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Abstract

W e presen t an e�cien t algorithm for the follo wing problem: Giv en a collection T =

f �

1

; : : : ; �

n

g of n triangles in the plane, suc h that there exists a subset S � T (unkno wn

to us), of � � n triangles, suc h that

S

� 2 S

� =

S

� 2 T

�, construct e�cien tly the union of

the triangles in T . W e sho w that this problem can b e solv ed in randomized exp ected time

O ( n

4 = 3

log n + n� log

2

n ), whic h is sub quadratic for � = o ( n= log

2

n ). In our solution, w e

use a v arian t of the metho d of Br• onnimann and Go o dric h [10 ] for �nding a set co v er in a

set system of �nite V C-dimension. W e presen t a detailed implemen tation of this v arian t,

whic h mak es it run within the asserted time b ound. Our approac h is fairly general, and

w e sho w that it can b e extended to compute e�cien tly the union of simply shap ed b o dies

of constan t description complexit y in I R

d

, when the union is determined b y a small subset

of the b o dies.

1 In tro duction

Man y problems in computational geometry in v olv e the task of constructing the b oundary

of the union of n geometric ob jects in the plane or in higher dimensions. Problems of this

kind include motion planning [22 ], where w e wish to construct the forbidden p ortions of the

con�guration space; hidden surface remo v al for visibilit y problems in three dimensions [27 ];

�nding the minimal Hausdor� distance b et w een t w o sets of p oin ts (or of segmen ts) in I R

2

[19 ];

applications in geographic information systems [13 ], and man y others. In this pap er, w e fo cus

mainly on the problem of constructing the union of n triangles in I R

2

, but w e also sho w that our

algorithm can b e extended to other geometric ob jects in the plane and in higher dimensions.

Computing the union b y constructing the full arrangemen t of the n input triangles requires

�( n

2

) time in the w orst case, whic h, in man y instances, is w asteful, since the com binatorial

�
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1 In tro duction 2

complexit y of the union b oundary migh t b e considerably smaller. Nev ertheless, an algorithm

for this problem that runs in sub quadratic time when the b oundary of the union has sub-

quadratic complexit y

1

is unlik ely to exist, since this problem b elongs to the family of 3SUM-

har d problems [18 ], whic h are problems that are v ery lik ely to require 
( n

2

) time in the w orst

case; see b elo w for more details.

Ho w ev er, sub quadratic algorithms exist in sev eral sp ecial cases, suc h as the case of fat

triangles (namely , ev ery angle of eac h triangle is at least some constan t p ositiv e angle), or

of triangles that arise in the union of Mink o wski sums of a �xed con v ex p olygon with a set

of pairwise disjoin t con v ex p olygons (whic h is the problem one faces in translational motion

planning of a c onvex p olygon). In these cases, the union has only linear or near-linear complex-

it y [20 , 23 , 24 ], and more e�cien t algorithms, based on either deterministic divide-and-conquer,

or on randomized incremen tal construction, can b e devised, and are presen ted in the ab o v e-

cited pap ers.

If the input consists of general triangles, then the complexit y of the union can b e �( n

2

) in

the w orst case. If it happ ens to b e smaller, one can attempt to compute the union b y emplo ying

the randomized incremen tal construction (RIC) of Agarw al and Har-P eled [1], whose analysis is

based on Mulm uley's theta series [27 ]. Brie
y , the algorithm inserts the triangles one at a time

in a random order, and main tains the union incremen tally , up dating it after eac h insertion. As

is w ell kno wn (and discussed in [15 ]), the RIC algorithm has go o d p erformance, ev en when the

size of the arrangemen t is quadratic, pro vided that the depth d ( v ) (i.e., the n um b er of input

triangles con taining v in their in terior) of most of the v ertices v in the arrangemen t induced

b y the n input triangles is large enough. W e refer to suc h v ertices as b eing de ep . Otherwise,

when most of the v ertices in the arrangemen t are shal low , the RIC algorithm p erforms p o orly .

In this case, one can emplo y the Disjoint Cover (DC) algorithm, prop osed in [15 ], whic h has

go o d p erformance in practice. This algorithm also inserts the triangles one at a time, but it

computes an insertion order that attempts to co v er as man y shallo w v ertices as p ossible in eac h

insertion step. Ho w ev er, from a theoretical p oin t of view (and in view of certain pathological

examples, presen ted in [15 ]), the DC algorithm can pro duce 
( n

2

) v ertices of the arrangemen t,

ev en if the size of the output (i.e., the n um b er of v ertices on the b oundary of the union) is

only linear or constan t, and it can b e b eaten b y the RIC algorithm in suc h cases.

Output sensitivit y . In this pap er w e presen t an e�cien t algorithm that computes the union

in an \output-sensitiv e" manner. There are t w o ob vious w a ys to de�ne output sensitivit y . The

�rst is to measure the output size in terms of the size of the smallest subset S � T that satis�es

S

S =

S

T , where

S

S (resp.,

S

T ) denotes the union of the triangles in S (resp., in T ). The

second measure is in terms of the size of the smallest subset S

0

suc h that @

S

T � @

S

S

0

. See

Figure 1 for an illustration of the t w o measures. Note that if the output size is � , according to

either measure, the actual complexit y of the union ma y b e as large as �( �

2

) (but not larger).

The second measure of output size is lik ely to b e to o w eak. Indeed, consider the reduction,

as presen ted in [18 ], of an instance of 3sum (namely , the problem of determining whether there

exist a 2 A , b 2 B , c 2 C satisfying a + b + c = 0, for three giv en sets A , B , C of real n um b ers)

1

This is one v arian t of output sensitivity that one ma y wish to attain. In this pap er w e use a di�eren t notion

of output sensitivit y , describ ed later in the in tro duction.
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Figure 1: (a) An arrangemen t of six triangles, illustrating the �rst measure of output sensitivit y .

The triangles t

1

and t

2

co v er the en tire union, so the output size is 2. (b) Illustrating the

second measure of output sensitivit y . The union b oundary is determined only b y the triangles

t

1

; : : : ; t

4

, ev en though the triangles t

5

and t

6

co v er the hole created b y

S

i � 4

t

i

. The output

size is 4 according to the second measure, and 6 according to the �rst one.

to an instance of the problem of determining whether the union of a giv en set of triangles fully

co v ers the unit square. W e can further reduce this latter problem to our problem, as follo ws.

Let A denote an algorithm that e�cien tly computes the union of n triangles in the plane, in

terms of the second measure, and let T

A

( n; � ) denote its running time, expressed as a function

of n and of the \output size" � . W e assume that T

A

( n; � ) = o ( n

2

) when � = o ( n ). In order to

determine e�cien tly whether the giv en triangles fully co v er the unit square, w e consider only

the p ortions of the triangles that are con tained in the unit square, and retriangulate them, if

necessary . In addition, w e add four thin and narro w triangles that co v er the b oundary of the

unit square. W e no w run A on the newly constructed instance. Clearly , there are no holes

in the union of the newly created triangles if and only if the original union con tains the unit

square. In this case, the b oundary of the new union consists of only four triangles, and th us A

will terminate in a predictable sub quadratic time. W e th us run A . If it terminates within the

an ticipated (sub quadratic) time, w e can determine, at no extra cost, whether the union co v ers

the unit square. Otherwise, w e stop A , and correctly rep ort that the union of the original

triangles do es not co v er the unit square. Hence an e�cien t output-sensitiv e solution, under

the second measure, w ould ha v e yielded a sub quadratic solution to 3sum , and is th us unlik ely

to exist.

