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Abstract

It is known that a general polyhedral scene of complexityn has at most O(n6) combinatorially different
orthographic views and at most O(n9) combinatorially different perspective views, and that these bounds are
in the worst case. In this paper we show that, for the special case of scenes consisting of a collection ofn translates
of a cube, these bounds improve to O(n4+ε) and O(n6+ε), for any ε > 0, respectively. In addition, we prese
constructions inducing�(n4) combinatorially different orthographic views and�(n6) combinatorially different
perspective views, thus showing that these bounds are nearly tight in the worst case. Finally, we show
extend the upper and lower bounds to several classes of related scenes.
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1. Introduction

Aspect graphs[14], which arise in visibility theory, are data structures that incorporate information
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about all the possible views of an object or collection of objects in a given scene; here, we co
opaque polyhedralobjects only. Aspect graphs are useful, for example, in object classification, in w
the identity of an unknown object is established by comparing an available subset of its views w
views of a series of known objects and ascertaining the closest match. Roughly speaking, aview is the
line drawing resulting from the projection of object features visible from a given viewpoint onto a
dimensional viewing plane or pair of planes. In the literature, there are two distinct models under
views may be generated. Underorthographic projectioneach viewpoint lies on the sphere at infinity a
all lines of sight emanate from the viewpoint in the same direction. The viewpoint is defined b
parameters:θ , its longitude, or angle of rotation about the vertical axis, andϕ, its azimuth, or angle from
the positive vertical axis. The view is the projection of the visible portions of object edges and v
object vertices onto a plane orthogonal to the lines of sight. Underperspective projection, each viewpoint
lies in free space inR3 and lines of sight emanate from the viewpoint in all directions. The viewpoi
defined by itsx-, y-, andz-coordinates. The view is the projection of the visible portions of object e
and visible object vertices onto some pair of parallel planes containing the viewpoint in the slab b
them.

One variation on this theme is that sometimes the view is defined to contain only ‘significant’
features; for example, in some cases only those visible (portions of) edges and vertices belon
the silhouette of an object with respect to a given viewpoint are projected to form the view from
viewpoint [7].

In either model, viewpoint space is partitioned into maximal connected regions such that the
from the viewpoints in any region areisomorphic. That is, the views, when considered as labe
embedded, undirected planar graphs, are all topologically equivalent [14]. Under perspective projectio
the (three-dimensional) maximal connected regions are separated by planar or quadric surface
orthographic projection the (two-dimensional) maximal connected regions are separated by g
or quadratic curves which are the intersections of the planar or quadric surfaces under per
projection with the sphere at infinity. The curves or surfaces separating regions of viewpoint
topologically equivalent views are referred to ascritical curves or surfaces. Each consists of th
viewpoints for which there exists somecritical eventoccurring in the associated view such that
views corresponding to viewpoints immediately on one side of the curve or surface are non-isom
to the views corresponding to viewpoints immediately on the other side. It can be shown [9] that critical
events are of two types only.EV eventsoccur due to the alignment along some line of sight of an ob
vertex and a point on an object edge (both of which are visible) so that the projections of the ver
edge intersect at a point in the view.EEE eventsoccur due to the alignment of three visible points
three object edges along some line of sight so that the projections of these edges intersect at a
the view. Clearly, for a general polyhedral scene withn features (vertices, edges and faces), EV ev
induce at most O(n2) critical curves or surfaces, while EEE events induce at most O(n3) critical curves
or surfaces. For our purposes we consider an EV event to be a special type of EEE event, in
the alignment of one endpoint of each of two edges (adjacent to the vertex) and a point on
edge.

We say that a critical event isoccludedat a viewpoint when it is rendered invisible from that viewpo
due to the imposition of an object face (along the line of sight at which the event would have occ
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between the viewpoint and at least one of the edges inducing the event. Viewpoints at which a critical
event is occluded are not part of the critical curves or surfaces induced by that event.

Given a critical event, anevent occlusion endpoint(EOE point) [8] is a viewpoint such that, for any
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ε > 0, a ball with center at that viewpoint and radiusε will contain both viewpoints from which th
event is occluded and viewpoints from which the event is not occluded. This implies that at an
point there exists a line of sight along which four scene edges align; the three edges which ind
associated critical event and a fourth edge adjacent to the object face causing the occlusion.

