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Abstract

The arrangemen t of a �nite collection of geometric ob jects is the decomp osition of the

space in to connected cells induced b y them. W e surv ey com binatorial and algorithmic

prop erties of arrangemen ts of curv es in the plane and of surfaces in higher dimensions.

W e presen t man y applications of arrangemen ts to problems in motion planning, visual-

ization, range searc hing, molecular mo deling, and geometric optimization. Some results

in v olving planar arrangemen ts of curv es ha v e b een presen ted in a companion c hapter

in this b o ok, and are extended in this c hapter to higher dimensions.
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Intr oduction 1

1 In tro duction

The arr angement of a �nite collection � of geometric ob jects in R

d

, denoted as A (�), is

the decomp osition of the space in to relativ ely op en connected cells of dimensions 0 ; : : : ; d

induced b y �, where eac h cell is a maximal connected set of p oin ts lying in the in tersection

of a �xed subset of �. Besides b eing in teresting in their o wn righ t, b ecause of the ric h

geometric, com binatorial, algebraic, and top ological structures that arrangemen ts p ossess,

they also lie at the heart of sev eral geometric problems arising in a wide range of applications

including rob otics, computer graphics, molecular mo deling, and computer vision. Before

pro ceeding further, w e presen t a few suc h examples.

(a) Assume that w e ha v e a rob ot system B with d degrees of freedom, i.e., w e can represen t

eac h placemen t of B as a p oin t in R

d

, and w e call the space of all placemen ts the c on�gur ation

sp ac e of B . Supp ose the three-dimensional w orkspace of B is cluttered with p olyhedral

obstacles whose shap es and lo cations are kno wn. B is allo w ed to mo v e freely in a motion

that traces a con tin uous path in the con�guration space, but B has to a v oid collision

with the obstacles. F or eac h com bination of a geometric feature (v ertex, edge, face) of

an obstacle and a similar feature (face, edge, v ertex) of B , de�ne their c ontact surfac e

as the set of all p oin ts in R

d

that represen t placemen ts of B at whic h con tact is made

b et w een these sp eci�c features. Let � b e the set of all con tact surfaces. Let Z b e a p oin t

corresp onding to a giv en initial fr e e placemen t of B , i.e., a placemen t at whic h it do es

not in tersect an y obstacle. Then the set of all free placemen ts of B that can b e reac hed

from Z via a collision-free con tin uous motion corresp onds to the cell con taining Z in the

arrangemen t of the con tact surfaces. Th us, the problem of determining whether there exists

a collision-free path from an initial con�guration I to a �nal con�guration F is equiv alen t to

determining whether I and F lie in the same cell of A (�). This close relationship b et w een

arrangemen ts and motion planning has led to considerable w ork on arrangemen ts; see, for

example, [22 , 52 , 196 , 205 , 221 , 222 , 228 , 232 , 304 ]. If w e w an t to compute the set of all

placemen ts reac hable from the initial placemen t I , the c ombinatorial c omplexity of the cell

in A (�) con taining I , i.e., the total n um b er of lo w er-dimensional faces app earing on its

b oundary , serv es as a trivial lo w er b ound for the running time. It turns out that in man y

instances one can design motion-planning algorithms whose p erformance almost matc hes

this b ound.

(b) A molecule can b e mo deled as an arrangemen t of spheres, where the radius of eac h sphere

dep ends on the atom that it mo dels and the p osition of eac h sphere dep ends on the molecular

structure. In the V an der Waals mo del , a molecule is a family of p ossibly o v erlapping

spheres, where the radius of eac h sphere is determined b y the v an der W alls radius of the

corresp onding atom in the molecule. Lee and Ric hards [229 ] prop osed another mo del, called

solvent ac c essible mo del, whic h is used to study the in teraction b et w een the protein and

solv en t molecules. Also in this mo del, a molecule is mo deled as a sphere, but the balls

represen ting the solv en t molecules are shrunk to p oin ts and the balls represen ting atoms in

the protein are in
ated b y the same amoun t [289 ]. Ev en though these mo dels ignore v arious
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Intr oduction 2

prop erties of molecules, they ha v e b een useful in a v ariet y of applications. Man y problems

in molecular mo deling can b e form ulated as problems related to arrangemen ts of spheres.

F or example, computing the \outer surface" of the molecule corresp onds to computing the

un b ounded cell of the corresp onding arrangemen t of spheres. See [135 , 136 , 200 , 255 ] for

more details on applications of arrangemen ts in molecular biology .

(c) Arrangemen ts are also attractiv e b ecause of their relationship with sev eral other struc-

tures. F or example, using the duality transform, a p oin t p = ( p

1

; : : : ; p

d

) in R

d

can b e

mapp ed to the h yp erplane

P

d

i =1

x

i

p

i

= 1, and vice v ersa. This facilitates the form ulation

of sev eral problems related to p oin t con�gurations in terms of arrangemen ts of h yp erplanes.

See [132 , 102 ] for a small sample of suc h problems. The Grassmann-Pl • uc k er relation trans-

forms k -
ats in R

d

to h yp erplanes or p oin ts in R

u

, for u =

�

d +1

k +1

�

� 1 [70 , 208 ]; e.g., lines

in R

3

can b e mapp ed to h yp erplanes or p oin ts in R

5

. Therefore man y problems in v olv-

ing lines in R

3

ha v e b een solv ed using h yp erplane arrangemen ts in R

5

[307 , 279 , 99 , 127 ].

The w ell-kno wn com binatorial structure oriente d matr oids of rank k + 1 are closely related

to arrangemen ts of pseudo-h yp erplanes in R

k

[70 , 290 ], and zonotop es in R

d

corresp ond

to h yp erplane arrangemen ts in R

d � 1

[132 , 332 ]. Sev eral applications of arrangemen ts in

singularit y theory , algebraic group theory , and other �elds of mathematics can b e found

in [266 , 269 ].

Study of arrangemen ts of lines and h yp erplanes has a long, ric h history . The �rst

pap er on this topic is p erhaps b y J. Steiner in 1826 [309 ], in whic h he obtained b ounds

on the n um b er of cells in arrangemen ts of lines and circles in the plane and of planes and

spheres in R

3

. His results ha v e since b een extended in sev eral w a ys [31 , 32 , 33 , 82 , 291 ,

326 , 330 , 331 ]. A summary of early w ork on arrangemen ts of h yp erplanes can b e found

in the monograph and the surv ey pap er b y Gr • un baum [183 , 184 ]. Most of the w ork on

h yp erplane arrangemen ts un til the 1980s dealt with the com binatorial structure of the en tire

arrangemen t or of a single cell in the arrangemen t (i.e., a con v ex p olyhedron), and with

the algebraic and top ological prop erties of the arrangemen t [165 , 267 , 268 , 269 ]. V arious

substructures and algorithmic issues of h yp erplane arrangemen ts, motiv ated b y problems

in computational and com binatorial geometry , ha v e receiv ed atten tion mostly during the

last �fteen y ears.

Although h yp erplane arrangemen ts p ossess an immensely ric h structure, man y applica-

tions (e.g., the motion-planning problem and molecular mo dels describ ed ab o v e) call for a

systematic study of higher-dimensional arrangemen ts of patc hes of algebraic surfaces. F or

more than a cen tury , researc hers in algebraic geometry ha v e studied arrangemen ts of alge-

braic surfaces, but their fo cus has largely b een on algebraic and com binatorial issues rather

than on algorithmic ones. Considerable progress has b een made on all fron ts during the

last �fteen y ears.

It is b ey ond the scop e of a surv ey pap er, or ev en of a b o ok, to co v er all asp ects of

arrangemen ts. In this c hapter w e will surv ey com binatorial and algorithmic problems on

arrangemen ts of (h yp er)surfaces (or of surface patc hes) in real a�ne space R

d

. (Hyp erplane
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Preliminaries 3

arrangemen ts in complex space ha v e also b een studied; see, e.g., [69 , 269 ].) W e will assume

that d is a small constan t, that the surfaces are algebraic and their degree is b ounded b y a

constan t, and that an y surface patc h is a semialgebraic set de�ned b y a Bo olean com bination

of a constan t n um b er of p olynomials of constan t maxim um degree. There has b een some

recen t w ork on com binatorial and algorithmic issues in v olving arrangemen ts of more general

surfaces, kno wn as semi-pfa�an sets, whic h include graphs of trigonometric, exp onen tial, or

logarithmic functions on b ounded domains [175 , 223 ]. W e also note that a study of algebraic

and top ological problems on arrangemen ts of algebraic surfaces can b e found in [71 ]. In this

surv ey w e will mostly review the kno wn results on the com binatorial complexit y of v arious

substructures of arrangemen ts, the kno wn algorithms for computing these substructures,

and the geometric applications that b ene�t from these results. Man y other com binatorial

problems related to arrangemen ts are discussed in [70 , 166 , 178 , 272 , 271 , 306 , 332 ]. An

excellen t source on com binatorial and algorithmic results on arrangemen ts of h yp erplanes

is the b o ok b y Edelsbrunner [132 ]. The b o ok b y the authors [304 ] co v ers some of the topics

discussed here in detail. Other surv ey pap ers on arrangemen ts include [197 , 190 , 204 , 302 ].

This surv ey is organized as follo ws. In Section 2 w e de�ne arrangemen ts formally , state

the assumptions w e will b e making in this surv ey , and discuss the kno wn b ounds on the

complexit y of the en tire arrangemen t. Sections 3{10 discuss com binatorial complexities of

v arious substructures of arrangemen ts. Section 11 discusses sev eral metho ds for represen ting

arrangemen ts. Section 12 describ es algorithms for computing the en tire arrangemen t, and

Section 13 reviews algorithms for computing v arious substructures of arrangemen ts. W e

discuss a few applications of arrangemen ts in Section 14.

2 Preliminaries

Let � = f 


1

; : : : ; 


n

g b e a collection of n (h yp er)surfaces or surface patc hes in R

d

. The set

� induces a decomp osition of R

d

in to connected cells (or faces), called the arr angement of

� and denoted A (�), so that eac h cell is a maximal connected subset of the in tersection of a

�xed (p ossibly empt y) subset of surface patc hes that a v oids all other surface patc hes. Th us

a d -dimensional cell is a maximal connected region that do es not meet an y surface patc h

of �. The c ombinatorial c omplexity of A (�) is the total n um b er of cells, of all dimensions,

in A (�). The com binatorial complexit y of a k -dimensional cell C in A (�) is the n um b er of

cells of A (�) of dimension less than k that are con tained in the b oundary of C .

W e assume that � satis�es the follo wing assumptions.

(A1) Eac h 


i

2 � is a semialgebraic set of constan t description complexit y . The lo cal

dimension of ev ery p oin t in 


i

is d � 1.

1

1

A subset of R

d

is called a r e al semialgebr aic set if it is obtained as a �nite Bo olean com bination of sets

of the form f f = 0 g or f f > 0 g for d -v ariate p olynomials f . A semialgebraic set has c onstant description

c omplexity if it can b e describ ed in terms of a constan t n um b er of p olynomials, with a constan t b ound on

the degrees of the corresp onding p olynomials.

A rr angements April 14, 1998



Preliminaries 4

Figure 1: An arrangemen t of lines.

(A2) Eac h 


i

2 � is of the form ( Q

i

= 0) ^ F

i

( P

i

1

�

i

1

0 ; P

i

2

�

i

2

0 ; : : : ; P

i

u

�

i

u

0). Here u is a

constan t; �

i

j

2 f� ; �g ; F

i

is a Bo olean form ula; Q

i

; P

i

1

; : : : ; P

i

u

2 R [ x

1

; : : : ; x

d

]; and

the degrees of Q

i

; P

i

j

are at most b , for some constan t b . Let Q = f Q

1

; : : : ; Q

n

g .

W e will refer to semialgebraic sets satisfying (A1) and (A2) a (hyp er)surfac e p atch in

R

d

. If 


i

is simply the zero set of Q

i

, w e will call 


i

a (hyp er)surfac e . Using a strati�cation

algorithm [71 , 210 ], w e can decomp ose eac h 


i

in to a constan t n um b er connected surface

patc hes so that the in terior of eac h patc h is smo oth and eac h of them satis�es (A1) and

(A2) with a di�eren t, p ossibly larger, v alue of b . W e can also assume that eac h resulting

patc h is monotone in x

1

; : : : ; x

d � 1

(i.e., an y line parallel to the x

d

-axis in tersects it in at

most one p oin t). In some cases, the resulting collection ma y also include vertic al surface

patc hes, namely , patc hes whose pro jection on the h yp erplane x

d

= 0 has dimension � d � 2.

Ho w ev er, in most of the presen tation w e will assume that no v ertical patc hes exist.

An arrangemen t of h yp erplanes is called simple if an y d of the h yp erplanes in tersect

in exactly one p oin t, and no d + 1 of them ha v e a nonempt y in tersection. In a simple

arrangemen t, a k -dimensional cell is con tained in d � k h yp erplanes. W e will also need

a similar concept for arrangemen ts of surface patc hes. An arrangemen t A (�) satisfying

assumptions (A1) and (A2) is said to b e in gener al p osition if the co e�cien ts of the p olyno-

mials de�ning the surface patc hes in � and their b oundaries are algebraically indep enden t

2

o v er the rationals; otherwise, A (�) is called de gener ate . This condition ensures that no

degeneracy o ccurs among the surface patc hes, suc h as to o man y surface patc hes with a

common p oin t, tangencies or o v erlaps b et w een di�eren t in tersections of subsets of the sur-

face patc hes, etc. W e note that this de�nition of general p osition is quite strong (e.g.,

surfaces de�ned b y p olynomials with in teger co e�cien ts are not in general p osition). In all

the applications only a m uc h w eak er v ersion of general p osition is required, whic h rules out

a sp eci�c list of forbidden degenerate situations. If A (�) is in general p osition, then an y d

surface patc hes of � in tersect in at most s p oin ts for some constan t s dep ending on d and

b . By Bezout's theorem [208 ], s � b

d

.

2

A set f x

1

; : : : ; x

k

g of real n um b ers is algebr aic al ly indep endent (o v er the rationals) if no k -v ariate

p olynomial with in teger co e�cien ts v anishes at ( x

1

; x

2

; : : : ; x

k

).
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Preliminaries 5

If A (�) is degenerate, w e can p erturb the co e�cien ts of the p olynomials in Q b y v arious

in�nitesimals so that the co e�cien ts of the p erturb ed p olynomials are in extensions of the

reals that are �elds of Puiseux Series in these in�nitesimals, and so that the resulting surface

patc hes are in general p osition. Moreo v er, it can b e sho wn that, as far as w orst-case b ounds

are concerned, the p erturbation ma y reduce the com binatorial complexit y of an y cell of the

arrangemen t b y at most a constan t factor [304 , 303 , 283 ]. Actually , in man y cases the size

of a substructure of � has maxim um complexit y when A (�) is in general p osition. This

observ ation allo ws us to restrict our atten tion to arrangemen ts in general p osition while

in v estigating the com binatorial complexit y of substructures of arrangemen ts.

Ho w ev er, in order to ac hiev e the general p osition de�ned ab o v e, the p erturbation sc heme

has to in tro duce a di�eren t in�nitismal for eac h co e�cien t, whic h mak es an y algorithm based

on this p erturbation sc heme impractical. F ortunately , most of the algorithms in v olving

arrangemen ts either w ork for an y degenerate arrangemen t or require a considerably w eak er

de�nition of general p osition, e.g., the in tersection of an y k surface patc hes is either empt y

or a ( d � k )-dimensional set, all surface patc hes in tersect \prop erly ," etc. The p erturbation

sc heme required b y an algorithm dep ends on the degenerate situations that it w an ts to rule

out. Sev eral constructiv e p erturbation sc hemes ha v e b een prop osed that use only a few

in�nitismals [66 , 146 , 159 , 160 , 167 ]. Although these sc hemes cannot handle all the cases,

they w ork for a wide range of applications. The pap er b y Seidel [300 ] con tains a detailed

discussion on \linear" p erturbations and its applications in geometric algorithms. Man y

algorithms ha v e also b een prop osed to handle degeneracies directly without resorting to

p erturbations; see e.g. [59 , 83 ]. W e will, nev ertheless, use the strong de�nition of general

p osition, de�ned ab o v e, in order to simplify the exp osition, and refer the reader to original

pap ers for sp eci�c gener al-p osition assumptions required b y di�eren t algorithms.

In the ligh t of the preceding discussion, and since w e are mainly in terested in asymptotic

b ounds, w e will mak e the follo wing additional assumptions on the surface patc hes in �,

without an y real loss of generalit y , whenev er required.

(A3) Eac h surface patc h in � is connected and monotone in x

1

; : : : ; x

d � 1

, and its relativ e

in terior is smo oth.

(A4) The surface patc hes in � are in general p osition.

(A5) An y d surface patc hes in � in tersect in at most s p oin ts, for some constan t s . (This is

a consequence of the preceding assumptions, but is stated to in tro duce s explicitly .)

Generally , w e will b e stating assumptions (A1) and (A2), but most of the pro ofs and

algorithms sk etc hed in the surv ey will also mak e assumptions (A3){(A5).

Assumptions (A1){(A3) imply that w e can regard eac h surface patc h 
 as the graph

of a partially de�ned ( d � 1)-v ariate function x

d

= 
 ( x

1

; : : : ; x

d � 1

) of constan t description

complexit y . W e will refer to the pro jection of 
 on to the h yp erplane x

d

= 0 as the domain ,

denoted 


�

, of 
 (o v er whic h the function 
 is de�ned). The b oundary of 


�

, called the

A rr angements April 14, 1998



Preliminaries 6

domain b oundary , is a collection of O (1) ( d � 2)-dimensional surface patc hes in R

d � 1

satis-

fying assumptions corresp onding to (A1){(A2). Abusing the notation sligh tly , w e will not

distinguish b et w een the surface patc h 
 and the underlying function 
 ( x

1

; : : : ; x

d � 1

).

The most fundamen tal question in the com binatorial study of an arrangemen t A (�) of

surfaces is to pro v e a b ound on the com binatorial complexit y , f (�), of A (�).

In 1826, Steiner [309 ] studied the complexit y of arrangemen ts of lines and circles in R

2

and of planes and spheres in R

3

. His results on arrangemen ts of planes can b e summarized

as follo ws. Let � b e a set of n planes in R

3

so that � can b e decomp osed in to k parallel

families, con taining n

1

; : : : ; n

k

planes in eac h resp ectiv e family , and the parallel families are

in general p osition. Steiner pro v ed the follo wing b ounds on the n um b er of v ertices, edges,

t w o-dimensional faces, and three-dimensional cells of A (�).

�

3

v ertices,

�

2

+ 3 �

3

edges,

� �

2

+ 3 �

3

b ounded edges,

�

1

+ 2 �

2

+ 3 �

3

2-faces,

�

1

� 2 �

2

+ 3 �

3

b ounded 2-faces,

1 + �

1

+ �

2

+ �

3

3-cells,

� 1 + �

1

� �

2

+ �

3

b ounded 3-cells.

Here �

1

=

P

k

i =1

n

i

= n , �

2

=

P

i<j

n

i

n

j

, and �

3

=

P

i<j <k

n

i

n

j

n

k

. In particular, if n

i

= 1

for 1 � i � k , i.e., � is a set of n = k planes in general p osition, then A (�) has

�

n

3

�

v ertices,

�

n

2

�

+ 3

�

n

3

�

edges, n

2

+ 3

�

n

3

�

2-faces, and 1 + n +

�

n

2

�

+

�

n

3

�

3-cells. Later Rob erts [291 ] extended

Steiner's form ula to coun t the n um b er faces in arbitrary arrangemen ts of planes (allo wing

all kinds of degeneracies) in R

3

, using the inclusion-exclusion principle. Brousseau [81 ]

used a plane-sw eep argumen t to coun t the n um b er of faces in arrangemen ts of planes in

R

3

. (A similar argumen t w as used b y Hadwiger [194 ] to deriv e Euler's form ula for con v ex

p olytop es.) His metho d w as later extended b y Alexanderson and W etzel [33 ].

Buc k [82 ] w as the �rst to b ound the com binatorial complexit y of h yp erplane arrange-

men ts in higher dimensions. In more recen t w ork, Zasla vsky [330 , 331 ] studied h yp erplane

arrangemen ts; he used the M• obius in v ersion form ula and lattice theory to coun t the n um b er

of cells of all dimensions in (p ossibly degenerate) h yp erplane arrangemen ts. Let � b e a set

of n h yp erplanes in R

d

. Let '

k

(�) denote the n um b er of k -cells in A (�). Zasla vsky [330 ]

and Las V ergnas [227 ] pro v ed that for non-simple arrangemen ts, '

k

(�), dep ends on the

underlying matroid structure. There are sev eral results on b ounding '

k

(�) in nonsimple

h yp erplane arrangemen ts. F or example, F ukuda et al. [173 ] pro v ed that the mean n um b er

of ( k � 1)-cells b ounding a k -cell in an arrangemen t of n h yp erplanes is less than 2 k , whic h

immediately implies that �

k

(�) �

�

d

k

�

'

d

(�). See [173 , 252 , 292 ] for some other results of

this t yp e.

In summary , the follo wing theorem giv es a b ound on the com binatorial complexit y of

h yp erplane arrangemen ts.
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Theorem 2.1 (Buc k [82 ]) L et � b e a set of n hyp erplanes in R

d

. F or any 0 � k � d ,

'

k

(�) �

�

n

d � k

�

k

X

i =0

�

n � d + k

i

�

:

The maximum is attaine d when A (�) is simple.

Pro of: W e will pro v e the theorem for simple arrangemen ts. Let '

k

( n; d ) denote the n um b er

of k -cells in a simple d -dimensional arrangemen t of n h yp erplanes. Let A (�) b e a simple

arrangemen t of a set � of n h yp erplanes in R

d

. Fix a subset R � � of d � k h yp erplanes,

and let � =

T

h 2 R

h ; � is a k -
at. Set � j

�

= f h \ � j h 2 H n R g . The k -cells of A (� j

�

)

are the same as the k -cells of A (�) that lie in �. Since A (� j

�

) is a simple k -dimensional

arrangemen t and there are

�

n

d � k

�

subsets of � of size d � k , w e obtain

'

k

(�) =

�

n

d � k

�

'

k

( n � d + k ; k ) :

By Euler's relation for cell complexes in a�ne space (see e.g., [132 ]),

d

X

k =0

( � 1)

k

'

k

(�) = ( � 1)

d

;

therefore

d

X

k =0

( � 1)

k

�

n

d � k

�

'

k

( n � d + k ; k ) = ( � 1)

d

:

The ab o v e equalit y can b e rewritten as

d

X

k =0

( � 1)

k

�

n

k

�

'

d � k

( n � k ; d � k ) = 1 : (2.1)

W e claim that

'

d

( n; d ) =

d

X

i =0

�

n

i

�

; (2.2)

whic h will complete the pro of of the theorem.

Since (2.1) is a recurrence with '

0

( n; 0) = 1, there is a unique solution to the recurrence.

A rr angements April 14, 1998



Preliminaries 8

By induction on d and substituting (2.2) in (2.1), w e obtain

d

X

k =0

( � 1)

k

�

n

d � k

�

"

d � k

X

i =0

�

n � k

i

�

#

=

d

X

k =0

d � k

X

i =0

( i � 1)

k

�

n

k + i

��

k + i

k

�

=

d

X

i =0

i

X

k =0

( � 1)

k

�

n

i

��

i

k

�

= 1 +

d

X

i =1

�

n

i

�

i

X

k =0

( � 1)

k

�

i

k

�

= 1 :

This completes the pro of of the theorem. 2

F or arrangemen ts A (�) of a set � of surfaces satisfying assumptions (A1) and (A2),

obtaining a b ound on f (�) is not easy . If surfaces patc hes are in general p osition, in the

sense de�ned ab o v e, it is easy to argue that f (�) = O ( n

d

). Ho w ev er, it is not easy to argue

that the arrangemen ts ha v e maxim um complexit y when the surface patc hes are in general

p osition (this is due to the complicated algebraic structures that can arise in degenerate

settings). Hein tz et al. [211 ] pro v ed that f (�) = ( nb )

O ( d )

. A lo w er b ound of 
(( nb=d )

d

) is

not di�cult to pro v e. W arren [323 ] had pro v ed that the n um b er of d -dimensional cells in

an arrangemen t of n h yp ersurfaces, eac h of degree � b , in R

d

is O (( nb=d )

d

). This b ound

also follo ws from the results b y Milnor [259 ], P etro vski � � and Ole � �nik [281 ], and Thom [317 ].