In con trast, the �rst measure do es lend itself to an e�cien t output-sensitiv e solution, whic h

is the main result of this pap er.

Our results. Sp eci�cally , w e presen t an e�cien t algorithm to construct the b oundary of

the union of a set T = f �

1

; : : : ; �

n

g of n triangles in the plane, under the assumption that

there exists a subset S � T of � � n triangles (unkno wn to us) suc h that

S

S =

S

T . W e

presen t an algorithm, whose running time is O ( n

4 = 3

log n + n� log

2

n ), whic h is sub quadratic

when � = o ( n= log

2

n ). Our approac h is a randomized algorithm, based on the metho d of

Br• onnimann and Go o dric h for �nding a set co v er or a hitting set in a set system of �nite

V C-dimension, as presen ted in [10 ] (see Section 2.1 for a brief review of this metho d). In our
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case, the ob jects are the triangles of T , and eac h v ertex v of the arrangemen t A ( T ) de�nes

a set T

v

= f � 2 T j v 2 int (�) g . A hitting set for this system is a set S � T suc h that

S

S =

S

T , and th us a minim um-size hitting set is the ob ject that w e wish to compute. In

general, the Br• onnimann-Go o dric h tec hnique is not e�cien t enough for our purp oses, but w e

use a v arian t of the algorithm whic h can b e implemen ted e�cien tly . Sp eci�cally , w e apply

the algorithm of Br• onnimann and Go o dric h in an \appro ximate setting", �ne-tuning it (using

randomization) so that it constructs a subset T

0

of O ( � log � ) triangles of T , whose union co v ers

the o v erwhelming ma jorit y of the v ertices in the arrangemen t A ( T ). This allo ws us, with some

care, to compute the p ortion of

S

T that lies outside

S

T

0

in an e�cien t explicit manner.

W e note that, when measuring the exp ected n um b er of v ertices generated b y the algorithm,

it su�ces (and is appropriate) to consider only v ertices at p ositiv e depth, since v ertices at

depth 0 are the v ertices of the union, and they ha v e to b e constructed b y an y algorithm that

computes the union. W e call the latter quan tit y , namely the n um b er of p ositiv e-depth v ertices

generated b y the algorithm, the r esidual c ost of the algorithm.

In Section 2.1 w e brie
y recall the algorithm of Br• onnimann and Go o dric h, and presen t

our appro ximate v ersion of it. Then w e deriv e an upp er b ound on the exp ected residual cost of

the algorithm in its appro ximate v ersion. Section 3 describ es a detailed implemen tation of our

algorithm. In this implemen tation, w e use generic and simple tec hniques, that can b e easily

extended to other geometric ob jects of constan t description complexit y

2

in the plane and in

I R

d

. These extensions are discussed in Section 4. W e giv e concluding remarks and suggestions

for further researc h in Section 5.

2 The Union Construction as a Set Co v er Problem

2.1 An o v erview of the Br• onnimann-Go o dric h tec hnique

A tec hnique for �nding a set co v er of a set system of �nite V C-dimension is describ ed in detail

b y Br• onnimann and Go o dric h [10 ]; for the sak e of completeness, w e pro vide a brief o v erview

of this approac h, in the con text of the union construction problem.

W e denote b y V the set of v ertices of the arrangemen t A ( T ) at p ositiv e depth (considering

only in tersection p oin ts of the triangle b oundaries and ignoring triangle v ertices). Our set

system is dual to the set system ( V ; T ), and is de�ned as ( T ; V

�

), where

V

�

= f T

v

: v 2 V g ;

and where T

v

consists of all the triangles � 2 T that con tain v in their in terior. Since this set

system is dual to ( V ; T ), whic h has some �nite V C-dimension d (see, e.g., [6 ]), it follo ws that

the V C-dimension of ( T ; V

�

) is also �nite; as a matter of fact, it do es not exceed 2

d +1

[8 ]. As

already men tioned, out goal is to �nd a hitting set for ( T ; V

�

), that is, a subset H � T that

has a nonempt y in tersection with ev ery set T

v

2 V

�

, v 2 V .

2

A set in I R

d

is said to ha v e c onstant description c omplexity if it is a semi-algebraic set de�ned as a Bo olean

com bination of a constan t n um b er of p olynomial equalities and inequalities of constan t maxim um degree in a

constan t n um b er of v ariables.
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The algorithm of Br• onnimann and Go o dric h �nds a hitting set, whose size is O ( h

�

log h

�

),

where h

�

is the smallest size of an y hitting set. Note that the rep orted hitting set is actually

a set c over for the primal set system ( V ; T ), where a set co v er, in this case, is a collection

C � T of triangles, whose union co v ers the en tire set V . (F or tec hnical reasons, the metho d of

Br• onnimann and Go o dric h computes a set co v er via a hitting set of the dual set system, whic h

is wh y w e also w ork with the dual system; see [10 ] for further details.) Since, b y de�nition, the

size of the optimal co v er is assumed to b e � , it follo ws that the size of the set co v er rep orted

b y the algorithm is at most O ( � log � ).

W e �rst describ e the algorithm of Br• onnimann and Go o dric h in its \ideal setting", where

the en tire set V is giv en, and then sho w ho w to mo dify this setting, so that it su�ces to

consider only a small subset of v ertices.

The Br• onnimann-Go o dric h algorithm has t w o k ey subroutines: (i) A net �nder F for

( T ; V

�

), whic h is an algorithm that, giv en a parameter r � 1 and a w eigh t distribution w on

T , computes a (1 =r )- net for the w eigh ted system ( T ; V

�

) [6]. A (1 =r )-net is a subset N � T ,

whic h has a nonempt y in tersection with eac h set in V

�

whose total w eigh t is at least 1 =r of

the total w eigh t of T . (ii) A veri�er V , that, giv en a subset H � T , either states (correctly)

that H is a hitting set, or returns a nonempt y \witness" set T

v

2 V

�

, for some v , suc h that

T

v

\ H = ; . In our con text, V has simply to output a v ertex v 2 V whic h is not con tained in

the in terior of

S

H .

The Br• onnimann-Go o dric h algorithm then pro ceeds as follo ws. W e guess the v alue of �

(homing in on the righ t v alue using an exp onen tial searc h). W e assign w eigh ts to the triangles

in T . Initially , all w eigh ts are 1. W e then use the net �nder F to construct a (1 = 2 � )-net N for

( T ; V

�

). If the v eri�er V outputs some set T

v

that N do es not hit, w e double the w eigh ts of

the triangles in T

v

, and rep eat the pro cess with the new w eigh ts. As sho wn in [10 ], a hitting

set is found after at most 4 � log ( n=� ) iterations.

The problem with this ideal setting is that it requires the construction of all the (p ositiv e-

depth) v ertices of A ( T ), whic h is m uc h to o m uc h to ask for, since it can b e to o exp ensiv e

( V can b e quadratic in the w orst case, while � can still b e v ery small). Instead, w e use a

smaller randomly sampled subset R � V of r elemen ts, whose actual computation is presen ted

in Section 3. W e then feed the v eri�er V with R instead of the en tire set V . W e sho w that

once the v eri�er V announces that the subset H , rep orted b y the net �nder F , co v ers R , the

actual n um b er of v ertices of V that remain unco v ered is relativ ely small, with high probabilit y .

