ Δ^{(1)}, such that

lim_{n→∞} sup n^rE^{(1)}n (f) ω^φ_{k,r}(f^{(r)},^1_n )

= ∞. (5)

Here Δ^{(1)} := Δ^{(1)}(∅) is the set of monotone functions, and E^{(1)}_n (f) is the degree of monotone approximation.

Again the cases r = 0, k ≥ 5 are known (see [7] where it is proved that (5) is actually true for r = 0, k ≥ 4).

Remark 4. Combining all the known results, we can now describe them in truth tables for the inequalities (1).

In the following tables the sign “+” in entry (r, k) means that (1) is valid for this pair of numbers (and the proper s for which the table is given) with constants C and N which depend only on k, r and s; the sign “⊕” means that (1) holds with some of the constants depending also on Y ; and “−” means that (1) does not hold at all.

r . . . . . . . . . . . . . 4 + + + + + · · · 3 + + + + + · · · 2 − − − − − · · · 1 + − − − − · · · 0 + + − − − · · · 1 2 3 4 5 k r . . . . . . . . . . . . . 2s + 4 + + + + + · · · 2s + 3 + + + + + · · · 2s + 2 ⊕ ⊕ ⊕ ⊕ ⊕ · · · . . . . . . . . . . . . . . 3 ⊕ ⊕ ⊕ ⊕ ⊕ · · · 2 ⊕ ? − − − · · · 1 ⊕ ⊕ ? − − · · · 0 + ⊕ − − − · · · 1 2 3 4 5 k

Fig. 1: s = 0 (the monotone case) Fig. 2: s ≥ 1

Proofs

Let I = [0, 1] and put x_j :=^1_2 (1 − cos jπ/n), j = 0, . . . , n. In order to prove Theorem 1 we first denote by S_n the set of continuous piecewise quadratics with knots at the x_j’s. Then we recall the following lemma from [5].

Lemma LS2. If s_n ∈ S_n ∩ Δ^{(1)}(Y ), then

E^{(1)}_{cn} (s_n, Y ) ≤ cω^φ_{3,0}(s_n, 1 n ).

Now we put I_1 := [0, x_1] and I_n := [x_{n−1}, 1], and let

l_1(x) := f^′(x_1) + (x − x_1)[x_1, 2x_1; f^′],

be the linear function which interpolates f^′ at x_1 and 2x_1; and symmetrically we set

l_n(x) := f^′(x_{n−1}) + (x − x_{n−1})[x_{n−1} − (1 − x_{n−1}), x_{n−1}; f^′].

Here and below [z_0, z_1; g] stands for the first divided difference of a function g at the knots z_0 and z_1; and [z_0, z_1, z_2; g] denotes the second divided difference at the knots z_0, z_1 and z_2.

The following lemma is proved along the same lines as [4, Lemma 2]. Lemma LS3. If f ∈ C^1_φ ∩ Δ^{(1)}(Y ), then there is a continuous piecewise quadratic s̃_n ∈ S_n, such that ‖f − s̃_n‖_I ≤ c n ω^φ_{2,1}(f^′, 1 n ), (6)

Π(x)s̃^′_n(x) ≥ 0, x ∈ [x_1, x_{n−1}], s̃^′_n(x) = l_1(x), x ∈ I_1, and s̃^′_n(x) = l_n(x), x ∈ I_n. Finally, recall that for f ∈ C^1_φ, we have ω^φ_{3,0}(f, t) ≤ ctω^φ_{2,1}(f^′, t), and ω^φ_{2,1}(f^′, λt) ≤ cλ^2ω^φ_{2,1}(f^′, t), λ > 1. We are ready to prove Theorem 1.

Proof of Theorem 1. In order to prove Theorem 1 we first take n sufficiently large so that f is monotone in I_1 and in I_n. Then in view of Lemma LS3 at most what we have to do is correct the behavior of s̃_n on I_1 and I_n while keeping it close to the original function. To this end it suffices to construct a spline s_n satisfying,

s_n(x) = s̃_n(x), x ∈ [x_1, x_{n−1}], Π(0)s^′_n(0) ≥ 0, Π(1)s^′_n(1) ≥ 0, and ‖s^′_n − s̃^′_n‖_{I1∪In} ≤ cnω^φ_{2,1}(f^′, 1 n ). (7)

Indeed, since |I_1|, |I_n| ≤ c/n^2, then (7) implies that ‖s_n − s̃_n‖_{I1∪In} ≤ c n ω^φ_{2,1}(f^′, 1 n ), which combined with (6) implies (2). We will construct s_n on I_1, the other part being similar. If Π(0)l_1(0) ≥ 0, then there is no need for correction and we put s^′_n(x) := s̃^′_n(x) = l_1(x), x ∈ I_1, Thus, we may assume that Π(0)l_1(0) < 0, furthermore, without loss of generality we may assume that Π(0) > 0, so that l_1(0) < 0. This in turn implies that f^′(2x_1) − f^′(x_1) > 0.