Using a p erturbation argumen t, P ollac k and Ro y [283 ] generalized W arren's result and

pro v ed that the n um b er of cells of all dimensions in an arrangemen t of n h yp ersurfaces is

O (( nb=d )

d

). An easy consequence of their result is the follo wing theorem.

Theorem 2.2 L et � b e a set of n surfac e p atches in R

d

satisfying assumptions (A1)

and (A2). Then

f (�) =

�

O ( nb )

d

�

d

:

A recen t result b y Basu et al. [65 ] can b e used to extend the ab o v e theorem as follo ws.

Let � b e a k -dimensional algebraic surface of degree at most b . Then the n um b er of cells

in the sub division of � induced b y � is at most O ( n

k

b

d

).

Impro v ed b ounds on the complexit y of the arrangemen t can b e pro v ed in some sp ecial

cases. F or example, if � is a set of n ( d � 1)-simplices in R

d

that form the b oundaries of k

con v ex p olytop es, then f (�) = O ( n

b d= 2 c

k

d d= 2 e

) [44 ]. See [121 ] for impro v ed b ounds in a few

other cases. A concept closely related to the com binatorial complexit y of arrangemen ts is

the n um b er of r e alizable sign p atterns of a family of p olynomials. Let Q = f Q

1

; : : : ; Q

n

g

b e a set of d -v ariate p olynomials as de�ned ab o v e, and let � b e the family of the zero-sets
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of the p olynomials in Q . W e can de�ne �

i

( x ), for a p oin t x 2 R

d

, as follo ws.

�

i

( x ) =

8

<

:

� 1 Q

i

( x ) < 0 ;

0 Q

i

( x ) = 0 ;

+1 Q

i

( x ) > 0 :

Since �

i

( x ) remains the same for all p oin ts x in a single cell of A (�), w e can de�ne the

sign se quenc e for eac h cell � ( C ) = h �

1

( x ) ; �

2

( x ) ; : : : ; �

n

( x ) i for an y p oin t x 2 C . A sign

sequence � is r e alize d b y A (�) if there is a cell C 2 A (�) with � = � ( C ). A w ell-studied

question in algebraic geometry is to b ound the n um b er of sign sequences that can b e realized

b y a set of p olynomials [34 ]. Ob viously , f (�) is an upp er b ound on this quan tit y .

3 Lo w er En v elop es

De�nitions and preliminary results. In c hapter DS-?? w e review ed lo w er en v elop es

of arcs in the plane and sho w ed the relationship b et w een suc h en v elop es and Da v enp ort{

Sc hinzel sequences, whic h ev en tually led to the deriv ation of tigh t or almost tigh t b ounds

on the complexit y of these structures. In this section w e study lo w er en v elop es of surface

patc hes in higher dimensions. Let � = f 


1

; : : : ; 


n

g b e a collection of surface patc hes in R

d

satisfying assumptions (A1){(A3). If w e regard eac h surface patc h as the graph of a partially

de�ned function, the lower envelop e of �, denoted L (�) (or L for brevit y), is de�ned as the

graph of the partially de�ned function

L

�

( x ) = min

1 � i � n




i

( x ) ; x 2 R

d � 1

;




i

( x ) is set to + 1 if x 62 


�

i

. The upp er envelop e U (�) of � is de�ned as the graph of the

partially de�ned function

U

�

( x ) = max

1 � i � n




i

( x ) ; x 2 R

d � 1

;




i

( x ) is set to �1 if x 62 


�

i

. W e can extend the de�nitions of lo w er and upp er en v elop es ev en

if � satis�es only (A1) and (A2). W e can decomp ose eac h 


i

in to O (1) connected patc hes,

eac h of whic h is monotone in x

1

; : : : ; x

d � 1

directions and satis�es (A1) and (A2). Let �

0

denote the resulting set of surface patc hes. W e de�ne L (�) = L (�

0

) and U (�) = U (�

0

).

L (�) induces a partition of R

d � 1

in to maximal connected (( d � 1)-dimensional) regions

so that L (�) is attained b y a �xed (p ossibly empt y) subset of � o v er the in terior of eac h

suc h region. The b oundary of suc h a region consists of p oin ts at whic h L (�) is attained

b y at least t w o of the surface patc hes or b y the relativ e b oundary of at least one surface.

Let M (�) denote this sub division of R

d � 1

, whic h w e call the minimization diagr am for the

collection �. A fac e of M (�) is a maximal connected region o v er whic h L (�) is attained

b y the same set of functions and/or relativ e b oundaries of function graphs in �. Note

that if a face f 2 M (�) lies on the b oundary of the domain of a surface in �, then f
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Figure 2: Lo w er en v elop e of triangles in R

3

, as view ed from b elo w.

ma y not corresp ond to an y face of L (�). Ho w ev er, if f lies in the relativ e in terior of the

domains of all the relev an t surface patc hes, f is the pro jection of a face

^

f of L (�). The

c ombinatorial c omplexity of L (�), denoted � (�), is the n um b er of faces of all dimensions in

M (�). F or an in�nite family G of surface patc hes satisfying assumptions (A1){(A2), w e

de�ne � ( n; d; G ) = max � (�), where the maxim um is tak en o v er all subsets � of G of size n .

If G is the set of all surface patc hes satisfying (A1){(A3) or if G is ob vious from the con text,

w e will simply write � ( n; d ). The maximization diagr am is de�ned as the sub division of

R

d � 1

induced, in the same manner, b y the upp er en v elop e U (�) of �.

As discussed in Chapter DS-??, the complexit y of the lo w er en v elop e of n arcs in the

plane, eac h pair of whic h in tersects in at most s p oin ts, is at most �

s +2

( n ), the maxim um

length of an ( n; s )-Da v enp ort{Sc hinzel sequence (see also [304 ]). Extending to higher di-

mensions, it w as conjectured that the complexit y of the lo w er en v elop es of a family of n

surface patc hes satisfying (A1){(A2) is O ( n

d � 2

�

q

( n )) for a constan t q � 0. If � is a set

of n h yp erplanes in R

d

, then the Upp er Bound Theorem implies that the complexit y of

L (�) is �( n

b d= 2 c

) [332 ]. Let � b e the set of all ( d � 1)-simplices in R

d

. Extending the

lo w er-b ound construction b y Wiernik and Sharir [327 ] to higher dimensions, one can pro v e

that � ( n; d; �) = 
( n

d � 1

� ( n )). This suggests w e cannot hop e to aim for an o ( n

d � 1

) b ound

on � ( n; d ) for general surface patc hes. A t the end of this section w e will discuss some cases

in whic h b etter b ounds on � ( n; d ) can b e pro v ed.

Using a divide-and-conquer approac h, P ac h and Sharir [273 ] pro v ed that, for a set �

of n simplices in R

d

, the n um b er of ( d � 1)-dimensional faces in M (�) is O ( n

d � 1

� ( n )).

Roughly sp eaking, they divide � in to subsets �

1

; �

2

, eac h of size at most d n= 2 e , and b ound

the n um b er of ( d � 1)-dimensional faces of M (�

1

) ; M (�

2

) recursiv ely . They pro v e that

the n um b er of ( d � 1)-dimensional faces in M (�) is jM (�

1

) j + jM (�

2

) j + O ( n

d � 1

� ( n )),

thereb y obtaining the claimed b ound. Edelsbrunner [133 ] extended their result to giv e the

same asymptotic b ound for the n um b er of faces of all dimensions. Simpler pro ofs for this

b ound w ere prop osed b y Sharir and Agarw al [304 ] and T agansky [314 ]. Roughly sp eaking,

b oth pro ofs pro ceed b y induction on d , and they b ound the c hange in the complexit y of the

minimization diagram as a simplex is inserted in to �.
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The main complexit y b ound. All the aforemen tioned pro ofs rely crucially on the fact

that if � is a set of surface patc hes in general p osition, then an y triple of surface patc hes

in tersect in at most one p oin t. These pro ofs do not extend to the case when a trip e in tersects

in t w o or more p oin ts. Halp erin and Sharir [202 ] pro v ed a near-quadratic b ound on � ( n; 3)

for the case when s � 2. Sharir [303 ] extended their approac h to higher v alues of s and d .

Their results are stated in the follo wing theorem.

Theorem 3.1 (Halp erin and Sharir [202 ]; Sharir [303 ]) L et � b e a set of n surfac e p atches

in R

d

satisfying assumptions (A1){(A2). Then � ( n; d ) = O ( n

d � 1+ "

) , for any " > 0 . The

c onstant of pr op ortionality dep ends on "; d; b (and s ).

Pro of: W e will sk etc h the pro of for a set of biv ariate surface patc hes in R

3

satisfying

assumptions (A1){(A5) with s = 2, i.e., a triple of surface patc hes in tersect in at most t w o

p oin ts. F or a pair of surface patc hes 


i

; 


j

2 �, let �

ij

denote the in tersection arc 


i

\ 


j

. If

�

ij

is not x

1

-monotone, w e decomp ose it at its x

1

-extremal p oin ts; eac h in tersection arc is

thereb y decomp osed in to O (1) pieces. If an y of these p oin ts app ears on the lo w er en v elop e,

w e regard it as a v ertex on the en v elop e and its pro jection as a v ertex on the minimization

diagram.

Since � is in general p osition, it su�ces to b ound the n um b er of v ertices in M (�).

Indeed, a higher dimensional face f of M (�) m ust b e inciden t to a v ertex v of M (�), and

w e can c harge f to v . By the general-p osition assumption, eac h v ertex is c harged only a

constan t n um b er of times. F or a subset R � �, let �

�

( R ) denote the n um b er of v ertices in

M ( R ); set �

�

( r ) = max �

�

( R ), where the maxim um is tak en o v er all subsets of � of size r .

C

e

e

Figure 3: V ertical cylinder C

e

and the v ertical cross-section �

e

of �.

W e call a v ertex of M (�) a b oundary v ertex if it lies on the b oundary @ 


�

i

of the domain

of a surface 


i

; otherwise w e call it an inner v ertex. The n um b er of b oundary v ertices is

O ( n�

q

( n )), where q is a constan t dep ending on b , the maxim um degree of surface patc hes

and their b oundaries. Indeed, let C

e

b e the v ertical cylinder erected on an edge e of the
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b oundary @ 


�

i

, i.e., C

e

= e � R . De�ne �

e

= f 
 \ C

e

j 
 2 � n f 


i

gg , whic h is a collection

of O ( n ) arcs; see Figure 3. Eac h arc in �

e

satis�es assumptions (A1){(A3) (with d = 2,

and with larger, but still constan t, parameters b and s ). It is easily seen that a b oundary

v ertex of M (�) app earing on e is a v ertex of M (�

e

). If the arcs in �

e

in tersect in at most

q � 2 p oin ts, O ( �

q

( n )) b oundary v ertices lie on e . Summing o v er all O ( n ) edges of domain

b oundaries of �, w e obtain the desired b ound on the n um b er of b oundary v ertices.

W e call an inner v ertex r e gular if it is not an x

1

-extremal v ertex of an y of the three

in tersection curv es. The n um b er of irregular v ertices is ob viously O ( n

2

). F or a subset

R � �, let � ( R ) denote the n um b er of regular (inner) v ertices in M ( R ), and let � ( r ) =

max

j R j = r

� ( R ). The ab o v e discussion implies that

�

�

(�) � � (�) + O ( n�

q

( n )) :

Next, w e deriv e a recurrence for � (�), whic h will solv e to O ( n

2+ "

). Fix a regular v ertex

v of M (�). let ^v b e the corresp onding v ertex of L (�) (since v is an inner v ertex, ^v is

w ell de�ned). Supp ose ^v is one of the t w o in tersection p oin ts of three surface patc hes,

sa y , 


1

; 


2

; 


3

. Assume, without loss of generalit y , that if j 


1

\ 


2

\ 


3

j = 2, then the x

1

-

co ordinate of the other in tersection p oin t of 


1

; 


2

, and 


3

is larger than that of ^v . Since

^v is a regular v ertex, one of the three pairwise-in tersection curv es �

ij

, sa y �

12

, lies ab o v e

L (�) in the halfspace x

1

< x

1

( v ) in a su�cien tly small neigh b orho o d of ^v . W e mark on �

12

the in tersection p oin ts of �

12

with other surface patc hes of � and the p oin ts that lie ab o v e

the b oundaries of other surface patc hes in �.

W e �x a parameter t = t ( " ) and follo w �

12

in the ( � x

1

)-direction, starting from ^v , un til

one of the follo wing three ev en ts o ccurs:

3

(C1) w e reac h the left endp oin t of �

12

;

(C2) �

12

app ears on L (�); or

(C3) w e crossed t mark ed p oin ts on �

12

.

W e call v a v ertex of t yp e (C i ), for i = 1 ; 2 ; 3, if w e �rst reac h an ev en t of t yp e (C i ).

If (C1) o ccurs, w e c harge v to the left endp oin t of �

12

. Since eac h endp oin t is c harged at

most t wice, the total n um b er of regular v ertices of t yp e (C1) is O ( n

2

). If (C2) o ccurs, then

w e m ust ha v e passed ab o v e the b oundary of 


3

while follo wing �

12

b ecause �

12

lies strictly

ab o v e 


3

in the halfspace x

1

< x

1

( v ). Let w b e the mark ed p oin t on �

12

that lies ab o v e @ 


�

3

and that w e ha v e visited. W e c harge v to w . Supp ose w lies ab o v e an edge e of @ 


�

3

. W e can

de�ne C

e

and �

e

as ab o v e; then w is a v ertex of A (�

e

). Since (C2) o ccurred b efore (C3),

at most t mark ed p oin ts lie on �

12

b et w een v and w , whic h implies that less than t arcs of

�

e

lie b elo w w . As sho wn in [301 ], the n um b er of v ertices of A (�

e

) that lie ab o v e at most

3

If the x

1

-co ordinate of the other in tersection p oin t of 


1

; 


2

, and 


3

w ere smaller than that of ^v , w e

w ould ha v e traced �

12

in the (+ x

1

)-direction.
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t arcs is O ( t�

q

( n )). Summing o v er all edges of domain b oundaries, the n um b er of mark ed

p oin ts on in tersection arcs to whic h a v ertex of t yp e (C2) is c harged is O ( nt�

q

( n )). Since

eac h mark ed p oin t is c harged O (1) times, the n um b er of t yp e (C2) v ertices is O ( nt�

q

( n )).

Finally , if (C3) o ccurs, then w e c harge 1 =t to eac h mark ed p oin t on �

12

that w e visited.

Eac h mark ed p oin t will b e c harged only O (1 =t ) units, and eac h suc h mark ed p oin t lies ab o v e

at most t surface patc hes of �. Theorem 6.1 in Section 6 implies that the n um b er of suc h

mark ed p oin ts, summed o v er all in tersection curv es, is O ( t

3

�

�

( n=t )). The total n um b er of

v ertices of t yp e (C3) is th us

O (1 =t ) � O ( t

3

�

�

( n=t )) = O ( t

2

� ( n=t ) + n�

q

( n )) :

Hence, w e obtain the follo wing recurrence for � ( n ):

� ( n ) � At

2

�

�

n

t

�

+ B tn�

q

( n ) ;

where A and B are constan ts (dep ending on b ). The solution of the ab o v e recurrence is

� ( n ) = O ( tn

1+log

t

A

�

q

( n )) :

If t = t ( " ) is c hosen su�cien tly large, then � ( n ) = O ( n

2+ "

). This pro v es the theorem for

d = 3 ; s = 2.

F or s > 2, Sharir [301 ] in tro duces the notion of index of a regular v ertex. The index of

a v ertex v 2

T

3

i =1




i

is the n um b er of p oin ts of

T

3

i =1




i

whose x

1

co ordinates are less than

that of v . F or 0 � j < s , let �

( j )

(�) b e the n um b er of regular v ertices in L (�) of index j .

Then � (�) =

P

s � 1

j =0

�

( j )

(�).

Mo difying the ab o v e argumen t sligh tly , Sharir deriv ed a system of recurrences for the

quan tities �

( j )

(�), for j < s . There are three main di�erences. First, the tracing of �

12

is alw a ys done in the decreasing x

1

-direction. Second, the v alue of the parameter t no w

dep ends on j and is denoted b y t

j

, Third, there is one more stopping criterion:

(C4) �

12

in tersects 


3

; let z b e the (�rst) in tersection p oin t.

Using the fact that the index of z is � j � 1 and that at most t

j

surface patc hes lie b elo w

z , Sharir deriv es the follo wing recurrence for �

( j )

( n ) = max

j � j = n

�

( j )

(�).

�

( j )

( n ) � A

j

t

2

j

�

�

�

n

t

j

�

+ B

j

�

t

3

j

�

( j � 1)

�

n

t

j

�

+ nt�

q

( n )

�

:

By expanding this system of recurrences and b y c ho osing the v alues of t

j

carefully , Sharir

pro v ed that the solution of this system satis�es

�

�

( n ) = O ( n

2+ "

) :

The theorem is pro v ed in higher dimensions b y induction on d , using a similar c harging

sc heme. See the original pap er b y Sharir for details. 2

A rr angements April 14, 1998



Lo wer Envelopes 14

Op en Problem 1 Let � b e a set of n surface patc hes in R

d

satisfying assumptions (A1)

and (A2). Is � ( n; d ) = O ( n

d � 2

�

q

( n )) , where q is a constan t dep ending on d and b ?

Bounds in sp ecial cases. As noted ab o v e, sharp er b ounds are kno wn on the complexit y

of lo w er en v elop es in some sp ecial cases; see [294 , 304 ]. F or example, if � is a set of pseudo-

planes in R

3

, i.e., eac h triple of surfaces in tersects in at most one p oin t and the in tersection

of a pair of surfaces in � is a single (closed or un b ounded) Jordan curv e, then � (�) = O ( n ).

On the other hand, if � is a set of pseudo-spheres, i.e., eac h triple in tersects in at most t w o

p oin ts and the in tersection curv e of an y pair is a single Jordan curv e, then � (�) = O ( n

2

).

If � is a family of h yp ersurfaces in R

d

, a sharp er b ound on � (�) can b e pro v ed using the

so-called line arization tec hnique. Here is a sk etc h of this tec hnique.

Let � = f 


1

; : : : ; 


n

g b e a collection of h yp ersurfaces of degree at most b , i.e., eac h 


i

is the zero set of a d -v ariate p olynomial Q

i

of degree at most b . Let Q = f Q

1

; : : : ; Q

n

g .

W e sa y that � admits a line arization of dimension k if, for some p > 0, there exists a

( d + p )-v ariate p olynomial

g ( x ; a ) =  

0

( a ) +  

1

( a ) '

1

( x ) +  

2

( a ) '

2

( x ) + � � � +  

k � 1

( a ) '

k � 1

( x ) + '

k

( x ) ;

for x 2 R

d

, a 2 R

p

, so that, for eac h 1 � i � n , w e ha v e Q

i

( x ) = g ( x ; a

i

) for some a

i

2 R

p

.

Here eac h  

j

( a ), for 0 � j � k , is a p -v ariate p olynomial, and eac h '

j

( x ), for 1 � j � k + 1, is

a d -v ariate p olynomial. It is easily seen that suc h a p olynomial represen tation alw a ys exists

for p � d

b +1

|let the ' 's b e the monomials that app ear in at least one of the p olynomials of

Q , and let  

j

( a ) = a

j

(where w e think of a as the v ector of co e�cien ts of the monomials).

W e de�ne a transform ' : R

d

� ! R

k

that maps eac h p oin t in R

d

to the p oin t

' ( x ) = ( '

1

( x ) ; '

2

( x ) ; : : : ; '

k

( x ));

the image ' ( R

d

) is a d -dimensional algebraic surface � in R

k

. F or eac h function Q

i

( x ) =

g ( x ; a

i

), w e de�ne a k -v ariate linear function

h

i

( y ) =  

0

( a

i

) +  

1

( a

i

) y

1

+ � � �  

k � 1

( a

i

) y

k � 1

+ y

k

:

Let H = f h

i

= 0 j 1 � i � n g b e a set of n h yp erplanes in R

k

. Let � b e a v ertex of L (�). If �

is inciden t to 


1

; : : : ; 


d

, then Q

1

( � ) = � � � = Q

d

( � ) = 0 and Q

d +1

( � ) �

d +1

0 ; : : : ; Q

n

( � ) �

n

0,

where �

i

2 f >; < g . By construction, Q

i

( � ) = h

i

( ' ( � )). Let Q 2 R [ x

1

; : : : ; x

d

] b e a d -

v ariate p olynomial. If w e regard Q as a univ ariate p olynomial in x

d

and the co e�cien t of

the leading term in Q is a p ositiv e constan t, then w e call Q a p ositive p olynomial . If all Q

i

's

are p ositiv e, then, b y the de�nition of lo w er en v elop es, Q

i

( � ) < 0 for ev ery i > d . Hence,

h

1

( ' ( � )) = � � � h

d

( ' ( � )) = 0 and h

d +1

( ' ( � )) < 0 ; : : : ; h

n

( ' ( � )) < 0. That is, ' ( � ) is a v ertex

of L ( H ) \ �. Since eac h h

i

is a h yp erplane in R

k

and the degree of � dep ends only on d

and b , the Upp er Bound Theorem for con v ex p olyhedra (see McMullen and Shephard [251 ]

and Ziegler [332 ]) implies that the n um b er of v ertices in � \ L ( H ) is O ( n

b k = 2 c

). Hence, w e

can conclude the follo wing.
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Theorem 3.2 L et � b e a c ol le ction of n hyp ersurfac es in R

d

, of c onstant maximum de gr e e

b . If � admits a line arization of dimension k and e ach surfac e � is the zer o set of a p ositive

p olynomial, then � (�) = O ( n

b k = 2 c

) , wher e the c onstant of pr op ortionality dep ends on k ; d ,

and b .

W e illustrate the linearization tec hnique b y giving an example. A sphere in R

d

with

cen ter ( a

1

; : : : ; a

d

) and radius a

d +1

can b e regarded as the zero set of the p olynomial

g ( x ; a ), where

g ( x ; a

1

; : : : ; a

d +1

) = [ a

2

1

+ � � � + a

2

d

� a

2

d +1

] � [2 a

1

� x

1

] � [2 a

2

� x

2

] � � � � �

[2 a

d

� x

d

] + [ x

2

1

+ � � � x

2

d

]

Th us, setting

 

0

( a ) =

d

X

i =1

a

2

i

� a

2

d +1

;  

1

( a ) = 2 a

1

; � � �  

d

( a ) = 2 a

d

;  

d +1

( a ) = � 1 ;

'

1

( x ) = x

1

; � � � '

d

( x ) = x

d

; '

d +1

( x ) =

d

X

i =1

x

2

i

;

w e obtain a linearization of dimension d + 1. W e can therefore conclude the follo wing:

Corollary 3.3 L et � b e a set of n spher es in R

d

. Then � (�) = O ( n

d d= 2 e

) .

The o v erla y of minimization diagrams. Motiv ated b y sev eral applications, researc hers

ha v e studied the complexit y of the o v erla y of t w o minimization diagrams. That is, let � and

�

0

b e t w o families of surface patc hes satisfying assumptions (A1){(A3); set n = j � j + j �

0

j .