W e then compute the unco v ered v ertices in an explicit manner, and thereb y complete the

construction of

S

T .

2.2 A sub quadratic residual cost via sampling

W e b egin the analysis of our implemen tation of the Br• onnimann-Go o dric h tec hnique with the

follo wing lemma, whic h pro vides a lo w er b ound for the size of the sample R , whic h is su�cien t

to guaran tee the prop ert y asserted at the end of the preceding subsection.

In what follo ws, w e sa y that an ev en t o ccurs with overwhelming pr ob ability (or w.o.p., for

short), if the probabilit y that it do es not o ccur is at most

1

n

c

, for some constan t c � 1.
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Lemma 2.1 L et T = f �

1

; : : : ; �

n

g b e a given c ol le ction of n triangles in the plane, let V

denote the set of vertic es of the arr angement A ( T ) at p ositive depth, let � denote the size of

V , and supp ose that ther e ar e only � triangles of T whose union is e qual to

S

T . L et S � T

denote a subset of triangles, and let R � V b e a r andom sample of r = 
( t log n ) p ositive-depth

vertic es sample d after S has b e en �xe d, for some p ar ameter t � 1 and with a su�ciently lar ge

c onstant of pr op ortionality. If S c overs al l but r

S

< r vertic es of R , then, w.o.p., the actual

numb er �

S

of vertic es of V that ar e not c over e d by the elements of S satis�es

�

S

� max

n

�

t

; �

�

r

r

S

o

; (1)

for some absolute c onstant � > 1 .

Pro of : F or simplicit y of exp osition, w e presen t the analysis under the mo del where R is

obtained b y dra wing eac h p oin t of V indep enden tly with probabilit y p =

r

�

. Nev ertheless,

the assertion of the lemma also holds for other mo dels of sampling R , in particular, for the

mo del w e use in the actual implemen tation of the algorithm; see Section 3 and App endix A for

details. Since eac h p oin t in V n

S

S is c hosen indep enden tly with probabilit y

r

�

, the exp ected

n um b er of v ertices of R that are not co v ered b y S is

r

�

�

S

.

It su�ces to consider the case �

S

>

�

t

, for otherwise (1) clearly holds.

Since R is sampled after S has b een �xed, the n um b er r

S

of v ertices of R that are not

co v ered b y

S

S is a random v ariable, whic h can b e expressed as the sum of �

S

m utually

indep enden t indicator v ariables, X

1

; : : : ; X

�

S

, eac h satisfying

P r [ X

i

= 1] = p ; P r [ X

i

= 0] = 1 � p; for i = 1 ; : : : ; �

S

:

Fix a parameter r

0

> 0, and consider the ev en t

A

S

: r

S

�

r

�

�

S

< � r

0

:

Using a large deviation b ound giv en in [6 , Theorem A.13], it follo ws that

P r [ A

S

] < e

�

r

0

2

2

r

�

�

S

: (2)

Putting r

0

=

p

2 c

0

r

�

�

S

log n , for some constan t c

0

� 1, (2) implies that the probabilit y

that the ev en t A

S

do es not o ccur is at most

1

n

c

0

. Hence, w.o.p.,

r

S

�

r

�

�

S

� �

r

2 c

0

r

�

�

S

log n;

or

r

S

�

r

r

�

�

S

�

r

r

�

�

S

�

p

2 c

0

log n

�

:

Since w e ha v e assumed that �

S

>

�

t

, and that r = 
( t log n ), with a su�cien tly large constan t

of prop ortionalit y , it follo ws that, w.o.p.,

r

r

�

�

S

�

p

2 c

0

log n > �

r

r

�

�

S

; (3)
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for some absolute constan t 0 < � < 1, whic h implies that

�

S

�

�

�r

r

S

;

and th us the lemma follo ws. 2

Remarks: 1) Note that Lemma 2.1, as w ell as its v arian t discussed in the App endix, deal with

abstract sets, and do not exploit an y sp ecial prop ert y of v ertices in arrangemen ts of triangles.

W e will therefore b e able to use the lemma, more or less v erbatim, in the extensions presen ted

in Section 4.

2) W e re-emphasize that Lemma 2.1 relies on the assumption that R is sampled after S has

b een c hosen (in our implemen tation, this c hoice will also b e random). In particular, for the

lemma to b e applicable at eac h iteration of the Br• onnimann-Go o dric h algorithm, R should b e

redra wn from scratc h b efore applying the v eri�er V . (See Section 3 for further details.)

Lemma 2.1 implies that if the triangles in S co v er all the elemen ts of R (and th us r

S

= 0),

then, w.o.p., �

S

�

�

t

(in fact, it is su�cien t that r

S

= O

�

r

t

�

). W e th us construct the union

of the input triangles in t w o steps, where in the �rst w e �nd a set H of O ( � log � ) triangles

that co v ers all but at most

�

t

v ertices of V , and compute the union

S

H , and in the second w e

handle e�cien tly all the remaining v ertices of V that H do es not co v er; see b elo w for details.

It th us follo ws that the o v erall exp ected n um b er of p ositiv e depth v ertices generated b y the

algorithm is O ( �

2

log

2

� ) (whic h is the n um b er of v ertices of the arrangemen t of the triangles

in H ) in the �rst part, and at most

�

t

in the second part.

In summary , w e ha v e sho wn

Theorem 2.2 L et T = f �

1

; : : : ; �

n

g b e a given c ol le ction of n triangles in the plane, and

assume that ther e exists a subset H � T of � � n triangles (unknown to us) such that

S

H =

S

T . L et V , � and t b e as in L emma 2.1. Then one c an implement the Br• onnimann-

Go o drich algorithm, so that its r esidual c ost is O ( �

2

log

2

� +

�

t

) , w.o.p. In p articular, for

t = max

n

�

�

2

; 1

o

, the r esidual c ost is O ( �

2

log

2

� ) .

Discussion. Clearly , if our only concern is to ha v e the algorithm generate as few p ositiv e-

depth v ertices as p ossible, w e should c ho ose t as large as p ossible, thereb y making R larger,

and the set of v ertices of V not co v ered b y H smaller. F or example, as noted, if w e c ho ose

t = max

n

�

�

2

; 1

o

, then the residual cost of the algorithm is at most O ( �

2

log

2

� ), w.o.p. Since

there are only � triangles that de�ne the union, the com binatorial complexit y of the b oundary

of the union is only O ( �

2

). This implies that, for the ab o v e c hoice of t , the o v erall n um b er of

v ertices that the algorithm generates is O ( �

2

log

2

� ), whic h is sub quadratic for � = o ( n= log n ).

Ho w ev er, if w e are concerned with the actual running time, large v alues of t will slo w do wn

the algorithm, b ecause sampling the sets R will b e more exp ensiv e. Hence, in the actual

implemen tation of the algorithm, presen ted in Section 3 b elo w, w e will c ho ose a smaller v alue

for t , in order to optimize the b ound on the actual running time of the algorithm. This will

also a�ect the b ound on the residual cost.

W e also note that the b ound O ( �

2

log

2

� ) on the complexit y of the union of the triangles
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computed in the �rst part of the algorithm ma y b e to o p essimistic in practice. If the complexit y

of the union

S

H turns out to b e smaller, the residual cost will b e smaller to o.

