Analytic Geometry - Prof. David Levin

1. Basic definitions :
Let u,v € R®, u= (u,us,u3), v=(v1,vs,v3).
For t € IR, u+tv= (u1 + tvy,us + tvg, ug + tvs).
Norm : [|u] = (u? + u2 + u2)2. Distance : d(u,v) = [[u— v]].
Triangle inequality : d(u,v) < d(u,w) + d(w,v).
A parametric line through v and v : p(t) =u+t(v—u), —oo <t < 0.
Distance on the line: d(p(t1),p(t2)) = ||p(t1) — p(t2)|| = [t1 — t2|l|v — ul|.
t

p(t), 0 <t <1 divides the line segment between u and v in ratio .

Scalar product : a,b vectors in R®, (a,b) =37  ab; = ab'.
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Angle 0 between a and b : cos(0) = (a,b)/||al|||b||. |la|| = (a,a)2.

alb < (a,b) =0 ; Cauchy-Shwartz inequality : |[(a,b)| < |lall|?].

€1 €2 € as a a, a a, a
Vector product : axb=|a; azas| = (|,2,°|,— > 2,1, 2] -
bo b3 b1 b3 by bs
by by b3

(axba)=(axbb)=0 ie.axbla, axblb. axb=-bxa.

la x b]*> = [lal?|b]* — (a,b)? , implying [la x b]| = ||| [|b]|sin(6).

If a x b # 0 then a, b, a x b form a basis for IR>.

A plane through u, orthogonal to a: (z,a) = (u,a) = D, ajz1+aszetazrs = D.
A plane through u, v, w :

Parametric representation : p(s,t) =u+ s(v —u) + t(w — u).

Plane equation : (z,a) = (u,a) with a= (v —u) X (w —u).

2. Distances :

g la—wxw]

Between a point ¢ and a parametric line p(t) = u + tw : Tl
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l(g—u,a)|
fall*

[(p—u,wxq)|
lwxqll

Distance between a point ¢ and a plane (z,a) = (u,a) : d=
Distance between two (non-parallel) lines u+tw and p+sq: d =

. Angles and Intersections :

Between a line u + tw and a plane (z,a) = D : sin(¢) = |‘|(‘|l|’|w)| .

Between two planes (z,a) = D and (z,b) = E : cos(f) = ‘(a’b”' .
The line of intersection between the planes : If a x b # 0 then a x b is the

direction of that line. To find a point p on both planes we express p as

(p,a) = a(a,a) + B(b,a) = D
(p,b) = a(b,a)+ B(b,b) =F °

The intersection line is a*a + *b + t(a x b).

p=aa+ b+ y(a x b). Thus{

. Linear transformations : Tz = Ax

Here z € IR® is a column vector = = (z1,22,23)" , and A a 3 x 3 matrix.
The columns of A are Te; = Ae; =¢, ,i=1,...,3.

If A is an orthogonal matrix then a = A’z is the representation of z in

the orthogonal system ¢!, ¢, e}, i.e., x = aj€] + aze}, + azes. Clearly, z = Aa.
Isometry : ||u—v| = ||Au— Av|| . A is isometry iff A is orthogonal (A'A = I).

2 x 2 orthogonal matrices :

cos(0) — sin(0)

Rotation : Ty = (sz’n(H) cos(6)

) ; Reflection : Ry = <COS(9) sin(@)) .

sin(6) — cos(0)

3 x 3 orthogonal matrices :

A orthogonal has eigenvalue A = £1 if Det(A) =41, Av==v.

cos(d) —sin(f) 0
If Det(A) = +1 then A= v( sin(0)  cos(8) 0 )vf VIV =1, Det(V) = 1.
0 0 +1

Det(A) = 1 = rotation around v,

Det(A) = —1 = rotation around v + reflection across the plane (z,v) = 0.
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5. Quadratic curves in IR*: q(x1,z2) = ax? + 2bx129 + dr3 + 20011 + 2B20 + £ = 0.

q(v) = vt Av +2(v,p) + £ =0, U:<§;), A:<Z 3), pz(%).

Case 1: det(A) # 0 : Defining vg = —A~!p and using an orthonormal
0 )\Q)P we get
Mu? + Aaud + q(vg) =0, where u=Pl(v—1vy) and v= Pu+uvy .

Case 2: det(A) =0 . Here we use P suct that A = P(g\ 8>Pt and get

/
)\u%—|—2a’u1+25/U2+l:Ov whefre u:Pt’U G,nd <g/) :Pt<g) .

6. Quadratic surfaces in IR>:

transformation P suct that A = P<

T1 air Gai2 @13 «Q
q(v) = v'Av +2(v,p) +£ =0, v= <5132) , A= <CL21 a22 a23) P = <ﬁ) .
T3 as31 az2 ass Y
Case 1: det(A) # 0 : Defining vg = —A~!p and using an orthonormal
A1 00
transformation P suct that A = P<0 A2 O)Pt we get
0 0 As
Au? + Aous + Azu3 + q(vg) =0, where u= P'(v—wg) and q(vo) = (vo,p)+2 .
A1 00
Case 2: det(A) =0 . Here we use P suct that A = P(O Ao O)P1t

000

A ud 4+ Xou3 +20’us +2B8us +2v'uz +1 =0, where u= Plv and <

)-r ()

=2 QR

Ellipsoid: & + % + 2 = 1.

Cone: z—z+g—z—i—3:0.
Elliptic Paraboloid: Zr + % = .
2 ﬁ _

Hyperbolic Paraboloid: % —
One-sheet Hyperboloid: % 4 %7 — % = 1.
Two-sheet Hyperboloid: %4 — % — %4, =1.

Cylindrical surfaces:

o g 2 2 . 2 2
Elliptic: Z; + % = 1; Hyperbolic: %; — %

- 2 1; Parabolic: y? = 2pz.



7. Tangent plane to the quadratic surface (or curve) ¢(v) = v* Av+2(v, p)+£ = 0,

at a point v = vy on it:

v Avg + (v +vg,p) +¢ =0 .

8. Geometry on the unit sphere: S? = {z € R®| ||z| = 1}.
For P, Q € S, the distance on S%: d(P,Q) = cos (P, Q).

A line between P, Q € S?: z(t) = cos(t)P + sin(t)Q’ where Q' = %.

The angle o (near A) of a triangle formed by A, B, C € S?:
. _ B—(A,B)A _ C—-(AC)A
COS(O{) = (AB, AC) where AB = m and AC’ = m.

For a triangle 7" with angles o, 3, v and side lengths a, b, c:
The area is: S(T)=a+ [ +v— 1L

Cosine Theorem: cos(a) = Cos(gi);(z;’;(z)(g’s(c)
. . sin(a) _ sin(B) __ sin(y)
Sine Theorem: sin(@) = sin(d) = sin(e) -

9. Projective Geometry :
Desargues Theorem:

If two triangles are perspective from a point then the intersection points

of corresponding edges lie on a common line.
Pappus Theorem:

If points A, B, and C are on one line and A’, B’ and C’ are on another line
then the points of intersection of the lines AC’ and C’A, AB’ and BA’, and

BC’ and CB’ lie on a common line.