Hence, if we put s^′_n(x) := f^′(x_1), x ∈ I_1, then ‖s^′_n − s̃^′_n‖_{I1} = ‖f^′(x_1) − l_1‖_{I1} = f^′(2x_1) − f^′(x_1).

Now, in order to prove (7), we need to estimate f^′(2x_1) − f^′(x_1). Put j^∗ to be so that 2^j � x_1 ≤ y_s < 2^j

�_{+1} x_1, and note that by taking n sufficiently large we may assume that j^∗ ≥ 3. For j ≠ j∗, put t_j = 2^jx_1, and set t_j� := y_s. Then, for all j = 0, ..., j^∗ − 2, |[t_j, t_{j+1}; f^′] − [t_{j+1}, t_{j+2}; f^′]| = (t_{j+2} − t_j )|[t_j, t_{j+1}, t_{j+2}, f^′]| ≤ c t_j √ t_j ω^φ_{2,1}(f^′, √ t_j) ≤ c2^{j/2} t_j √ x_1 ω^φ_{2,1}(f^′, √ x_1) ≤ cn^3 2^{j/2} ω^φ_{2,1}(f^′, 1 n ), where for the first inequality we used Newton’s formula

(t_{j+2} − t_j )(t_{j+2} − t_{j+1})[t_j, t_{j+1}, t_{j+2}, f^′] = f^′(t_{j+2}) − L_1(f^′, t_{j+2}; t_j, t_{j+1}), (here L_1(f^′, t_{j+2}; t_j, t_{j+1}) stands for the linear function which interpolates f^′ at t_j and t_{j+1} evaluated at t_{j+2}) and an easy extension of [5, (2.24)] (note that we need to extend [5, (2.24)] to cover also nonequidistant points since we use it with t_{j+1} − t_j ≠ t_{j+2} − t_{j+1}). Then for the third inequality we apply the fact that x_1 ∼^1_{n2} . Hence,

f^′(2x_1) − f^′(x_1) x_1

≤ [x_1, 2x_1, f^′] − f^′(t_j�_{−1}) t_j�_{−1} − y_s = [t_0, t_1, f^′] − [t_j�_{−1}, t_j�; f^′] ≤ j�_{−2} ∑ j=0 (t_{j+2} − t_j )|[t_j, t_{j+1}, t_{j+2}, f^′]|

≤ cn^3ω^φ_{2,1}(f^′, 1 n ) ∞∑ j=0 2^{−j/2} ≤ cn^3ω^φ_{2,1}(f^′, 1 n ), where we applied the fact that f is nondecreasing at t_j�_{−1}. Recalling again that x_1 ∼^1_{n2} we obtain (7) and conclude the proof of (2), as well as the proof of (2^′) for n ≥ N (Y ). In order to prove (2^′) for n < N (Y ),when s > 1, one can approximate f by the constant polynomial p_{n−1}(x) := f(0). When s = 1, then one can take p^′_{n−1}(x) := L_1(f^′, x; y_1, a), where |y_1 − a| = 1/4. 2

For the proof of Theorem 2, we begin with b ∈ (0, 1), and we let S_b(x), be a function satisfying,

S_b ∈ C^4(I); S^′_b(x) ≥ 0, x ∈ I; S_b(x) = 1, x ≥ 2b; S_b(x) = 0, x ≤ b; and ‖S^′_b‖ ≤ c b , for some absolute constant c. We put

g_b(x) := Π(x) ∫_x b x − u u^2 du, x ∈ (0, 1], and g̃_b(x) := { S_b(x)g_b(x), x ∈ (0, 1], 0 x = 0;

and set G_b(x) := ∫_x 2b g_b(u)du, x ∈ (0, 1], and G̃_b(x) := ∫_x 2b g̃_b(u)du, x ∈ [0, 1]. It is readily seen that G̃_b ∈ C^5(I) ∩ Δ^{(1)}(Y ), and ‖G̃_b‖ ≤ c b , ‖g̃_b‖ ≤ c b , ‖g̃^′_b‖ ≤ c b . (8)

First we prove

Lemma 1. We have

ω^φ_{3,2}(G̃^{′′}_b , t) ≤ c(1 + t^3 b ). Proof. Since G̃^{′′}_b (x) − G^{′′}_b (x) = 0, if x ≥ 2b, and for x ∈ (0, 2b), we have |G̃^{′′}_b (x) − G^{′′}_b (x)| ≤ |g^′_b(x)| + |g_b(x)S^′_b(x)| ≤ c x .