3 Implemen tation of the Algorithm

The actual cost of the algorithm dep ends on the cost of sev eral supp ort routines (in addition

to the cost of the actual generation of p ositiv e-depth v ertices), suc h as (i) constructing the

random samples R ; (ii) �nding a (1 = 2 � )-net for the set system ( T ; V

�

); (iii) implemen ting the

v eri�er V , whic h, in our case, is an algorithm that e�cien tly decides whether a giv en subset

S of triangles co v ers another giv en subset R of p ositiv e-depth v ertices; and (iv) the actual

construction of the union of the input triangles, after an appro ximate hitting set has b een

found. W e presen t here an implemen tation that uses generic and simple tec hniques, and yields

a sub quadratic output-sensitiv e algorithm for constructing the union.

In the follo wing description, w e denote b y h the size of the set H computed in the �rst

stage of the algorithm.

Sampling R

The task at hand is to construct, at eac h iteration of the algorithm, a random sample of (an

exp ected n um b er of ) r = ct log n p ositiv e-depth v ertices of A ( T ), for appropriate v alues of the

parameter t and the constan t c . (As already men tioned, and will b e discussed b elo w, w e ha v e

to dra w a new subset R in eac h iteration of the algorithm, in order to eliminate an y dep endence

b et w een the presen t subset of triangles rep orted b y the net �nder F and the (curren t) sample

R .)

W e sample R using the follo wing simple-minded approac h. Supp ose that w e ha v e a guess

for the v alues of � and � (see b elo w for details concerning these guesses). Let �

�

denote the

n um b er of v ertices on the b oundary of

S

T . If � = O ( �

�

) then the en tire arrangemen t has

only O ( �

�

) = O ( �

2

) v ertices, and can th us b e constructed in time O ( n log n + �

2

), using an y

of the standard tec hniques [27 ]. W e ma y th us assume that � � �

�

. W e also ma y assume

that � � max f �

2

; n

4 = 3

g . Otherwise, w e construct the en tire arrangemen t in time O (( n + �

2

+

n

4 = 3

) log n ) = O (( �

2

+ n

4 = 3

) log n ).

W e no w p erform

c

0

r

(

n

2

)

�

sampling steps, where in eac h step w e c ho ose, uniformly and inde-

p enden tly , a pair of edges of distinct triangles in T , for an appropriate constan t c

0

> 1. Clearly ,

a real v ertex of the arrangemen t A ( T ) is c hosen in a single step with probabilit y

� + �

�

9

(

n

2

)

, and

th us the exp ectation of the n um b er r

0

of pairs of edges that actually in tersect is

� + �

�

9

�

n

2

�

�

c

0

r

�

n

2

�

�

= �( r ) :

Using the same deviation b ound, as sho wn in Lemma 2.1, it can b e sho wn that, w.o.p., the
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actual n um b er of suc h pairs satis�es

r

0

� E ( r

0

) �

s




�

�

n

2

�

r

�

n

2

�

�

log n = E ( r

0

) �

p


 r log n ;

for some constan t 
 � 1. Since

p


 r log n � r (b y the c hoice of r and 
 ), there is a constan t

0 < � < 1, whic h can b e made arbitrarily small (for a prop er c hoice of 
 ) suc h that, w.o.p.,

r

0

� (1 � � ) E ( r

0

) = �( r ) ;

for a su�cien tly large constan t of prop ortionalit y , that dep ends on c

0

and 
 .

Not all sampled v ertices ha v e p ositiv e depth. Ho w ev er, since � � �

�

, the o v erwhelming

ma jorit y of the sampled v ertices will ha v e p ositiv e depth. By c ho osing c

0

to b e su�cien tly

large, at least r of these v ertices will ha v e p ositiv e depth, w.o.p.

Implemen ting a net �nder F and a v eri�er V

As already describ ed in the preceding section, w e assign w eigh ts to the elemen ts of T (initially ,

eac h triangle gets the w eigh t 1), and use a net �nder F to construct a (1 = 2 � )-net for the

w eigh ted dual system ( T ; V

�

). W e then apply the v eri�er V , in order to decide whether H

co v ers (the newly resampled subset) R . If it do es, the �rst part of the algorithm terminates,

and w e pro ceed to the actual construction of the union; otherwise, V returns a particular

witness subset T

v

2 V

�

, for some v 2 R , suc h that T

v

\ H = ; . W e then double the w eigh ts of

the triangles in T

v

, construct a new (1 = 2 � )-net and a new sample R , and rep eat this pro cess

un til w e �nd a subset of triangles that ful ly c overs R . The analysis in [10 ] can b e mo di�ed

to sho w that the n um b er of iterations that this algorithm p erforms is O ( � log ( n=� )). Indeed,

as long as there exists some v ertex of the new sample R that is not co v ered b y the set H

constructed b y F , w e k eep on doubling the w eigh ts of the triangles co v ering this v ertex, and

according to the analysis of the algorithm [10 ], the o v erall n um b er of suc h iterations do es not

exceed 4 � log ( n=� ) . On the other hand, if R is fully co v ered b y H , w e stop this pro cess (and

ma y p erform a smaller n um b er of iterations), and start the actual construction of the union.

W e start with the description of the net �nder F . W e use a simple metho d, review ed brie
y

in [10 ] and presen ted b y Matou � sek [25 ], for reducing the w eigh ted case to the un w eigh ted one.

In this metho d, w e scale all w eigh ts of the triangles in T , suc h that the sum w ( T ) of the

w eigh ts of all the elemen ts of T satis�es w ( T ) = n . W e then tak e b w (�) + 1 c copies of eac h

elemen t � 2 T (where w (�) is the scaled w eigh t of �). Note that the m ultiset T

0

, that w e

ha v e constructed, con tains all the elemen ts of T and has at most 2 n elemen ts. It is sho wn

in [25 ] that an " -net for (the un w eigh ted set) T

0

is also an " -net for the w eigh ted set T . Finding

a (1 = 2 � )-net for T

0

can b e done b y dra wing O ( � log � ) random elemen ts of T

0

. As sho wn, e.g.,

in [6 ], an appropriate c hoice of the constan t of prop ortionalit y ensures that suc h a random

sample is a (1 = 2 � )-net, with o v erwhelming probabilit y . Clearly , creating the m ultiset T

0

tak es

O ( n ) time, and dra wing O ( � log � ) random elemen ts of T

0

tak es an additional O ( � log � ) time.

Th us the o v erall running time of the net �nder is O ( n ), for total time of O ( n� log ( n=� ) ) o v er

all iterations of the algorithm. (Note that if the random sample is not a (1 = 2 � )-net (whic h ma y
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U

t

2

t

1

t

3

Figure 2: The second stage of the actual construction of the union. U denotes the union of the

h triangles in the hitting set H , and t

1

; t

2

and t

3

denote the remaining triangles to b e inserted

in to the union. Only the p ortions of t

1

; t

2

and t

3

that lie outside U are relev an t.

happ en with an o v erwhelmingly small probabilit y), the n um b er of iterations of the algorithm

ma y exceed 4 � log ( n=� ) , and, in this case, w e ma y stop the whole pro cess and restart it from

scratc h. Nev ertheless, the fact that the pro cess fails with an o v erwhelmingly small probabilit y

ensures that the n um b er of suc h trials is not larger than some constan t factor.)