The overlay of M (�) and M (�

0

) is the decomp osition of R

d � 1

in to maximal connected

regions so that eac h region lies within a �xed pair of faces of M (�) and M (�

0

). It is

conjectured that the complexit y of the o v erla y of the t w o diagrams is also close to O ( n

d � 1

).

Although this conjecture is ob viously true for the minimization diagrams of arcs in the

plane, it is not in tuitiv e ev en in R

3

b ecause the o v erla y of t w o planar maps with m edges

eac h ma y ha v e 
( m

2

) v ertices. Edelsbrunner et al. [141 ] pro v ed an O ( n

d � 1

� ( n )) upp er

b ound if � and �

0

are sets of a total of n simplices in R

d

.

Agarw al et al. [21 ] pro v ed that the o v erla y of t w o minimization diagrams, de�ned for a

total of n surface patc hes, in R

3

has O ( n

2+ "

) complexit y , for an y " > 0. Note that in R

3

,

eac h v ertex of the o v erla y is a v ertex of M (�), a v ertex of M (�

0

), or an in tersection p oin t

of an edge of M (�) with an edge of M (�

0

). The pro of in [21 ] establishes an upp er b ound

on the n um b er of in tersection p oin ts b y generalizing the pro of tec hnique of Theorem 3.1.

Op en Problem 2 What is the complexit y of the o v erla y of t w o minimization diagrams

in R

4

?
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The follo wing problem is closely related to the o v erla y of minimization diagrams. Let

� ; �

0

b e t w o sets of surface patc hes in R

d

satisfying (A1){(A2). Regarding eac h surface as

the graph of a partially de�ned function, de�ne

S (� ; �

0

) =

n

x

�

�

�

L

�

0

( x

1

; : : : ; x

d � 1

) � x

d

� U

�

( x

1

; : : : ; x

d � 1

)

o

;

i.e., S (� ; �

0

) is the set of p oin ts lying ab o v e all surface patc hes of �

0

and b elo w all surface

Figure 4: S (� ; �

0

); solid arcs are in �, and dashed arcs are in �

0

.

patc hes of �; see Figure 4. It can b e sho wn that the com binatorial complexit y of S (� ; �

0

)

is prop ortional to the complexit y of the o v erla y of the minimization diagram of � and the

maximization diagram of �

0

. The result of Agarw al et al. [21 ] implies that S (� ; �

0

) =

O ( n

2+ "

) in 3-space. In general, the complexit y of the o v erla y of the minimization diagram

of � and the maximization diagram of �

0

ma y b e larger than that of S (� ; �

0

). As an

application, whic h also illustrates this discrepancy , consider the follo wing example. Let

S = f S

1

; : : : ; S

n

g b e a set of n spheres in R

3

. A line in R

3

can b e parameterized b y four

real parameters. W e can therefore de�ne the set of lines tangen t to a sphere S

i

and lying

ab o v e (resp. b elo w) S

i

as a surface patc h 


i

(resp. 


0

i

) in R

4

. De�ne � = f 


i

j 1 � i � n g and

�

0

= f 


0

i

j 1 � i � n g . If the lines are parameterized carefully , Agarw al et al. [10 ] sho w ed

that S (� ; �

0

) is the set of lines in tersecting all the spheres of S and that the com binatorial

complexit y of S (� ; �

0

) is O ( n

3+ "

), for an y " > 0. Ho w ev er, a construction of P ellegrini [278 ]

implies that the com binatorial complexit y of the o v erla y of the t w o diagrams can b e 
( n

4

).

4 Single Cells

Lo w er en v elop es are closely related to other substructures in arrangemen ts, notably c el ls

and zones . The lo w er en v elop e is a p ortion of the b oundary of the b ottommost cell of

the arrangemen t, though the w orst-case complexit y of L (�) can b e larger than that of the

b ottommost cell of A (�).) In t w o dimensions, it w as sho wn in [191 ] that the complexit y of

a single face in an arrangemen t of n arcs, eac h pair of whic h in tersect in at most s p oin ts, is

O ( �

s +2

( n )), and so has the same asymptotic b ound as the complexit y of the lo w er en v elop e

of suc h a collection of arcs. The prev ailing conjecture is that the complexit y of a single cell

in an arrangemen t of n surface patc hes in R

d

satisfying the assumptions (A1) and (A2) is
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close to O ( n

d � 1

). The Upp er Bound Theorem implies that the complexit y of a single cell

in arrangemen t of h yp erplanes in R

d

is O ( n

b d= 2 c

), and the linearization tec hnique describ ed

in Section 3 implies that the complexit y of a single cell in an arrangemen t of n spheres is

O ( n

d d= 2 e

). Ho w ev er, the lo w er-b ound construction for lo w er en v elop es implies a lo w er b ound

of 
( n

d � 1

� ( n )) for a complexit y of a single cell already for arrangemen ts of simplices.

Figure 5: A single cell in an arrangemen t of segmen ts.

P ac h and Sharir [273 ] w ere the �rst to pro v e a sub cubic upp er b ound on the complexit y

of a single cell in arrangemen ts of triangles in R

3

. This b ound w as impro v ed b y Arono v and

Sharir [50 ] to O ( n

7 = 3

), and subsequen tly to O ( n

2

log n ) [52 ]. The latter approac h extends

to higher dimensions; that is, the complexit y of a single cell in an arrangemen t of n ( d � 1)-

simplices in R

d

is O ( n

d � 1

log n ). A simpler pro of w as giv en b y T agansky [314 ]. These

approac hes, ho w ev er, do not extend to nonlinear surfaces ev en in R

3

.

Halp erin [196 ] pro v ed near-quadratic b ounds on the complexit y of a single cell in arrange-

men t of certain classes of n biv ariate surface patc hes, whic h arise in motion-planning appli-

cations. One of the more signi�can t results in this direction is b y Halp erin and Sharir [205 ],

who pro v ed suc h a b ound on the complexit y of a single cell in an arrangemen t of the con-

tact surfaces that arise in a rigid motion of a con v ex p olygon amidst con v ex p olygons in the

plane, i.e., the surfaces that represen t the placemen ts of the p olygon at whic h it touc hes

one of the obstacles. The pro of b orro ws ideas from the pro of of Theorem 3.1.

A near optimal b ound on the complexit y of a single cell in the arrangemen t of an

arbitrary collection of surface patc hes in R

3

satisfying assumptions (A1) and (A2) w as

�nally pro v ed b y Halp erin and Sharir [203 ]:

Theorem 4.1 (Halp erin and Sharir [203 ]) L et � b e a set of surfac e p atches in R

3

satisfying

assumptions (A1) and (A2). F or any " > 0 , the c omplexity of a single c el l in A (�) is

O ( n

2+ "

) , for any " > 0 , wher e the c onstant of pr op ortionality dep ends on " and on the

maximum de gr e e of the surfac e p atches and of their b oundaries.

The pro of pro ceeds along the same lines as the pro of of Theorem 3.1. Ho w ev er, they

establish the follo wing t w o additional results to \b o otstrap" the recurrences that the pro of

deriv es. Let C b e the cell of A (�) whose complexit y w e w an t to b ound.
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(a) There are only O ( n

2

) v ertices v of the cell C that are lo cally x -extreme (that is, there

is a neigh b orho o d N of v and a connected comp onen t C

0

of the in tersection of N with

the in terior of C , suc h that v lies to the left (in the x -direction) of all p oin ts of C

0

, or

v lies to the righ t of all these p oin ts).

(b) There are only O ( n

2+ "

) v ertices on p opular fac es of C , that is, 2-faces f for whic h C

lies lo cally near f on b oth sides of f .

Prop ert y (a) is pro v ed b y an appropriate decomp osition of C in to O ( n

2

) sub cells, in the

st yle of a Morse de c omp osition of C (see [260 ]), so that eac h sub cell has at most t w o p oin ts

that are lo cally x -extreme in C . Prop ert y (b) is pro v ed b y applying the mac hinery of the

pro of of Theorem 3.1, where the quan tit y to b e analyzed is the n um b er of v ertices of p opular

faces of C , rather than all inner v ertices. Once these t w o results are a v ailable, the pro of of

Theorem 3.1 can b e carried through, with appropriate mo di�cations, to yield a recurrence

for the n um b er of v ertices of C , whose solution is O ( n

2+ "

). W e refer the reader to the

original pap er for more details.

It lo oks plausible that this pro of can b e extended to higher dimensions, to yield a

b ound of O ( n

d � 1+ "

) on the complexit y of a single cell in an arrangemen t of n surface

patc hes in R

d

satisfying assumptions (A1) and (A2). F or this, appropriate extensions of

b oth prop erties (a) and (b) ha v e to b e established. The extension of (a) app ears to require

top ological considerations related to Morse theory , and the extension of (b) requires an

inductiv e argumen t, in whic h b ounds on the n um b er of v ertices of p opular faces of all

dimensions need to b e deriv ed, using induction on the dimension of the faces. Unfortunately ,

a complete pro of is not y et a v ailable.

The linearization tec hnique in the previous section can b e extended to b ound the com-

plexit y of a cell as w ell, namely , one can pro v e the follo wing.

Theorem 4.2 L et � b e a c ol le ction of n hyp ersurfac es in R

d

, of c onstant maximum de gr e e

b . If � admits a line arization of dimension k , then the c ombinatorial c omplexity of a c el l of

A (�) is O ( n

b k = 2 c

) , wher e the c onstant of pr op ortionality dep ends on k ; d , and b .

5 Zones

Let � b e a set of n surfaces in R

d

. The zone of a surface � (not b elonging to �), denoted

as zone ( � ; �), is de�ned to b e the set of d -dimensional cells in A (�) that in tersect � . The

complexit y of zone ( � ; �) is de�ned to b e the sum of complexities of the cells of A (�) that

b elong to zone ( � ; �), where the complexit y of a cell in A (�) is the n um b er of faces of all

dimensions that are con tained in the closure of the cell.

The complexit y of a zone w as �rst studied b y Edelsbrunner et al. [147 ]; see also [102 ].

The `classical' zone theorem [132 , 149 ] asserts that the maxim um complexit y of the zone
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of a h yp erplane in an arrangemen t of n h yp erplanes in R

d

is �( n

d � 1

), where the constan t

of prop ortionalit y dep ends on d . The original pro of giv en b y Edelsbrunner et al. [147 ]

had some tec hnical problems. A correct, and simpler, pro of w as giv en b y Edelsbrunner et

al. [149 ]. Their tec hnique is actually quite general and can also b e applied to obtain sev eral

other in teresting com binatorial b ounds in v olving arrangemen ts. F or example, the pro of b y

Arono v and Sharir for the complexit y of a single cell in arrangemen ts of simplices [52 ] used

a similar approac h. Other results based on this tec hnique can b e found in [4 , 48 , 49 ]. W e

therefore describ e the tec hnique, as applied in the pro of of the zone theorem:

Theorem 5.1 (Edelsbrunner, Seidel, and Sharir [149 ]) The maximum c omplexity of the zone

of a hyp erplane in an arr angement of n hyp erplanes in R

d

is �( n

d � 1

) .

This result is easy to pro v e for d = 2; see Chapter DS-??. F or a set � of n h yp erplanes

in R

d

and another h yp erplane b , let �

k

( b ; �) denote the total n um b er of k -faces con tained

on the b oundary of cells in zone ( b ; �); eac h suc h k -face is coun ted once for eac h cell that it

b ounds. Let

�

k

( n; d ) = max �

k

( b ; �) ;

where the maxim um is tak en o v er all h yp erplanes b and all sets � of n h yp erplanes in R

d

.

The maxim um complexit y of zone ( b ; �) is at most

P

d

k =0

�

k

( n; d ). Th us the follo wing lemma

immediately implies the upp er b ound in Theorem 5.1.

Lemma 5.2 F or e ach d and 0 � k � d ,

�

k

( n; d ) = O ( n

d � 1

) ;

wher e the c onstants of pr op ortionality dep end on d and k .

Pro of: W e use induction on d . As just noted, the claim holds for d = 2. Assume that the

claim holds for all d

0

< d , let � b e a set of n h yp erplanes in R

d

, and let b b e some other

h yp erplane. Without loss of generalit y , w e can assume that the h yp erplanes in � [ f b g are

in general p osition. W e de�ne a k -b or der to b e a pair ( f ; C ), where f is a k -face inciden t

to a (full-dimensional) cell C of A (�). Th us �

k

( b ; �) is the total n um b er of k -b orders ( f ; C )

for whic h C 2 zone ( b ; �).

W e pic k a h yp erplane 
 2 � and coun t the n um b er of all k -b orders ( f ; C ) in zone ( b ; �)

suc h that f is not con tained in 
 . If w e remo v e 
 from �, then an y suc h k -b order is con tained

in a k -b order ( f

0

; C

0

) of zone ( b ; � n f 
 g ) (i.e., f � f

0

and C � C

0

). Our strategy is th us to

consider the collection of k -b orders in zone ( b ; � n f 
 g ) and to estimate the increase in the

n um b er of k -b orders as w e add 
 bac k to �. Observ e that w e do not coun t k -b orders that

lie in 
 .

Let � j




= f 


0

\ 
 j 


0

2 � n f 
 gg ; the set � j




forms a ( d � 1)-dimensional arrangemen t

of n � 1 h yp erplanes within 
 . Let ( f ; C ) b e a k -b order of zone ( b ; � n f 
 g ), and consider

what happ ens to it when w e reinsert 
 . The follo wing cases ma y o ccur:
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 \ C = ; : In this case the k -b order ( f ; C ) giv es rise to exactly one k -b order in zone ( b ; �),

namely itself.


 \ C 6= ; , 
 \ f = ; : Let 


+

b e the op en half-space b ounded b y 
 that con tains f , and let

C

+

= C \ 


+

. If C

+

in tersects b , then ( f ; C ) giv es rise to one k -b order in zone ( b ; �),

namely ( f ; C

+

) (this is the case for the edge f = e in Figure 6); otherwise it giv es rise

to no k -b order in zone ( b ; �).


 \ f 6= ; : Let 


+

and 


�

b e the t w o op en half-spaces b ounded b y 
 and let C

+

= C \ 


+

and C

�

= C \ 


�

. If the closure of only one of C

+

and C

�

in tersects b , sa y , C

+

, then

( f ; C ) giv es rise to only one k -b order in zone ( b ; �), namely ( f \ 


+

; C

+

) (this is the

case for the edge f = e

0

in Figure 6). If b oth C

+

and C

�

in tersect b , then ( f ; C ) giv es

rise to t w o k -b orders in zone ( b ; �), namely ( f \ 


+

; C

+

) and ( f \ 


�

; C

�

) (this is the

case for the edge f = e

0 0

in Figure 6). In this case, ho w ev er, w e can c harge uniquely

this increase in the n um b er of k -b orders to ( f \ 
 ; C \ 
 ), whic h, as easily seen, is a

( k � 1)-b order in zone ( b \ 
 ; � j




).

e'

e''

e

a

h

b

Figure 6: Inserting 
 in to zone ( b ; � n f 
 g ).

If w e rep eat this pro cess o v er all k -b orders of zone ( b ; � n f 
 g ), w e obtain that the total

n um b er of k -b orders ( f ; C ) in zone ( b ; �), for f not con tained in 
 , is at most

�

k

( b ; � n f 
 g ) + �

k � 1

( b \ 
 ; � j




) � �

k

( n � 1 ; d ) + �

k � 1

( n � 1 ; d � 1)

= �

k

( n � 1 ; d ) + O ( n

d � 2

) ;

where the last inequalit y follo ws from the induction h yp othesis. Rep eating this analysis for

all h yp erplanes 
 2 �, summing up the resulting b ounds, and observing that eac h k -b order

of zone ( b ; �) is coun ted exactly n � d + k times, w e obtain

�

k

( n; d ) �

n

n � d + k

�

�

k

( n � 1 ; d ) + O ( n

d � 2

)

�

:

Edelsbrunner et al. [149 ] sho w ed that this recurrence solv es to O ( n

d � 1

) for k � 2. Using

Euler's form ula for cell complexes, one can sho w that �

k

( n; d ) = O ( n

d � 1

) for k = 0 ; 1 as

w ell. This completes the pro of of the theorem. F or the lo w er b ound, it is easily c hec k ed that
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the complexit y of the zone of a h yp erplane b in an arrangemen t of n h yp erplanes in R

d

in

general p osition is 
( n

d � 1

). In fact, the complexit y of the cross-section of the arrangemen t

within b is already 
( n

d � 1

). 2

The ab o v e tec hnique can b e extended to b ound the quan tit y

P

C 2A (�)

j C j

2

, where �

is a set of h yp erplanes, C ranges o v er all d -dimensional cells of the arrangemen t, and j C j

denotes the n um b er of lo w er-dimensional faces inciden t to C . F or d � 3, an easy application

of the zone theorem (see Edelsbrunner [132 ]) implies that

P

C

j C j

2

= O ( n

d

); this b ound

is ob viously tigh t if the lines or planes of � are in general p osition. F or d > 3, the same

application of the zone theorem yields only

P

C

j C j f

C

= O ( n

d

), where f

C

is the n um b er of

h yp erplanes of � meeting the b oundary of C . Using the same induction sc heme as in the

pro of of Theorem 5.1, Arono v et al. [48 ] sho w ed that

X

C 2A (�)

j C j

2

= O ( n

d

log

b

d

2

c� 1

n ) :

It is b eliev ed that the righ t b ound is O ( n

d

). Note that suc h a result do es not hold for

arrangemen ts of simplices or of surfaces b ecause the complexit y of single cell can b e 
( n

d � 1

).

The zone theorem for h yp erplane arrangemen ts can b e extended as follo ws.

Theorem 5.3 (Arono v, P ellegrini, and Sharir [49 ]) L et � b e a set of n hyp erplanes in R

d

.

L et � b e a p -dimensional algebr aic hyp ersurfac e of some �xe d de gr e e, or the r elative b oundary

of any c onvex set with a�ne dimension p + 1 , for 0 � p � d . The c omplexity of the zone ( � ; �)

is O ( n

b ( d + p ) = 2 c

log




n ) , wher e 
 = d + p (mo d 2) , and the b ound is almost tight (up to the

lo garithmic factor) in the worst c ase.

In particular, for p = d � 1, the complexit y of the zone is O ( n

d � 1

log n ), whic h is almost

the same as the complexit y of the zone of a h yp erplane in suc h an arrangemen t.

The pro of pro ceeds along the same lines of the inductiv e pro of of Theorem 5.1. Ho w ev er,

when a h yp erplane 
 2 � is remo v ed and then reinserted, and splits a face f of z one ( � ; � n

f 
 g ) in to t w o subfaces, b oth lying in z one ( � ; �), the c harging sc heme used in the pro of of

Theorem 5.1 b ecomes inadequate, b ecause f \ 
 need not b elong to the zone of � \ 
 in the

d -dimensional cross-section of A (�) along 
 . What is true, ho w ev er, is that f \ 
 is a face

inciden t to a p opular fac et of z one ( � ; �) along 
 , that is, a facet g � 
 whose t w o inciden t

cells b elong to the zone. Th us the induction pro ceeds not b y decreasing the dimension of

the arrangemen t (as w as done in the pro of of Theorem 5.1), but b y reapplying the same

mac hinery to b ound the n um b er of v ertices of p opular facets of the original z one ( � ; �). This

in turn requires similar b ounds on the n um b er of v ertices of lo w er-dimensional p opular faces.

W e refer the reader to Arono v et al. [49 ] for more details.

In general, the zone of a surface in an arrangemen t of n surfaces in R

d

can b e transformed

to a single cell in another arrangemen t of O ( n ) surface patc hes in R

d

. F or example, Let
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� b e a set of n ( d � 1)-simplices in R

d

, and let � b e a h yp erplane. W e split eac h 
 2 �

in to t w o p olyhedra at the in tersection of � and � (if the in tersection is nonempt y), push

these t w o p olyhedra sligh tly a w a y from eac h other, and, if necessary , retriangulate eac h

p olyhedron in to a constan t n um b er of simplices. In this manner, w e obtain a collection

�

0

of O ( n ) simplices, and all cells of the zone of � in A (�) no w fuse in to a single cell of

A (�

0

). Moreo v er, b y the general p osition assumption, the complexit y of the zone of � in �

is easily seen to b e dominated b y the complexit y of the new single cell of A (�

0

). (The same

tec hnique has b een used earlier in [140 ], to obtain a near-linear b ound on the complexit y of

the zone of an arc in a 2-dimensional arrangemen t of arcs.) Hence, the follo wing theorem

is an easy consequence of the result b y Arono v and Sharir [52 ].

Theorem 5.4 The c omplexity of the zone of a hyp erplane in an arr angement of n ( d � 1) -

simplic es in R

d

is O ( n

d � 1

log n ) .

Using a similar argumen t one can pro v e the follo wing.

Theorem 5.5 (Halp erin and Sharir [203 ]) L et � b e a c ol le ction of n surfac e p atches in R

3

,

satisfying assumptions (A1) and (A2). The c ombinatorial c omplexity of the zone in A (�)

of an algebr aic surfac e � of some �xe d de gr e e is O ( n

2+ "

) , for any " > 0 , wher e the c onstant

of pr op ortionality dep ends on " , on the maximum de gr e e of the given surfac es and their

b oundaries, and on the de gr e e of � .

Once the b ound on the complexit y of a single cell in an arrangemen t of general algebraic

surfaces is extended to higher dimensions, it should immediately yield, using the same

mac hinery , to a similar b ound for the zone of a surface in suc h an arrangemen t.

6 Lev els

The level of a p oin t p 2 R

d

in an arrangemen t A (�) of a set � of monotone surfaces satisfying

(A1){(A2) is the n um b er of surfaces of � lying v ertically b elo w p . F or 0 � k < n , w e de�ne

k -level (resp. � k -lev el), denoted b y A

k

(�) (resp. A

� k

(�)), to b e the closure of all p oin ts

on the surfaces of � whose lev el is k (resp. at most k ). A face of A

k

(�) or A

� k

(�) is a

maximal connected p ortion of a face of A (�) consisting of p oin ts ha ving a �xed subset of

surfaces lying b elo w them. F or fully de�ned functions, an y suc h face coincides with a face

of A (�). Note that A

0

(�) is the same as L (�). If the surfaces in � are graphs of totally

de�ned functions, then the lev el of all p oin ts on a face of A (�) is the same and A

k

(�) is

a connected monotone surface; otherwise A

k

(�) ma y ha v e discon tin uities. See Figure 7 for

an example of lev els in arrangemen ts of lines and segmen ts.

Lev els in h yp erplane arrangemen ts in R

d

are closely related to k -sets of p oin t sets in

R

d

. Let S b e a set of n p oin ts in R

d

, and let S

�

b e the set of h yp erplanes dual to S . A
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(i) (ii)

Figure 7: The 2-lev el in (i) an arrangemen t of lines, and (ii) in an arrangemen t of segmen ts.

subset A � S is called a k -set if j A j = k and A can b e strictly separated from S n A b y a

h yp erplane h . The lev el of p oin t h

�

, dual to h , in A ( S

�

) is k or n � k . The k -set pr oblem

is to b ound the maxim um n um b er of k -sets of S (in terms of k and n ). It is easy to see

that the maxim um n um b er of k -sets in a set of n p oin ts in R

d

is b ounded b y the maxim um

n um b er of facets in the k -lev el and the ( n � k )-lev el in an arrangemen t of n h yp erplanes in

R

d

.

Let  

k

(�) (resp.  

� k

(�)) b e the total n um b er of faces in A

k

(�) (resp. A

� k

(�)). Let G

b e a (p ossibly in�nite) family of surfaces in R

d

satisfying assumptions (A1) and (A2). W e

de�ne  

k

( n; d; G ) = max  

k

(�) and  

� k

( n; d; G ) = max  

� k

(�), where the maxim um in

b oth cases is tak en o v er all subsets � � G of size n . If G is not imp ortan t or follo ws from

the con text, w e will omit the argumen t G .

