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10.1 Kernels

Here we will see the advatage of the dual program, of using a number of variables propor-
tioned to the number of inputs rather than the number of features.

10.1.1 The Idea

Say we want to use SVM on data which is not linearly separable. If we could map from
our initial dimension to a larger dimension, maybe in this new space we can �nd a linear
seperation for our data.

10.1.2 Example

Consider the linear separator

sign(
n∑
i=1

xiαi).

Instead we can use a quadratic function

sign(
∑
i,j

xixjαi,j).

Our transformation:

(x1 . . . xn) 7−→ (x1 . . . xn, x
2
1 . . . x

2
n, x1x2 . . . . . . xn−1xn).

So we moved from n-dimensional space to n+ n2 dimensional space. We could do the same
for degree 3 etc.

10.1.3 The problem and its solution

Once we move to a higher dimension, all the calculations become more complex. In fact, the
complexity increases exponentially.

De�nition We de�ne a kernel as the inner products between two φ(·):

K(x, z) = φ(x) · φ(z)

1
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Figure 10.1: XOR

The idea is that in some cases we can calculate K(x, z) without calculating φ(x), thus avoid-
ing the added comlplexity.

10.1.4 Example 1 - Polynomials

Assume n = 2.

K(x, z) = (x·z)2 = (x1z1+x2z2)
2 = x21z

2
1+x

2
2z

2
2+2x1x2z1z2 = (x21, x

2
2,
√
2x1x2)︸ ︷︷ ︸

φ(x)

· (z21 , z22 ,
√
2z1z2︸ ︷︷ ︸

φ(z)

)

We can see that it is possible to calculate K(x, z) without actually calculating φ(x) or φ(z),
and that makes the di�erence in complexity (O(n) instead of O(n2)).

Similarly, Kd(x, z) = (x · z + c)d is mapped into φ(·) with
(
n+d
d

)
= O(nd) entries, but

calculating K is only O(n).

10.1.5 Example 2 - XOR

XOR of two variables is obviously not linearly separablse. Let's look at a general degree-2
kernel:

K2(x, y) = (x · y + c) =



x21
x22√
2x1x2√
2cx1√
2cx2
c

 ·


y21
y22√
2y1y2√
2cy1√
2cy2
c


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If c = 0 we are left with only the top three components:

K2(x, y) =

 x21
x22√
2x1x2

 ·
 y21

y22√
2y1y2


XOR representation will be:

φ(x) ·

0
0
1


︸ ︷︷ ︸
w

=
√
2x1x2 ≥ 0

So we have the weight vector w in the higher dimension, and we want to build it from
examples in the lower dimension.

label x1 x2 x21 x22 x1x2

+1 +1 +1 +1 +1 +1
−1 +1 −1 +1 +1 −1
−1 −1 +1 +1 +1 −1
+1 −1 −1 +1 +1 +1

w = +1 · φ(+1,+1)− 1 · φ(+1,−1)− 1 · φ(−1,+1) + 1 · φ(−1,−1)

h(x) = sign (K2 ((+1,+1) , x) +K2 ((−1,−1) , x)−K2 ((+1,−1) , x)−K2 ((−1,+1) , x))

= sign

φ (x) ·
 0

0

4
√
2


= sign

(
4
√
2x1x2

)

10.1.6 Example 3 - Gaussian Kernel

Another example is the gaussian kernel, which maps the space into an in�nite new space,
but is also computable in linear comlexity.

K (x, z) = exp

(
−‖x− z‖

2

2σ2

)
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10.1.7 Example 4 - Strings Kernel

We can look at kernels also for strings, such as:

x, z ∈ {0, 1}n

K(x, z) = |{common substrings}|

10.1.8 To sum it up

The vector φ(x) can be thought of as the features that we learn in the new space. If the
learning algorithm (SVM in this case) can be written in a way that uses only the inner
products of the data, then it is possible to �kernelize� it.

10.1.9 Closure Properties of Kernel Functions

1. Closure under the following actions:

(a) Adding a constant

K (x, z) = K1 (x, z) + c,

by adding another entry to φ (x)with value
√
c.

(b) Multiplication by constant:

K (x, z) = c ·K1 (x, z) ,

by setting φ (x) = c · φ1 (x) .

(c) Multiplication of two kernel functions:

K (x, z) = K1 (x, z) ·K2 (x, z)

To see this, let l1be the length of φ1 and l2 be the length of φ2. De�ne φ (x) of
length l1l2, such that the (i, j) entry in φ (x) is φ1,i (x)φ2,j (x) where φ1,i (x) is the
i-th entry of φ1 (x).