In the implemen tation of the v eri�er V , w e use brute force, and iterate o v er all the v ertices

of R and the triangles of H in O ( r � log � ) time, to determine whether there exists a v ertex in

R that is not co v ered b y the triangles of H . W e denote the set of all suc h v ertices of R b y R

H

.

Supp ose R

H

is not empt y (otherwise, the �rst part of the algorithm terminates). W e sample

a random v ertex v from R

H

, and obtain, b y brute force, the set T

v

of all triangles in T that

con tain v in their in terior (clearly , T

v

\ H = ; ), and double their w eigh ts. Ho w ev er, since R

ma y in general also con tain zero-depth v ertices, T

v

will b e empt y for suc h v ertices. In this

case w e con tin ue sampling v ertices out of R

H

, and stop when w e �nd a p ositiv e-depth v ertex.

Since the o v erwhelming ma jorit y of the v ertices in R ha v e p ositiv e depth, w e will obtain suc h

a v ertex, w.o.p., after at most O (log n ) samples, as is easily v eri�ed. Hence, w.o.p., the total

cost of this substep is O ( n log n ). Since w e rep eat this pro cedure for O ( � log ( n=� )) steps, the

o v erall cost of this stage is

O ( � log ( n=� ) ( r � log � + n log n )) = O ( r �

2

log � log ( n=� ) + n� log ( n=� ) log n ) ;

and this b ounds the o v erall running time, for b oth the net �nder F and the v eri�er V , o v er all

iterations of the �rst part of the algorithm.

The actual construction of the union

The implemen tation of the actual construction of the union pro ceeds through t w o stages. W e

�rst construct the union of the triangles in the set H , and then compute the p ortion of A ( T )

outside this union. As argued earlier, this p ortion con tains, w.o.p., at most

�

t

p ositiv e-depth

v ertices of A ( T ).
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W e �rst construct the union of the h triangles of H in O ( h

2

) = O ( �

2

log

2

� ) time (using,

e.g., randomized incremen tal construction [27 ]). Next, w e e�cien tly �nd the in tersections of

the b oundary of eac h of the remaining triangles � with the b oundary of

S

H , in order to

collect all the p ortions of @ � lying outside

S

H . W e denote the set of all suc h p ortions, o v er

all the remaining triangles, b y C . (See Figure 2 for an illustration.)

In order to �nd those p ortions e�cien tly , w e use the algorithm of Ben tley and Ottmann [9 ]

for rep orting all k in tersections in a set of n simply shap ed Jordan arcs in O ( n log n + k log n )

time. W e partition the set of the remaining triangles in to d

n

� log �

e subsets, eac h con taining

O ( � log � ) triangles. W e denote the collection of all these subsets b y S =

n

S

1

; : : : ; S

d

n

� log �

e

o

.

Next, w e compute, for ev ery subset S 2 S , the arrangemen t A ( S ) induced b y the triangles in

S , and then run the Ben tley-Ottmann algorithm on the com bined collection of the edges of

A ( S ) and the O ( h

2

) edges of

S

H . Since the edges of A ( S ) are pairwise op enly disjoin t, and

so are the edges of

S

H , the algorithm will only rep ort in tersections b et w een the b oundary

of

S

H and the remaining triangles. Since the o v erall n um b er of suc h in tersections, o v er all

subsets in S , is at most

�

t

, the o v erall cost of rep orting all in tersections is

O

��

n

� log �

� �

2

log

2

�

�

log n +

�

t

log n

�

= O ( n� log � log n +

�

t

log n ) :

Next, w e trim the edges of the remaining triangles to their p ortions outside

S

H , and then

construct the en tire union using another line sw eeping pro cedure on these exterior edge p ortions

and the b oundary edges of

S

H [9 ]. Since there are at most

�

t

p ositiv e-depth v ertices that are

constructed during this pro cess, the algorithm tak es O

��

n + �

2

log

2

� +

�

t

�

log n

�

time.

This completes the detailed description of our algorithm, whic h is summarized in the fol-

lo wing pro cedure, for whic h � is an input parameter. Since � is not kno wn a priori, w e run

this pro cedure with the v alues � = 1 ; 2 ; 4 ; : : : ; 2

i

; : : : (where i � log n ), thereb y guaran teeing a

constan t appro ximation of the actual v alue of � . The c hoice of r (that is, of the parameter t )

in this pro cedure will b e sp eci�ed later.

Pro cedure Constr uctUnion( T , � )

1. Construct

S

T b y a line sw eeping pro cedure on the triangles in T . Stop the pro cedure as

. so on as it constructs more than max f �

2

; n

4 = 3

g v ertices. If it terminates goto 16.

2. Initialize all w eigh ts of the triangles in T to 1.

3. rep eat

4. H  (1 = 2 � )-net of size O ( � log � ) for the w eigh ted system ( T ; V

�

).

5. Construct a new random sample R of r v ertices out of the v ertices of A ( T ).

6. Apply the v eri�er V to H and R .

7. if H co v ers R goto 11.

8. else

9. Double the w eigh ts of all the triangles in the subset T

v

rep orted b y V .

10. endrep eat

11. Construct the union of the triangles in H .

12. P artition T in to subsets S

1

; : : : ; S

d

n

� log �

e

of size O ( � log � ) eac h.

13. F or eac h S

i

, compute A ( S

i

) and �nd all in tersections b et w een its edges and @

S

H ,

. using a line-sw eeping pro cedure.
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14. T rim the edges of the remaining triangles to their p ortions outside

S

H . Denote the

. set of the resulting segmen ts b y C .

15. Construct

S

T b y a line sw eeping pro cedure on C and the b oundary edges of

S

H .

16. end

W e substitute r = ct log n , for some absolute constan t c , and for the parameter t that w e

still need to �x. Since h the size of H is O ( � log � ), and since the algorithm terminates after

O ( � log ( n=� ) ) iterations, the o v erall cost of the algorithm is

min

(

O (( n + � ) log n ) ;

O

�

n

2

�

r � log ( n=� ) + n� log ( n=� ) log n + hr � log ( n=� ) + nh log n +

�

t

log n + h

2

log n

�

)

=

min

(

O (( n + � ) log n ) ;

O

�

n

2

�

t� log n log ( n=� ) + n� (log ( n=� ) + log � ) log n + �

2

t log � log n log ( n=� ) +

�

t

log n

�

)

:

Cho osing

t = max

�
p

�

� log n

; 1

�

;

the running time b ound b ecomes

min

�

O (( n + � ) log n ) ; O

�

n

2

p

�

log ( n=� ) + �

p

� log

2

n + n� (log ( n=� ) + log � ) log n

� �

:

Since � = O ( n

2

) and � � n , this is upp er b ounded b y

min

�

O (( n + � ) log n ) ; O

�

n

2

p

�

log n + n� log

2

n

� �

:

The t w o terms in v olving � are equal when � = n

4 = 3

. Hence the running time is alw a ys b ounded

b y O ( n

4 = 3

log n + n� log

2

n ).

In summary , w e ha v e sho wn:

Theorem 3.1 L et T b e a set of n triangles in the plane whose union is e qual to the union

of an unknown subset of � � n triangles. Then the union c an b e c onstructe d in r andomize d

exp e cte d time O

�

n

4 = 3

log n + n� log

2

n

�

, which is sub quadr atic for any � = o

�

n

log

2

n

�

.