The follo wing theorem follo ws from a result b y Clarkson and Shor [111 ].

Theorem 6.1 (Clarkson and Shor [111 ]) L et G b e an in�nite family of surfac es satisfying

assumptions (A1){(A3). Then for any 0 � k < n � d ,

 

� k

( n; d; G ) = O

�

( k + 1)

d

�

�

n

k + 1

; d; G

� �

;

wher e � ( n; d; G ) is the maximum c omplexity of the lower envelop e of n surfac es in G .

Pro of: Let � � G b e a set of n surface patc hes satisfying assumptions (A1){(A5). F or a

subset X � � and an in teger 0 � k � j X j � d , let V

k

( X ) denote the set of v ertices at lev el k

in A (�). As is easily seen,  

� k

(�) is prop ortional to

P

k

j =0

j V

j

(�) j , whic h w e th us pro ceed

to b ound. W e b ound b elo w only the n um b er of v ertices in the �rst k lev els that lie in the

in terior of d surface patc hes; the other t yp es of v ertices are easier to analyze, and the same

b ound applies to them as w ell. W e c ho ose a random subset R � � of size r = b n= ( k + 1) c

and b ound the exp ected n um b er of v ertices in V

0

( R ). A v ertex v 2 V

j

(�) is in V

0

( R ) if and

only if the d surfaces de�ning v are in R and none of the j surfaces of � lying b elo w v are

c hosen in R , so the probabilit y that v 2 V

0

( R ) is

�

n � j � d

r � d

�

=

�

n

r

�

. Hence, easy manipulation of
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binomial co e�cien ts implies that

E

�

j V

0

( R ) j ] =

n � d

X

j =0

j V

j

(�) j

�

n � j � d

r � d

�

�

n

r

�

�

k

X

j =0

j V

j

(�) j

�

n � j � d

r � d

�

�

n

r

�

= 


�

1

( k + 1)

d

�

k

X

j =0

j V

j

(�) j :

Th us

k

X

j =0

j V

j

(�) j � c ( k + 1)

d

E

�

j V

0

( R ) j

�

; (6.1)

for some constan t c . Since ev ery v ertex in V

0

( R ) lies on the lo w er en v elop e of R , the

assertion no w follo ws from the de�nition of � . 2

Corollary 6.2 (i)  

� k

( n; d ) = O (( k + 1)

1 � "

n

d � 1+ "

) .

(ii) L et H b e the set of al l hyp erplanes in R

d

. Then  

� k

( n; d; H ) = �( n

b d= 2 c

( k + 1)

d d= 2 e

) .

Pro of: P art (i) follo ws from Theorems 3.1 and 6.1. P art (ii) follo ws from the fact that

� ( n; d; H ) = �( n

b d= 2 c

). 2

If � is a set of n lines in the plane, then there is ev en a tigh ter upp er b ound of k n + 1

on  

� k

(�) for k � n= 2 [36 , 277 ]; see also [176 ].

In con trast to these b ounds on the complexit y of � k -lev els, whic h are tigh t or almost

tigh t in the w orst case, m uc h less is kno wn ab out the complexit y of a single k -lev el, ev en

for the simplest case of arrangemen ts of lines in the plane. F or example, Corollary 6.2(ii),

for d = 2, implies that the complexit y of an a v erage lev el in an arrangemen t of lines in

the plane is linear, but no upp er b ound that is ev en close is kno wn. F or a set � of n lines

in the plane, Lo v� asz [236 ] pro v ed that  

b n= 2 c

(�) = O ( n

3 = 2

).

4

Erd} os et al. [163 ] extended

his argumen t to pro v e that  

k

(�) = O ( n

p

k + 1 ). Since the original pro of man y di�eren t

pro ofs ha v e b een prop osed for obtaining the same b ound on  

k

(�) [8 , 193 ]. Go o dman

and P ollac k [177 ] pro v ed a similar b ound on the maxim um complexit y of the k -lev el in an

arrangemen t of pseudo-lines. Erd} os et al. 's b ound w as sligh tly impro v ed b y P ac h et al. [276 ]

to o ( n

p

k + 1 ), using a rather complicated argumen t. Erd} os et al. [163 ] constructed, for an y

n and 0 � k < n , a set � of n lines so that  

k

(�) = 
( n log ( k + 1)); see Edelsbrunner and

4

According to L. Lo v� asz [236 ], the ( n= 2)-set problem w as originally p osed b y A. Simmons, and E. Strauss

had constructed a set of p oin ts in the plane in whic h the n um b er of ( n= 2)-sets w as 
( n log n ).
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W elzl for another construction that giv es the same lo w er b ound [153 ]. Kla w e et al. [225 ]

constructed a set � of n pseudo-lines so that  

n= 2

(�) has n 2


(

p

log n )

v ertices.

A ma jor breakthrough in this direction w as recen tly made b y Dey who obtained the

follo wing impro v emen t.

Theorem 6.3 (Dey [124 ]) L et � b e a set of n lines in the plane. Then for any 0 � k < n ,

 

k

(�) = O ( n ( k + 1)

1 = 3

) .

Dey's pro of is quite simple and elegan t. It uses the follo wing result on geometric graphs,

whic h w as indep enden tly pro v ed b y Ajtai et al. [30 ] and b y Leigh ton [230 ].

5

Lemma 6.4 L et G b e a ge ometric gr aph with n vertic es and m � 4 n e dges. Then ther e ar e


( m

3

=n

2

) p airs of e dges in G whose r elative interiors cr oss.

Pro of of Theorem 6.3: F or simplicit y w e assume that n is ev en and pro v e the b ound for

k = n= 2. W e argue in the dual plane, where w e ha v e a set S of n p oin ts in general p osition

and w e wish to establish the asserted b ound for the n um b er of halving se gments of S , where

a halving segmen t is a straigh t segmen t connecting a pair of p oin ts u; v 2 S so that the line

passing through u and v has exactly ( n= 2) � 1 p oin ts of S b elo w it. Let H denote the set

of halving segmen ts.

Figure 8: A set of 14 p oin ts with 14 halving segmen ts, split in to 7 con v ex x -monotone c hains

The segmen ts in H are decomp osed in to n= 2 con v ex x -monotone c hains as follo ws. Let

uv b e an edge of H , with u lying to the righ t of v . W e rotate the line that passes through

u and v clo c kwise ab out v and stop as so on as the line o v erlaps another halving segmen t

v w inciden t to v . It is easy to c hec k that w lies to the righ t of v and that uv w is a righ t

turn. W e no w rotate ab out w , and con tin ue in this manner un til our line b ecomes v ertical.

W e apply the same pro cedure `bac kw ards' b y turning the line uv coun terclo c kwise around

u and k eep iterating un til the line b ecomes v ertical. The halving segmen ts that w e ha v e

5

A ge ometric gr aph G = ( V ; E ) is a graph dra wn in the plane so that its v ertices are p oin ts and its edges

are straigh t segmen ts connecting pairs of these p oin ts. A geometric graph need not b e planar.
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encoun tered during the whole pro cess constitute one con v ex p olygonal c hain. By applying

this pro cedure rep eatedly , w e obtain the desired decomp osition of the en tire H in to con v ex

x -monotone p olygonal c hains. Using the prop erties of halving segmen ts pro v ed b y Lo v� asz,

w e can conclude that the segmen ts are partitioned in to n= 2 con v ex c hains. (These con v ex

c hains are in a certain sense dual to the conca v e c hains in the dual line arrangemen t that

w ere de�ned b y Agarw al et al. [8]; see also [193 ].)

The n um b er of crossing p oin ts b et w een t w o con v ex c hains is b ounded b y the n um b er

of upp er common tangen ts b et w een the same t w o c hains. An y line passing through t w o

p oin ts of S is an upp er common tangen t of at most one pair of c hains. Th us there are

O ( n

2

) crossings b et w een the segmen ts in H . By Lemma 6.4, an y graph with n v ertices

and crossing n um b er O ( n

2

) has at most O ( n

4 = 3

) edges, so S has at most O ( n

4 = 3

) halving

segmen ts. A similar, sligh tly more detailed, argumen t pro v es the b ound for arbitrary v alues

of k . 2

T amaki and T okuy ama generalized Dey's pro of to pro v e a similar b ound on the com-

plexit y of the k -lev el in arrangemen ts of pseudo-lines [315 ]. Com bining the ideas from an old

result of W elzl [325 ] with Dey's pro of tec hnique, one can obtain the follo wing generalization.

See also [41 ] for some other generalizations of Dey's result.

Corollary 6.5 L et � b e a set of n lines in the plane. Then for any 0 � k < n , 0 < j < n � k ,

we have

k + j

X

t = k

 

t

(�) = O ( n ( k + 1)

1 = 3

j

2 = 3

) :

B� ar� an y and Steiger pro v ed a linear upp er b ound on the exp ected n um b er of k -sets in

a random planar p oin t set [63 ]; the p oin ts are c hosen uniformly from a con v ex region.

Edelsbrunner et al. [152 ] pro v ed that if S is a set of p oin ts in the plane so that the ratio of

the maxim um and the minim um distance in S is at most c

p

n (a so-called dense set), then

the n um b er of k -sets in S is O ( c

p

n  

k

( c

p

n )). Applying Dey's result, the n um b er of k -sets

in a dense p oin t set is O ( n

7 = 6

). Recen tly Alt et al. [37 ] ha v e pro v ed that if the p oin ts in S

lie on a constan t n um b er of pairwise disjoin t con v ex curv es, then the n um b er of k -sets in S

is O ( n ).

The follo wing question is related to the complexit y of lev els in arrangemen ts of lines:

Let � b e a set of n lines in the plane. Let � b e a x -monotone path whose v ertices are the

v ertices of A (�) and whose edges are con tained in the lines of �. What is the maxim um

n um b er of v ertices in �? Matou � sek [239 ] pro v ed that there exists a set � of n lines in

the plane that con tains a x -monotone path with 
( n

5 = 3

) v ertices. No sub quadratic upp er

b ound is kno wn for this problem.

Agarw al et al. [8 ] pro v ed a non trivial upp er b ound on the complexit y of the k -lev el in

an arrangemen t of segmen ts. Com bining their argumen t with that of Dey , one can pro v e

that the maxim um complexit y of the k -lev el in a planar arrangemen t of n segmen ts is
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O ( n ( k + 1)

1 = 3

� ( n= ( k + 1))). V ery little is kno wn on the complexit y of a single lev el in an

arrangemen t of n arcs in the plane. Recen tly , T amaki and T okuy ama [316 ] pro v ed that

the complexit y of an y lev el in an arrangemen t of parab olas, eac h with a v ertical axis, is

O ( n

23 = 12

). (Their b ound actually applies to pseudo-p ar ab olas , i.e., graphs of con tin uous,

totally de�ned, univ ariate functions, eac h pair of whic h in tersect at most t wice.)

Op en Problem 3 (i) What is the maxim um complexit y of a lev el in an arrangemen t of n

lines in the plane?

(i) What is the maxim um complexit y of a lev el in an arrangemen t of n x -monotone

Jordan arcs, eac h pair of whic h in tersect in at most s p oin ts, for some constan t s > 1 ?

B� ar� an y et al. [62 ] pro v ed an O ( n

3 � 


) b ound on the complexit y of the k -lev el in arrange-

men ts of n planes in R

3

, for an y k , for some absolute constan t 
 > 0. The b ound w as

impro v ed b y Chazelle et al. [45 ] and Eppstein [161 ] to O ( n

8 = 3

p olylog n ), and then b y Dey

and Edelsbrunner [125 ] to O ( n

8 = 3

). The b est b ound kno wn, due to Agarw al et al. [8 ], is

O ( n ( k + 1)

5 = 3

). They also pro v ed a b ound on the complexit y of the k -lev el for arrangemen ts

of triangles in R

3

. A non trivial b ound on the complexit y of the k -lev el in an arrangemen t

of n h yp erplanes in d > 3 dimensions, of the form O ( n

d � "

d

), for some constan t "

d

that de-

creases exp onen tially with d , w as obtained in [35 , 322 ]. This has later b een sligh tly impro v ed

to O ( n

b d= 2 c

k

d d= 2 e � "

d

) in [8 ]. T able 1 summarizes the kno wn upp er b ounds on k -lev els.

Ob jects Bound Source

Lines in R

2

O ( n ( k + 1)

1 = 3

) [124 ]

Segmen ts in R

2

O ( n ( k + 1)

1 = 3

� ( n= ( k + 1))) [8 , 124 ]

Planes in R

3

O ( n ( k + 1)

5 = 3

) [8 ]

T riangles in R

3

O ( n

2

( k + 1)

5 = 6

� ( n= ( k + 1))) [8 ]

Hyp erplanes in R

d

O ( n

b d= 2 c

k

d d= 2 e � "

d

) [322 ]

P arab olas in R

2

O ( n

23 = 12

) [316 ]

(V ertical axis)

T able 1: Upp er b ounds on k -lev els.

7 Man y Cells and Incidences

In the previous t w o sections w e b ounded the complexit y of families of d -dimensional cells in

A (�) that satis�ed certain conditions (e.g., cells in tersected b y a surface, the cells of lev el

at most k ). W e can ask a more general question: What is the complexit y of an y m distinct

cells in A (�) ? A single cell in an arrangemen t of lines in the plane can ha v e n edges, but

can the total complexit y of m cells in an arrangemen t of lines b e 
( mn )? This is certainly

false for m = 
( n

2

).
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W e can also form ulate the ab o v e problem as follo ws: Let P b e a set of m p oin ts and �

a set of n surfaces in R

d

satisfying assumptions (A1) and (A2). De�ne C ( P ; �) to b e the set

of cells in A (�) that con tain at least one p oin t of P . De�ne � ( P ; �) =

P

C 2C ( P ; �)

j C j and

� ( m; n; G ) = max � ( P ; �), where the maxim um is tak en o v er all sets P of m p oin ts and

o v er all sets � of n surfaces in a giv en class G .

Let L b e the set of all lines in the plane. Canham [84 ] pro v ed that � ( m; n; L ) =

O ( m

2

+ n ), from whic h it easily follo ws that � ( m; n; L ) = O ( m

p

n + n ). Although this

b ound is optimal for m �

p

n , it is w eak for larger v alues of m . Clarkson et al. [108 ] pro v ed

that � ( m; n; L ) = �( m

2 = 3

n

2 = 3

+ n ). Their tec hnique, based on random sampling, is general

and constructiv e. It has led to sev eral imp ortan t com binatorial and algorithmic results on

arrangemen ts [108 , 189 , 190 ]. F or example, follo wing a similar, but considerably more in-

v olv ed, approac h, Arono v et al. [46 ] pro v ed that � ( m; n; E ) = O ( m

2 = 3

n

2 = 3

+ m log n + n� ( n )),

where E is the set of all line segmen ts in the plane. Hersh b erger and Sno eyink [213 ] pro v ed

an O ( m

2 = 3

n

2 = 3

+ n ) upp er b ound on the complexit y of m distinct cells in the arrangemen ts

of n segmen ts in the plane where the segmen ts satisfy certain additional conditions.

Although Clarkson et al. [108 ] pro v ed non trivial b ounds on the complexit y of m distinct

cells in arrangemen ts of circles (see T able 2 b elo w), no tigh t b ound is kno wn.

Op en Problem 4 What is the maxim um complexit y of m distinct cells in an arrangemen t

of n circles in the plane?

Ob jects Complexit y Source

Lines in R

2

�( m

2 = 3

n

2 = 3

+ n ) [108 ]

Segmen ts in R

2

O ( m

2 = 3

n

2 = 3

+ n� ( n ) + n log m ) [46 ]

Unit circles in R

2

�( m

2 = 3

n

2 = 3

+ n ) [108 ]

Circles in R

2

O ( m

3 = 5

n

4 = 5

+ n ) [108 ]

Arcs in R

2

O ( m

p

�

q

( n ) ) [140 ]

Planes in R

3

�( m

2 = 3

n ) [7]

Unit Spheres in R

3

O ( m

3 = 4

n

3 = 4

+ n ) [108 ]

Hyp erplanes in R

d

, d � 4 O ( m

1 = 2

n

d= 2

log




n ) [48 ]


 = ( b d= 2 c � 1) = 2

T able 2: Complexit y of man y cells.

Complexit y of man y cells in h yp erplane arrangemen ts in higher dimensions w as �rst

studied b y Edelsbrunner and Haussler [145 ]. Let H b e the set of all h yp erplanes in R

d

.

They pro v ed that the maxim um n um b er of ( d � 1)-dimensional faces in m distinct cells in

an arrangemen t of n h yp erplanes in R

d

is O ( m

1 = 2

n

d= 2

+ n

d � 1

). Re�ning an argumen t b y

Edelsbrunner et al. [143 ], Agarw al and Arono v [7 ] impro v ed this b ound to O ( m

2 = 3

n

d= 3

+

n

d � 1

). By a result of Edelsbrunner and Haussler [145 ], this b ound is tigh t in the w orst case.

Arono v et al. [48 ] pro v ed that � ( m; n; H ) = O ( m

1 = 2

n

d= 2

log




n ), where 
 = ( b d= 2 c � 1) = 2.
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They also pro v ed sev eral lo w er b ounds on � ( m; n; H ): F or o dd v alues of d and m � n ,

� ( m; n; H ) = �( mn

b d= 2 c

); for m of the form �( n

d � 2 k

) where 0 � k � b d= 2 c is an in teger,

� ( m; n; H ) = 
( m

1 = 2

n

b d= 2 c

); and for arbitrary v alues of m , � ( m; n; H ) = 
( m

1 = 2

n

d= 2 � 1 = 4

).

Agarw al [4], Guibas et al. [186 ], and Halp erin and Sharir [201 ] obtained b ounds on \sp ecial"

subsets of cells in h yp erplane arrangemen ts.

A problem closely related to, but somewhat simpler than, the man y-cells problem is the

incidenc e pr oblem . Here is a simple instance of this problem: Let � b e a set of n lines and

P a set of m p oin ts in the plane. De�ne I ( P ; �) =

P

` 2 �

j P \ ` j ; set I ( m; n ) = max I ( P ; �),

where the maxim um is tak en o v er all sets P of m distinct p oin ts and o v er all sets � of n

distinct lines in the plane. Of course, this problem is in teresting only when the lines in

� are in highly degenerate p osition. If n = m

2

+ m + 1, then a �nite pro jectiv e plane of

order m has n p oin ts and n lines and eac h line con tains m + 1 = 
( n

1 = 2

) p oin ts, so the

n um b er of incidences b et w een n p oin ts and n lines is 
( n

3 = 2

). Sz � emeredi and T rotter [311 ]

pro v ed that suc h a construction is infeasible in R

2

. In a subsequen t pap er, Sz � emeredi and

T rotter [312 ] pro v ed that I ( m; n ) = O ( m

2 = 3

n

2 = 3

+ m + n ). Their pro of is, ho w ev er, quite

in tricate, and an astronomic constan t is hidden in the big-O notation. Their b ound is

asymptotically tigh t in the w orst case, as sho wn in [155 ]. A considerably simpler pro of,

with a small constan t of prop ortionalit y in the b ound, w as giv en b y Clarkson et al. [108 ],

based on the random-sampling tec hnique. In fact, the b ound on man y cells in arrangemen ts

of lines immediately yields a similar b ound on I ( m; n ) [108 ], but the pro of can b e somewhat

simpli�ed for the incidence problem. Here w e presen t an ev en more elegan t and simpler

pro of, due to Sz � ek ely [310 ], for the b ound on I ( m; n ) using Lemma 6.4:

Theorem 7.1 (Sz � emeredi and T rotter [312 ]) L et � b e a set of n lines and P a set of m

p oints in the plane. Then

I ( P ; �) = O ( m

2 = 3

n

2 = 3

+ m + n ) :

Pro of: W e construct a geometric graph G = ( V ; E ) whose v ertices are the p oin ts of P . W e

connect t w o v ertices p; q b y an edge if the p oin ts p and q are consecutiv e along a line in �.

Eac h edge of G is a p ortion of a line of �, and no t w o edges o v erlap. Therefore at most

�

n

2

�

pairs of edges cross eac h other. Note that I ( P ; �) � j E j + n .

If j E j � 4 m , there is nothing to pro v e. Otherwise, b y Lemma 6.4,

�

n

2

�

�

j E j

3

c j V j

2

�

1

cm

2

( I ( P ; �) � n )

3

;

whic h implies that I ( P ; �) = O ( m

2 = 3

n

2 = 3

+ n ). 2

V altr [319 ] has studied the incidence problem and its generalization for dense p oin t sets,

where the ratio of the maxim um and the minim um distances in P is at most O (

p

n ).
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The incidence problem has b een studied for other curv es as w ell. Of particular in terest

is the n um b er of incidences b et w een p oin ts and unit circles in the plane [308 , 108 ] b ecause

of its close relationship with the follo wing ma jor op en problem in com binatorial geometry ,

whic h w as originally in tro duced b y Erd} os in 1946 [162 ]: Let S b e a set of n p oin ts in the

plane. Ho w man y pairs of p oin ts in S are at distance 1 ? Sp encer et al. [308 ] had pro v ed, b y

mo difying the pro of of Sz � emeredi and T rotter [312 ], that the n um b er of incidences b et w een

m p oin ts and n unit circles is O ( m

2 = 3

n

2 = 3

+ m + n ). The pro ofs b y Clarkson et al. [108 ]

and b y Sz � ek ely [310 ] ha v e b een extended to this case. The incidence b ound implies that

the n um b er of unit distanc es b et w een the p oin ts of S is O ( n

4 = 3

). Ho w ev er, the b est-kno wn

lo w er b ound is only n

1+
((log log n ) = log n )

[162 ] (see also [272 ]).

Op en Problem 5 Ho w man y pairs of p oin ts in a giv en planar set of p oin ts are at distance

1 ?

F • uredi [174 ] sho w ed that if p oin ts in S are in con v ex p osition, then the n um b er of pairs

at distance 1 is O ( n log n ); the b est-kno wn lo w er b ound is 7 n � 12 b y Edelsbrunner and

Ha jnal [144 ]. The b est-kno wn upp er b ound on the unit distances in R

3

is O ( n

3 = 2

) [108 ].

Let S b e a set of n p oin ts in R

3

so that no four p oin ts of P lie on a circle, then the n um b er

of pairs of p oin ts in S at unit distance is O ( n

10 = 7

) [189 ].

W e can state the incidence problem in higher dimensions. If w e do not mak e an y

additional assumptions on p oin ts and surfaces, the maxim um n um b er of incidences b et w een

m p oin ts and n planes is ob viously mn : tak e a set of n planes passing through a common

line and place m p oin ts on this line. Agarw al and Arono v [7 ] pro v ed that if � is a set of

n planes and P is a set of m p oin ts in R

3

so that no three p oin ts in P are collinear, then

I ( P ; �) = O ( m

3 = 5

n

4 = 5

+ m + n ). Edelsbrunner and Sharir [150 ] sho w ed that if � is a set of

n unit spheres in R

3

and P is a set of m p oin ts so that none of the p oin ts in P lies in the

in terior of an y sphere, then I ( P ; �) = O ( m

2 = 3

n

2 = 3

+ m + n ). See [189 , 275 ] for other results

on incidences in higher dimensions.

8 Generalized V oronoi Diagrams

An in teresting application of the new b ounds on the complexit y of lo w er en v elop es is to

generalized V oronoi diagrams in higher dimensions. Let S b e a set of n pairwise-disjoin t

con v ex ob jects in R

d

, eac h of constan t description complexit y , and let � b e some metric.

