WIDTHS AND SHAPE-PRESERVING WIDTHS OF
SOBOLEV-TYPE CLASSES OF s-MONOTONE FUNCTIONS

J. GILEwIcz, V. N. KONOVALOV AND D. LEVIATAN!

Abstract. Let I be a finite interval, r,n € N, s € Ng and 1 < p < oo. Given a set M,
of functions defined on I, denote by A% M the subset of all functions y € M such that the
s-difference AZy(-) is nonnegative on I, V7 > 0. Further, denote by W the Sobolev class

of functions z on I with the seminorm ||w(T)||Lp < 1. We obtain the exact orders of the
Kolmogorov and the linear widths, and of the shape-preserving widths of the classes Ai_ Wy
in Lg for s > r 4+ 1 and (r,p,q) # (1,1,00). We show that while the widths of the classes

depend in an essential way on the parameter s, which characterizes the shape of functions, the

shape-preserving widths of these classes remain asymptotically < n~=2.

1. INTRODUCTION, PRELIMINARIES, AND THE MAIN RESULT

Let X be a real linear space of vectors x with norm ||z||x, and W and M be nonempty
subsets of X. The deviation of W from M is defined by

E(W,M)x := sup inf ||z — y|x.
(W, M)x i= sup_inf o —yllx

The Kolmogorov n-width of W is defined by

dp (W)heH = inf E(W, M")x, n=>0,

where the infimum is taken over all affine subsets M™ of dimension < n.
For a nonempty subset V' C X, we denote the relative n-width of Kolmogorov-type of
the set W, subject to the constraint V', by

dn (W, V)5 .= inf E(W,M"NV)x, n>0,

where the infimum is taken over all affine subsets M"™ of dimension < n such that M™NV = ().
Obviously, d,, (W, X)5¢! = d,,(W)ke! and, in general, d,,(W, V)5t > d,, (W)ket.
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If L C X is a linear subspace, we may look at the deviation of W from continuous linear
images of span(W) into L. Namely, we define

E(W, L5 :=inf sup ||z — Az||x,
A zew

where the infimum is taken over all continuous linear operators on span(W), such that
A :span(W) — L.
The linear n-width of W is defined by

dn (W)X = inf B(W,L")Y", n >0,
where the infimum is taken over all linear subspaces L™ C X, of dimension < n. Obviously,
dp (WK < du(W)R.
Let I :=(—1,1), and let = be a function defined on I. For an integer s > 0, set

Shoo(—1TFR) @t + k), (Bt +sT) S
(t) = ,
0, otherwise,

AN
the s-th difference of the function x, with step 7 > 0. A function z is called s-monotone on
I'if Asz(t) > 0,t €I, for all 7 > 0. It is well known that if  is s-monotone on I, s > 2,
then 2(572) is locally absolutely continuous in I, (notation (52 € AC),.(I) =: AC},.), and
25~ is nondecreasing there (see [B], [PPT], and [RV], for various properties of s-monotone
functions). Given a function space X, and W C X, as above, we denote by A% W the subset
of s-monotone functions z € W.

Finally, for 1 < p < oo, we denote by L, = L,(I) the usual L,-spaces, and for an integer
r > 1, we denote the Sobolev class
Wr=WiI) = {z | 2" € ACe, |27, < 1}.

p p

For 1 < g < oo, we call the relative width dn(AiW;, Aj_Lq)lj("l, the shape-preserving n-
width of the class AL W] in L.

The asymptotic behavior of the Kolmogorov and linear n-widths of the Sobolev classes
Wy in Ly, 1 < g < oo, is well known. Recently Konovalov and Leviatan, [KL1], have
investigated the behavior of the Kolmogorov and linear widths in L, of the smaller classes
A3W7, 0 < s <r+1. Among the results they proved that in most cases the Kolmogorov
and linear n-widths of the smaller classes are asymptotically the same as those of the class
W, . Namely, the behavior in the typical case when 0 < s < r, and 1 < p,q < oo are such
that (r,p,q) # (1,1,00), is that if (r,p) # (1,1), and if (r,p) = (1,1) and 1 < g < 2, then

dn(Aj—W;)kol ~d (W;;)E(;l — n*T«I»(max{l/p,l/Z}fmaX{1/q,1/2})+, n>r.

L, ~9n
Here and in the sequel (a)4 := max{a,0} and the notation a,, < b,, means that there exist
constants 0 < ¢, < ¢*, such that c,a,, <b, < c*a,, Vn.
The situation is much different for the class ATIW; . Namely (see [KL1],
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Theorem A. Letr > 1, and let 1 < p,q < oo be such that (r,p,q) # (1,1,00). Then

kol -

d, (A:-—’_IW;)LQ =d, (A:'_IW;)M” - n—’r—l—i—min{l/q’,l/Q}, n>r,

Ly O
where 1/qg+1/q¢' = 1.

Thus, both n-widths of Aflwg are asymptotically much smaller than those of W

We are going to show that the new pattern prevails when s > r + 1. We will show that
the asymptotic order of both n-widths of A3 W], s > r + 1, decrease with s (increasing).
Specifically, we prove the following result.

Theorem 1. Let r and s be integers such that s >r+12> 2, and let 1 < p,q < 0o be such
that (r,p,q) # (1,1,00). Then

(1'1) dn(AiWJ)Ezl — dn(AiW;)%Z — nfs+min{1/q’,1/2}, n > s.

Remarks. (i) It is interesting to note that the upper bounds are achieved by piecewise
polynomials of degree s — 1, with n prescribed knots, that are elements of AiCS_2.

(11) We emphasize that given z € A3 W7, s > r, we cannot, in general, guarantee the
finiteness of the norms of the derivatives of order > r, in any of the spaces L,. (Still when
p = oo, ("t € L;y.) Also note that for s > r the asymptotic orders of the Kolmogorov
and linear widths in L, of the classes A% W depend in an essential way on the parameter
s, which characterizes the shape of the functions, while they do not depend on r and p.