4 Extensions

In this section w e sho w ho w to extend our algorithm to compute the union of other planar

shap es, as w ell as unions of simply shap ed b o dies in three and higher dimensions.

The analysis of the algorithm of [10 ] holds for an y range space of �nite V C dimension.

Consider an input set S of b o dies in I R

d

, and let V denote the set of p ositiv e-depth v ertices

of A ( S ). It is w ell kno wn that the range space ( S; V

�

) has �nite V C dimension if the ob jects

ha v e constan t description complexit y . This can b e sho wn, for instance, b y the linearization
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tec hnique (see, e.g., [26 ]). In this case, the n um b er of v ertices that the ob jects in the set H ,

rep orted b y the net �nder F , can generate, among themselv es, is O ( �

d

log

d

� ). In addition,

Lemma 2.1 con tin ues to hold in this case, since it do es not mak e an y assumptions on the

input shap es. It th us follo ws that Theorem 2.2 can b e easily extended to b o dies in I R

d

of

constan t description complexit y , and that the residual cost of the algorithm, in this case, is

O ( �

d

log

d

� +

�

t

), w.o.p.

The actual implemen tation of the v arious stages of the algorithm can also b e easily extended

to b o dies in I R

d

of constan t description complexit y . W e b egin with the planar case, and then

discuss in Section 4.1 the extension to higher dimensions.

In the case of simply shap ed planar regions, w e apply similar subroutines, that run within

the same time b ounds as stated in Section 3. In the sampling pro cedure, eac h pair of region

b oundaries in tersect in a constan t n um b er of p oin ts, and w e collect all these in tersections to

form R . Since our system has �nite V C-dimension, w e can construct a (1 = 2 � )-net for this

system in m uc h the same w a y as in Section 3. In addition, the v eri�er V can still detect

whether a giv en v ertex v is con tained in the in terior of another giv en region in O (1) time, and

th us these t w o subroutines will run within the same asymptotic time b ounds as in the case

of triangles. (In fact, these prop erties hold for b o dies of constan t description complexit y in

higher dimensions as w ell, and th us the net �nder F and the v eri�er V will run within the same

asymptotic time b ounds in these cases to o). In the actual construction of the union, w e use

the algorithm of Ben tley and Ottmann [9], whic h can b e applied for an y set of Jordan arcs of

constan t description complexit y , with the same asymptotic time b ound, as stated in Section 3.

W e can th us easily deriv e the follo wing theorem:

Theorem 4.1 L et S b e a set of n planar r e gions of c onstant description c omplexity, whose

union is e qual to the union of an unknown subset of � � n r e gions. Then the union c an b e

c onstructe d in r andomize d exp e cte d time O

�

n

4 = 3

log n + n� log

2

n

�

, which is sub quadr atic for

any � = o

�

n

log

2

n

�

.

4.1 The union of simply shap ed b o dies in I R

d

W e b egin with the extension of our algorithm to the case of b o dies of constan t description

complexit y in three dimensions, and then describ e the generalization to higher dimensions.

In three dimensions, w e ma y assume in the sampling pro cedure that � � max f �

3

; n

2

g .

Otherwise, w e construct the union in time O (( n

2

+ �

3

) log n ), as follo ws. W e �x a b o dy B 2 S

and in tersect its b oundary F with eac h ob ject B

0

2 S n f B g . W e obtain a collection of n � 1

Jordan regions of constan t description complexit y on F . The complemen t of their union is

the p ortion of F that app ears on @

S

S . Computing this complemen t can b e done in time

O ( n log n + �

B

log n ), where �

B

is the n um b er of v ertices of A ( S ) that lie on F , using an

appropriate v arian t of the line-sw eeping algorithm of Ben tley and Ottmann [9]. Rep eating this

pro cedure for eac h b oundary F , the total cost is O (( n

2

+ � ) log n ) = O (( n

2

+ �

3

) log n ), as

claimed.

The main part of the algorithm then pro ceeds in m uc h the same w a y as b efore. F or example,
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F

Figure 3: The case where the input b o dies are simplices in three dimensions. The facet F

b elongs to one of the �rst h simplices. The thic k lines are the b oundaries of

S

H on F .

The thin lines are the in tersections of the n � h remaining simplex b oundaries with F . The

in tersections app earing in the shaded regions lie in the in terior of the union of the n simplices,

and need not b e computed explicitly .

when w e construct a sample R of v ertices, w e p erform, in analogy with the t w o-dimensional

pro cedure,

c

0

r

(

n

3

)

�

sampling steps, for an appropriate constan t c

0

> 1, where in eac h step w e

c ho ose, uniformly and indep enden tly , a triple of distinct input b o dies in S , and collect all

resulting b oundary in tersections to form R . A similar analysis to that describ ed in Section 3

sho ws that, with an appropriate c hoice of the constan t c

0

, at least r of the c hosen triples

generate real v ertices that ha v e p ositiv e depth, w.o.p.

As noted ab o v e, the net �nder F and the v eri�er V can b e implemen ted in a similar

manner to that describ ed in Section 3, and run within the same asymptotic time b ounds

(and this holds in higher dimensions as w ell). It follo ws that, c ho osing t = max

n

p

�

� log n

; 1

o

,

the �rst part of the algorithm computes a subset H of S of size h = O ( � log � ), in time

O ( r �

2

log � log ( n=� ) + n� log ( n=� ) log n ), suc h that at most

�

t

p ositiv e-depth v ertices of A ( S )

lie outside the (in terior of the) union

S

H .

After constructing

S

H , w e need to compute all the in tersections b et w een the remaining

b o dies and the b oundary of

S

H . This is done as follo ws. F or eac h b o dy B 2 S (particularly ,

B ma y b elong to H ), w e tak e its b oundary F , and compute the set of its exp osed p ortions

that lie outside

S

H n f B g . This is done b y constructing the in tersections B

0

F

= B

0

T

F for

eac h B

0

2 H n f B g , and then compute the complemen t of their union within F . Since the

regions B

0

F

are b ounded b y curv es of constan t description complexit y , their arrangemen t has

O ( h

2

) complexit y , and it can b e constructed in O ( h

2

log n ) time. W e denote b y E

F

the set of

edges of the arrangemen t that app ear on the b oundary of the union of the regions B

0

F

. Clearly

j E

F

j = O ( h

2

). W e then in tersect F with all the remaining n � h input b o dies, obtaining a
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set of curv es S

F

b ounding the in tersection regions. Our goal is to �nd the p ortions of the

curv es in S

F

that are not con tained in the in terior of

S

H ; see Figure 3 for an illustration.

W e �rst rep ort the in tersections b et w een the curv es in S

F

and E

F

in O ( nh log n + I

F

log n )

time, where I

F

is the n um b er of suc h in tersections, in a similar manner to that describ ed in

the t w o-dimensional case. Since the o v erall n um b er of these in tersections, o v er all facets F , is

less than

�

t

, the o v erall time needed to rep ort all these in tersections, o v er all these facets, is

O ( n

2

h log n +

�

t

log n ) :

W e no w trim, on eac h b oundary F , the edges of the cross sections of the remaining input

b o dies, to their p ortions within the exp osed b o dies on F , and con tin ue in a similar manner to

that describ ed in the t w o-dimensional case; that is, w e run a line sw eeping pro cedure on these

p ortions and the curv es in E

F

. The running time of this pro cedure, o v er all b oundaries F , is

O

��

n

2

+ nh

2

+

�

t

�

log n

�

.