The V or onoi diagr am V or

�

( S ) of S under the metric � (sometimes also simply denoted as

V or ( S )) is a partition of R

d

in to maximal connected cells of v arious dimensions, where eac h

cell C has the follo wing prop ert y . There is a subset S

C

� S so that for an y x 2 C

S

C

= f s 2 S : � ( x ; s ) = min

s

0

2 S

� ( x ; s

0

) g :

Let 


i

b e the graph of the function x

d +1

= � ( x ; s

i

). Set � = f 


i

j 1 � i � n g . Edelsbrunner

and Seidel [148 ] observ ed that V or

�

( S ) is the minimization diagram of �.
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In the classical case, in whic h � is the Euclidean metric and the ob jects in S are sin-

gletons (p oin ts), the graphs of these distance functions can b e replaced b y a collection of n

h yp erplanes in R

d +1

, using the linearization tec hnique, without a�ecting the minimization

diagram. Hence the maxim um p ossible complexit y of V or ( S ) is O ( n

d d= 2 e

), whic h actually

can b e ac hiev ed (see, e.g., [226 , 297 ]). In more general settings, though, this reduction is

not p ossible. Nev ertheless, the b ounds on the complexit y of lo w er en v elop es imply that,

under reasonable assumption on � and on the ob jects in S , the complexit y of the diagram

is O ( n

d + "

), for an y " > 0. While this b ound is non trivial, it is conjectured to b e to o

w eak. F or example, this b ound is near-quadratic for planar V oronoi diagrams, but the

complexit y of almost ev ery planar V oronoi diagram is only O ( n ), although there are certain

distance functions for whic h the corresp onding planar V oronoi diagram can ha v e quadratic

complexit y [57 ].

In three dimensions, the ab o v e-men tioned b ound for p oin t sites and Euclidean metric is

�( n

2

). It has b een a long-standing op en problem to determine whether a similar quadratic

or near-quadratic b ound holds in 3-space for more general ob jects and metrics (here the

new results on lo w er en v elop es only giv e an upp er b ound of O ( n

3+ "

)). The problem stated

ab o v e calls for impro ving this b ound b y roughly another factor of n . Since w e are aiming

for a b ound that is t w o orders of magnitude b etter than the complexit y of A (�), it app ears

to b e a considerably more di�cult problem than that of lo w er en v elop es. The only hop e of

making progress here is to exploit the sp ecial structure of the distance functions � ( x; s ).

F ortunately , some progress on this problem w as made recen tly . It w as sho wn b y Chew et

al. [107 ] that the complexit y of the V oronoi diagram is O ( n

2

� ( n ) log n ) for the case where

the ob jects of S are lines in R

3

and the metric � b y a c onvex distanc e function induced b y

a con v ex p olytop e with a constan t n um b er of facets (see [107 ] for more details). Note that

suc h a distance function is not necessarily a metric, b ecause it will fail to b e symmetric if the

de�ning p olytop e is not cen trally symmetric. The L

1

and L

1

metrics are sp ecial cases of

suc h distance functions. The b est-kno wn lo w er b ound for the complexit y of the diagram in

this sp ecial case is 
( n

2

� ( n )). Dwy er [130 ] has sho wn that the exp ected complexit y of the

V oronoi diagram of a set of n random lines in R

3

is O ( n

3 = 2

). In another recen t pap er [75 ], it

is sho wn that the maxim um complexit y of the L

1

-V oronoi diagram of a set of n p oin ts in R

3

is �( n

2

). Finally , it is sho wn in [313 ] that the complexit y of the three-dimensional V oronoi

diagram of p oin t sites under a general p olyhedral con v ex distance function (induced b y a

p olytop e with O (1) facets) is O ( n

2

log n ).

Op en Problem 6 (i) Is the complexit y of the V oronoi diagram of a set S of n lines under

the Euclidean metric in R

3

close to n

2

?

(ii) Is the complexit y of the V oronoi diagram of a set S of pairwise disjoin t con v ex

p olyhedra in R

3

, with a total of n v ertices, close to n

2

under the p olyhedral con v ex distance

functions?

An in teresting sp ecial case of these problems in v olv es dynamic V or onoi diagr ams for

A rr angements April 14, 1998



Union of Geometric Objects 32

mo ving p oin ts in the plane. Let S b e a set of n p oin ts in the plane, eac h mo ving along some

line at some �xed v elo cit y . The goal is to b ound the n um b er of com binatorial c hanges of the

Euclidean V or( S ) o v er time. This dynamic V oronoi diagram can easily b e transformed in to

a three-dimensional V oronoi diagram, b y adding the time t as a third co ordinate. The p oin ts

b ecome lines in 3-space, and the metric is a distance function induced b y a horizon tal disk

(that is, the distance from a p oin t p ( x

0

; y

0

; t

0

) to a line ` is the Euclidean distance from p to

the p oin t of in tersection of ` with the horizon tal plane t = t

0

). Here to o the op en problem

is to deriv e a near-quadratic b ound on the complexit y of the diagram. Cubic or near-cubic

b ounds are kno wn for this problem, ev en under more general settings [170 , 188 , 303 ], but

sub cubic b ounds are kno wn only in some v ery sp ecial cases [106 ].

Next, consider the problem of b ounding the complexit y of generalized V oronoi diagrams

in higher dimensions. As men tioned ab o v e, when the ob jects in S are n p oin ts in R

d

and

the metric is Euclidean, the complexit y of V or ( S ) is O ( n

d d= 2 e

). As d increases, this b e-

comes signi�can tly smaller than the naiv e O ( n

d +1

) b ound or the impro v ed b ound, O ( n

d + "

),

obtained b y viewing the V oronoi diagram as a lo w er en v elop e in R

d +1

. The same b ound

of O ( n

d d= 2 e

) has recen tly b een obtained in [75 ] for the complexit y of the L

1

-diagram of n

p oin ts in d -space (it w as also sho wn that this b ound is tigh t in the w orst case). It is th us

tempting to conjecture that the maxim um complexit y of generalized V oronoi diagrams in

higher dimensions is close to this b ound. Unfortunately , this w as recen tly sho wn b y Arono v

to b e false [43 ], b y presen ting a lo w er b ound of 
( n

d � 1

). The sites used in this construction

are con v ex p olytop es, and the distance is either Euclidean or a p olyhedral con v ex distance

function. F or d = 3, this lo w er b ound do es not con tradict the conjecture made ab o v e, that

the complexit y of generalized V oronoi diagrams should b e at most near-quadratic in this

case. Also, in higher dimensions, the conjecture men tioned ab o v e is still not refuted when

the sites are singleton p oin ts. Finally , for the general case, the construction b y Arono v still

lea v es a gap of roughly a factor of n b et w een the kno wn upp er and lo w er b ounds.

9 Union of Geometric Ob jects

Let K = f K

1

; : : : ; K

n

g b e a set of n connected d -dimensional sets in R

d

. In this section, w e

w an t to study the complexit y of K =

S

n

i =1

K

i

. Most of the w ork to date on this problem

has b een in t w o or three dimensions.

Union of planar ob jects. Let us assume that eac h K

i

is a Jor dan r e gion , b ounded

b y a closed Jordan curv e 


i

. Kedem et al. [220 ] ha v e pro v ed that if an y t w o b oundaries




i

in tersect in at most t w o p oin ts, then @ K con tains at most 6 n � 12 in tersection p oin ts

(pro vided n � 3), and that this b ound is tigh t in the w orst case. An immediate corollary

of their result is that the n um b er of in tersection p oin ts on the b oundary of the union of a

collection of homothets of some �xed con v ex set is linear, b ecause the b oundaries of an y t w o

suc h homothetic copies in general p osition can in tersect in at most t w o p oin ts. The b ound
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also holds when the homothets are not in general p osition. On the other hand, if pairs of

b oundaries ma y in tersect in four or more p oin ts, then @ K ma y con tain 
( n

2

) in tersection

p oin ts in the w orst case; see Figure 9.

Figure 9: Union of Jordan regions.

This raises the question of what happ ens if an y t w o b oundaries in tersect in at most three

p oin ts. Notice that in general this question is meaningless, since an y t w o closed curv es m ust

in tersect in an ev en n um b er of p oin ts (assuming nondegenerate con�gurations). T o mak e

the problem in teresting, let � b e a collection of n Jordan arcs, suc h that b oth endp oin ts of

eac h arc 


i

2 � lie on the x -axis, and suc h that K

i

is the region b et w een 


i

and the x -axis.

Edelsbrunner et al. [139 ] ha v e sho wn that the maxim um com binatorial complexit y of the

union K is �( n� ( n )). The upp er b ound requires a rather sophisticated analysis of the

top ological structure of K , and the lo w er b ound follo ws from the construction b y Wiernik

and Sharir for lo w er en v elop es of segmen ts [327 ].

Next, consider the case when eac h K

i

is a triangle in the plane. If the triangles are

arbitrary , then a simple mo di�cation of the con�guration sho wn in Figure 9 sho ws that

K ma y ha v e quadratic complexit y in the w orst case. But in this example the triangles

ha v e to b e \thin," that is, some of their angles are v ery small. Matou � sek et al. [248 ]

ha v e sho wn that if the giv en triangles are all fat , meaning that eac h of their angles is at

least some �xed constan t �

0

, then their union K has only a linear n um b er of holes (i.e.,

connected comp onen ts of K

c

), and that the com binatorial complexit y of K is O ( n log log n );

the constan ts of prop ortionalit y in these b ounds dep end on �

0

. Alt et al. [38 ] pro v ed that

the complexit y of the union of n fat w edges is O ( n ). See [38 , 320 , 156 ] for other results on

the union of fat ob jects. M. Bern ask ed the follo wing related question.

Op en Problem 7 Let � = f �

1

; : : : ; �

n

g b e a set of n triangles in the plane. Let a

i

b e

the asp ect ratio of the smallest rectangle enclosing �

i

. Supp ose

P

n

i =1

a

i

= O ( n ) . What is

the complexit y of

S

n

i =1

�

i

?

Recen tly , Efrat and Sharir [158 ] considered the case in whic h K is a collection of n

fat con v ex regions in the plane, eac h pair of whose b oundaries in tersect in at most some
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constan t n um b er s of p oin ts. Here fatness means that there exists a constan t � suc h that

for eac h ob ject of S the ratio b et w een the radii of its smallest enclosing disk and its largest

inscrib ed disk is at most � . They sho w ed that the complexit y of the union K is O ( n

1+ "

),

for an y " > 0, where the constan t of prop ortionalit y dep ends on " , s , and � . Their pro of

requires as an initial but imp ortan t substep an analysis of the n um b er of r e gular vertic es of

the union: these are v ertices of the union that are inciden t to t w o b oundaries that in tersect

exactly t wice. In fact, the analysis b y Efrat and Sharir can only handle directly the irregular

v ertices of the union. Nev ertheless, motiv ated b y this problem, P ac h and Sharir [274 ] ha v e

sho wn that, for an arbitrary collection of n con v ex regions, eac h pair of whose b oundaries

cross in a constan t n um b er of p oin ts, one has R � 2 I + 6 n � 12, where R (resp. I ) is

the n um b er of regular (resp. irregular) v ertices on the b oundary of the union. This result

has b een used in [158 ] to obtain their near-linear b ound. Nev ertheless, regular v ertices are

in teresting in their o wn righ t, and some additional results concerning them ha v e recen tly

b een obtained b y Arono v et al. [47 ]. First, if there are only regular v ertices (i.e., ev ery

pair of b oundaries in tersect at most t wice), then the inequalit y obtained b y [274 ] implies

that the complexit y of the union in this case is at most 6 n � 12, so the result b y P ac h and

Sharir extends the older results of [220 ]. In general, though, I can b e quadratic, so the

ab o v e inequalit y only yields a quadratic upp er b ound on the n um b er of regular v ertices of

the union. Ho w ev er, it w as sho wn in [47 ] that in man y cases R is sub quadratic. This is the

case when the giv en regions are suc h that ev ery pair of b oundaries cross at most a constan t

n um b er of times. If in addition all the regions are con v ex, the upp er b ound is close to

O ( n

3 = 2

).

Arono v and Sharir [53 ] pro v ed that the complexit y of the union of n con v ex p olygons

in R

2

with a total of s v ertices is O ( n

2

+ s� ( n )).

Union in three and higher dimensions. Little is kno wn ab out the complexit y of the

union in higher dimensions. It w as recen tly sho wn in [75 ] that the maxim um complexit y of

the union of n axis-parallel h yp ercub es in R

d

is �( n

d d= 2 e

), and this impro v es to �( n

b d= 2 c

)

if all the h yp ercub es ha v e the same size. Ho w ev er, the follo wing problem remains op en.

Op en Problem 8 What is the complexit y of the union of n congruen t cub es in R

3

?

Arono v and Sharir [51 ] pro v ed that the complexit y of the union of n con v ex p olyhedra

in R

3

with a total of s faces is O ( n

3

+ sn log

2

n ). The b ound w as impro v ed b y Arono v et

al. [55 ] to O ( n

3

+ sn log s ).

Unions of ob jects also arise as subproblems in the study of generalized V oronoi diagrams,

as follo ws. Let S and � b e as in the previous section (sa y , for the 3-dimensional case).

Let K denote the region consisting of all p oin ts x 2 R

3

whose smallest distance from a

site in S is at most r , for some �xed parameter r > 0. Then K =

S

s 2 S

B ( s; r ), where

B ( s; r ) = f x 2 R

3

j � ( x; s ) � r g . W e th us face the problem of b ounding the com binatorial

complexit y of the union of n ob jects in R

3

(of some sp ecial t yp e). F or example, if S is a set of
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lines and � is the Euclidean distance, the ob jects are n congruen t in�nite cylinders in R

3

. In

general, if the metric � is a distance function induced b y some con v ex b o dy P , the resulting

ob jects are the Minkowski sums s � ( � r P ), for s 2 S , where A � B = f x + y j x 2 A; y 2 B g .

Of course, this problem can also b e stated in an y higher dimension.

Since it has b een conjectured that the complexit y of the whole V oronoi diagram in R

3

should b e near-quadratic , the same conjecture should apply to the (simpler) structure K

(whose b oundary can b e regarded as a level curve of the diagram at height r ; it do es indeed

corresp ond to the cross-section at heigh t r of the lo w er en v elop e in R

4

that represen ts the

diagram). Recen tly , this conjecture w as con�rmed b y Arono v and Sharir in [54 ], in the

sp ecial case where b oth P and the ob jects of S are con v ex p olyhedra. They sp ecialized

their analysis of the union of con v ex p olytop es to obtain an impro v ed b ound in the sp ecial

case in whic h the p olyhedra in question are Mink o wski sums of the form R

i

� P , where

the R

i

's are n pairwise-disjoin t con v ex p olyhedra, P is a con v ex p olyhedron, and the total

n um b er of faces of these Mink o wski sums is s . The impro v ed b ounds are O ( ns log n ) and


( ns� ( n )). They are indeed near-quadratic, as conjectured.

Recen tly , Agarw al and Sharir [26 ] sho w ed that if S is a set of n lines and P is a sphere

in R

3

, i.e., K is a set of n congruen t cylinders, then the complexit y of K is O ( n

8 = 3+ "

), for

an y " > 0. Their pro of w orks ev en if S is a set of segmen ts in R

3

.

Op en Problem 9 Let � b e a set of pairwise disjoin t triangles in R

3

and let B b e a unit-

radius ball. What is the complexit y of the Mink o wski sum of � and B ?

10 Decomp osition of Arrangemen ts

Man y applications call for decomp osing eac h cell of the arrangemen t in to constan t size cells;

see Sections 12 and 13 for a sample of suc h applications. In this section w e describ e a few

general sc hemes that ha v e b een prop osed for decomp osition of arrangemen ts.

10.1 T riangulating h yp erplane arrangemen ts

Eac h k -dimensional cell in an arrangemen t of h yp erplanes is a con v ex p olyhedron, so w e

can triangulate it in to k -simplices. If the cell is un b ounded, some of the simplices in the

triangulation will b e un b ounded. A commonly used sc heme to triangulate a con v ex p olytop e

P is the so-called b ottom-vertex triangulation , denoted P

r

. It recursiv ely triangulates ev ery

face of P as follo ws. An edge is a one-dimensional simplex, so there is nothing to do.

Supp ose w e ha v e triangulated all j -dimensional cells of P for j < k . W e no w triangulate a

k -dimensional cell C as follo ws. Let v b e the v ertex of C with the minim um x

d

-co ordinate.

F or eac h ( k � 1)-dimensional simplex � lying on the b oundary of C but not con taining

v (� w as constructed while triangulating a ( k � 1)-dimensional cell inciden t to C ), w e

extend � to a k -dimensional simplex b y taking the con v ex h ull of � and v ; see Figure 10(i).
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(Un b ounded cells require some care in this de�nition; see [110 ]). The n um b er of simplices

in P

r

is prop ortional to the n um b er of v ertices in P .

If w e w an t to triangulate the en tire arrangemen t or more than one of its cells, w e

compute the b ottom-v ertex triangulation f

r

for eac h face f in the increasing order of their

dimension. Let A

r

(�) denote the b ottom-v ertex triangulation of A (�). A useful prop ert y

of A

r

(�) is that eac h simplex � 2 A

r

(�) is de�ned b y a set D (�) of at most d ( d + 3) = 2

h yp erplanes of �, in the sense that � 2 A

r

( D (�)). Moreo v er, if K (�) � � is the subset of

h yp erplanes in tersecting �, then � 2 A

r

( R ), for a subset R � �, if and only if D (�) � R

and K (�) \ R = ; . A disadv an tage of b ottom-v ertex triangulation is that some v ertices ma y

ha v e large degree. Metho ds for obtaining lo w-degree triangulations ha v e b een prop osed in

t w o and three dimensions [128 ].

Figure 10: (i) Bottom v ertex triangulation of a con v ex p olygon; (ii) v ertical decomp osition

of a cell in an arrangemen t of segmen ts.

10.2 V ertical decomp osition

Unfortunately , the b ottom-v ertex triangulation sc heme do es not w ork for arrangemen ts of

surfaces. Collins [114 ] describ ed a general decomp osition sc heme, called cylindric al alge-

br aic de c omp osition , that decomp oses A (�) in to ( bn )

2

O ( d )

cells, eac h semialgebraic of con-

stan t description complexit y (ho w ev er, the maxim um algebraic degree in v olv ed in de�ning

a cell gro ws exp onen tially with d ) and homeomorphic to a ball of the appropriate dimen-

sion. Moreo v er, his algorithm pro duces a cell complex, i.e., closures of an y t w o cells are

either disjoin t or their in tersection is the closure of another lo w er-dimensional cell of the

decomp osition. This b ound is quite far from the kno wn trivial lo w er b ound of 
( n

d

), whic h

is a lo w er b ound on the size of the arrangemen t. A signi�can tly b etter sc heme for decom-

p osing arrangemen ts of general surfaces is their vertic al de c omp osition . Although v ertical

decomp ositions of p olygons in the plane ha v e b een in use for a long time, it w as extended

to higher dimensions only in the late 1980s. W e describ e this metho d brie
y .

Let C b e a d -dimensional cell in A (�). The v ertical decomp osition, C

jj

, is computed as

follo ws. W e erect a v ertical `w all' up and do wn (in the x

d

-direction) within C from eac h

( d � 2)-dimensional face of C and from p oin ts of v ertical tangencies (i.e., the p oin ts at
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whic h the tangen t planes are parallel to the x

d

-direction), and extend these w alls un til they

hit another surface (or, failing this, all the w a y to �1 ). This results in a decomp osition

of C in to sub cells so that eac h sub cell has a unique top facet and a unique b ottom facet,

and ev ery v ertical line cuts the sub cell in a connected (p ossibly empt y) in terv al. W e next

pro ject eac h resulting sub cell � on the h yp erplane x

d

= 0. Let C

�

b e the pro jected cell.

W e apply recursiv ely the same tec hnique to C

�

and compute its v ertical decomp osition C

jj

�

.

(W e con tin ue the recursion in this manner un til w e reac h d = 1.) W e then \lift" C

jj

�

bac k

in to R

d

, b y extending eac h sub cell c 2 C

jj

�

in to the v ertical cylinder c � R , and b y clipping

the cylinder within � . Using a standard argumen t, it can b e sho wn that eac h cell of C

jj

is

semialgebraic set of constan t description complexit y . In fact, they ha v e the same structure

as the Collins cells, but the n um b er of sub cells in C

jj

is m uc h smaller than that in the

Collins decomp osition of C . Applying the ab o v e step to eac h cell of A (�), w e obtain the

v ertical decomp osition A

jj

(�) of A (�). Note A

jj

(�) is not a cell complex.

It is easily seen that the complexit y of the v ertical decomp osition of a cell in the plane

is prop ortional to the n um b er of edges in the cell. Ho w ev er, this is no longer the case

in higher dimensions: Already for the case of a con v ex p olytop e with n facets in R

3

, the

v ertical decomp osition ma y ha v e complexit y 
( n

2

).

Theorem 10.1 (Chazelle et al. [95 , 96 ]) The numb er of c el ls in the vertic al de c omp osition

A

jj

(�) of the arr angement A (�) , for a set � of n surfac e p atches in R

d

satisfying (A1){(A2),

is O ( n

2 d � 4

�

q

( n )) .

The only kno wn lo w er b ound on the size of A

jj

(�) is the trivial 
( n

d

), so there is a

considerable gap here, for d > 3; for d = 3 the t w o b ounds nearly coincide. Impro ving the

upp er b ound app ears to b e v ery c hallenging. This problem has b een op en since 1989; it

seems di�cult enough to preempt, at the presen t state of kno wledge, an y sp eci�c conjecture

on the true maxim um complexit y of the v ertical decomp osition of arrangemen ts in d > 3

dimensions.

Op en Problem 10 What is the complexit y of the v ertical decomp osition of the arrange-

men t of n surfaces in R

4

satisfying assumptions (A1){(A2)?

The b ound stated ab o v e applies to the v ertical decomp osition of an en tire arrangemen t

of surfaces. In man y applications, ho w ev er, one is in terested in the v ertical decomp osition

of only a p ortion of the arrangemen t, e.g., a single cell, the lo w er en v elop e, the zone of

some surface, a sp eci�c collection of cells of the arrangemen t, etc. Since, in general, the

complexit y of suc h a p ortion is kno wn (or conjectured) to b e smaller than the complexit y

of the en tire arrangemen t, one w ould lik e to conjecture that a similar phenomenon applies

to v ertical decomp ositions. Recen tly , it w as sho wn b y Sc h w arzk opf and Sharir [295 ] that

the complexit y of the v ertical decomp osition of a single cell in an arrangemen t of n surface

patc hes in R

3

, as ab o v e, is O ( n

2+ "

), for an y " > 0. A similar near-quadratic b ound has b een

A rr angements April 14, 1998



Decomposition of Arrangements 38

obtained b y Agarw al et al. [9 ] for the v ertical decomp osition of the region enclosed b et w een

the en v elop e and the upp er en v elop e of t w o sets of biv ariate surface patc hes. Another recen t

result b y Agarw al et al. [14 ] giv es a b ound on the complexit y of the v ertical decomp osition

of A

� k

(�) for a set � of surfaces in R

3

, whic h is only sligh tly larger that the w orst-case

complexit y of A

� k

(�).

Op en Problem 11 What is the complexit y of the v ertical decomp osition of the minimiza-

tion diagram of n surfaces in R

4

satisfying assumptions (A1){(A2)?

Agarw al and Sharir [25 ] pro v ed a near-cubic upp er b ound on the complexit y of the v erti-

cal decomp osition in the sp ecial case when the surfaces are graphs of triv ariate p olynomials

and the in tersection surface of an y pair of surfaces is xy -monotone. In fact, their b ound

holds for a more general setting; see the original pap er for details.