In the orthographic case, critical curves terminate either abruptly at EOE points or naturally b
the edges inducing their associated critical events are of finite length. It can be shown that, in th
case, the number of EOE points dominates the number of points at which the curves terminate n
In the perspective case, critical surfaces are either bounded by EOE points or are bounded n
again, because the edges inducing the critical event are of finite length. It can be shown that, in th
case, the number of critical surface edges (vertices) formed by EOE points dominates the nu
critical surface edges (vertices) at which the surfaces terminate naturally.

The arrangement [10] of critical curves or surfaces in viewpoint space induced by any polyhe
scene is called theviewpoint space partition, a structure dual to the aspect graph [13]. It follows that, in
the orthographic case, a bound on the number of vertices in the viewpoint space partition can b
by bounding the number of EOE points plus the number of points at which the relative interiors
critical curves intersect. Further, in the perspective case, a bound on the number of vertices can
by bounding the number of points at which a critical surface edge formed by EOE points interse
relative interior of a second critical surface plus the number of points at which the relative inter
three critical surfaces intersect (we note that the number of all other vertices, those adjacent to
surface edges at which the surfaces terminate naturally, is O(n3), and that this is dominated by the bou
we shall prove for the perspective case). In either case a bound on the complexity of the vie
space partition is obtained. This, in turn, provides a bound on the total number of non-isomorphic
induced by the scene. For a general polyhedral scene of complexityn, Plantinga and Dyer [13] have
shown this, in the worst case, to be(n6) under orthographic projection and(n9) under perspective
projection.

In this paper we shall be mostly interested in scenes consisting of (bounded) convex,fat polyhedra.
A (bounded) convex polyhedron isfat [11] if the ratio of the radius of the largest ball contained with
the polyhedron to the radius of the smallest ball containing the polyhedron is bounded away from
Intuitively, such objects possess no arbitrarily long, skinny parts.

The objects that populate our scenes include (translates of) cubes,rectilinear near-unit-cubes,
skyscraper terrains, zonohedraand arbitrary convex centrally symmetric polyhedra. A cube is a
object. We define anear-unit-cubeto be a parallelepiped whose edge lengths lie in the interval from
up to a constantm� 1. A near-unit-cube cannot therefore betoo long and skinny ortooflat. A rectilinear
polyhedron (or polyhedral surface) is such that each of its edges is parallel to one of the coordina
A skyscraper terrain, which will be defined more precisely in Section 4, is, essentially, a conne
infinite rectilinear polyhedral surface with features that can be long and skinny in the vertical dir
only. A zonohedronis a convex polyhedron formed by taking the Minkowski sum of finitely many
segments [6].

Our results. In the main result of this paper, we establish that for scenes consisting of a coll
of n pairwise disjoint translates of a cube the maximum possible number of non-isomorphic view
fact lower than the bounds given above. Alternatively, the worst-case complexity of the viewpoint
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partition induced by such scenes is lower than for general polyhedral scenes. In other words, theeffects
of occlusionbecome significant for these restricted scenes.

Thus we present the first known non-trivial bounds on the number of views of a sceneconsisting
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exclusively of fat objects. Little is known regarding bounds on the number of views induced by m
general scenes of fat objects. We emphasize that our results are for a particularly simple scen
type, and that, in the general case, the problem remains open.

Agarwal and Sharir [2] and de Berg et al. [4] have previously demonstrated the existence of additio
restricted classes of polyhedral scenes of complexityn (see below) for which the bounds on the num
of views are lower than in the general case.