The o v erall running time of the algorithm, in this case, is th us

min

(

O (( n

2

+ � ) log n ) ;

O

�

n

3

�

r � log ( n=� ) + n� log ( n=� ) log n + hr � log ( n=� ) + n

2

h log n +

�

t

log n

�

)

=

min

(

O (( n

2

+ � ) log n ) ;

O

�

n

3

�

t� log n log ( n=� ) + �

2

t log � log n log ( n=� ) + n

2

� log � log n +

�

t

log n

�

)

:

Cho osing, as ab o v e,

t = max

�
p

�

� log n

; 1

�

;

the running time b ound b ecomes

min

�

O (( n

2

+ � ) log n ) ; O

�

n

3

p

�

log ( n=� ) + �

p

� log

2

n + n

2

� log � log n

��

:

Since � = O ( n

3

) and � � n , this is upp er b ounded b y

min

�

O (( n

2

+ � ) log n ) ; O

�

n

3

p

�

log n + n

2

� log

2

n

��

:

The t w o terms in v olving � are equal when � = n

2

. Hence the running time is alw a ys b ounded

b y

O ( n

2

log n + n

2

� log

2

n ) = O ( n

2

� log

2

n ) ;

whic h is sub cubic for � = o

�

n

log

2

n

�

.

Let B b e a set of n b o dies of constan t description complexit y in I R

d

, and let S � B b e the

(unkno wn) subset of � b o dies whose union is equal to

S

B . W e compute the union b y recursing

on the dimension. That is, w e �x a b o dy B 2 B , tak e its b oundary F , and in tersect it with eac h

b o dy B

0

2 B n f B g . W e then compute the union of these in tersection b o dies, and construct
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its comp onen t within F . The union of all these comp onen ts, o v er all b oundaries F , yields the

b oundary of @ B . Note that if B 2 B n S then the union of the in tersection b o dies along @ B

co v ers the en tire b oundary of B . In fact, the union of the in tersections with the b o dies of S

already co v ers the b oundary . Similarly , if B 2 S then the union of the in tersection b o dies

along @ B is equal to the union of the in tersections with the b o dies of S . In either case, with an

appropriate parametrization of the b oundaries, w e obtain n ( d � 1)-dimensional instances of

the union construction problem, eac h with output size � � , according to our measure. W e th us

compute these ( d � 1)-dimensional unions recursiv ely , and stop the recursion when d = 3. This

leads to an o v erall algorithm that runs in randomized exp ected time O ( n

d � 1

� log

2

n ). That is,

w e ha v e:

Theorem 4.2 L et S b e a set of n b o dies of c onstant description c omplexity in I R

d

, whose

union is e qual to the union of an unknown subset of � � n b o dies. Then the union c an b e

c onstructe d in r andomize d exp e cte d time O ( n

d � 1

� log

2

n ) , which is asymptotic al ly smal ler than

n

d

for any � = o

�

n

log

2

n

�

.

5 Concluding Remarks

W e ha v e presen ted an output-sensitiv e algorithm for the problem of constructing e�cien tly

the union of n triangles in the plane, whose running time is expressed in terms of the smallest

size � of an unkno wn subset of the triangles whose union is equal to the union of the en tire

set. W e ha v e used a v arian t of the tec hnique of Br• onnimann and Go o dric h [10 ] for �nding

a set co v er in a set system of �nite V C-dimension. W e ha v e also presen ted a detailed and

fairly generic implemen tation of this metho d, sho wing that the ab o v e problem can b e solv ed in

randomized exp ected time O ( n

4 = 3

log n + n� log

2

n ), whic h is sub quadratic for � = o

�

n

log

2

n

�

.

The algorithm do es not ha v e to kno w the v alue of � in adv ance. Instead, it runs an exp onen tial

searc h on � , whic h appro ximates w ell the correct v alue of � , up to a constan t factor.

W e sho w ed that our approac h can b e easily extended to simply shap ed b o dies of constan t

description complexit y in I R

d

, for d � 2, where the union is determined b y � b o dies. In the

planar case, the running time remains O ( n

4 = 3

log n + n� log

2

n ). In d � 3, the union can b e

constructed in randomized exp ected time O ( n

d � 1

� log

2

n ), whic h is asymptotically smaller than

n

d

for � = o

�

n

log

2

n

�

. F or d > 3, w e computed the union recursiv ely on d , b y constructing the

union along eac h ob ject b oundary separately . Ho w ev er, this recursion had to stop at d = 3.

Indeed, for d = 3, applying the t w o-dimensional algorithm on the b oundary of eac h input

b o dy , yields an o v erall O

�

n

7 = 3

log n + n

2

� log

2

n

�

exp ected running time, whic h is w orse than

the b ound that w e ha v e obtained when � = o

�

n

1 = 3

log n

�

.

A direction for further researc h is to determine whether there exist simpler e�cien t ap-

proac hes to the union construction problem studied in this pap er. W e note that the standard

randomized incremen tal construction (RIC) of [27 ] ma y fail in this case. In fact, the standard

bad example for the RIC, consisting of n triangles that form �( n

2

) shallo w v ertices that are all

co v ered b y one large triangle (or, more generally , sparsely co v ered b y � � n triangles), sho ws

that the RIC ma y fail to construct the union in an output-sensitiv e manner.
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Another direction for further researc h is to extend our approac h to instances in v olving

unions in three dimensions where the w orst-case complexit y of the union is only quadratic or

near-quadratic (see [4 , 7 , 28 ] for kno wn instances of this kind). Our approac h runs in sub cubic

time, when � is small, but do es not impro v e up on standard, output-insensitiv e tec hniques when

the union complexit y is near-quadratic. The simplest instance of suc h a problem w ould b e:

Giv en a collection of n balls in I R

3

, whose union is equal to the union of some � � n of the

balls, can the union b e constructed in sub quadratic time?

Finally , w e note that in an earlier v ersion of the algorithm [17 ], w e used a di�eren t approac h,

based on a careful implemen tation of the DC algorithm of [15 ]. The previous approac h is more

complicated, yields a somewhat less e�cien t solution, whic h is sub quadratic only for a smaller

range of the v alues of the parameter � , and is more di�cult to extend to other geometric

shap es and to higher dimensions. Our new approac h, based on the tec hnique of Br• onnimann

and Go o dric h, is simpler, more generic, impro v es our previous result, and extends to other

shap es and to higher dimensions.