An in teresting sp ecial case of v ertical decomp osition is that of h yp erplanes. F or suc h

arrangemen ts, the v ertical decomp osition is a to o cum b ersome construct, b ecause, as de-

scrib ed ab o v e, one can use the b ottom-v ertex triangulation (or an y other triangulation)

to decomp ose the arrangemen t in to �( n

d

) simplices. Still, it is probably a useful exer-

cise to understand the complexit y of the v ertical decomp osition of an arrangemen t of n

h yp erplanes in R

d

. A recen t result b y Guibas et al. [187 ] giv es an almost tigh t b ound of

O ( n

4

log n ) for this quan tit y in R

4

, but nothing signi�can tly b etter than the general b ound

is kno wn for d > 4. Another in teresting sp ecial case is that of triangles in 3-space. This

has b een studied b y [120 , 314 ], where almost tigh t b ounds w ere obtained for the case of a

single cell ( O ( n

2

log

2

n )), and for the en tire arrangemen t ( O ( n

2

� ( n ) log n + K ), where K

is the complexit y of the undecomp osed arrangemen t). The �rst b ound is sligh tly b etter

than the general b ound of [295 ] men tioned ab o v e. T agansky [314 ] also deriv es sharp com-

plexit y b ounds for the v ertical decomp osition of man y cells in an arrangemen t of simplices,

including the case of all noncon v ex cells.

Ob jects Bound Source

Surfaces in R

d

, d � 3 O ( n

2 d � 4

�

q

( n )) [95 , 304 ]

T riangles in R

3

O ( n

2

� ( n ) log n + K ) [120 , 314 ]

Surfaces in R

3

, single cell O ( n

2+ "

) [295 ]

T riangles in R

3

, zone w.r.t. �( n

2

log

2

n ) [314 ]

an algebraic surface

Surfaces in R

3

, ( � k )-lev el O ( n

2+ "

k ) [14 ]

Hyp erplanes in R

4

O ( n

4

log n ) [187 ]

T able 3: Com binatorial b ounds on the maxim um complexit y of the v ertical decomp osition

of n surfaces. In the second ro w, K is the com binatorial complexit y of the arrangemen t.
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10.3 Other decomp osition sc hemes

Linearization, de�ned in Section 3, can b e used to decomp ose the cells of the arrangemen t

A (�) in to cells of constan t description complexit y as follo ws. Supp ose � admits a lineariza-

tion of dimension k , i.e., there is a transformation ' : R

d

� ! R

k

that maps eac h p oin t

x 2 R

d

to a p oin t ' ( x ) 2 R

k

, eac h surface 


i

2 � to a h yp erplane h

i

� R

k

, and R

d

to a

d -dimensional surface � � R

k

. Let H = f h

i

j 1 � i � n g . W e compute the b ottom-v ertex

triangulation A

r

( H ) of A ( H ). F or eac h simplex � 2 A

r

( H ), let � = � \ �, and let

�

�

= '

� 1

( �) b e the bac k pro jection of � on to R

d

; �

�

is a semialgebraic cell of constan t

description complexit y . Set � = f �

�

j � 2 A

r

( H ) g . � is a decomp osition of A (�) in to cells

of constan t description complexit y . If a simplex � 2 A

r

( H ) in tersects �, then � lies in the

triangulation of a cell in zone (�; H ). Therefore, b y Theorem 5.3, j � j = O ( n

b ( d + k ) = 2 c

log




n ),

where 
 = ( d + k ) (mo d 2). Hence, w e can conclude the follo wing.

Theorem 10.2 L et � b e a set of hyp ersurfac es in R

d

of de gr e e at most b . If � admits a

line arization of dimension k , then A (�) c an b e de c omp ose d into O ( n

b ( d + k ) = 2 c

log




n ) c el ls of

c onstant description c omplexity, wher e 
 = d + k (mo d 2) .

As sho wn in Section 3, spheres in R

d

admit a linearization of dimension d + 1, therefore,

the arrangemen t of n spheres in R

d

can b e decomp osed in to O ( n

d

log n ) cells of constan t

description complexit y .

Arono v and Sharir [50 ] prop osed another sc heme for decomp osing arrangemen ts of tri-

angles in R

3

b y com bining v ertical decomp osition and triangulation. They �rst decomp ose

eac h three-dimensional cell of the arrangemen t in to con v ex p olyhedron, using an incremen-

tal pro cedure, and then they compute a b ottom-v ertex triangulation of eac h p olyhedron.

Other sp ecialized decomp osition sc hemes in R

3

ha v e b een prop osed in [205 , 249 ].

10.4 Cuttings

All the decomp osition sc hemes describ ed in this section decomp ose R

d

in to cells of constan t

description complexit y , so that eac h cell lies en tirely in a single face of A (�). In man y ap-

plications, ho w ev er, it su�ces to decomp ose R

d

in to cells of constan t description complexit y

so that eac h cell in tersects only a few surfaces of �. Suc h a decomp osition lies at the heart

of divide-and-conquer algorithms for n umerous geometric problems.

Let � b e a set of n surfaces in R

d

satisfying assumptions (A1){(A2). F or a parameter

r � n , a family � = f �

1

; : : : ; �

s

g of cells of constan t description complexit y with pairwise

disjoin t in teriors is called a (1 =r ) -cutting of A (�) if the in terior of eac h cell in � is crossed

b y at most n=r surfaces of � and � co v ers R

d

. If � is a set of h yp erplanes, then � is t ypically

a set of simplices. Cuttings ha v e led to e�cien t algorithms for a wide range of geometric

problems and to impro v ed b ounds for sev eral com binatorial problems. F or example, the
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pro of b y Clarkson et al. [108 ] on the complexit y of m distinct cells in arrangemen ts of lines

uses cuttings; see the surv ey pap ers [3 , 243 ] for a sample of applications of cuttings.

Clarkson [109 ] pro v ed that a (1 =r )-cutting of size O ( r

d

log

d

r ) exists for a set of h y-

p erplanes in R

d

. The b ound w as impro v ed b y Chazelle and F riedman [100 ] to O ( r

d

); see

also [1, 237 , 241 ]. An easy coun ting argumen t sho ws that this b ound is optimal for an y

nondegenerate arrangemen t. There has b een considerable w ork on computing optimal (1 =r )-

cuttings e�cien tly [1, 93 , 207 , 237 , 241 ]. Chazelle [93 ] sho w ed that a (1 =r )-cutting for a set

of n h yp erplanes in R

d

can b e computed in time O ( nr

d � 1

).

Using Haussler and W elzl's result on " -nets [209 ], one can sho w that if, for an y subset

R � �, there exists a canonical decomp osition of A ( R ) in to at most g ( j R j ) cells of constan t

description complexit y , then there exists a (1 =r )-cutting of A (�) of size O ( g ( r log r )). By

the result of Chazelle et al. [95 ] on the v ertical decomp osition of A (�), there exists a (1 =r )-

cutting of size O (( r log r )

2 d � 3+ "

) of A (�). On the other hand, if � admits a linearization of

dimension k , then there exists a (1 =r )-cutting of size O (( r log r )

b ( d + k ) = 2 c

log r ).

11 Represen tation of Arrangemen ts

Before w e b egin to presen t algorithms for computing arrangemen ts and their substructures,

w e need to describ e ho w w e represen t arrangemen ts and their substructures. Planar ar-

rangemen ts of lines can b e represen ted using an y standard data structure for represen ting

planar graphs suc h as quad-edge or winged-edge data structures [192 , 324 ]. Ho w ev er, rep-

resen tation of arrangemen ts in higher dimensions is c hallenging b ecause the top ology of

cells ma y b e rather complex. Exactly ho w an arrangemen t is represen ted largely dep ends

on the sp eci�c application for whic h w e need to compute it. F or example, represen tations

ma y range from simply computing a represen tativ e p oin t within eac h cell, or the v ertices

of the arrangemen t, to storing v arious spatial relationships b et w een cells. W e �rst review

represen tations of h yp erplane arrangemen ts and then discuss surface arrangemen ts.

Hyp erplane arrangemen ts. A simple w a y to represen t a h yp erplane arrangemen t A (�)

is b y storing its 1 -skeleton [131 ]. That is, w e construct a graph ( V ; E ) whose no des are the

v ertices of the arrangemen t. There is an edge b et w een t w o no des v

i

; v

j

if they are endp oin ts

of an edge of the arrangemen t. Using the 1-sk eleton of A (�), w e can tra v erse the en tire

arrangemen t in a systematic w a y . The incidence relationship of v arious cells in A (�) can b e

represen ted using a data structure called incidenc e gr aph . A k -dimensional cell C is called

a sub c el l of a ( k + 1)-dimensional cell C

0

if C lies on the b oundary of C

0

; C

0

is called the

sup er c el l of C . W e assume that the empt y set is a ( � 1)-dimensional cell of A (�), whic h is

a sub cell of all v ertices of A (�); and R

d

is a ( d + 1)-dimensional cell, whic h is the sup ercell

of all d -dimensional cells of A (�). The incidence graph of A (�) has a no de for eac h cell of

A (�), including the ( � 1)-dimensional and ( d + 1)-dimensional cells. There is a (directed)

arc from a no de C to another no de C

0

if C is a sub cell of C

0

; see Figure 11. Note that the
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incidence graph forms a lattice. Man y algorithms for computing the arrangemen t construct

the incidence graph of the arrangemen t.

A disadv an tage of 1-sk eletons and incidence graphs is that they do not enco de ordering

information of cells. F or examples, in planar arrangemen ts of lines or segmen ts, there is a

natural ordering of edges inciden t to a v ertex or of the edges inciden t to a t w o-dimensional

face. The quad-edge data structure enco des this information for planar arrangemen ts.

Dobkin and Laszlo [129 ] extended the quad-edge data structure to R

3

, whic h w as later

extended to higher dimensions [78 , 233 , 234 ]. Dobkin et al. [126 ] describ ed an algorithm for

represen ting a simple p olygon as a short Bo olean form ula, whic h can b e used to store faces

of segmen t arrangemen ts to answ er v arious queries e�cien tly .

Surface arrangemen ts. Represen ting arrangemen ts of surface patc hes is considerably

more c hallenging than represen ting h yp erplane arrangemen ts b ecause of the complex top ol-

ogy that cells in suc h an arrangemen t can ha v e. A v ery simple represen tation of A (�) is to

store a represen tativ e p oin t from eac h cell of A (�) or to store the v ertices of A (�). An ev en

coarser represen tation of arrangemen ts of graphs of p olynomials is to store all realizable

sign sequences. It turns out that this simple represen tation is su�cien t for some appli-

cations [34 , 72 ]. The notion of 1-sk eleton can b e generalized to arrangemen ts of surfaces.

Ho w ev er, all the connectivit y information cannot b e enco ded b y simply storing v ertices

and edges of the arrangemen t. Instead w e need a �ner one-dimensional structure, kno wn

as the r o admap . Road maps w ere originally in tro duced b y Cann y [85 , 87 ] to represen t a

semialgebraic set. W e can extend the notion of roadmaps to en tire arrangemen ts. Roughly

sp eaking, a roadmap R (�) of A (�) is a one-dimensional semialgebraic set that satis�es the

follo wing t w o conditions.

(R1) F or ev ery cell C in A (�), C \ R (�) is nonempt y and connected.

(R2) Let C

w

b e the cross-section of a cell C 2 A (�) at the h yp erplane x

1

= w . F or an y

w 2 R and for cell C 2 A (�), C

w

6= ; implies that ev ery connected comp onen t of C

w

in tersects R (�).

In tuitiv ely , a roadmap adds new ar cs so that all the cells are connected and one can tra v erse

the en tire arrangemen t. same connected comp onen t of S . W e can also de�ne a roadmap of

a substructure of the arrangemen t. See [66 , 85 ] for details on roadmaps.

A roadmap do es not represen t \ordering" of cells in the arrangemen t or adjacency rela-

tionship among v arious cells. If w e w an t to enco de the adjacency relationship among higher

dimensional cells of A (�), w e can compute the v ertical decomp osition or the cylindrical

algebraic decomp osition of A (�) and compute the adjacency relationship of cells in the

decomp osition [42 , 293 ]. Brisson [78 ] describ es the c el l-tuple data structure that enco des

top ological structures, ordering among cells, the b oundaries of cells, and other information

for cells of surface arrangemen ts.
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Man y query-t yp e applications (e.g., p oin t lo cation, ra y sho oting) call for prepro cessing

A (�) in to a data structure so that v arious queries can b e answ ered e�cien tly . In these

cases, instead of storing v arious cells of an arrangemen t explicitly , w e can store the arrange-

men t implicitly , e.g., using cuttings. Chazelle et al. [96 ] ha v e describ ed ho w to prepro cess

arrangemen ts of surfaces for p oin t-lo cation queries; Agarw al et al. [9 ] ha v e describ ed data

structures for storing lo w er en v elop es in R

4

for p oin t-lo cation queries.

12 Computing Arrangemen ts

W e no w review algorithms to compute the arrangemen t A (�) of a set � of n surface patc hes

satisfying assumptions (A1){(A2). As in Chapter DS-??, w e need to assume here an appro-

priate mo del of computation in whic h v arious primitiv e op erations on a constan t n um b er

of surfaces can b e p erformed in constan t time. W e will assume an in�nite-precision real

arithmetic mo del in whic h the ro ots of an y p olynomial of constan t degree can b e computed

exactly in constan t time.

Constructing arrangemen ts of h yp erplanes and simplices. Edelsbrunner et al. [147 ]

describ e an incremen tal algorithm that computes in time O ( n

d

) the incidence graph of A (�),

for a set � of n h yp erplanes in R

d

. Roughly sp eaking, their algorithm adds the h yp erplanes

of � one b y one and main tains the incidence graph of the arrangemen t of the h yp erplanes

added so far. Let �

i

b e the set of h yp erplanes added in the �rst i stages, and let 


i +1

b e

the next h yp erplane to b e added. In the ( i + 1)st stage, the algorithm traces 


i +1

through

A (�

i

). If a k -face f of A (�

i

) do es not in tersect 


i

, then f remains a face of A (�

i +1

). If

f in tersects 


i +1

, then f 2 zone ( 


i +1

; �

i

) and f is split in to t w o k -faces f

+

; f

�

, lying in

the t w o op en halfspaces b ounded b y 


i +1

, and a ( k � 1)-face f

0

= f \ 


i +1

. The algorithm

therefore c hec ks the faces of zone ( 


i +1

; �

i

) whether they in tersect 


i +1

. F or eac h suc h in-

tersecting face, it adds corresp onding no des in the incidence graph and up dates the edges

of the incidence graph. The ( i + 1)st stage can b e completed in time prop ortional to the

complexit y of zone ( 


i +1

; �

i

), whic h is O ( i

d � 1

); see [132 , 147 ]. Hence, the o v erall running

time of the algorithm is O ( n

d

).

A dra wbac k of the algorithm just describ ed is that it requires O ( n

d

) \w orking" storage

b ecause it has to main tain the en tire arrangemen t constructed so far in order to determine

whic h of the cells in tersect the new h yp erplane. An in teresting question is whether A (�) can

b e computed using only O ( n ) w orking storage. Edelsbrunner and Guibas [138 ] prop osed

the top olo gic al swe ep algorithm that can construct the arrangemen t of n lines in O ( n

2

) time

using O ( n ) w orking storage. Their algorithm, whic h is a generalization of the sw eep-line

algorithm of Ben tley and Ottmann [68 ], sw eeps the plane b y a pseudo-line. The algorithm

b y Edelsbrunner and Guibas can b e extended to en umerate all v ertices in an arrangemen t of

n h yp erplanes in R

d

in O ( n

d

) time using O ( n ) space. See [40 , 56 , 151 ] for other top ological-

sw eep algorithms. Avis and F ukuda [59 ] dev elop ed an algorithm that can en umerate in
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Figure 11: (i) Incidence graph of the arrangemen t of 2 lines. (ii) Adding a new line;

incremen tal c hanges in the incidence graph as the v ertex v , the edge 5 and the face A

0

are

added.

O ( n

2

k ) time, using O ( n ) space, all k v ertices of the arrangemen t of a set � of n h yp erplanes

in R

d

in whic h ev ery v ertex is inciden t to d h yp erplanes. Their algorithm is useful when

there are man y parallel h yp erplanes in �. See also [60 , 172 ] for some related results.

Using the random-sampling tec hnique, Clarkson and Shor [111 ] dev elop ed an O ( n log n +

k ) exp ected time algorithm for constructing the arrangemen t of a set � of n line segmen ts

in the plane; here k is the n um b er of v ertices in A (�); see also [262 , 263 ]. Chazelle and

Edelsbrunner [94 ] dev elop ed a deterministic algorithm that can construct A (�) in time

O ( n log n + k ), using O ( n + k ) storage. The space complexit y w as impro v ed to O ( n ), without

a�ecting the asymptotic running time, b y Balaban [61 ]. If � is a set of n triangles in R

3

,

A

jj

(�) can b e constructed in O ( n

2

log n + k ) exp ected time using a randomized incremen tal

algorithm [95 , 304 ].

Chazelle and F riedman [101 ] describ e an algorithm that can prepro cess a set � of n

h yp erplanes in to a data structure of size O ( n

d

= log

d

n ) so that a p oin t-lo cation query can

b e answ ered in O (log n ) time. Their algorithm w as later simpli�ed b y Matou � sek [245 ]

and Chazelle [93 ]. Mulm uley and Sen [265 ] dev elop ed a randomized dynamic data struc-

ture of size O ( n

d

) for p oin t lo cation in arrangemen ts of h yp erplanes that can answ er

a p oin t-lo cation query in O (log n ) exp ected time and can insert or delete a h yp erplane

in O ( n

d � 1

log n ) exp ected time.

com

Check the b ound.

men t

Hagerup et al. [195 ] describ e a  �

randomized parallel algorithm for constructing the arrangemen t of h yp erplanes under the

CR CW mo del. Their algorithm runs in O (log n ) time using O ( n

d

= log n ) exp ected n um b er
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of pro cessors. A deterministic algorithm under the CREW mo del with the same w orst-case

p erformance w as prop osed b y Go o dric h [179 ].

There has b een some w ork on constructing arrangemen ts of lines and segmen ts using


oating-p oin t (�nite precision) arithmetic. Milenk o vic [257 ] dev elop ed a general tec hnique

called double-pr e cision ge ometry that can b e applied to compute arrangemen ts of lines

and segmen ts in the plane. F or example, if the co e�cien ts of eac h line in a set � of

n lines are represen ted using at most b bits, then his tec hnique can compute A (�) in

O ( n

3

log n ) time using at most b + 20 bits of precision. A careful implemen tation of the

algorithm b y Edelsbrunner et al. requires 3 b bits of precision. Because of �nite-precision

arithmetic, Milenk o vic's tec hnique computes the co ordinates of v ertices appro ximately , and

therefore pro duces a planar geometric graph, whic h is an arrangemen t of pseudolines. If the

appro ximate arithmetic used b y his algorithm mak es relativ e error " , then the maxim um

error in the co ordinates of v ertices of A (�) computed b y his algorithm is O (

p

" ). F ortune and

Milenk o vic [168 ] sho w ed that the sw eep-line and incremen tal algorithms can b e implemen ted

so that the maxim um error in the co ordinates of v ertices is at most O ( n" ). F or all practical

purp oses this approac h is b etter than the one describ ed in [257 ]. See [182 , 185 , 256 , 258 ]

for a few additional results on constructing arrangemen ts using 
oating-p oin t arithmetic.

Constructing arrangemen ts of surfaces. The algorithm b y Edelsbrunner et al. [147 ]

for computing h yp erplane arrangemen ts can b e extended to computing the v ertical decom-

p osition A

jj

(�) for a set � of n arcs in the plane. In the ( i + 1)st step, the algorithm traces




i +1

through zone ( 


i +1

; �

i

) and up dates the trap ezoids of A

jj

(�

i

) that in tersect 


i +1

. The

running time of the ( i + 1)st stage is O ( �

s +2

( i )), where s is the maxim um n um b er of in ter-

section p oin ts b et w een a pair of arcs in �. Hence, the o v erall running time of the algorithm

is O ( n�

s +2

( n )). Supp ose � is a set of arcs in the plane in general p osition. If the arcs in �

are added in a random order and a \history dag," as describ ed in Chapter DS-??, is used

to e�cien tly �nd the trap ezoids of A

jj

(�

i

) that in tersect 


i +1

, the exp ected running time of

the algorithm can b e impro v ed to O ( n log n + k ), where k is the n um b er of v ertices in A (�).

V ery little is kno wn ab out computing the arrangemen t of a set � of surfaces in higher

dimensions. Chazelle et al. [95 ] ha v e sho wn that A

jj

(�) can b e computed in randomized

exp ected time O ( n

2 d � 3+ "

), using the random-sampling tec hnique. Their algorithm can b e

made deterministic without increasing its asymptotic running time, but the deterministic

algorithm is considerably more complex.

There has b een some w ork for computing arrangemen ts under the more realistic mo del

of precise rational arithmetic mo del used in computational real algebraic geometry [71 ].

Cann y [88 ] had describ ed an ( nb )

O ( d )

-time algorithm for computing a sample p oin t from

eac h cell of the arrangemen t of a set of n h yp ersurfaces in R

d

, eac h of degree at most b .

The running time w as impro v ed b y Basu et al. [67 ] to n

d +1

b

O ( d )

. Basu et al. [66 ] describ ed

an n

d +1

b

O ( d

2

)

-time algorithm for computing the roadmap of a semialgebraic set de�ned b y

n p olynomials, eac h of degree at most b . Although their goal is to dev elop the road map of
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a semialgebraic set, their algorithm �rst constructs the road map of the en tire arrangemen t

of the surfaces de�ning the semialgebraic set and then outputs the appropriate p ortion of

the map.

13 Computing Substructures in Arrangemen ts

13.1 Lo w er en v elop es

Let � b e a set of surface patc hes satisfying assumptions (A1){(A3). W e w an t to compute the

minimization diagram M (�) of �. W e describ ed in Chapter DS-?? algorithms for computing

the minimization diagram of a set of arcs in the plane. In this c hapter w e will fo cus on

minimization diagrams of sets of surface patc hes in higher dimensions. There are again

sev eral c hoices, dep ending on the application, as to what exactly w e w an t to compute. The

simplest c hoice is to compute the v ertices or the 1-sk eleton of M (�). A more di�cult task is

to compute all the faces of M (�) and represen t them using an y of the mec hanisms describ ed

in the previous section. Another c hallenging task, whic h is required in man y applications,

is to store � in to a data structure so that L

�

( x ), for an y p oin t x 2 R

d � 1

, can b e computed

e�cien tly .

F or collections � of surface patc hes in R

3

, the minimization diagram M (�) is a planar

sub division. In this case, the latter t w o tasks are not signi�can tly harder than the �rst one,

b ecause w e can prepro cess M (�) using an y optimal planar p oin t-lo cation algorithm [122 ].

Sev eral algorithms ha v e b een dev elop ed for computing the minimization diagram of biv ari-

ate (partial) surface patc hes [9 , 73 , 74, 118 , 303 ]. Some of these tec hniques use randomized

algorithms, and their exp ected running time is O ( n

2+ "

), whic h is comparable with the max-

im um complexit y of the minimization diagram of biv ariate surface patc hes. The simplest

algorithm is probably the deterministic divide-and-conquer algorithm presen ted b y Agar-

w al et al. [21 ]. It partitions � in to t w o subsets �

1

; �

2

of roughly equal size, and computes

recursiv ely the minimization diagrams M

1

, M

2

of �

1

and �

2

, resp ectiv ely . It then com-

putes the o v erla y M

�

of M

1

and M

2

. Ov er eac h face f of M

�

there are only (at most)

t w o surface patc hes that can attain the �nal en v elop e (the one attaining L (�

1

) o v er f and

the one attaining L (�

2

) o v er f ), so w e compute the minimization diagram of these t w o

surface patc hes o v er f , replace f b y this re�ned diagram, and rep eat this step for all faces

of M

�

. W e �nally merge an y t w o adjacen t faces f ; f

0

of the resulting sub division if the

same surface patc hes attain L (�) o v er b oth f and f

0

. It is easy to see that the cost of this

step is prop ortional to the n um b er of faces of M

�

. By the result of Agarw al et al. [21 ],

M

�

has O ( n

2+ "

) faces. This implies that the complexit y of the ab o v e divide-and-conquer

algorithm is O ( n

2+ "

). If � is a set of triangles in R

3

, the running time of the algorithm is

O ( n

2

� ( n )) [141 ]. This divide-and-conquer algorithm can also b e used to compute S (� ; �

0

),

the region lying ab o v e all surface patc hes of one collection �

0

and b elo w all surface patc hes

of another collection �, in time O ( n

2+ "

), where n = j � j + j �

0

j [21 ].
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A more di�cult problem is to devise output-sensitive algorithms for computing M (�),

whose complexit y dep ends on the actual com binatorial complexit y of the en v elop e. A

rather complex algorithm is presen ted b y De Berg [117 ] for the case of triangles in R

3

, whose

running time is O ( n

4 = 3+ "

+ n

4 = 5+ "

k

4 = 5

), where k is the n um b er of v ertices in M (�).

com

Check  �

the b ound.

men t

If the triangles in � are pairwise disjoin t, the running time can b e impro v ed

to O ( n

1+ "

+ n

2 = 3+ "

k

2 = 3

) [17 , 117 ].