2. Let K be a legitimate kernel function. Then it is possible to de�ne a kernel matrix as
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follows: Kij = K
(
x(i), x(j)

)
. The result matrix K will be symmetric. For any z :

zTKz =
∑
i

∑
j

ziKijzj

=
∑
i

∑
j

ziφ
(
x(i)
)T · φ (x(j)) zj

=
∑
i

∑
j

zi
∑
k

φk
(
x(i)
)
φk
(
x(j)
)
zj

=
∑
k

∑
i

∑
j

ziφk
(
x(i)
)
φk
(
x(j)
)
zj

=
∑
k

(∑
i

ziφk
(
x(i)
))2

≥ 0

This means that if K is a kernel then its matrix representation is positive-semi-de�nite
(PSD). We have not shown the other direction, but it is also true:

Theorem 10.1 (Mercer) K is a legitimite kernel function ↔ K is PSD.

(Note: For our needs it is not required to calculate φ(·). It's enough that it exists.)
The following theorem characterizes the solution when we have kernel functions.

Theorem 10.2 (The Representaion Theorem) Let K be a legitimate kernel function. H is
the function space (RKHS). G is monotone increasing function. Then the solution to the
maximization problem

argmin
h∈H

F (h) = argmin
h∈H

G
(
‖h‖2H

)
+ l (h (x1) . . . h (xm))

Is of the form:

h∗ (x) =
m∑
i=1

αiK (xi, x)

Theorem 10.3 (Reminder about SVM)
The solution to the maximization problem

max
α

m∑
i=1

αi −
1

2

m∑
i,j=1

αiαjy
(i)y(j)K

(
x(i), x(j)

)
,

where C ≥ αi ≥ 0 and
∑m

i=1 αiy
(i) = 0, is of the following form:

h (x) = sign

(
m∑
i=1

αiy
(i)K

(
x(i), x(j)

)
+ b

)
.
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10.2 Dealing with non linearly-separable data

10.2.1 The Idea

What happens if the data that we have is not linearly separable with margin 1? (Which is
a common event)

Every hyperplane (w, b) has a point xi such that yi(w · xi + b) < 1. Otherwise the data
would be linearly separable with margin 1. The idea is �to soften� the hard constraint (�hard
margin�) and turn it into a soft constraint (�soft margin�). We would want to minimize the
violations of the constraints, so we'll change the constraint such that yi(w · xi + b) ≥ 1− ψi
where ψi ≥ 0. Now there is always a solution. So what exactly do we want to minimize?

min
w,b,ψ

1

2
‖w‖2︸ ︷︷ ︸

margin

+ C︸︷︷︸
cost

·F (ψ1 . . . ψm) ,

where C is an important parameter which determines the tradeo� between accuracy and
margin size. In other words - tradeo� between generalization capability (small ‖w‖) and the
classi�cation error on the training data.

The natural choice is to calculate F (ψ1 . . . ψm) individually for every point and then sum
everything up:

F (ψ1 . . . ψm) =
∑

F (ψi) .

Ideally:

F01 (ψ) =

{
1 ψ > 0

0 ψ = 0
,

this will count the exact number of points that are not classi�ed correctly by our classi�er.

10.2.2 Optimization

This is a hard optimization problem (even with no margin). From a complexity point of
view, even if it is guaranteed that a hyperplane exists such that it classi�es 99% of the
points correctly, �nding a hyperplane which classi�es 51% of the points correctly is an NP-
complete problem (also note that F is not convex).

For this reason we write the following convex program:

min
w,b,ψ

1

2
‖w‖2 + C

∑
ψi

Such that
yi(w · xi + b) ≥ 1− ψi
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ψi ≥ 0.

For this convex program we get the following Lagrangian (α and β are the lagrange
multipliers):

L (w, b, ψ, α) =
1

2
‖w‖2 + C

m∑
i=1

ψi −
m∑
i=1

αi (yi (w · xi + b)− 1 + ψi)−
∑

βiψi

Now we'll check the KKT conditions:

1. ∇L = 0

(a) ∇wL = w −
∑
αiyixi = 0↔ w∗ =

∑
αiyixi

(b) ∇bL = −
∑
αiyi = 0↔

∑
αiyi = 0

(c) ∇ψi
L = C − αi − βi = 0↔ αi + βi = c

2. Complementary

(a) αi [yi (w · xi + b)− 1 + ψi] = 0→αi = 0 or yi (w · xi + b) = 1− ψi
(when yi (w · xi + b) = 1 − ψi and αi > 0 this is a support vector, it can be
classi�ed incorrectly or be exactly on the margin)

(b) βiψi = 0→βi = 0 or ψi = 0

3. Non negativity

(a) αi ≥ 0

(b) βi ≥ 0

(c) ψi ≥ 0

Substitute these conditions back to the Lagrangian we get:

1

2
‖w‖2 = 1

2

∑
αiαjyiyj (xi · xj)

C
∑

ψi −
∑

αiψi −
∑

βiyi = 0∑
αi [yi (w · xi + b)− 1] =

∑
αiyi (w

∗ · xi)︸ ︷︷ ︸∑
i,j αiαjyiyj(xixj)

+
∑

αiyib︸ ︷︷ ︸
0

+
∑

αi

We have the following
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L = −1

2

∑
αiαjyiyj (xi · xj) +

∑
αi (10.1)

We need to add the constraints. For the constraints βi ≥ 0 and C ≥ βi + αi we add the
constraint: C ≥ αi ≥ 0. We have in addition

∑
αiyi = 0. The solution:

h (x) = sign
[∑

αiyi (xix) + b
]
,

where b is de�ned for the vector that adhere to C > αi > 0:

b = yi −
m∑
j=1

αjyj (xjxi) .