Hence ω^φ_{3,2}(G̃^{′′}_b , t) ≤ ω^φ_{3,2}(G^{′′}_b , t) + ω^φ_{3,2}(G̃^{′′}_b − G^{′′}_b , t) ≤ ω^φ_{3,2}(G^{′′}_b , t) + 2^3‖φ^2(G^{′′}_b − G̃^{′′}_b )‖ ≤ ω^φ_{3,2}(G^{′′}_b , t) + c. Rewrite g_b as

g_b(x) := Π(x)

∫_1 b x − u u^2 du − Π(x) ∫_1 x x − u u^2 du =: g_{b,1}(x) − g_{b,2}(x). Then |g^′_{b,2}(x)| ≤^c_x , which in turn implies, ω^φ_{3,2}(g^′_{b,2}, t) ≤ 8‖φ^2g^′_{b,2}‖ ≤ c. Finally, since ‖g^{(4)}_{b,1}‖ ≤^c_b , then

ω^φ_{3,2}(g^′_{b,1}, t) ≤ t^3‖g^{(4)}_{b,1}‖ ≤ ct^3 b . 2 Denote by P^∗_n the set of polynomials p_n of degree ≤ n, such that Π(0)p^′_n(0) ≥ 0.

Then we show

Lemma 2. For each b ∈ (0,^1_{n2} ), any d ∈ (0, 2) and every polynomial p_n ∈ P^∗_n, we have ‖G̃_b − p_n‖_{[0,d]} ≥ cd n^2 log 1 n^2b − 1 n^2 . Proof. Put

l(x) := Π(x)

∫_{1/n}2 b x − u u^2 du, g^∗_b (x) := Π(x) ∫_x 1/n^2 x − u u^2 du, and L(x) := ∫_x 2b l(u)du, G^∗_b (x) := ∫_x 2b g^∗_b (u)du. Hence, G_b(x) = L(x) + G^∗_b (x).

It follows that for p_n ∈ P^∗_n , we have

Π(0)p^′_n(0) − Π(0)L^′(0) ≥ −Π(0)l(0) = Π^2(0) log 1 n^2b

. (9)

Now, if x ≥ 2b, then by integration we get, |G̃_b(x) − L(x)| = |G_b(x) − L(x)| = |G^∗_b (x)| ≤ cn^2x^2 + c n^2 , and at the same time, ‖G̃_b − L‖_{[0,2b]} ≤ ‖G̃_b‖_{[b,2b]} + ‖L‖_{[0,2b]} ≤ cb‖g_b‖_{[b,2b]} + cb‖l‖_{[b,2b]} ≤ cb + cb log 1 bn^2 ≤ c n^2 . Hence, for x ∈ [0, d], |p_n(x) − L(x)| ≤ ‖p_n − G̃_b‖_{[0,d]} + |G̃_b(x) − L(x)| ≤ ‖p_n − G̃_b‖_{[0,d]} + c n^2

+ cn^2x^2 ≤ c(‖p_n − G̃_b‖_{[o,d]} + 1 n^2

)(1 + n^4x^2) ≤ cn^4(‖p_n − G̃_b‖_{[o,d]} + 1 n^2

)(1/n^2 + x)^2.

Whence, we may apply the following Dzjadyk type inequality (see e.g. Lemma 14.1 and (14.9) in [6]),

|p^′_n(0) − L^′(0)| ≤ cn^4 d (‖p_n − G̃_b‖_{[o,d]} + 1 n^2

)(1/n^2)^{2−1} = cn^2 d (‖p_n − G̃_b‖_{[o,d]} + 1 n^2 ), which combined with (9) yields, ‖p_n − G̃_b‖_{[o,d]} ≥ cd |Π(0)| n^2 log 1 n^2b − 1 n^2 . 2 We are now ready to prove Theorem 2 by constructing the counterexample.