(7i1) Perhaps one should also point out that also for s < r, we need s <r —1/p+1/q to
guarantee that z(*) € L.

Konovalov and Leviatan, [KL2, KL3]|, investigated also the behavior of the shape-preserving
widths of the classes AiW;’ for 0 < s <r+ 1. Among the results,

Theorem B. Letr > 1 and let 1 < p,q < oo be such that (r,p,q) # (1,1,00). Then if
(r,p) # (1,1), and if (r,p) = (1,1) and 1 < q < 2, we have

dn(A‘}rW]f, ASLLq)’z(’lx p-rH(max{1l/p1/2}—max{1/¢.1/2D+ 5 >4

Also, if 1 < s <min{2,r}, then

dn (A}&-W;a A}FLQ)IZZZX n_7"+(1/p—1/q)+’ n > r,

and if s =2 and r =1, then

dp (A2 W) A2 L) < n= 17V > 1

Finally, if 3 < s <r, then

kol _ _
d, (AiWIZ, AiLq)Lz S AR S

On the other hand, it was shown in [KL3] that,
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Theorem C. Letr > 1, and let 1 < p,q < oco. Then

dp (AT+1W’" ATHL )kOl n"%, n>r.
q
We are going to show that for all s > r+ 1, the shape-preserving widths of AW in L,
asymptotically are independent of any of the parameters, p, ¢, r and s, and that all are of
the asymptotic order n=2. Namely,

Theorem 2. Letr and s be integers such that s > r+1, and let 1 < p,q < oo be such that
(r,p,q) # (1,1,00). Then

(1.2) do(ALW], AL Ly) " <072 n>s.

Remark. Again, the upper bounds are achieved by piecewise polynomials of degree s — 1,
with n prescribed knots, that are elements of A% Cs—2,

The rest paper is divided into five sections. First in Section 2 we have some auxiliary
lemmas and we reduce the question of the upper bounds to a simpler case. The next three
are devoted to proving our claims for the upper bounds, and finally we prove the lower
bounds in Section 6.

2. AUXILIARY LEMMAS AND REDUCTION TO SUBCOLLECTIONS

Form > 2 and k € Z let (k),, := (m_2+k), and note that

m—1

(2.1) (K)m = ¥m(k), k>-m+2,

where
m—1

(2.2) Y (t) = Tl e+1-1), teR,
=1

and that

(2.3) () < k™1 k> 1.

Our first lemma is

Lemma 1. The following two systems of linear equations are equivalent

(2.4) Di=Y (i—j+Dmw;, i=1...,n,

j=1
4



and
(2.5) S -1y (Z Tk)wk —w, i=1,....n

Proof. Let 1 < i < n. We substitute (2.4) in (2.5) and get by (2.1) and (2.2),

k=1

S (7)o = S (1 (") gac 4 D

Now, if ¢ > j, then

i— m

S (Yt k1) = 30 (i k1=,

k=0 k=0

where the right equality follows since v, is a polynomial of degree < m. For the left
equality we observe that ift m < k < i — j, then (m) =0,and if 1 <i—j <k < m, then

1>@'—j—k+12—m+2sothat1/1m(i—k:—j+k1):0‘
For i = j
i—j -
Z(—l)k(k>wm(z‘—k:—j+1):1.
k=0

Hence, ¥ = w; and the proof is complete. [J
Our next result follows immediately by Lemma 1.

Lemma 2. Given a,b € R"~! such that b has nonzero entries. Let 1 < p < oo and M > 0,
and let

U (b) = {w R [ |@]le, <M, @i=b;» (i—j+mw;, i=1,...,n—1}
j=1
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Then,

n—i—1
=M = b ! k(") a =1,...,n—1
5, @] = Ml =t 3 (1) () Jaers i=1n -1,
where 1/p+ 1/p" =1, and where {(a,w) := Z;:ll a;w; .

Proof. By Lemma 1, the operator T : R*~! +— R"~! define by @ = Tw, where

Gi=b; Y (i—j+ Dmwj, i=1,...,n—1,
j=1

is invertible. Hence,

max |{(a,w)| = [(a,w)|

max
wEQ, (b) 1Twlle, <M

— T Y. &
H&r‘ﬁng It a, )|

= M| T all,, = M|clle,,-

This completes the proof. [

Recall that if = is s-monotone, then z(*~1) is nondecreasing, thus it has left and right
derivatives x(_sfl)(T) and xg_sfl)(T), T € I. Weset 20~V (7) := (xiffl)(T) + :)3(_571)(7'))/2,
and let

2 M)
(2.6) ms(t;x;7) 1= Z o (t—7)%, tel,
k=0

denote the Taylor polynomial of x about 7.
Given x € AW, let
Z(t) == x(t) — ms(t;2;0), tel.

Then
i®0)=0, k=0,...,5s—1,

and it is easy to verify that 2(*)(¢t) > 0, ¢t € I :=[0,1), and (—1)* %z (t) > 0,t € I_ :=
(=1,0], k=0,...,s—1. In particular all derivatives #(*), k = 0,...,s—1, are nondecreasing
on I, while on /_ the derivatives )k =0,...,s—1, alternate in monotonicity. Moreover,
Konovalov and Leviatan have proved in [KL4, Lemma 2] that

(2.7) 1E 2, 1) < ellz® -

where ¢ = ¢(s,p).



Hence, if we restrict our discussion to I, and if we are able to construct piecewise
polynomials o, ,(t; Z), of degree s — 1 and with n > 1 knots, such that

(2.8) 1Z() = 0sn (38 |y ey < en” 1270, ()
where c is an absolute constant independent of n, and « > 0, then the same estimates for
I_ follow by taking o, (t;Z) := (—1)%0sn(—t;y), t € I_, where y(t) := (—1)°z(—t), t € I,
since the latter satisfies y*) (t) = (=1)s"*zF)(—t) >0,t € I_, k=0,...,5 — 1.