Related work. A great deal of research has focused on visibility questions in general and combin
and algorithmic issues related to aspect graphs in particular. Plantinga and Dyer [13] offered
constructions showing that the trivial upper bounds of O(n6) and O(n9) for the complexity of the
viewpoint space partition induced by general polyhedral scenes of complexityn under orthographic
and perspective projection (respectively) are in fact tight in the worst case. Snoeyink [16] showed that
the bound under orthographic projection continues to be tight in the case of scenes consisting s
rectilinear (long and skinny) parallelepipeds. De Berg et al. [4] improved the bounds of Plantinga an
Dyer to O(n4k2) under orthographic projection and to O(n6k3) under perspective projection in the spec
case of a scene consisting ofk pairwise disjoint convex polyhedra with total complexityn. Recently,
Aronov et al. [3] provided a lower bound construction which establishes that these bounds ar
tight in the worst case. De Berg et al. [4] also improved the upper bound of Plantinga and Dye
O(n5 · 2c(logn)1/2) (for a constantc > 0) under orthographic projection in the case of a general polyhe
terrain. In addition, they demonstrated a lower bound of�(n5α(n)) (whereα(n) is the slowly growing
inverse Ackermann function), thus showing that the upper bound is nearly tight. Agarwal and Sh2]
improved the upper bound of Plantinga and Dyer to O(n8+ε) (whereε > 0 may be selected as small
desired by an appropriate choice of the implied constant) under perspective projection in the ca
general polyhedral terrain. De Berg et al. [4] demonstrated a lower bound of�(n8α(n)), thus showing
that the upper bound is nearly tight. See [14] for a more complete survey of recent research efforts rel
to aspect graphs.

Outline of the paper. In Section 2 we demonstrate upper bounds of O(n4+ε) under orthographic
projection and O(n6+ε) under perspective projection, for anyε > 0, for the complexity of the viewpoin
space partition induced by scenes consisting ofn pairwise disjoint translates of a cube. Thus
maximum possible number of views associated with such scenes is significantly lower than in the
case. In Section 3 we present constructions for which the number of views is�(n4) under orthographic
projection and�(n6) under perspective projection, thus nearly closing the gap between the upp
lower bounds. We note here that these bounds show that, in the worst case, a relatively large v
space partition complexity is already inherent even in very simple scenes of fat objects. In Sectio
show how to extend the upper bound results to the union of possibly overlapping rectilinear ne
cubes and to pairwise disjoint translates of a zonohedron. We also show that the upper bounds
a skyscraper terrain and indicate constructions similar in principle to those exhibited in Sectio
the lower bounds under orthographic and perspective projection. Finally, we note that the uppe
results also apply to arbitrary convex centrally symmetric polyhedra when only silhouette view
considered.
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2. Upper bounds

Let C be a collection ofn pairwise disjoint translates of a fixed cubeP . We write C = {Pi =
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ai ⊕P }i=1,...,n, (where ‘⊕’ denotes the Minkowski sum with the singleton{ai}) and refer to the vectorai
as thetranslation vectorof Pi , for i = 1, . . . , n. We wish to bound the complexity of the viewpoint spa
partition induced byC by counting certain classes of its vertices, as described above.

2.1. Orthographic views

Consider the case of orthographic views. LetS denote the unit sphere of directions. For eachu ∈ S,
consider the orthographic projectionC(u) of the cubes inC onto some plane orthogonal tou. The family
C(u) consists ofn translates of the projectionP(u) of P . Specifically,C(u) = {ai(u)⊕ P(u)}i=1,...,n,
whereai(u) is the projection ofai (again, ‘⊕’ denotes the Minkowski sum, this time in the plane).

We need to bound the number of orientationsu at which one of the following two types of even
occurs:

(i) There exist a quadruple of indicesi1, i2, i3, i4 and a rayλ in direction−u, such thatλ touches an
edge of each of the four cubesPi1, Pi2, Pi3, Pi4 (in the orderPi4, Pi3, Pi2, Pi1, with λ emanating
from a point on the edge ofPi4), andλ does not intersect the interior of any cube. The numbe
orientations at which this type of event occurs yields the number of EOE points in the view
space partition.

(ii) There exist two distinct triples of indices (possibly with common elements)i1, i2, i3 andj1, j2, j3,
and two distinct raysλ, λ′ in direction −u, such that (a)λ touches an edge of each of the thr
cubesPi1, Pi2, Pi3 (in the orderPi3, Pi2, Pi1, with λ emanating from a point on the edge ofPi3),
(b) λ′ touches an edge of each of the three cubesPj1, Pj2, Pj3 (in the orderPj3,Pj2,Pj1, with λ′
emanating from a point on the edge ofPj3), and (c) neitherλ nor λ′ intersects the interior of an
cube. The number of orientations at which this type of event occurs yields the number of inter
points between the relative interiors of two critical curves in the viewpoint space partition.