The algorithm b y Edelsbrunner et al. [141 ] can b e extended to compute in O ( n

d � 1

� ( n ))

time all faces of the minimization diagram of ( d � 1)-simplices in R

d

for d � 4. Ho w ev er,

little is kno wn ab out computing the minization diagram of more general surface patc hes in

d � 4 dimensions. Let � b e a set of surface patc hes in R

d

satisfying assumptions (A1){(A2).

Agarw al et al. [9 ] sho w ed that all v ertices, edges and 2-faces of M (�) can b e computed in

randomized exp ected time O ( n

d � 1+ "

). W e sk etc h their algorithm b elo w.

Assume that � satis�es assumptions (A1){(A5). Fix a ( d � 2)-tuple of surface patc hes,

sa y 


1

; : : : ; 


d � 2

, and decomp ose their common in tersection

T

d � 2

i =1




i

in to smo oth, x

1

x

2

-

monotone, connected patc hes, using a strati�cation algorithm. Let � b e one suc h piece.

Eac h surface 


i

, for i � d � 1, in tersects � at a curv e �

i

, whic h partitions � in to t w o regions.

If w e regard eac h 


i

as the graph of a partially de�ned ( d � 1)-v ariate function, then w e can

de�ne K

i

� � to b e the region whose pro jection on the h yp erplane H : x

d

= 0 consists of

p oin ts x at whic h 


i

( x ) � 


1

( x ) = � � � = 


d � 2

( x ). The in tersection Q =

T

i � d � 1

K

i

is equal

to the p ortion of � that app ears along the lo w er en v elop e L (�). W e rep eat this pro cedure

for all patc hes of the in tersection

T

d � 2

i =1




i

and for all ( d � 2)-tuples of surface patc hes. This

will giv e all the v ertices, edges and 2-faces of L (�).

Since � is x

1

x

2

-monotone 2-manifold, computing Q is essen tially the same as computing

the in tersection of n � d + 2 planar regions. Q can th us b e computed using an appropriate

v arian t of the randomized incremen tal approac h [118 , 98 ]. It adds �

i

= 


i

\ � one b y one in a

random order ( � ma y consist of O (1) arcs), and main tains the in tersection of the regions K

i

for the arcs added so far. Let Q

r

denote this in tersection after r arcs ha v e b een added. W e

main tain the \v ertical decomp osition" of Q

r

(within �), and represen t Q

r

as a collection

of pseudo-tr ap ezoids . W e main tain additional data structures, including a history dag and

a union-�nd structure, and pro ceed exactly as in [118 , 98 ] (See DS-??). W e omit here the

details.

W e de�ne the weight of a pseudo-trap ezoid � to b e the n um b er of surface patc hes 


i

,

for i � d � 1, whose graphs either cross � or hide � completely from the lo w er en v elop e

(excluding the up to 4 function graphs whose in tersections with � de�ne � ). The cost of

the ab o v e pro cedure, summed o v er all ( d � 2)-tuples of �, is prop ortional to the n um b er of

pseudo-trap ezoids that are created during the execution of the algorithm, plus the sum of

their w eigh ts, plus an o v erhead term of O ( n

d � 1

) needed to prepare the collections of arcs

�

i

o v er all t w o-dimensional patc hes �. Mo difying the analysis in the pap ers cited ab o v e,

Agarw al et al. pro v e the follo wing.

Theorem 13.1 (Agarw al et al. [9]) L et � b e a set of n surfac e p atches in R

d

satisfying
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assumptions (A1){(A2). The vertic es, e dges, and 2-fac es of M (�) c an b e c ompute d in

r andomize d exp e cte d time O ( n

d � 1+ "

) , for any " > 0 .

F or d = 4, the ab o v e algorithm can b e extended to compute the incidence graph (or

cell-tuple structure) of M (�). Their approac h, ho w ev er, falls short of computing suc h

represen tations for d > 4. Agarw al et al. also sho w that the three-dimensional p oin t-

lo cation algorithm b y Preparata and T amassia [284 ] can b e extended to prepro cess a set

of triv ariate surface patc hes in time O ( n

3+ "

) in to a data structure of size O ( n

3+ "

) so that

L

�

( x ), for an y p oin t x 2 R

3

, can b e computed in O (log

2

n ) time.

Op en Problem 12 Let � b e a set of n surface patc hes in R

d

, for d > 4 , satisfying as-

sumptions (A1){(A3). Ho w fast can � b e prepro cessed, so that L

�

( x ) , for a query p oin t

x 2 R

d � 1

, can b e computed e�cien tly?

13.2 Single cells

Computing a single cell in an arrangemen t of n h yp erplanes in R

d

is equiv alen t, b y dualit y ,

to computing the con v ex h ull of a set of n p oin ts in R

d

and is therefore a widely studied prob-

lem; see, e.g., [132 , 299 ] for a summary of kno wn results. F or d � 4, an O ( n

b d= 2 c

) exp ected-

time algorithm for this problem w as prop osed b y Clarkson and Shor [111 ] (see also [298 ]),

whic h is optimal in the w orst case. By derandomizing this algorithm, Chazelle [21 ] dev el-

op ed an O ( n

b d= 2 c

)-time deterministic algorithm. A somewhat simpler algorithm with the

same running time w as later prop osed b y Br• onnimann et al. [80 ]. This result implies that

the Euclidean V oronoi diagram of a set of n p oin ts in R

d

can b e computed in time O ( n

d d= 2 e

).

Since the complexit y of a cell ma y v ary b et w een O (1) and O ( n

b d= 2 c

), output-sensitiv e al-

gorithms ha v e b een dev elop ed for computing a single cell in h yp erplane arrangemen ts [103 ,

224 ]. F or d � 3, Clarkson and Shor [111 ] ga v e randomized algorithms with exp ected time

O ( n log h ), where h is the complexit y of the cell, pro vided that the planes are in general p o-

sition. Simple deterministic algorithms with the same w orst-case b ound w ere dev elop ed b y

Chan [90 ]. Seidel [296 ] prop osed an algorithm whose running time is O ( n

2

+ h log n ); the �rst

term can b e impro v ed to O ( n

2 � 2 = ( b d= 2 c +1)

log

c

n ) [244 ] or to O (( nh )

1 � 1 = ( b d= 2 c +1)

log

c

n ) [91 ].

Chan et al. [92 ] describ ed another output-sensitiv e algorithm whose running time is O (( n +

( nf )

1 � 1 = d d= 2 e

+ f n

1 � 2 = d d= 2 e

) log

c

n ). Avis et al. [58 ] describ ed an algorithm that can compute

in O ( nf ) time, using O ( n ) space, all f v ertices of a cell in an arrangemen t of n h yp erplanes

in R

d

; see also [77 , 171 ]. All these output-sensitiv e b ounds hold only for simple arrange-

men ts. Although man y of these algorithms can b e extended to nonsimple arrangemen ts,

the running time increases.

As men tioned in Chapter DS-??, Guibas et al. [191 ] dev elop ed an O ( �

s +2

( n ) log

2

n )-time

algorithm for computing a single face in an arrangemen t of n arcs, eac h pair of whic h in ter-

sect in at most s p oin ts. Later a randomized algorithm with exp ected time O ( �

s +2

( n ) log n )

w as dev elop ed b y Chazelle et al. [98 ]. Since the complexit y of the v ertical decomp osition of

A rr angements April 14, 1998



Computing Substr uctures in Arrangements 48

a single cell in an arrangemen t of n surface patc hes in R

3

is O ( n

2+ "

) [295 ], an application

of the random-sampling tec hnique yields an algorithm for computing a single cell in time

O ( n

2+ "

) in an arrangemen t of n surface patc hes in R

3

[295 ]. If � is a set of triangles, the

running time can b e impro v ed to O ( n

2

log

3

n ) [118 ]. Halp erin [196 ] dev elop ed faster algo-

rithms for computing a single cell in arrangemen ts of \sp ecial" classes of biv ariate surfaces

that arise in motion-planning applications.

13.3 Lev els

Constructing the � k -lev el. Let � b e a set of n arcs in the plane, eac h pair of whic h

in tersect in at most s p oin ts. A

� k

(�) can b e computed b y a simple divide-and-conquer

algorithm as follo ws [301 ]. P artition � in to t w o subsets �

1

; �

2

, eac h of size at most d n= 2 e ,

compute recursiv ely A

� k

(�

1

) ; A

� k

(�

2

), and then use a sw eep-line algorithm to compute

A

� k

(�) from A

� k

(�

1

) and A

� k

(�

2

). The time sp en t in the merge step is prop ortional to

the n um b er of v ertices in A

� k

(�

1

) ; A

� k

(�

2

) and the n um b er of in tersections p oin ts b et w een

the edges of t w o sub divisions, eac h of whic h is a v ertex of A (�) whose lev el is at most 2 k .

Using Theorem 6.1, the total time sp en t in the merge step is O ( �

s +2

( n ) k log n ). Hence,

the o v erall running time of the algorithm is O ( �

s +2

( n ) k log

2

n ). If w e use a randomized

incremen tal algorithm that adds arcs one b y one in a random order and main tains A

� k

(�

i

),

where �

i

is the set of arcs added so far, the exp ected running time of the algorithm is

O ( �

s +2

( n ) k log ( n=k )); see, e.g., [264 ]. Ev erett et al. [164 ] sho w ed that if � is a set of n lines,

the exp ected running time can b e impro v ed to O ( n log n + nk ). Recen tly Agarw al et al. [13 ]

ga v e another randomized incremen tal algorithm that can compute A

� k

(�) in exp ected time

O ( �

s +2

( n )( k + log n )).

In higher dimensions, little is kno wn ab out computing A

� k

(�), for collections � of sur-

face patc hes. F or d = 3, Mulm uley [264 ] ga v e a randomized incremen tal algorithm for

computing the � k -lev el in an arrangemen t of n planes whose exp ected running time is

O ( nk

2

log ( n=k )). The exp ected running time can b e impro v ed to O ( n log

3

n + nk

2

) using

the algorithm b y Agarw al et al. [13 ]. There are, ho w ev er, sev eral tec hnical di�culties in

extending this approac h to arrangemen ts of surface patc hes. Using the random-sampling

tec hnique, Agarw al et al. [14 ] dev elop ed an O ( n

2+ "

k ) exp ected-time algorithm for comput-

ing A

� k

(�), for a collection � of n surface patc hes in R

3

. Their algorithm can b e derandom-

ized without a�ecting the asymptotic running time. F or d � 4, Mulm uley's algorithm can

compute the � k -lev el in arrangemen ts of n h yp erplanes in exp ected time O ( n

b d= 2 c

k

d d= 2 e

).

No e�cien t algorithm is kno wn for computing the � k -lev el in surface arrangemen ts b ecause

no non trivial b ound is kno wn for the complexit y of the v ertical decomp osition of A

� k

(�)

in d � 4 dimensions.

Constructing a single lev el. Edelsbrunner and W elzl [154 ] ga v e an O ( n log n + b log

2

n )-

time algorithm to construct the k -lev el in an arrangemen t of n lines in the plane, where

b is the n um b er of v ertices of the k -lev el. This b ound w as sligh tly impro v ed b y Cole et
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al. [113 ] to O ( n log n + b log

2

k ). Ho w ev er, these algorithms do not extend to computing the

k -lev el in arrangemen ts of curv es. The approac h b y Agarw al et al. [13 ] can compute the

k -lev el in an arrangemen t of lines in randomized exp ected time O ( n log

2

n + nk

1 = 3

log

2 = 3

n ),

and it extends to arrangemen ts of curv es and to arrangemen ts of h yp erplanes. Agarw al

and Matou � sek [19 ] describ e an output-sensitiv e algorithm for computing the k -lev el in an

arrangemen t of planes. The running time of their algorithm, after a sligh t impro v emen t

b y Chan [91 ], is O ( n log b + b

1+ "

), where b is the n um b er of v ertices of the k -lev el. Their

algorithm can compute the k -lev el in an arrangemen t of h yp erplanes in R

d

in time O ( n log b +

( nb )

1 � 1 = ( b d= 2 c +1)+ "

+ bn

1 � 2 = ( b d= 2 c +1)+ "

). As in the case of single cells, all the output-sensitiv e

algorithms assume that the h yp erplanes are in general p osition.

13.4 Mark ed cells

Let � b e a set of n lines in the plane and S a set of m p oin ts in the plane. Edelsbrunner et

al. [142 ] presen ted a randomized algorithm, based on the random-sampling tec hnique, for

computing C ( S; �), the set of cells in A (�) that con tain at least one p oin t of S , whose

exp ected running time is O ( m

2 = 3 � "

n

2 = 3+2 "

log n + m log n + n log n log m ), for an y " > 0.

A deterministic algorithm with running time O ( m

2 = 3

n

2 = 3

log

c

n + n log

3

n + m log n ) w as

dev elop ed b y Agarw al [2 ]. Ho w ev er, b oth algorithms are rather complicated. A simple

randomized divide-and-conquer algorithm, with O (( m

p

n + n ) log n ) exp ected running time,

w as recen tly prop osed b y Agarw al et al. [20 ]. Using random sampling, they impro v ed the

exp ected running time to O ( m

2 = 3

n

2 = 3

log

2 = 3

( n=

p

m ) + ( m + n ) log n ). If w e are in terested in

computing the incidences b et w een � and S , the b est-kno wn algorithm is b y Matou � sek whose

exp ected running time is O ( m

2 = 3

n

2 = 3

2

O (log

�

( m + n ))

+ ( m + n ) log ( m + n )) [246 ]. His algorithm

can b e extended to higher dimensions. The n um b er of incidences b et w een m p oin ts and n

h yp erplanes in R

d

can b e coun ted in time O (( mn )

1 � 1 = ( d +1)

2

O (log

�

( m + n ))

+ ( m + n ) log ( m +

n )) [246 ].

The ab o v e algorithms can b e mo di�ed to compute mark ed cells in arrangemen ts of

segmen ts in the plane. The b est-kno wn randomized algorithm is b y Agarw al et al. [20 ] whose

running time is O ( m

2 = 3

n

2 = 3

log

2 = 3

( n=

p

m ) �

1 = 3

( n=

p

m ) + ( m + n log n ) log n ). Little is kno wn

ab out computing mark ed cells in arrangemen ts of arcs in the plane. Using a randomized

incremen tal algorithm, C ( S; �) can b e computed in exp ected time O ( �

s +2

( n )

p

m log n ),

where s is the maxim um n um b er of in tersection p oin ts b et w een a pair of arcs in � [304 ].

If � is a set of n unit-radius circles and S is a set of m p oin ts in the plane, the incidences

b et w een � and S can b e computed using Matou � sek's algorithm [246 ].

Randomized incremen tal algorithms can b e used to construct mark ed cells in arrange-

men ts of h yp erplanes in higher dimensions in time close to their w orst-case complexit y .

F or example, if � is a set of n planes in R

3

and S is a set of m p oin ts in R

3

, then the

incidence graph of cells in C ( S; �) can b e computed in exp ected time O ( nm

2 = 3

log n ) [118 ].

F or d � 4, the exp ected running time is O ( m

1 = 2

n

d= 2

log




n ), where 
 = ( b d= 2 c � 1) = 2. De

Berg et al. [123 ] describ e an e�cien t p oin t-lo cation algorithm in the zone of a k -
at in an
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arrangemen t of h yp erplanes in R

d

. Their algorithm can answ er a query in O (log n ) time

using O ( n

b ( d + k ) = 2 c

log




n ) space, where 
 = d + k (mo d 2).

13.5 Union of ob jects

Let � b e a set of n semialgebraic simply connected regions in the plane, eac h of constan t

description complexit y . The union of � can b e computed in O ( f ( n ) log

2

n ) time b y a divide-

and-conquer tec hnique, similar to that describ ed in Section 13.3 for computing A

� k

(�).

Here f ( m ) is the maxim um complexit y of the union of a subset of � of size m . Alternativ ely ,

S

� can b e computed in O ( f ( n ) log n ) exp ected time using the lazy randomized incremen tal

algorithm b y De Berg et al. [118 ]. As a consequence, the union of n con v ex fat ob jects,

eac h of constan t description complexit y , can b e computed in O ( n

1+ "

) time, for an y " > 0;

see Section 9.

Arono v et al. [55 ] mo di�ed the approac h b y Agarw al et al. [9 ] so that the union of

n con v ex p olytop es in R

3

with a total of s v ertices can b e computed in exp ected time

O ( sn log n log s + n

3

). The same approac h can b e used to compute the union of n congruen t

cylinders in time O ( n

8 = 3+ "

). (Again, consult Section 9 for the corresp onding b ounds on the

complexit y of the union.)

Man y applications call for computing the v olume or surface area of

S

� instead of its

com binatorial structure. Ov ermars and Y ap [270 ] sho w ed that the v olume of the union of

n axis-parallel b o xes in R

d

can b e computed in O ( n

d= 2

log n ) time. Edelsbrunner [134 ] ga v e

an elegan t form ula for the v olume and the surface area of the union of n balls in R

d

, whic h

can b e used to compute the v olume e�cien tly .

14 Applications

In this section w e presen t a sample of applications of arrangemen ts. W e discuss a few

sp eci�c problems that can b e reduced to b ounding the complexit y of v arious substructures

of arrangemen ts of surfaces or to computing these substructures. W e also men tion a few

general areas that ha v e motiv ated sev eral problems in v olving arrangemen ts and in whic h

arrangemen ts ha v e pla y ed an imp ortan t role.

14.1 Range searc hing

A t ypical range searc hing problem is de�ned as follo ws: Prepro cess a set S of n p oin ts in

R

d

, so that all p oin ts of S lying in a query region can b e rep orted (or coun ted) quic kly . A

sp ecial case of range searc hing is halfspace range searc hing, in whic h the query region is a

halfspace. Because of n umerous applications, range searc hing has receiv ed m uc h atten tion

during the last t w en t y y ears. See [16 , 247 ] for recen t surv eys on range searc hing and its
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applications.

If w e de�ne the dual of a p oin t p = ( a

1

; : : : ; a

d

) to b e the h yp erplane p

�

: x

d

= � a

1

x

1

�

� � � � a

d � 1

x

d � 1

+ a

d

, and the dual of a h yp erplane h : x

d

= b

1

x

1

+ � � � + b

d � 1

x

d � 1

+ b

d

to b e the p oin t h

�

= ( b

1

; : : : b

d

), then p lies ab o v e (resp. b elo w, on) h if and only if the

h yp erplane p

�

lies ab o v e (resp. b elo w, on) the p oin t h

�

. Hence, halfspace range searc hing

has the follo wing equiv alen t \dual" form ulation: Prepro cess a set � of n h yp erplanes in

R

d

so that the h yp erplanes of H lying b elo w a query p oin t can b e rep orted quic kly , or the

lev el of a query p oin t can b e computed quic kly . Using the p oin t-lo cation data structure

for h yp erplane arrangemen ts giv en in [93 ], the lev el of a query p oin t can b e computed in

O (log n ) time using O ( n

d

= log

d

n ) space. This data structure can b e mo di�ed to rep ort

all t h yp erplanes lying b elo w a query p oin t in time O (log n + t ). Chazelle et al. [102 ]

sho w ed, using results on arrangemen ts, that a t w o-dimensional halfspace range rep orting

query can b e answ ered in O (log n + t ) time using O ( n ) space [102 ]. In higher dimensions,

b y constructing (1 =r )-cuttings for A

� k

(�), Matou � sek [242 ] dev elop ed a data structure that

can answ er a halfspace range rep orting query in time O (log n + t ) using O ( n

b d= 2 c

log

c

n )

space, for some constan t c . He also dev elop ed a data structure that can answ er a query

in time O ( n

1 � 1 = b d= 2 c

log

c

n + t ) using O ( n log log n ) space [242 ]. See also [6 , 104 ]. Using

linearization, a semialgebraic range-searc hing query , where one w an ts to rep ort all p oin ts

of S lying inside a semialgebraic set of constan t description complexit y , can b e answ ered

e�cien tly using some of the halfspace range-searc hing data structures [18 , 329 ].

P oin t-lo cation in h yp erplane arrangemen ts can b e used for simplex range searc hing [105 ],

ra y sho oting [17 , 18 , 249 ], and sev eral other geometric searc hing problems [28 ].

14.2 T errain visualization

Let � b e a p olyhe dr al terr ain in R

3

with n edges; that is, � is the graph of a con tin uous

piecewise-linear biv ariate function, so it in tersects eac h v ertical line in exactly one p oin t.

The ortho gr aphic view of � in direction b 2 S

2

is the decomp osition of �, a plane normal

to the direction b and placed at in�nit y , in to maximal regions so that the ra ys emerging in

direction b from all p oin ts in suc h a region hit the same face of �, or none of them hit �. The

p ersp e ctive view of � from a p oin t a 2 R

3

is the decomp osition of S

2

in to maximal connected

regions so that, for eac h region R � S

2

and for all p oin ts b 2 R , either the �rst in tersection

p oin t of � and the ra y r emanating from a in direction b lie in the same face of � (whic h

dep ends on R ), or none of these ra ys meet �. The orthographic (resp. p ersp ectiv e) asp e ct

gr aph of � represen ts all top ologically di�eren t orthographic (resp. p ersp ectiv e) views of �.

F or bac kground and a surv ey of recen t researc h on asp ect graphs, see [76 ]. Here w e will

sho w ho w the complexit y b ounds for lo w er en v elop es can b e used to deriv e near-optimal

b ounds on the asp ect graphs of p olyhedral terrains.

A pair of parallel ra ys ( �

1

; �

2

) is called critic al if for eac h i = 1 ; 2, the source p oin t

of �

i

lies on an edge a

i

of �, �

i

passes through three edges of � (including a

i

), and �

i

do es not in tersect the (op en) region lying b elo w �. It can b e sho wn that the n um b er of
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top ologically di�eren t orthographic views of � is O ( n

5

) plus the n um b er of critical pairs

of parallel ra ys. Fix a pair a

1

; a

2

of edges of �. Agarw al and Sharir [23 ] de�ne, for eac h

pair ( a

1

; a

2

) of edges of �, a collection F

a

1

;a

2

of n triv ariate functions, so that ev ery pair

( �

1

; �

2

) of critical ra ys, where �

i

emanates from a p oin t on a

i

(for i = 1 ; 2), corresp onds to

a v ertex of M ( F

a

1

;a

2

). They also sho w that the graphs of the functions in F

a

1

;a

2

satisfy

assumptions (A1){(A2). Using Theorem 3.1 and summing o v er all pairs of edges of �, w e

can conclude that the n um b er of critical pairs of ra ys, and th us the n um b er of top ologically

di�eren t orthographic views of �, is O ( n

5+ "

). Using a more careful analysis, Halp erin and

Sharir [202 ] pro v ed that the n um b er of di�eren t orthographic views is n

5

2

O (

p

log n )

. De

Berg et al. [121 ] ha v e constructed a terrain for whic h there are 
( n

5

) top ologically di�eren t

orthographic views. If � is an arbitrary p olyhedral set with n edges, the maxim um p ossible

n um b er of top ologically di�eren t orthographic views of � is �( n

6

) [282 ]. De Berg et al. [121 ]

sho w ed that if � is a set of k pairwise-disjoin t con v ex p olytop es with a total of n v ertices,

then the n um b er of orthographic views is O ( n

4

k

2

); the b est-kno wn lo w er b ound is 
( n

2

k

4

).