Therefore, we fix n > 1, and § > 1, and denote

1—((n—14)/n)f i=0,1,...,n,

2.9 ti == tni == tgn,: i=
(2.9) ) p.m, {_1+((n+z’)/n)5, i=—1,...,—n,

and )
teni-1,t8ni), t=1,...,n,
I =1, :=1gy,; = { ani=t, o mi) .
(t8,m,is tﬁ,n,i+1], 1=-—1,...,—n.
In Sections 3 and 5, we will construct various piecewise polynomials o, (¢;Z), t € I, of
degree s having knots at ¢, ;, 1 < i < n, satisfying (2.8) for various a’s. Then

Osn(t;T) tely
(—1)*0sn(—t;y), tel_,

Osn(t; ) 1= {

satisfies

12() = osn (8|2 (r) < en” &2, r)-
Hence, setting

Osn(t;x) i= 05 0(t; %) + ms(t;2;0), tel,

by virtue of (2.7), yields

|2(-) = osn(52)llL, ) = 112() = 050 (5 T) L, (1)

< CHj(T)”L,,(I)n_a

< CHx(T)“Lp(I)n_a'

If we denote by X, := X35 ,(I), the space of piecewise polynomials ¢ : I — R, of order
s (of degree s — 1), with knots at tg,;, i = £1,...,£(n — 1) (for n = 1, this is just the
space of polynomials of degree s — 1), then dim ¥ ,, = s(2n—1), and for x € A3 W}, clearly
os(;x) € X .

Therefore, in Sections 3 through 5 we are going to assume that x € AL W satisfies

(2.10) ™ 0)=0, k=0,...,s—1,
so that, in particular z(*)(¢) > 0, t € I, and all derivatives (¥, k = 0,...,5 — 1, are

nondecreasing on I .
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3. THEOREM 1, THE UPPER BOUNDS: CRUDE ESTIMATES

In view of the above, this section is devoted to proving that an x € A3 W which satisfies
(2.10) can be well approximated by piecewise polynomials associated with it, in a linear
fashion, on I,. But the estimates will only be best possible for a restricted range of q.
Specifically, we will show that there is an s-monotone piecewise polynomial with 2n — 2
prescribed knots o, ,,(+; ) (see construction below), such that

(3.1) |2(-) = oen 3 2)| L, (1) < cn TV = en™e,

where ¢ = ¢(s,r,p,q). In the next section we will improve this estimate for the range
2 <qg< o0
Again, we fix n > 1 and 8 > 1, to be prescribed, and we let ¢; be defined by (2.9). Denote

(3.2) msi(tx) == me(t s timy), teli,
where the lefthand side is the Taylor polynomial defined in (2.6), and set
(3.3) os(t;x) =05 pn(t;z) =7s(t;2), tel, i=1,...,n.
Lett € I;, 1 <1 <n — 1. Then integration by parts yields,

z(t) — os(t; ) = x(t) — 7,4 (t; )

(3.4) 1

- (s —2)! / (;,;(3—1)(7> N x(s_l)(ti—l)) (t—7)°*dr.

ti—1

Hence, by the monotonicity of (6= if

(35) W; = 33'(8_1)(t¢) —l'(s_l)(ti_l), 1= 1,...,n— 1,
then it is readily seen that

| 2] ,
(36) HI’() _0-5<‘;x)||Lq(I'L') < (S—l)'w“ 1= 1,...,71-1,

where « is defined in (3.1).
Ift e I,, then

x(t) —os(t;x) = 2(t) — s n(t; )

— k! — k!
r—1 (k:) ¢
<zt —Zx ;:L_l)(t_tn—l)k
k=0 )
1 t L
= (r—l)!/t $(T)(T)(t )" dT,



where for the inequality we applied that due to (3.6) and the monotonicity of the derivatives,
we have x(k)(tn_l) >0,k=mr,...,s—1, and the last equality is just integration by parts.
By Holder’s inequality we obtain

|[n|7“—1/p+1/q 1,,|P

(3.7) |z(-) = os(52)|| 2, (1,) < Hg;(T)HLp(In) (r— 1)1 = H ”L o) (r — 1)1

which combined with (3.6) yields for 1 < ¢ < o0,

le() — ou(sa >HL i

2 () ()
|

- L L\
< (5 i 1o 1 2
Hence
s |2() = ou(52) L, 1y) < Z || w;
+CH“"(T)||L,,(1+)|I”|p'

For ¢ = 00, (3.6) and (3.7) immediately imply (3.8).
We wish to estimate (") (¢) from below. Let

T) = ZWj_l(T _tj—l)g_- T € [0, 1],
j=2
and denote m := s —r — 2. Then by virtue of (2.10) and the monotonicity of z(*~1, we have
t
£ () = / (t — 7y (1) dr
0
t
> c/ (t —7)"y(r)dr
0



Let

t—t; 1

Vv

since |I1| > |Iz| > -+ |1,

fi = (ti—|—ti,1>/2, 1= 2,...,

n, and let t € [t;,t;). Then for 2 < j < i < n, we have

1

<.
|

(t—t;)+ (i —tic1)+ Y (tgx —tp_1)
k=
1< 1<
§Ztk—tk D=5 1
k= k=j
1, .
5 (i =+ DI

Substituting in (3.9), we obtain

2(m) (t) >

so that for 1 < p < oo,

=117

(3.10)

where ¢ = 277177 ((s — 1 — 7)!