The projectionPi(u) of any translatePi of P , for a directionu ∈ S, has a silhouette which is genera
a convex centrally symmetric hexagon. Three additional edges ofPi are visible, and appear as intern
edges withinPi(u). Each of them is a translate of two edges of the silhouette ofPi(u), and together
they partitionPi(u) into three parallelograms. Three additional edges ofPi are invisible when viewed in
directionu.

Note that, in both types of events, only the edge(s) containing the endpoint(s) of the appropriat
(the edge ofPi4 in a type (i) event, or the edges ofPi3 and ofPj3 in a type (ii) event) can be interior i
the respective projection(s); all other edges must be silhouette edges.

Fix one translateP0(u) = a0(u) ⊕ P(u), and fix an edge (either a silhouette edge or an inte
edge)e0 = e0(u) of P0(u). For any other translateP ′(u) = a′(u) ⊕ P(u), consider the intersectio
I ′ = e0(u) ∩ P ′(u). As is easily verified,I ′ is an interval alonge0 which contains an endpoint ofe0.
This follows from the observation that the length of any cross section of a convex centrally sym
polygon in a direction parallel to a side of it, is always at least as large as the length of that side, a
e0(u) is, or has the same length as and is parallel to, a side of the silhouette.
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Fig. 1. The edgee of P0 is partially hidden by a nearer translateP ′ but no endpoint ofe is hidden.

Remark. The argument just given remains valid as long ase0(u) is (a translate of) a silhouette edge. T
holds for cubes, as noted above, and, more generally, for zonohedra, but may fail for general (c
symmetric) convex polyhedra; see Fig. 1 for an example.

Denote the endpoints ofe0(u) by p0(u) andq0(u). Parametrize (the line containing)e0 by orienting
it from p0 to q0, and by representing a pointx on it by its signed distance fromp0 (soq0 has a positive
representation).

For each translateP ′ as above, define two (partially-defined) real-valued functions,F
(e0)

P ′ , G(e0)
P ′ onS,

so thatF (e0)P ′ (u) is maxI ′ (in the parametrization ofe0), provided that (a)p0 ∈ I ′ and (b)P ′ is in front of
P0 as viewed fromu; otherwise,F (e0)P ′ (u) is undefined. Similarly,G(e0)P ′ (u) is minI ′, provided thatq0 ∈ I ′
andP ′ is in front ofP0 as viewed fromu; otherwise it is undefined.

It is an easy exercise to verify that, with an appropriate parametrization ofS, the functionsF (e0)P ′ and
G
(e0)

P ′ are of constant description complexity[15], i.e., the graph of each function is a semialgebr
set defined by a Boolean combination of a constant number of equations and inequalities in
polynomials of constant maximum degree.

LetE−
e0

denote the upper envelope of the functionsF (e0)
P ′ , and letE+

e0
denote the lower envelope of th

functionsG(e0)
P ′ .

Let u be an orientation of type (i), with a corresponding quadruplePi1, Pi2, Pi3, Pi4 of translates of
P , and respective contact edgese1, e2, e3, e4. Then, by definition and construction,u is the projection
on S either of a vertex ofE−

e4
, or of a vertex ofE+

e4
, or of an intersection of an edge of one envelo

with a facet of the other. In other words, the event corresponds to a vertex of thesandwich regionSe4
enclosed between the two envelopesE−

e4
andE+

e4
. Since each of these is the envelope ofn− 1 bivariate

functions of constant description complexity, the results of Agarwal et al. [1] (see also [12]) imply that
the complexity of such a sandwich region, and thus also the number of type (i) events that inve4
as their furthest contact edge (with respect tou), is O(n2+ε), for anyε > 0. Repeating this argument fo
each edge of every translate ofP , we conclude that the number of events of type (i) is O(n3+ε), for any
ε > 0.