Agarw al and Sharir extended their approac h to b ound the n um b er of p ersp ectiv e views

of a terrain. They argue that the n um b er of p ersp ectiv e views of � is prop ortional to the

n um b er of triples of ra ys emanating from a common p oin t, eac h of whic h passes through

three edges of � b efore in tersecting the op en region lying b elo w �. F ollo wing a similar

approac h to the one sk etc hed ab o v e, they reduce the problem to the analysis of lo w er

en v elop es of O ( n

3

) families of 5-v ariate functions, eac h family consisting of O ( n ) functions

that satisfy assumptions (A1){(A2). This leads to an o v erall b ound of O ( n

8+ "

) for the

n um b er of top ologically di�eren t p ersp ectiv e views of �. This b ound is also kno wn to b e

almost tigh t in the w orst case, as follo ws from another lo w er-b ound construction giv en b y

De Berg et al. [121 ]. Again, in con trast, If � is an arbitrary p olyhedral set with n edges, the

maxim um p ossible n um b er of top ologically di�eren t p ersp ectiv e views of � is �( n

9

) [282 ].

14.3 T ransv ersals

Let S b e a set of n compact con v ex sets in R

d

. A h yp erplane h is called a tr ansversal of S

if h in tersects ev ery mem b er of S . Let T ( S ) denote the space of all h yp erplane transv ersals

of S . W e wish to study the structure of T ( S ). T o facilitate this study , w e apply the dual

transform describ ed in Section 14.1. Let h : x

d

= a

1

x

1

+ � � � + a

d � 1

x

d � 1

+ a

d

b e a h yp erplane

that in tersects a set s 2 S . T ranslate h up and do wn un til it b ecomes tangen t to s . Denote

the resulting upp er and lo w er tangen t h yp erplanes b y

x

d

= a

1

x

1

+ � � � + a

d � 1

x

d � 1

+ U

s

( a

1

; : : : ; a

d � 1

)

and

x

d

= a

1

x

1

+ � � � + a

d � 1

x

d � 1

+ L

s

( a

1

; : : : ; a

d � 1

) ;

resp ectiv ely . Then w e ha v e

L

s

( a

1

; : : : ; a

d � 1

) � a

d

� U

s

( a

1

; : : : ; a

d � 1

) :
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No w if h is a transv ersal of S , w e m ust ha v e

max

s 2 S

L

s

( a

1

; : : : ; a

d � 1

) � a

d

� min

s 2 S

U

s

( a

1

; : : : ; a

d � 1

) :

In other w ords, if w e de�ne � = f U

s

j s 2 S g and �

0

= f L

s

j s 2 S g , then T ( S ) is

S (� ; �

0

), the region lying ab o v e the lo w er en v elop e of � and b elo w the upp er en v elop e of

�

0

. The results of Agarw al et al. [21 ] imply that if eac h set in S has constan t description

complexit y , then the complexit y of T ( S ) is O ( n

2+ "

), for an y " > 0 in R

3

. The results in [21 ]

concerning the complexit y of the v ertical decomp osition of S (� ; �

0

) imply that T ( S ) can b e

constructed in O ( n

2+ "

) time. No sharp b ounds are kno wn on T ( S ) in higher dimensions.

Ho w ev er, in four dimensions, using the algorithm b y Agarw al et al. [9] for p oin t lo cation in

the minimization diagram of triv ariate functions, w e can prepro cess S in to a data structure

of size O ( n

3+ "

) so that w e can determine in O (log n ) time whether a h yp erplane h is a

transv ersal of S .

The problem can b e generalized b y considering lo w er-dimensional transv ersals. F or

example, in R

3

w e can also consider the space of all line transv ersals of S (lines that meet

ev ery mem b er of S ). By mapping lines in R

3

in to p oin ts in R

4

, and b y using an appropriate

parametrization of the lines, the space of all line transv ersals of S can b e represen ted as the

region in R

4

enclosed b et w een the upp er en v elop e and the lo w er en v elop e of t w o resp ectiv e

collections of surfaces. P ellegrini and Shor [280 ] sho w ed that if S is a set of triangles in

R

3

, then the space of line transv ersals of S has n

3

2

O (

p

log n )

complexit y . The b ound w as

sligh tly impro v ed b y Agarw al [4] to O ( n

3

log n ). He reduced the problem to b ounding the

complexit y of a family of cells in an arrangemen t of O ( n ) h yp erplanes in R

5

. Agarw al et

al. [10 ] pro v ed that the complexit y of the space of line transv ersals for a set of n balls in

R

3

is O ( n

3+ "

). Their argumen t w orks ev en if S is a set of homothets of a con v ex region of

constan t description complexit y in R

3

.

14.4 Geometric optimization

In the past few y ears, man y problems in geometric optimization ha v e b een attac k ed b y

tec hniques that reduce the problem to constructing and searc hing in v arious substructures

of surface arrangemen ts. Hence, the area of geometric optimization is a natural extension,

and a go o d application area, of the study of arrangemen ts. See [24 ] for a recen t surv ey on

geometric optimization.

One of the basic tec hniques for geometric optimization is the p ar ametric se ar ching tec h-

nique, originally prop osed b y Megiddo [253 ]. This tec hnique reduces the optimization prob-

lem to a de cision pr oblem , where one needs to compare the optimal v alue to a giv en param-

eter. In most cases, the decision problem is easier to solv e than the optimization problem.

The parametric searc hing tec hnique pro ceeds b y a parallel sim ulation of a generic v ersion

of the decision pro cedure with the (unkno wn) optim um v alue as an input parameter. In

most applications, careful implemen tation of this tec hnique leads to a solution of the opti-

mization problem whose running time is larger than that of the decision algorithm only b y
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a p olylogarithmic factor. See [24 ] for a more detailed surv ey of parametric searc hing and

its applications.

Sev eral alternativ es to parametric searc hing ha v e b een dev elop ed during the past decade.

They use randomization [240 , 25 , 89 ], expander graphs [217 ], and searc hing in monotone

matrices [169 ]. Lik e parametric searc hing, all these tec hniques are based on the a v ailabilit y

of an e�cien t pro cedure for the decision problem. When applicable, they lead to algorithms

with running times that are similar to, and sometimes sligh tly b etter than, those yielded

b y parametric searc hing.

These metho ds ha v e b een used to solv e a wide range of geometric optimization problems,

man y of whic h in v olv e arrangemen ts. W e men tion a sample of suc h results.

Slop e selection. Giv en a set S of n p oin ts in R

2

and an in teger k , �nd the line with the

k th smallest slop e among the lines passing through pairs of p oin ts of S . If w e dualize the

p oin ts in S to a set � of lines in R

2

, the problem b ecomes that of computing the k th leftmost

v ertex of A (�). Cole et al. [112 ] dev elop ed a rather sophisticated O ( n log n )-time algorithm

for this problem, whic h is based on parametric searc hing. (Here the decision problem is

to coun t the n um b er of v ertices of the arrangemen t that lie to the left of a giv en v ertical

line.) A considerably simpler algorithm, based on (1 =r )-cuttings, w as later prop osed b y

Br• onnimann and Chazelle [79 ]. See also [240 , 216 ].

Distance selection. Giv en a set S of n p oin ts in R

2

and a parameter k �

�

n

2

�

, �nd the

k -th largest distance among the p oin ts of S [12 , 217 ]. The corresp onding decision problem

reduces to p oin t lo cation in a set of congruen t disks in R

2

. Sp eci�cally , giv en a set � of

m congruen t disks in the plane, w e wish to coun t e�cien tly the n um b er of con tainmen ts

b et w een disks of � and p oin ts of S . This problem can b e solv ed using parametric searc hing

[12 ], expander graphs [217 ], or randomization [240 ]. The b est-kno wn deterministic algo-

rithm, giv en b y Katz and Sharir [217 ], runs in O ( n

4 = 3

log

3+ "

n ) time.

Segmen t cen ter. Giv en a set S of n p oin ts in R

2

and a line segmen t e , �nd a placemen t

of e that minimizes the largest distance from the p oin ts of S to e [15 , 157 ]. The decision

problem reduces to determining whether giv en t w o families � and �

0

of biv ariate surfaces,

S (� ; �

0

), the region lying b et w een L

�

and U

�

0

, is empt y . Exploiting the sp ecial prop erties

of � and �

0

, Efrat and Sharir [157 ] sho w that the complexit y of S (� ; �

0

) is O ( n log n ).

They describ e an O ( n

1+ "

)-time to determine whether S (� ; �

0

) is empt y , whic h leads to an

O ( n

1+ "

)-time algorithm for the segmen t-cen ter problem.

Extremal p olygon placemen t. Giv en a con v ex m -gon P and a closed p olygonal en-

vironmen t Q with n v ertices, �nd the largest similar cop y of P that is fully con tained

in Q [305 ]. Here the decision problem is to determine whether P , with a �xed scaling
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factor, can b e placed inside Q ; this is a v arian t of the corresp onding motion planning

problem for P inside Q , and is solv ed b y constructing an appropriate represen tation of

the 3-dimensional free con�guration space, as a collection of cells in a corresp onding 3-

dimensional arrangemen t of surfaces. The running time of the whole algorithm is only

sligh tly larger than the time needed to solv e the �xed-size placemen t problem. The b est

running time is O ( mn�

6

( mn ) log

3

mn log

2

n ) [11 ]; see also [222 , 305 ]. If Q is a con v ex n -gon,

the largest similar cop y of P that can b e placed inside Q can b e computed in O ( mn

2

log n )

time [5 ];

Diameter in 3D. Giv en a set S of n p oin ts in R

3

, determine the maxim um distance

b et w een a pair of p oin ts in S . The problem is reduced to determining whether S lies in the

in tersection of a giv en set � of n congruen t balls. A randomized algorithm with O ( n log n )

exp ected time w as prop osed b y Clarkson and Shor [111 ]. A series of pap ers [97 , 250 , 286 , 285 ]

describ e near-linear-time deterministic algorithms. The b est-kno wn deterministic algorithm

runs in O ( n log

2

n ) time [285 ].

Width in 3D. Giv en a set S of n p oin ts in R

3

, determine the smallest distance b et w een

t w o parallel planes enclosing S b et w een them. This problem has b een studied in a series of

pap ers [9, 25 , 97 ], and the curren tly b est kno wn randomized algorithms computes the width

in O ( n

3 = 2+ "

) exp ected time [25 ]. The tec hnique used in attac king the decision problems for

this and the t w o follo wing problems reduce them to p oin t lo cation in the region ab o v e the

lo w er en v elop e of a collection of triv ariate functions in R

4

.

Biggest stic k in a simple p olygon: Compute the longest line segmen t that can �t

inside a giv en simple p olygon with n edges. The curren t b est solution is O ( n

3 = 2+ "

) [25 ] (see

also [9 , 27]).

Minim um-width ann ulus: Compute the ann ulus of smallest width that encloses a giv en

set of n p oin ts in the plane. This problem arises in �tting a circle through a set of p oin ts

in the plane. Again, the curren t b est solution is O ( n

3 = 2+ "

) [25 ] (see also [9 , 27 ]).

Geometric matc hing. Consider the problem where w e are giv en t w o sets S

1

, S

2

of n

p oin ts in the plane, and w e wish to compute a minim um-w eigh t matc hing in the complete

bipartite graph S

1

� S

2

, where the w eigh t of an edge ( p; q ) is the Euclidean distance b et w een

p and q . One can also consider the analogous non bipartite v ersion of the problem, whic h

in v olv es just one set S of 2 n p oin ts, and the complete graph on S . The goal is to explore

the underlying geometric structure of these graphs, to obtain faster algorithms than those

a v ailable for general abstract graphs. V aidy a [318 ] had sho wn that b oth the bipartite and

the non bipartite v ersions of the problem can b e solv ed in time close to O ( n

5 = 2

). A fairly
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sophisticated application of v ertical decomp osition in three-dimensional arrangemen ts, giv en

in [14 ], has impro v ed the running time for the bipartite case to O ( n

2+ "

).

Cen ter p oin t. A c enter p oint of a set S of n p oin ts in the plane is a p oin t � 2 R

2

so

that eac h line ` passing through � has the prop ert y that at least b n= 3 c p oin ts lie in eac h

halfplane b ounded b y ` . It is w ell kno wn that suc h a cen ter p oin t alw a ys exists [132 ]. If w e

dualize S to a set � of n lines in the plane, then �

�

, the line dual to � , lies b et w een A

b n= 3 c

(�)

and A

d 2 n= 3 e

(�). Cole et al. [113 ] describ ed an O ( n log

3

n )-time algorithm for computing a

cen ter p oin t of S , using parametric searc hing. The problem of computing the set of all

cen ter p oin ts reduces to computing the con v ex h ull of A

k

(�) for a giv en k . Matou � sek [238 ]

describ ed an O ( n log

2

n )-time algorithm for computing the con v ex h ull of A

k

(�) for an y

k � n ; recall, in con trast, that the b est kno wn upp er b ound for A

k

(�) is O ( n ( k + 1)

1 = 3

).

Ham sandwic h cuts. Let S

1

; S

2

; : : : ; S

d

b e d sets of p oin ts in R

d

, eac h con taining n

p oin ts. Supp ose n is ev en. A ham sandwich cut is a h yp erplane h so that eac h op en

halfspace b ounded b y h con tains at most n= 2 p oin ts of S

i

, for i = 1 ; : : : ; d . It is kno wn

[132 , 328 ] that suc h a cut alw a ys exists. Let �

i

b e the set of h yp erplanes dual to S

i

. Then

the problem reduces to computing a v ertex of the in tersection of A

n= 2

(�

1

) and A

n= 2

(�

2

).

Megiddo [254 ] dev elop ed a linear-time algorithm for computing a ham sandwic h cut in the

plane if S

1

and S

2

can b e separated b y a line. F or arbitrary p oin t sets in the plane, a linear-

time algorithms w as later dev elop ed b y Lo etal [235 ]. Lo et al. also describ ed an algorithm

for computing a ham sandwic h cut in R

3

whose running time is O (  

n= 2

( n ) log

2

n ), where

 

k

( n ) is the maxim um complexit y of the k -lev el in an arrangemen t of n lines in the plane.

By Dey's result on k -lev els [124 ], the running time of their algorithm is O ( n

4 = 3

log

2

n ).

14.5 Rob otics

As men tioned in the in tro duction, motion planning for a rob ot system has b een a ma jor

motiv ation for the study of arrangemen ts. Let B b e a rob ot system with d degrees of free-

dom, whic h is allo w ed to mo v e freely within a giv en t w o or three-dimensional en vironmen t

cluttered with obstacles. Giv en t w o placemen ts I and F of B , determining whether there

exists a collision-free path b et w een these placemen ts reduces to determining whether I and

F lie in the same cell of the arrangemen t of the family � of \con tact surfaces" in R

d

, re-

garded as the con�guration space of B (see the in tro duction for more details). If I and F lie

in the same cell, then a path b et w een I and F in R

d

that do es not in tersect an y surface of �

corresp onds to a collision-free path of B in the ph ysical en vironmen t from I to F . If d is a

part of the input, the problem is kno wn to b e PSP A CE-complete [86 , 288 ]. Cann y [85 , 87 ]

ga v e an n

O ( d )

-time algorithm to compute the roadmap of a single cell in an arrangemen t

A (�) of a set � of n surfaces in R

d

pro vided that the cells in A (�) form a Whitney regular

strati�cation of R

d

(see [180 ] for the de�nition of Whitney strati�cation). Using a p ertur-

bation argumen t, he sho w ed that his approac h can b e extended to obtain a Mon te Carlo
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algorithm to determine whether t w o p oin ts lie in the same cell of A (�). The algorithms

w as subsequen tly extended and impro v ed b y man y researc hers see [66 , 212 , 181 ]. The b est-

kno wn algorithm, due to Basu et al. [66 ], can compute the roadmap in time n

d +1

b

O ( d

2

)

.

Muc h w ork has b een done on dev eloping e�cien t algorithms for rob ots with a small n um-

b er of degrees of freedom, sa y , t w o or three [196 , 205 , 221 ]. The result b y Sc h w arzk opf

and Sharir [295 ] giv es an e�cien t algorithm for computing a collision-free path b et w een t w o

giv en placemen ts for a fairly general rob ot system with three degrees of freedom.

It is impractical to compute the roadmap, or an y other explicit represen tation, of a single

cell in A (�) if d is large. A general Mon te Carlo algorithm for computing a pr ob abilistic

r o admap of a cell in A (�) is describ ed b y Ka vraki et al. [218 ]. This approac h a v oids

computing the cell explicitly . Instead, it samples a large n um b er of random p oin ts in the

con�guration space and only those con�gurations that lie in the free con�guration space

( F P ) are retained (they are called milestones ); w e also add I and F as milestones. The

algorithm then builds a `connectivit y graph' whose no des are these milestones, and whose

edges connect pairs of milestones if the line segmen t joining them in con�guration space lies

in F P (or if they satisfy some other \lo cal reac habilit y" rule). V arious strategies ha v e b een

prop osed for c ho osing random con�gurations [39 , 64 , 215 , 219 ]. The algorithm returns a

path from I to F if they lie in the same connected comp onen t of the resulting net w ork. Note

that this algorithm ma y fail to return a collision-free path from I to F ev en if there exists

one. This tec hnique nev ertheless has b een successful in sev eral real-w orld applications.

Assembly planning is another area in whic h the theory of arrangemen ts has led to e�-

cien t algorithms. An assembly is a collection of ob jects (called parts) placed rigidly in some

sp eci�ed relativ e p ositions so that no t w o ob jects o v erlap. A sub assembly of an assem bly

A is a subset of ob jects in A in their relativ e placemen ts in A . An assem bly op eration

is a motion that merges some subassem blies of A in to a new and larger subassem bly . An

assembly se quenc e for A is a sequence of assem bly op erations that starts with the individ-

ual parts separated from eac h other and ends up with the full assem bly A . The goal of

assem bly planning is to compute an assem bly sequence for a giv en assem bly . A classical

approac h to assem bly sequencing is disassembly se quencing , whic h separates an assem bly

in to its individual parts [214 ]. The rev erse order of a sequence of disassem blying op erations

yields an assem bly sequence. Sev eral kinds of motion ha v e b een considered in separating

parts of an assem bly , including translating a subassem bly along a straigh t line, arbitrary

translational motion, rigid motion, etc. A common approac h to generate a disassem bly

sequence is the so-called non-dir e ctional blo cking gr aph approac h. It partitions the space of

all allo w able motions of separation in to a �nite n um b er of cells so that within eac h cell the

set of \blo c king relations" b et w een all pairs of parts remains �xed. The problem is then

reduced to computing represen tativ e p oin ts in cells of the arrangemen t of a family of sur-

faces. This approac h has b een successful in man y instances, including p olyhedral assem bly

with in�nitesimal rigid motion [186 ]; see also [199 , 198 ].

Other problems in rob otics that ha v e exploited arrangemen ts include �xturing [287 ],

MEMS (micro electronic mec hanical systems) [72 ], path planning with uncertain t y [119 ],
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and man ufacturing [29 ].

14.6 Molecular mo deling

In the in tro duction, w e describ ed the V an der W aals mo del, in whic h a molecule M is

represen ted as a collection � of spheres in R

3

. (See [115 , 135 , 255 ] for other geometric

mo dels of molecules.) Let � = @ (

S

�). The b oundary of � is called the \surface" of

M . Man y problems in molecular biology , esp ecially those whic h study the in teraction of a

protein with another molecule, in v olv e computing the molecular surface, a p ortion of the

surface (e.g., the so-called active site of a protein), or v arious features of the molecular

surface [137 , 200 , 231 , 321 ]. W e brie
y describ e t w o problems in molecular mo deling that

can b e form ulated in terms of arrangemen ts.

The c hemical b eha vior of solute molecules in a solution is strongly dep enden t on the

in teractions b et w een the solute and solv en t molecules. These in teractions are critically de-

p enden t on those molecular fragmen ts that are accessible to the solv en t molecules. Supp ose

w e use the V an der W aals mo del for the solute molecule and mo del the solv en t b y a sphere

S . By rolling S on the molecular surface �, w e obtain a new surface �

0

, describ ed b y the

cen ter of the rolling sphere. If w e enlarge eac h sphere of � b y the radius of S , �

0

is the

b oundary of the union of the enlarged spheres.

As men tioned ab o v e, sev eral m tho ds ha v e b een prop osed to mo del the surface of a

molecule. The b est c hoice of the mo del dep ends on the c hemical problem the molecular

surface is supp osed to represen t. F or example, the V an der W aal mo del represen ts the

space requiremen t of molecular conformations, while iso densit y con tours and molecular

electrostatic p oten tial con tour surfaces [255 ] are useful in studying molecular in teractions.

An imp ortan t problem in molecular mo deling is to study the in terrelations among v arious

molecular surfaces of the same molecule. Let � = f �

1

; : : : ; �

m

g b e a family of molecular

surfaces of the same molecule. W e ma y w an t to compute the arrangemen t A (�), or w e ma y

w an t to compute the sub division of �

i

induced b y f �

j

\ �

i

j 1 � j 6= i � m g .

Researc hers ha v e also b een in terested in computing \connectivit y" of a molecule, e.g.,

computing v oids, tunnels, and p o c k ets of �. A void of � is a b ounded comp onen t of R

3

n �;

a tunnel is a hole through � that is accessible from the outside, i.e., an \inner" part of a

non-con tractible lo op in R

3

n �; and a p o cket is a depression or ca vit y on the b oundary of

�. P o c k ets are not holes in the top ological sense and are not w ell de�ned; see [116 , 137 ] for

some of the de�nitions prop osed so far.

E�cien t algorithms ha v e b een dev elop ed for computing �, connectivit y of �, and the

arrangemen t A (�) [135 , 200 , 321 ]. Halp erin and Shelton [206 ] describ e an e�cien t p er-

turbation sc heme to handle degeneracies while constructing A (�) or �. Some applications

require computing the measure of di�eren t substructures of A (�), including the v olume of

�, the surface area of �, or the v olume of a v oid of �. Edelsbrunner et al. [136 ] describ e

an e�cien t algorithm for computing these measures; see also [134 , 135 ].
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15 Conclusions

In this surv ey w e review ed a wide range of topics on arrangemen ts of surfaces. W e men tioned

a few old results, but the emphasis of the surv ey w as on the tremendous progress made in

this area during the last �fteen y ears. W e discussed com binatorial complexit y of arrange-

men ts and their substructures, represen tation of arrangemen ts, algorithms for computing

arrangemen ts and their substructures, and sev eral geometric problems in whic h arrange-

men ts pla y piv otal roles. Although the surv ey co v ered a broad sp ectrum of results, man y

topics on arrangemen ts w ere either not included or v ery brie
y touc hed up on. F or example,

w e did not discuss arrangemen ts of pseudo-lines and orien ted matroids, w e discussed alge-

braic and top ological issues v ery brie
y , and w e men tioned a rather short list of applications

that ha v e exploited arrangemen ts. There are n umerous other sources where more details

on arrangemen ts and their applications can b e found; see e.g. the b o oks [70 , 272 , 304 ] and

the surv ey pap ers [178 , 197 , 261 , 271 ].
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