Introduction to Numerical Analysis

1. Interpolation :

Lagrange : p,(z) = kijof(xk)ﬂk(m) » Ui(z) = 1;[ ;;

n k—
Newton : p,(z) = kzof[azo, ceey T H:(a: —Zj).
= J:

F(&) = po(@) = FL20; ooy Ty 1] T () 5 () = li[()(:v ).

For xz; = xg + ih, x = zo + sh , pp(z) = i ( )Akfo , ( ) _ s(s—l)..’;(!s—k—i-l) ’

=0

k
and the error bound : |f(z) — pn(z)| < 5 max | f (D) |pntl

(n+1)
The error for interpolation at Chebyshev points in [-1,1] :

max | f("tV|2—"

|f(z) = pn(z)] <

1
(n+1)!

The divided difference :
L (f[1, s ] = flT0, s ha]) 5 3 30 # T
f[.’l?(), ,.’Ij'k] =

f®) (z0) /KD, if zg =21 =... = .

flzo, ..., zx) = FE(€) /R .

. kg
For z; = x¢ + ih, f[.’l?z, ceey .’177;_|_k] = %!hj’il where Af; = fi-l—l — fi-

Derivative of the divided difference : %f[ﬂ:o, s Ty ] = flToy ey Tk, T, T

2. Integration : f:f(a:)dx =1I1(f)=1(px) + f:f[:co, ey Thoy T Wi (2)d .
If [° Wy (2)de =0 then I(f) = I(pg) + [7 [0 r Thy Ths1, T Wp i1 (z)da.
Mid-point rule : I(f) = (b —a)f(%2) + f”(n)M.
Trapezoidal rule : I(f) = %2[f(a) + f(b)] — f"(n )(b a)s.

Simpson’s rule : I(f) = I’_T“[f(a) + 4f(aT+b) + f(b)] - %(%)5'

Corrected trapezoidal rule :

I(f) = 2[f(a) + F)] + S22 (a) — £/(B)] + FO () L.



Composite trapezoidal rule :

I(f) = 2(fo+ fn) + RSN fo = E002(6 — a).

Composite Simpson’s rule :

1) = Lo+ v+ 250 L+ a8 )= TR () 0 - a).

Gaussian rule : I(f) = Zl 1A f(x;) ](C;Z)),g')f ()w(z)dz ,

where pi(z) = ai Hle(a: — x;) is orthogonal to z7, j =0,...,k — 1.

. Orthogonal polynomials - weight function w(z) on [a, b, h, = fabw(a:)pf1 (z)dz.

a. Legendre : w(z) =1, [a,b] = [-1,1], Ay, = %H,
2n+1 n
Po=1, Pi(z) =2, Poyi(xz)= 1 zPp,(x) — - 1Pn_1($) .
1
b. Chebyshev : w(z) = (1 —z?)"2, [a,b] = [-1,1], ho = 7, hyy = 7/2, n > 0,

To=1, Th(z)=z, Tpi1(z)=22T,(z) — Tp-1(x) .

The roots of T,,(z) : z; = cos(Z17), T,(z) =2"""1 Hle(m — ;).
c. Laguerre : w(z) =e™ 7%, [a,b) = [0,00), h, =1,

2n+1 €T n

L():].,L]_(.’L'):].—.'L', Ln+1($):(n+1_n+1)Ln(x)_

d. Hermite : w(z) = e, (a,b) = (—00,00), hn = /7 2™nl,
Hy=1, Hi(z) =2z, Hpyi(z)=22H,(xz) — 2nH,_1(x) .
. Differentiation : f/(z) = pl () + f[zo,--., Zn, %, 2|V (x) + flx0, ..., Tn, ] V), ()

. Non-linear Equations : f(z) =0

Secant method : . = {5 5 oy = St e, .
Newton’s method : z,.1 =z, — f,((g;:)) 3 enal = —7f}”[”;n$$”j] e2 = %]; ((;’:))

Newton’s method for a system : f(z,y)=0; g(z,y)=0.