By virtue of (3.3),

(i - J + 1)8717T > (Z _j + 1)877’7

&> (G —j+ )™

Jj=

Wi—1, t e [t_i,ti),

2

Ly(14)

Soal(E3 G-+ i) e )

7

n p
=§2Qﬂnn““”p§ja—j+1f””w0
=1

j=1

¢ p
= 3 (eltal” Y- 1)
j=1

)~

1<j<i<n-—1,

which together with (3.10) implies,

n—1

D

=1

(3.11)

7

p
(E\Izwrﬂ7 Z(i —J+ 1)S—rwj> < H‘U(T)”ip(u)'

j=1

Given 3 > 1, straightforward computations show that

(3.12) c1(n —i)P~1

n 8 < |1;| < ca(n — i)ﬁ_ln_ﬁ,

i=1,...
10



where ¢; = ¢;(8) and ¢z = c2(3), and |I,,| = n~P. In particular, it follows that
(313) |Ii_|_1| 263|IZ'|, izl,...,n—l,

for some c3 = c3(0).
Then, (3.11) becomes

, 1/p
n—1 1 p
ce(n =) PN (- 1) w )
(3.14) ;( ; ’
= ”x(T)HLP(u)nm’

and (3.8) becomes

_ (ﬁ Do
n ’L
|z(-) —os(; |L (I;) =S¢ Z A g Wi

(3.15)
r B
+c Hx( )||Lp(1+)" %,
where ¢* = ¢*(8,7,5,p,q) and ¢, = (5,1, 8,D,q)-
We are interested in estimating from above the first sum in (3.15), for all w := (w1, ..., w,—1),

satisfying the constraint (3.14). Therefore we are going to apply Lemma 2 with m := s —r,
M = Hx(’“)HL (I+)nf87, and the fixed (n—1)-tuples a = (a1,...,a,-1) and b = (by,...,bp_1),

where

a; : (n—z)(ﬁ Dap=Ba i =1,...,n—1,

and

b; == c*(n—i)(ﬁfl)w7 1=1,...,n—1.

To this end, let n > —1, and m > 1, and let u € R, be such that 4 > m. Then it follows by
induction (on m) that,



Hence, for 1 <i <n — s+ r, we get

i (S_r)m—z‘—k)“—”a
=0

= (H B—-1) a—k:+1)>

(n—i—11— - —Tg_p) P4

S(ﬂ —1Oz—k—|—1)>(n—z)(’6 Da—str

provided we take

(3.16)

(3.17) B>1+(s—r)a?,

which is always possible since a > p > 0.
Forn—s+r+1<1i<n-—1, we trivially have

S (" Yo i <

k=0

(3.18) 2577 (s — )P,

where (n —i — k)4 := max{n —i — k,0}.
With the a;’s and b;’s above, (3.16) and (3.18) imply

s—r 57 -
Z(_l)k( L )az’+kz b
k=0
(3.19) < cn B¢
{ (n—i)B=Dp=str ] <i<n—s+r
X
1, n—s+r+1<i<n-—1.
Let
(3.20) B=14(s—r)p ",

so that in particular (3.17) holds, and take 1 < p < co. Then

n—s+r o'
3 ((n_i)(ﬂ—l)p—err) < p((B=Dp=str)p'+1,
=1

12



Hence, by (3.19),

/
n

(3.21) 2. ( " )

< en PP (n((ﬂ Dp—str)p'+1 4 ¢ 1) )

— s—r
(7

Similarly, for p = 1 it follows from that

— s—1

—1)k ;
> (e
< en~Poap(B—Dp—str

max
1<i<n—1

Observe that for 1 < p < oo

n B (B=Dp—str+1/p" _ =By, —o

Thus, if we choose [ so big that it satisfies (3.20), then (3.21) and Lemma 2 provide an
upper bound for the first sum on the righthand side of (3.15). Namely,

L (n —)B-Da
3.2 I e T

—

Since by virtue of (3.20),
n~—Pr <n~%,

we conclude by (3.22) that for 1 < p < oo,

o) = s @)l < el o n ™ = ellz g n =7

where ¢ = ¢(f,1,,Dp,q).

The case p = oo is proved in a similar way, with the obvious modification in (3.10)
through (3.14). This completes the proof of (3.1).

As we already alluded to at the end of Section 2, for an arbitrary x € AL W], clearly
os(:;2) € X n. Also, by our construction, the mapping A : span(A3 W) — X ,,, defined
by (3.2) and (3.3), is linear. Thus, it follows that

(3.23) A (AW < dp (AS W) < en™* T4 n>s, 1< q< o0,

where ¢ = ¢(r, s,p, q). This proves the upper bound in (1.1) for 1 < g < 2.
13



4. THEOREM 1, THE UPPERS BOUNDS: REFINED ESTIMATES

For 2 < ¢ < 00, we are able to improve the estimates (3.23). We do that in this section,
by applying discretization techniques.

In this section n > 1 may vary, so we are going to keep it as an index in the relevant
places. We take z € A3 W satisfying (2.10). Let

B)(ﬁ*l)/ﬂ’

Wy (t) == wgn(t) :=n""(1—[t|+n” tel.

We first show that
1(z() = oo (3 2))wy YT (Vpyryy S en™®, n>1,

where ¢ = ¢(8,1,s,p,q), and where « is defined in (3.1) and o5, (-;x) is defined in (3.3)
(note that it was denoted o(+; ) there).
Indeed, it is easy to verify that

Cl|In,i’ S wn(t) S c2’In,i’7 t e In,i; 1 S 1 S n,

for some ¢; = ¢1 () and c2 = c2(0).
Let wy, ; := w;, where w; is defined by (3.5). Then by virtue of (3.6) with ¢ = 1, it readily
follows that

1 (33() - Us,n('§ x))wrjl/q (')“Ll(In,i) < C|In,i|8|ln,i|71/q Wn,i = C|In,i|871/q Wn,i
:c|In7i|°‘wn7¢, 7 = 1,...,n—1,
and

r—l/p—|—1|In n|_1/q/

1(@() = osn () w4 Ol g < elel,, g Hnn

= cHz( [n’n‘T—l/erl/q

7ﬂ)HLp(Lr)|

— ]! ,

" HL:H(I+)|In’n

where ¢ = ¢(f, 1, s,p,q). Hence,

n—1
H(2() = oan(52)wr Y iy €Y nil wn
=1
- CHx(T)HLP(u)Unvn %

so that the righthand side is the same as that of (3.8).