If for point i we get ψi > 0, from the complementry we have βiψi = 0 so this means
βi = 0. In the optimal solution from the KKT conditions we get C = αi + βi so eventually
we get αi = C. Every point that is classi�ed wrongly (either the margin is too small or
negative), gets αi = c, so its e�ect on the decision hyperplane is limited to c. If a point is
classi�ed correctly, we get ψi = 0, then C ≥ βi > 0 and this means that C > αi > 0. For
points that are classi�ed correctly and are not support vectors we get αi = 0.

So again, large C means avoiding errors on the training data. Small C means more free-
dom in the hyperplane, and a better generalization ability.

10.3 SMO - Sequential Minimization Optimization

We shall now see a practical algorithm for solving the optimization problem (10.1). For
practical Implementations, we need to add an accuracy parameter, say 0.001.

10.3.1 Single Variable Optimization

In order to optimize (10.1) we will start with a feasible but not optimal solution (e.g. αi =
0 ∀i) and look for local improvements. We cannot change only one variable because, given
the values of αj ∀j 6= i we have:

αiyi = −
∑
j 6=i

αjyj

αi = −yi
∑
j 6=i

αjyj
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(Since yi ∈ {±1})

10.3.2 Two Variables Optimization

So we would like to change the values of two variables, WLOG α1, α2. Thus, we need to
maximize:

L (α1, α2) =
(
1− y1

∑
j /∈{1,2} yjαjK (x1, xj)

)
α1 +

(
1− y2

∑
j /∈{1,2} yjαjK (x2, xj)

)
α2

−
(
1
2
y21K (x1, x2)

)
α2
1 − (y1y2K (x1, x2))α1α2 −

(
1
2
y22K (x1, x2)

)
α2
2 +const.

s.t. 0 ≤ α1, α2 ≤ C,

α1y1 + α2y2 = Z = −
∑

j /∈{1,2} αjyj

Substitute α1 = y1 (Z − α2y2) to get a quadratic:

L (α2) = aα2
2 + bα2 + c

We then need to �nd the value α∗2 that minimizes the L. If the value we get �ts the constraints
(i.e. y1(Z − α∗2y2), α∗2 ∈ [0, C]) we can use it. Otherwise, we use the best extreme values.

10.3.3 Calculating the minimum of a quadratic on a �nite interval

To �nd the α∗2 that minimizes L (α2) given the constraints, we need to calculate the con-
straints in terms of an upper bound UB and a lower bound LB to α2. Let

(
αold1 , αold2

)
be

the values before optimization, and let (αnew1 , αnew2 ) be the values that minimize L (α1, α2)
without the constraints.

For example, if y1 = 1 and y2 = −1, then Z = αold1 − αold2 = αnew1 − αnew2 .

• From αnew1 ≥ 0 we have:

αnew2 = αnew1 − Z ≥ αold2 − αold1

• From αnew1 ≤ C we have:

αnew2 = αnew1 − Z ≤ αold2 − αold1 + C
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We will find the (α
1
,α

2
)

that minimize L at:

   a local minimum

   or an extreme point

Figure 10.2: Constraints on (α1, α2)

So we set:

UB = max
{
C, αold2 − αold1 + C

}
LB = min

{
0, αold2 − αold1

}
To get:

α∗2 =


UB αnew2 ≥ UB

αnew2 LB < αnew2 < UB

LB αnew2 ≤ LB

10.3.4 Choosing α1, α2

A heuristic for choosing which αi, αj to update. We look at the KKT conditions:

αi = 0 =⇒ h(xi)yi ≥ 1

0 < αi < C =⇒ h(xi)yi = 1

αi = C =⇒ h(xi)yi ≤ 1
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Recall that for an optimal solution, all the KKT conditions are satisi�ed. In practice, we
need to introduce an accuracy parameter, say ε = 0.001. We will only expect the KKT
conditions to be satis�ed to within ε. To increase the speed of convergence, we will prefer to
update αi's which are signi�cantly far (i.e. ε-far) from satisfying the KKT conditions.

10.3.5 Calculating b

At each iteration, to calculate b we shall use:

b1 = y1 −
∑

αjyjK (xj, x1)

b2 = y2 −
∑

αjyjK (xj, x2)

b = −b1 + b2
2