Proof of Theorem 2. Let

b_n := 1 n^2 log n

, d_n := 1 √ log log n , n > 2, and set f_n(x) := cb_nG̃_{bn} (x), where c is taken so small that (11) and (12) below are fulfilled. We summarize the properties of f_n as follow from (8) and Lemma 1. Namely, for every n > 2,

f_n ∈ C^5(I) ∩ Δ^{(1)}(Y ), f^′_n(x) = 0, x ∈ [0, b_n], (10) ‖f_n‖ < 1, ‖f^′_n‖ < 1, ‖f^{′′}_n ‖ < 1, (11) and ω^φ_{3,2}(f^{′′}_n , 1 n ) ≤ b_n. (12) Lemma 2 yields the existence of n_1 such that for all n ≥ n_1 and p_n ∈ P^∗_n we have, ‖f_n − p_n‖_{[0,dn]} = cb_n‖G̃_{bn} − q_n‖_{[0,dn]} ≥ c_∗ √ log log nb_n 1 n^2 , for some suitable constant c_∗ > 0, where we note that q_n :=^1_{bn} p_n ∈ P^∗_n .

Finally we put D_0 := 1 and

D_σ := b_{n1} n^2_1 · · · b_{nσ} n^2_σ , where n_σ is defined by induction as follows. Suppose that n_1, . . . , n_{σ−1}, σ > 1, have been selected. We write

F_{σ−1}(x) := σ−1∑ j=1 D_{j−1}f_{nj} (x)

and take n_σ > n_{σ−1} so big that d_{nσ} = 1 √ log log n_σ

< b_{nσ}�_1 , (13) and ‖F^{(5)}_{σ−1}‖ n^3_σ < D_{σ−1}b_{nσ} . Now let Φ_σ(x) := ∞∑ j=σ D_{j−1}f_{nj} (x), where the uniform convergence of the series as well as its twice term-by-term differentiation, is justified by (11). In fact by virtue of (11), ‖Φ_σ‖ < 2D_{σ−1}, ‖Φ^{′′}_σ‖ < 2D_{σ−1}. Finally setting f(x) := Φ_1(x), we have ω^φ_{3,2}(f^{′′}, 1 n_σ ) ≤ ω^φ_{3,2}(F^{′′}_{σ−1}, 1 n_σ ) + ω^φ_{3,2}(D_{σ−1}f^{′′}_{nσ} , 1 n_σ ) + ω^φ_{3,2}(Φ^{′′}_{σ+1}, 1 n_σ ) ≤ 1 n^3_σ

‖F^{(5)}_{σ−1}‖ + D_{σ−1}b_{nσ} + 2^4D_σ < 18D_{σ−1}b_{nσ} . On the other hand, by (10) and (13),

f(x) =: A_σ + Φ_σ(x) = A_σ + D_{σ−1}f_{nσ} (x) + Φ_{σ+1}(x), x ∈ [0, d_{nσ}], for some constant A_σ . Hence for each p_{nσ} ∈ P^∗_{nσ} , ‖f − p_{nσ} ‖ ≥ ‖f − p_{nσ} ‖_{[0.dnσ ]} = ‖Φ_σ − q_{nσ} ‖_{[0.dnσ ]} ≥ D_{σ−1}‖f_{nσ} − 1 D_{σ−1} q_{nσ} ‖_{[0.dnσ ]} − ‖Φ_{σ+1}‖ ≥ c_∗ √ log log n_σD_σ − 2D_σ = D_σ (c_∗ √ log log n_σ − 2), where we used q_{nσ} := p_{nσ} − A_σ ∈ P^∗_{nσ} . Hence, for all σ ≥ 1, ‖f − p_{nσ} ‖ 1 n2σ ω^φ_{3,2}(f^{′′},^1_{nσ} ) ≥ D_σ (c_∗ √ log log n_σ − 2) 1 n2σ 18D_{σ−1}b_{nσ} = c_∗ 18 √ log log n_σ − 1 9 . This concludes the proof of Theorem 2. 2

References 1. Z. Ditzian and V. Totik, Moduli of smoothness, Springer series in Computational Mathematics, Springer-Verlag, New York 1987.

2. G. A. Dzyubekno, J. Gilewicz and I. A. Shevchuk, Piecewise monotone pointwise approximation, Constr. Approx. 14(1998), 311–348.

3. K. Kopotun, Uniform estimates of monotone and convex approximation of smooth functions, J. Approx. Theory 80(1995), 76–107.

4. D. Leviatan and I. A. Shevchuk, Nearly comonotone approximation, J.

Approx. Theory 95(1998),53–81.

5. D. Leviatan and I. A. Shevchuk, Some positive results and counterexamples in comonotone approximation II, J. Approx. Theory (to appear).

6. I. A. Shevchuk, Polynomial approximation and traces of functions continuous on a segment, ”Naukova Dumka”, Kyiv 1992 (in Russian).

7. X. Wu and S. P. Zhou, A counterexample in comonotone approximation in L^p space, Colloq. Math. 114(1993), 265–274.