Following the explanation at the end of Section 2 and the proof in Section 3, we conclude
that with 3 satisfying (3.20), for each x € A% W], there is an appropriate o, (-;x) such
that

(4.1) 1(z(-) = sm(52)wy Y Ylpy ) < en™, n>1,
14



where ¢ = c(ﬁ, 5P, Q)~

Let ¥, 5, be the space of piecewise polynomials o : I, — R, which are polynomials of
degree < s — 1 on the intervals I,, ;, « = 1,...,n, with endpoints ¢,,;, ¢ = 0,...,n, defined

in (2.9). Then dim(X4 5,,) = sn, and X4 5, C 3y 59y, n > 1.

Define a one-to-one mapping between the spaces ¥, 5, and R*" by the linear invertible

discretization operators
Tin X snd0p—=T=(T1,...,Tsn) € R™,

where

7= (sn) TP (sn — i+ 1)F Vg (1), i=1,...

The inverse mapping is
—1
T, R">7= (T1,-+ s Tsn) — On € Xt s,

where o, is uniquely defined by the interpolation equations

On(tsn,iz1) i= (sn)ﬁ/q(sn — i+ 1)_(’8_1)/(17'2-, 1=1,...

We will prove that

(42) C1 HT—i—,nan

sn < "O'n"Lq(I+) < C2HT+,nO'n

sn
lq )

where ¢; = ¢1(0, s,q) and co = c2(3, s, q).
To this end, let
on(t) ==pni(t), tel,, i=1,...,n,

where p,,; are polynomials of degree < s — 1. Then,

q
Lq(In,i).

(4.3) H‘7n||qu(1+) = Z [F2
=1

Clearly, ton s(i—1)+j—1 € Ini, j=1,...,5, and

, SN.

pn,i(t) = Zpn,i(tsn,s(ifl)Jrjfl)lj(t; In,i)a t e In,i7 1= 1; -, n,
j=1

where

t— tsn,s(i—1)+k—1

lj (t7 In,i) = ) t e In,ia
1<k<s tsnas(i_l)‘i‘j—l - tsn,s(i—1)+k_1

k£

are the Lagrange fundamental polynomials of degree s — 1 on I, ;.
15



It is readily seen that

—1
|Inz’ ® .
(. ) N < J < =1,...
112?%(3 1125 ( ,In,z)HLoo(In,l) < <|Isn,s¢\ <c 1 N (2

where ¢ = ¢(3, s). Hence

1Prill Lo (1 2)

S D) | ATy
‘]:

1/q

S
< st/ Z [Pn,i(sn,si—1)+5—1)
j=1

This in turn implies that

Ipnill, 1,y < Hnilllnills s, )

S
< c[In Z 1Pni (Lsm,si—1)+5-1)]?
j=1

s
S cZ(sn)fﬁ(sn — st + 1),871|pn,i(tsn,s(z’—1)+j—1)|qu
j=1

where we applied (3.12).
Finally, by (4.3) we conclude that

n
HUnH%q(]Jr) = Z ||pn,i| %q(I,L,i)
=1

n S
< CZ Z(sn)_ﬁ(sn —si+s—j+ 1)ﬂ_1|pn,i(tsnvs(i_1)+j_1)|q
i=1 j=1

= cZ(sn)_ﬁ(sn —i+ 1)’8_1|0n(tsn,z‘—1)|q
i=1

- CHT—&-,nan l3”7
where ¢ = ¢(3, s, q), and the righthand side of (4.2) is proved.

For the lefthand inequality in (4.2), we first observe that for all polynomials p of degree
< s —1 and any interval J we have

Ipllz,ry > el TPl ()
16



where ¢ = ¢(s, q). In particular

(4-4) ”pn,iHLq(In,i) > C’In7i|1/q‘|pn,i”Loo(In,i)7 1=1,...,n,

where ¢ = ¢(s, q).
Now for 1 <i <n,

1

> |In,i /1 1?]8%(3 |pn,i(tsn,s(i—1)+j—1)|
1/q
S
> 5 VLY D P (ton 1) 45-1)|°
j=1

s 1/q

>c [ (sn)Psn—s(i—1) =+ 1) pniltensi-v+-0 |
j=1

where ¢ = ¢(f, s,q), and where for the last inequality we applied (3.12) and (3.13). Hence,
by (4.3) and (4.4),

n
lownlly, oy =D IPnills,
=1

> Y (sn) P sn—s(i — 1) = j+ 1) pni(tansiio1)4j-1)]°
i=1 j=1

sn

= ¢ (sm) 7 (sn =i+ 1) o (tan.i-1) 7
=1

= C||T+,ngn||l§"7

where ¢ = ¢(3, s, q), and the lefthand side of (4.2) is proved.
Taking into account that

CleTL(t) S wn(t) S CZan(t)7 te I; n Z 17
where ¢; = ¢1(f) and ¢y = c2(3), a similar proof (see the proof of (4.1)), yields

(4.5) c1l| Ty non

_ /
1m < |onw,, 1/a ||L1(I+) < 02||T+’n0n

157

where ¢; = ¢1(f, s,q) and co = c2(3, s, q).
Given z € AL W) satisfying (2.10), set

n,: =2, v>0
17
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and denote
os.1(t; ), v=20

tel,,
O-Sznu (t; x) - O-S,'I’LV,]_ (t; x), 1% 2 y

Os,n,, () 1= {

so that 0., (;2) € ¥y 5p,, ¥ > 0. Moreover, for v > 1, it follows by (3.1) that

185, G )y Y O paryy < ell (2() = an, C))wi Ol
+ell (2() = s,y (i) w0 YT Ol

<ecn“

— 1% Y

where ¢ = ¢(f,1,,Dp,q).
Hence, by virtue of (4.5), we obtain

HT—I—,nV(Ss,nV(';:E) e < COn; , V2 17
where ¢g = ¢o(0,7,5,p,q), which in turn implies that for each such function z, and every
v > 1, the image T} ,,, 05, (-; ) belongs to the octahedron

con,, *by" = {7’ | Teli™, ||T||linu < con;o‘}.

