The B-spline subdivision schemes

Adi Levin

By now, we have established the 2-scale relation 
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and defined the B-spline subdivision operator of order ord:
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. We also know that 
[image: image4.wmf](

)

å

å

-

=

-

i

ord

i

i

ord

i

i

u

N

Sp

i

u

N

p

)

2

(

)

(

.

Linear subdivision

For ord=2 we get the mask
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The subdivision operator is therefore
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The subdivision scheme that comes out always leaves the current vertices, and adds midpoints as new vertices.




Quadratic subdivision (corner cutting)

For ord=3 we get the mask
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The subdivision operator is therefore
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The subdivision scheme that comes out always cuts corners, as follows:



Cubic subdivision

For ord=4 we get the mask
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The subdivision operator is therefore
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The subdivision scheme that comes out is non-interpolatory:


How to calculate points on the curve without parameters values?
In the subdivision approach, the curve, although parametric, is not viewed as a parametric curve, but as the limit of a subdivision process. Although the limit is never reached, there is a simple way to evaluate exact points on the limit curve, using only the control points. 

All we need to know are values of the basis function 
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at the integers.
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and therefore,
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So, in order to know the values of the curve at integer parameter values, we only need to know the control points, and the values of the basis function at the integers.

In the linear case, there is only one non-zero value at the integers, and that is 
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. This is a property of an interpolatory subdivision scheme: the curves passes through the control points.

In the quadratic case, there are two: 
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 . The curve passes through the mid points.

In the cubic case, there are three: 
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. Therefore, in order to calculate points on the cubic B-spline curve, all we need to do is take a weighted average of three control points with weights 
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How to calculate derivatives of the curve?

As before, all we need is the derivatives of the basis function at the integers.


[image: image18.wmf]å

-

=

i

ord

i

i

u

N

p

u

c

)

(

'

)

(

'

and therefore,
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Since we don’t have an explicit parameterization, the derivative has no meaning, except the direction of the tangent vector to the curve – therefore we don’t care about its size – only the direction is important.

In the quadratic case, we get 
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In the cubic case, we have 
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Original control points





1st iteration





2nd iteration





Original control points





1st iteration





2nd iteration
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