Ac kno wledgmen ts. The authors wish to thank Ken Clarkson and Sariel Har-P eled for use-

ful discussions on this problem. In particular, Sariel's insistence that w e use the Br• onnimann-

Go o dric h tec hnique (instead of the DC algorithm in the earlier v ersion [17 ]) has �nally led to

the impro v ed algorithm presen ted in this pap er.
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A The Actual Mo del for Sampling R

As describ ed in Section 3, w e dra w the elemen ts of R b y randomly making

c

0

r

(

n

2

)

�

indep enden t

selections of a v ertex out of V

+

, for some constan t c

0

� 1, where in eac h trial, eac h v ertex

(or more precisely , eac h pair of triangles) is c hosen with probabilit y

1

(

n

2

)

(th us the same v ertex

ma y b e sampled more than once). The probabilit y p that a v ertex v 2 V

+

is c hosen (at least

once) is equal to

p = 1 �

 

1 �

1

�

n

2

�

!

c

0

r

(

n

2

)

�

: (4)

It is easily c hec k ed that p is smaller than c

0

r

�

. Moreo v er, one can also easily sho w that

p > c

0

r

�

�

( c

0

r )

2

�

2

: (5)

In this mo del, the v ariables X

1

; : : : ; X

�

S

(as w ere de�ned in Lemma 2.1) are no longer

indep enden t. Examining the pro of of the deviation b ound giv en in [6 , Theorem A.13], w e note

that the only place where it uses the assumption that these v ariables are indep enden t, is in

the deriv ation of the equalit y

eti sa ys: I have check ed that (mo re than once).

E

h

e

P

�

S

i =1

�X

i

i

= �

�

S

i =1

E

h

e

�X

i

i

;

for an y � . Moreo v er, the analysis in [6 ] only uses the v alue � =

r

0

p�

S

, where r

0

is de�ned as in

Lemma 2.1. An insp ection of the deriv ation of these b ounds in [6] sho ws that they con tin ue

to hold when

E

h

e

P

�

S

i =1

�X

i

i

� �

�

S

i =1

E

h

e

�X

i

i

:

F urthermore, Lemma 2.1 con tin ues to hold when the w eak er inequalit y

E

h

e

P

�

S

i =1

�X

i

i

� 
 �

�

S

i =1

E

h

e

�X

i

i

(6)
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holds, for some p ositiv e constan t 
 . This has the e�ect of m ultiplying the probabilit y that (1)

fails b y 
 , whic h implies that (1) still holds, w.o.p. Hence, it su�ces to sho w that (6) holds

for the ab o v e v alue of � .

In our mo del,

�

�

S

i =1

E

h

e

�X

i

i

=

�

e

�

p + (1 � p )

�

�

S

=

�

1 + p ( e

�

� 1)

�

�

S

: (7)

and

E

h

e

P

�

S

i =1

�X

i

i

=

r

�

X

m =0

P r [ r

S

= m ] e

�m

; (8)

where r

�

= min

�

c

0

r

(

n

2

)

�

; �

S

�

. (Note that P r [ r

S

= m ] = 0, for an y m > r

�

.)

In eac h of the

c

0

r

(

n

2

)

�

dra wing trials, the probabilit y that w e ha v e selected a v ertex v , and

that it is not co v ered b y S , is q =

�

(

n

2

)

�

�

S

�

=

�

S

(

n

2

)

. Since these trials are indep enden t, w e ha v e

P r [ r

S

= m ] =

�

r

�

m

�

q

m

[1 � q ]

r

�

� m

:

Hence (8) b ecomes

r

�

X

m =0

�

r

�

m

�

q

m

[ 1 � q ]

r

�

� m

e

�m

=

�

e

�

q + 1 � q

�

r

�

:

In other w ords, putting e

�

� 1 = �

0

, w e need to sho w that

( 1 + �

0

q )

r

� 
 ( 1 + �

0

p )

�

S

;

for some constan t 
 > 0. W e will sho w that

(1 + �

0

q )

r

�

� ( 1 + �

0

p )

2 c

0

r

(1 + �

0

p )

�

S

;

whic h implies the preceding inequalit y b ecause ( 1 + �

0

p )

2 c

0

r

= O (1). Indeed, (1 + �

0

p )

2 c

0

r

<

e

2 c

0

�

0

pr

. Using the fact that e

�

� 1 + 2 � , for 0 � � � 1, and substituting � =

r

0

p�

S

, �

0

= e

�

� 1

w e ha v e

e

2 c

0

�

0

pr

� e

4 c

0

r r

0

�

S

:

Since w e assume in Lemma 2.1 that r

0

= 2

p

c

0

r

�

�

S

log n , for some constan t c

0

� 1, the latter

expression is smaller than

e

8 c

0

r

�

S

p

c

0

r

�

�

S

log n

= e

O

�

r

r

r log n

��

S

�

;

whic h is alw a ys upp er b ounded b y

e

O

(

r

�

p

tr log n

)

;
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using the assumption of Lemma 2.1 that �

S

�

�

t

.

Substituting r = ct log n , for some constan t c , and t = max

n

p

�

� log n

; 1

o

, as ab o v e, and using

the assumption that � � max f �

2

; n

4 = 3

g (see Section 3)

e

2 c

0

�

0

pr

< max

(

e

O

�

1

�

2

�

; e

O

�

log

2

n

�

�

)

= O (1) :

It th us remains to sho w that

(1 + �

0

q )

r

�

� ( 1 + �

0

p )

2 c

0

r + �

S

: (9)

W e �rst assume that

c

0

r

(

n

2

)

�

� �

S

. W e th us sho w that

�

1 + �

0

�

S

�

�

c

0

r

(

n

2

)

�

� (1 + �

0

p )

2 c

0

r + �

S

;

or that

c

0

r

(

n

2

)

�

X

i =0

�

c

0

r

(

n

2

)

�

i

�

 

�

0

�

S

�

n

2

�

!

i

�

2 c

0

r + �

S

X

i =0

�

2 c

0

r + �

S

i

�

(1 + �

0

p )

i

:

Note that 2 c

0

r + �

S

>

c

0

r

(

n

2

)

�

, due to the assumption that

c

0

r

(

n

2

)

�

� �

S

. It th us su�cien t to sho w

that

�

c

0

r

(

n

2

)

�

i

�

 

�

0

�

S

�

n

2

�

!

i

�

�

2 c

0

r + �

S

i

�

(1 + �

0

p )

i

;

for eac h 0 � i �

c

0

r

(

n

2

)

�

. Clearly , this inequalit y holds for i = 0, and using (5), for eac h i > 0,

it implies that

�

�

S

2 c

0

r + �

S

�

i

�

�

1 �

c

0

r

�

�

i

:

It therefore su�ces to sho w that

�

S

2 c

0

r + �

S

� 1 �

c

0

r

�

, or that 1 �

2 c

0

r

2 c

0

r + �

S

� 1 �

c

0

r

�

, or that

� � c

0

r +

�

S

2

; (10)

whic h clearly holds, since �

S

� � and r � � .

W e no w sho w that (9) holds when

c

0

r

(

n

2

)

�

> �

S

. W e th us sho w that

 

1 + �

0

�

S

�

n

2

�

!

� (1 + �

0

p )

2 c

0

r + �

S

�

S

:
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Using the fact that ( 1 + �

0

p )

2 c

0

r + �

S

�

S

� 1 + �

0

p

�

2 c

0

r + �

S

�

S

�

and (5), it is su�cien t to sho w that

�

S

�

n

2

�

� c

0

r

�

�

1 �

c

0

r

�

� �

1 +

2 c

0

r

�

S

�

;

or that

�

1 �

c

0

r

�

� �

1 +

2 c

0

r

�

S

�

� 1, using the assumption on �

S

. The latter implies that � � c

0

r �

�

S

2

� 0, whic h clearly holds due to (10).

W e note that (9) holds for an y v alue of �

0

> 0, and the assumption on � is used only when

sho wing that (1 + �

0

p )

2 c

0

r

= O (1). This completes the pro of of (6) for the ab o v e considered

v alues of � .