Let {m, },>0, be a sequence of integers such that my = s and m, < sn,, v > 1. By the
definition of the linear n-widths, for arbitrary ¢ > 1, there exist subspaces M™» C Rs",
v > 0, and linear mappings A,,, : R*™ +— M™ v > 0, such that M™° = R* A,,, the
identity map on R?,

dim(M™) <m,, v>1,

and
0 sn,\lin
SusI?L ||T - AmI/THl;nU S (& dml/ (bl )l;n" 9 1% Z 1'
TED] Y
Hence,

4.6 A < o* —S+1/q'd psny lin —s+1/q’bsnl, > 1
( ‘ ) ||T - ml/’r”lzny — c nV my ( 1 )l;”v 9 T e COnI/ 1 Y v — Y
where ¢* = ¢ocl.

Now let
my PR _1 v
E—'—,S,’I’LV 2 E+7sznl/ T T+7nme ? v Z 0’

Then dim(X7" ) = dim(M™), v > 0, and if

+7Sanu

w
mos---, My my
E—i—,s,nH ‘= spal (U E—F,s,nl,) ) % 2 07
v=0

18



then 310" C Y4 sn,s >0, and

+,s,n,
I
dim (S50 ) < S my, 0.
v=0
Define the linear mappings
ATV . E-i-,s,nu = ET,Vs,nl,v v 20,

by
1
’nl/

A ogn, =T Am, Ty n,05n,, v=>0.
Then each x € A3 W, may be expanded on I into
o
(4.7) 2(t) = (@(t) = Oom, (t2) + D O, (x), 1 >0,
v=0

so we set the linear mappings

I
ATO:w»mux(t) pp— ZATV(sS’”V (t;.’E), t e I+, % > 07
v=0

and we conclude that ATO vvvvv my,

In view of (4.7) we have

() = A ()

<[lz(-) = o5,n, (5 96)||Lq(1+)

(4.8) L
+ Z [65,n,, (7) — T—:,hl,AmuTﬁ-,nV(Ss,ny(‘; $>|’Lq(l+)v
v=1

where we observe that if v = 0, then
ds1(52) — T;llAmOTjL,l(Ss,l(-;x) = 0.
By virtue of (3.1),
(4.9) |2(-) = Tom, (322 r) < enp® 9 >0,
where ¢ = ¢(f, 1, s,p,q). Further, for v > 1,

T—l—,nV (ds,nl, ('; IU) - T_:,ZVAmVT—I—,ans,nV ('; 1,'))

=T 1, 05,m, (7)) = Am, Ty, s,m,, (5 ).
19



Hence, by virtue of (4.2) and (4.6),

[65,n,, (7) — T;,}wl,AmuThnués,nu('; x)”Lq(Lr)
(4.10) < || T4 n, Os,n, (552) — A, Ty, Os,n, (5 2)

— SNy lin
S cnl/ dmu (bl )l;ny ’

sny
lq

where ¢ = ¢(f,r,s,p,q). So we substitute (4.9) and (4.10) into (4.8) to obtain

() — AYO " a ()| py ) < enjy®

4.11 - ,
- oD ng (5

v=1

where ¢ = c(ﬁﬂ”, S, P, Q)~
Let © > 1, and take

12 N AT

s22H=v o if p< v < 2u.

Since
sny\lin sny\lin _
dmy (bl )lgny p— dS’I’Ly (bl )lsny —_— 0, UV = 0, ) /,1/,

it follows by (4.11) that
() = AL (g1, < engyl
4.13 on .
- be S0t (7
v=p+1

where ¢ = ¢(8,1,5,p,q).
For 2 < g < oo, we estimate the widths in (4.13) by [G, Theorem 2], namely,

dmu (binu)%g“ < énllj/qm;l/Q, vV=p+ 17 te ,2,LL,

where ¢ = é(s, q). Hence, we conclude from (4.12) that

2n 2u
— li ~ —av v —v\—
Dy, (B ), <@y 27 (s20) (5227 ) T2
v=p+1 v=p+1
4.14 2n
( ) — pgl/a—1/29—n Z 9—(s=3/2)v

v=p+1
~o—(s—1/2
< so-(s=1/2n
20



where ¢ = ¢(s, q).
If ¢ = oo, we apply [LGM, Chapter 14, (7.2)], to obtain

dm,, (™)1 < c(ineny fmy,) /my)V2, v=p+1,...,2u,
where ¢ is an absolute constant. Hence, we conclude from (4.12) that

2p
—« sny\lin
E n,, “d,, (b7 )z;‘;gv
v=p+1

2 (s—1) es2” \ '/ 2 1/2
—(s—1)v H—=VN—
<c E 2 <ln 322“_”) (s2 )
v=p+1

2p
=cs 12270 N (14 (20 — 2p) In2)!/22 (7372
v=p+1

S 021/28_1/22_“ Z (V—M+1)1/22_(S_3/2)V
v=p—+1

S 621/2871/227/.1, /OO (t _ M+ 1)1/227(573/2)tdt
p+1

(4.15)