—fgyt+g-f
$n+1:xn+[ Y y]wnyyn I

Gy — gz

_g'fw+f'ga:
Ynt1l = Yn + i) -
n4+ n [fa:gy_fyga:]w Yn)



6. Bernstein Approx. : p,(z) =Y 1_, f(E)BR(2) , B (z)= (})z*(1—2)"F .

Sheo Bi(@) =1, Sio kBp@) =a, Li_o(k —2)’Bi(e) = “2

If n> 1 th — P .
n 2 max f(z)|z5z then xgl[gﬁ]v(x) pn(z)| <€

. Least-squares Approximations :
b N

(9,h) = [, w(@)g(@)h(z)dz , (g,h)y =Dy W(@n)g(n)l(zn) , llgllI* = (g,9) -

Normal equations : Zle ci{di,d5) =(f,¢5) , j=1,...,k .

Orthogonal polynomials - construction by moments m; = fabw(a:)xj dx .

1 z 22 "
mog My . ... ... mp
my mo ... .. mMp+1

pn(z) =
Mmp—1 My . .. .. mop—1

27

. Fourier Series : f(z) =37 FGes= | 7)) = L2 f(2)e0dz
fla+2m) = f(z) , € = cos(x) +isin(z) , (g,h) = 5% [, 9(@)h(z)dz ,
(9. M)y = & Ym0 9CER(ER) () = & Yoo F(ER)e PRI
Parseval’s relation : -~ [°" If(z)? =2 \f( |2 .

2w JO Jj=—00

. Systems of linear equations Az =0 :

1 rll o llell 1 Il _ _
< S ANAT Gy s e=r -7, r=Ax— AT .
[AINAZH Bl — el — 1l
[ Az | oo
Al = — E A= g
|| ||OO ”rar:l”a;(() ||-T||oo 112?‘2% |a’2_7‘ {alj}ldzl

Aal::b<:>m:BaU—i—cwhereB:I—GA,C:Gb,G%A_1 .

Error estimates for the iterative process z(™t1) = Bz(m) 4 ¢ ;

x— x x ; ™ oif x .
The power method : Let [\ > [A2| > ... <|\,|, then
”A +1Z|| . (‘1 +1z)j
A lm A1 = lim
‘ 1‘ : ”A Z” 7 ' ”"l}co (A Z)j



10. Splines :

Bz(k) (-77) = ( - ﬂf)lj_[fﬂi—ml; <y $i+m2](37i+m2 - xi_ml) where

and, if k=2m = my=m, meo=m+1land if k =2m -1 = m; = my = m.

B-Splines for equidistant knots x; = ih :
Quadratic B-Splines : Bi(2)(x) = B£2)(a: —(i—=1)h) :

u? 0<u=z/h<1,

N =

B (z) = ltu—u? 0<u=z/h-1<1,

21-uw)? 0<u=z/h—2<1.

Cubic B-Splines : Bi(?’) (z) = Bé?’) (x—(i—2)h) :

( %u?’ 0<u=z/h<1,

, s1+3u+3u?-3u?) 0<u=z/h-1<1,
B (@) =
$(4 — 6u? + 3u?) 0<u=zx/h—-2<1,
| s(1-w)? 0<u=x/h—3<1.

Error estimates for cubic spline interpolation, S3(ih) = f(ih) , @
with derivative boundary conditions S5(0) = f/(0) , S;(Nh) = f/(

|[f(z) = S3(2)| < maz|f*V]ger , z €[0,Nh],

4
F(ih) — S4(ih)| < max|f(5)\g—0 i=1,.. . N-1.

11. Extrapolation :
I(f) = An(f) + el + (k) , 1(f) = LABAnD 4 o)

Z:Z (x—c) .

x€[-1,1] «— t € [a,b] : t=“T+b+b_T“x, $=Z—J_r,’§+ﬁt.

12. Linear map : z € [c,d] «— t € [a,b] : t=a+

..,N,