— 023—28—1/22—(3—1/2)u /OO t1/22_(8_3/2)tdt
2
— 52—(5—1/2)M,

where ¢ = ¢(s).
Finally, since s > 2, we have

972 < 9=(5=1/2  p>1 2 < g < oo
Hence, combining (4.13), (4.14) and (4.15), yields
Hx() _ATO“.A,’I’TLQHCU(.)”L(](IJF) < 02_(8_1/2)”, 2 <« q < 0o,

where ¢ = ¢(f,r,,Dp,q).
For p = 0, it follows by (4.9) that

lz(-) = AL°2()||p, ) e, 2<g< o0
Thus, we conclude that

B(AY Wy, S0 mmin ) < e 72 >0, 2.< ¢ < oo,
21



where ¢ = ¢(f,r, s,p, q), while by (4.12),

dim (770 M2y < Zm s(24T 42 —2) < 3521, > 0.

+5n2u

mo,..-, M2y

~ sy, | OD the interval I_, so that

Similarly, we define the subspaces X

dim(B7 ") < 3528, >0,
and .
E(Aiwg,Emo’m’mzﬂ)llz,g(I,) < 62_(8_1/2)“, p>0, 2<gq<oo,

SN2y

where ¢ = ¢(f,r,$,Dp,q).
Given any oy € 70" (1) and o_ € T, """ (I_), we glue them together into

+,8,n2,
o (t) te(0,1),
o(t) :=q (64(0)+0-(0))/2, t=0,
o_(t), t € (-1,0),

and we denote the set of all such piecewise polynomials by ¥57, ", Then,
dim (X770, "2) < 652+,

and
(AS W?" 1Mo, ,mzu>llz/n( I <2 (3—1/2),u7 m > 0’ 2 < q < 0,

S ’I’LQM

where ¢ = ¢(f3,r, s,p,q). Therefore, a standard technique yields that
BN W) < do(ALWD)T ) S en 2 m> s 2<q<oa,

where ¢ = ¢(0,r,s,p,q). This concludes the proof of the improved upper bounds for 2 <
q < 0o, and completes the proof of the upper bounds in Theorem 1.

5. THEOREM 2, THE UPPERS BOUNDS

Recall that s > r+1 > 2. We fix n > 1, and we use the same notation as in the beginning
of Section 2, but we will choose 3 differently.
Given x € AW, that satisfies (2.10). For n = 1, we take

os1(t;z) =0, tel.
Then by Holder’s inequality we get

(5.1) l2() = osa i),y < ell=, -
22



For n > 2, we denote by o2 (+;257%) 1= 09, (-;2(57?)), the piecewise linear function, with
knots t;, i = 0,1,...,n — 2, which interpolates x(6=2) at ¢;, i = 0,+1,. .. ,£(n —1), defined
n (2.9). Recalling that 2(°=2) is convex in I, we conclude that so is oo, and that

(52)  0<atI(r) —op(riel ™) <2 (1) 20T (tr), ta ST <L

Now we set

1

t
os(t;z) == osn(t;x) = m/o o2 (T;:l;(s_2))(t —7)573dr, tely,.

which, evidently, is s-monotone in /. We will estimate the L, distance between x and
os(;x) in Iy. Integration by parts yields,

x(t) —os(t;x) = E _1 3 /0 (I(S*Q)(T) — o2 (7; z))(t — )3 dr

- ﬁ /0 (2072(7) = oo (72 7D) ) (¢ = 7)* 2 dr,

so that for 1 < g < oo,

N
() = os (5T, (1))

(5:3) = cnd) /01 (/t‘x(s_Q)(T) — o127V (¢ - T)S_3d7>q dt

n

(s, q Z/ (/ 20672 (1) — oo (132067 | (t — 1)~ 3d7)th,

I;

where ¢(s, q) := ((s — 3)!) 9.
Let t € I;, 1 <1t <n—1. Then we have

/}x(s 2) (T 25— 2))|( —T)S_3d7-
S/O ‘35(8_2)(7') —0'2(7';.%'(8_2))|(ti —7) 3 dr

< Z/ !:)3(5_2)(7‘) — 09 (T; 33(8_2)) ‘(tZ — tj_l)s_?’ dr
j=1"1

< Z L1t = t5-1)° 72|72 () — oo (5207 2))HLOO(1J~)
=1

s—3
=3I ) 0t

23



Since £*~1 is nondecreasing in I, and oy interpolates 2(*~2) at both endpoints of each
interval I;, 1 < ¢ < n —1, it follows by Whitney’s inequality that

=2 () — 02(‘;$(872))HL00(IJ‘) < wa (@7 L |11
< ]Ij]w(:z:(s_l);fﬁ 1751)
= lwj, j=1,...,n—1,

(5.5)

where w(a:(s_l); I;; t) and wo (x(s_l); Ij;t) are, respectively, the first and second moduli of
smoothness of z(*~1 in I, and w; was defined in (3.5).
For t € I,,, we similarly obtain,

t
/ |33(S_2)(7'> — 09 (7’; :I:(S_Z)) ’(t — 7')8_3 dr
0
o
= / 1 ‘az(s_Q)(T) — 09 (T; x(s_Q)) | (t — 7)5_3 dr
0

t
59 b [ eafrat D)yt

n—ln n—1 s—3

<> |l (Z |fk|) 272 () = o2 (52|, o,
j=1 k=j
t
+ / ‘x(s_Q)(T) — 09 (7'; x(S_Q))|(t — 1) 3 dr,
tn—1

and by virtue of (5.2), integration by parts yields,

— t 22 (7) — oy (r3 2= (t — 1)~ dr
< o= /tt (72() =2 Dt (¢ = 1) dr
cafy - S M)y
(5.7) =0
< x(t) — I;O i )gj!”‘l) (t —tn_1)F

1 ; .
< el
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where for the second inequality we used the fact that x(k)(tn,l) >0, r—1<k<s—2 and
for the last inequality we applied Holder’s inequality.
We substitute (5.4) through (5.7) in (5.3), and use (|a|+]b)? < 2971(Ja|?+|b]9), to obtain

I=() = 51 1
55 (Z(\I |1/q2 P Z 1)° ?’wj)q

E Hx(’“)Iii’;p(mIIn\qP),

for some ¢ = ¢(s, q). Since |I1| > -+ > |I,,|, we have

n—1

Z(u WqZu : Zuk
(Z 1 Z 1)° )
(Zu 2+1/a Zw )

v

| /\

5

n—1

~0-1(X LS ) ) |

i=1 j=i

Hence, (5.8) becomes,

() — Us(';x)||Lq(1+)

n—1 n
(5.9) < e(n— DY LY L)
i=1 j=i

+ C||5’3(T) HLp(u) 11",

where ¢ = ¢(s,q). It is easy to verify that (5.9) is also valid for ¢ = 0o
We now proceed as in Section 2. Applying (3.12), and

n
Sl =tn—tia=n(n—i+1)7, i=1,...,n,

it follows from (5.9) that

n—z ,Ba 2—1/q
(5.10) () = os(5 @)L,y < Z nba—1/qg Vi

R
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and we have to estimate the first sum on the righthand side, for all w = (wy,...,wp—1),

satisfying the constraint (3.14) (and the analogous one for p = o00). Again, we apply Lemma

2 with m :=s—r, M := Hx(”)HL ([+)nf3'7, where v was defined in (3.10), and the fixed
p

(n — 1)-tuples a = (ay,...,a,—1) and b = (by,...,b,—1), where
a; = (n— i)ﬁo‘_Q_l/qn_Bo‘_l/q, i=1,...,n—1,

and
b; == c«(n —i)(ﬁ_lh, i=1,...,n—1.

Just as in (3.16) we obtain for 1 <i <n—s+r,

i(—l)k <5 ; T‘) (n i k)ﬁa—2_1/q
(5.11) k=0 .
< (H(ﬁa -2 l/q —k+ 1)) (TL _ Z’)B‘X—Q—l/q—s—kr’
k=1
provided
(5.12) B>(s—r+2+1/qa "

Also, forn —s+r+1 <17 <n—1, we trivially have

i(—l)k <S ; T) (n—i— k)21

where (n —i — k)4 := max{n —i — k,0}.
Therefore, combining with (5.11), we conclude that for every 1 <i <n —1,

— s—r
Z(_l)k< L )ai+k
k=0

< CnfBaJrl/q(n _ Z')Bp*2*1/p’*1/q.

< 23—1"(8 - T)Ba—Z—l/q7

bt

(5.13)

Let 1 < p < oco. Then for

(5.14) B>@2+1/p+1/qp ",

n—1 1/P/
(5.15) <Z ((n _ Z')ﬂp—2—1/p’_1/q)p’> < Cnﬁp_2_1/q>
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and similarly for p =1,

(5.16) | max 1(n _ i)ﬁp—2—1/p’—1/q < enfr—2-1/a,
<i<n-—

Observing that for 1 < p < oo,

n—Bat1l/ay,Bp—2-1/q, 6y _ n’2,

we choose (3 so big that it satisfies both (5.12) and (5.14), then Lemma 2, (5.13) and (5.15),
and (5.16), provide an upper bound for the first sum on the righthand side of (5.10). Namely,

n—1 .
(?’L . Z)[3()[—2—1/q . _
(517) E nBo—1/q wi < CHI( )HLP(IJr)n 2'
=1

Finally, for 3 satisfying (5.14),
(5.18) n~PP <n72

Thus, substituting (5.17) and (5.18) into the righthand side of (5.10), we obtain

l2(-) = s (5 2) gy < €ll=, o n

where ¢ = ¢(8,r,$,p,q).
As explained in Section 2, for an arbitrary x € AL W we obtain an appropriate Osn( )
which is clearly in A% Y, ,,. Thus, it follows that

kol _
dn(AiW;,AiLq)Lq <en2, n> s,

where ¢ = ¢(r, s,p, q). This completes our proof of the upper bounds in (1.2).

6. THE LOWER BOUNDS
We begin with
Proof of Theorem 1. If for | > 1, we denote

o

Wl {x|er;, =™ (0) =0, k:O,...,l—l},
then, evidently,
(6.1) AW = AW 10y,

where II;_; is the space of polynomials of degree < s — 1.
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It clearly follows by (6.1) that

kol
Lq

<d, (AW n > s

(6.2) dngs—1 (AW L.

For x € W;‘l, integration by parts yields,

1 ¢
a:(r)(t) = I /0 x(s_l)(T)(t - T)S_T_2d7', tel,

(s—r—2

so that by Holder’s inequality, Hx(r) HL < c*”as(s_l) HL , where ¢, = 2V/P((s —r —2)1)~1.
Hence
° s—1 ° r
W, CeW,,
which implies
(6.3) TASWETT CASWT C AL W
Thus, by virtue of (6.2)

kol
Lq

-1 —1\ kol
>c, dn+5_1(Aﬁ_W; )Lq , n>s.

4. (85 7)

Now, our lower bound in (1.1), follows immediately by Theorem A. This completes the proof
of the lower bounds in (1.1), and altogether concludes the proof of Theorem 1. [J

Proof of Theorem 2. Again by (6.1) we have

s s— s kol s Tors— s kol
st (AW, H A L) < dn (ATWETH AL L) " > s,
which combined with (6.3) yields
s r s kol -1 s s—1 s kol
dn (AYWS, AL Lg) " 2 e dny s (AL W71 AL L) 7, n> s,

Now, our lower bound in (1.2), follows immediately by Theorem D. This completes the
proof. [
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