Consider next the analysis of events of type (ii). For each edgee of any translate ofP , denote the
projection of (the edges and vertices of) the sandwich regionSe ontoS byMe. Then, again by definition
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and construction, an event of type (ii) occurs atu if there are two cube edgese1, e2, so that an edge of
Me1 crosses an edge ofMe2 at u. (It is possible thate1 = e2 = e, in which case the crossing is between
the projections of an edge ofE−

e and of an edge ofE+
e .)
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For any fixed pair of edgese1, e2, the complexity of the overlay ofMe1 and ofMe2 is O(n2+ε), for
anyε > 0. This is a consequence of the following result, which extends the analysis of overlays g
[1,12].

Lemma 2.1.1. Let F1, F2, G1, G2 be four collections of bivariate functions of constant descript
complexity each of size at mostn. Let SF denote the sandwich region between the upper envelop
F1 and the lower envelope ofF2, and letSG denote the sandwich region between the upper envelo
G1 and the lower envelope ofG2. LetMF (respectively,MG) denote the projection of(the edges and
vertices of) SF (respectively,SG) onto thexy-plane. Then the complexity of the overlay ofMF and of
MG is O(n2+ε), for anyε > 0.

Proof. LetQ denote the overlay of the maximization diagram [10] of F1, the maximization diagram o
G1, the minimization diagram [10] of F2, and the minimization diagram ofG2. By the results of [1,12],
the complexity ofQ is O(n2+ε), for anyε > 0. Let q be a crossing point of an edgee of MF and of an
edgee′ of MG. By definition,e is either an edge of the maximization diagram ofF1, or an edge of the
minimization diagram ofF2, or the projection of an edge of intersection between the upper envelo
F1 and the lower envelope ofF2. Similarly, e′ is of one of three corresponding types, defined in term
G1 andG2.

If e is of one of the first two types and so ise′ thenq is a vertex ofQ. On the other hand, suppo
that bothe and e′ are of the third type, wheree (respectively,e′) is the projection of a portion of a
intersection curve between the graphs of somef1 ∈ F1 andf2 ∈ F2 (respectively, of someg1 ∈G1 and
g2 ∈G2). Let τ be the cell ofQ that containsq. By construction,τ is fully contained in a single cell o
each of the four maximization or minimization diagrams of the respectiveF1, F2,G1,G2. This is easily
seen to imply thatτ uniquely determines the four functionsf1, f2, g1, g2 that defineq, which in turn
implies thatτ can contain only O(1) crossing pointsq of the above kind. Similar reasoning applies wh
e is of the third kind ande′ is of one of the two former kinds, or vice versa. Since the number of ceτ
is O(n2+ε), the lemma follows. ✷

Multiplying the bound provided by Lemma 2.1.1 by the number O(n2) of pairs of edgese1, e2, we
obtain an overall bound of O(n4+ε) for the number of type (ii) events. We thus obtain the main resu
this section:

Theorem 2.1.1. The number of combinatorially different orthographic views of a collection of n pair
disjoint translates of a cube inR3 is O(n4+ε), for anyε > 0.

We will see below (Section 3) that this bound is nearly tight in the worst case.

2.2. Perspective views

Consider next the case of perspective views. For eachz ∈ R3, consider the central projectionC(z)
of the cubes inC from z onto some pair of parallel planes containingz in the slab between them
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Without loss of generality, assume that the planes are parallel to a facet ofP , and that this facet is
horizontal. Technically, we prefer this projection over the more natural projection onto a sphere centered
at z, because the images in our projection are convex polygons. It suffices to analyze the changes that
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occur in just one of these planes. Some cubes may project onto both planes, and then both projec
unbounded polygons. Asz passes through a horizontal plane that contains a facet of some translPi ,
the projection ofPi on one plane starts or stops being nonempty. In what follows we omit the an
of the effect of these changes on the number of views, since they do not affect the asymptotic bo
we are going to derive.

The collectionC(z) (on the fixed projection plane) consists ofn projections ofP , each of which is a
(possibly unbounded) convex polygon. Similar to the orthographic case, each projection contain
additional visible projected edges in its interior.

We need to bound the number of pointsz at which one of the following two types of events occurs

(i) There exist a quadruple of indicesi1, i2, i3, i4 and a triple of indicesj1, j2, j3 (they may share
elements, but the triple is not fully contained in the quadruple), and two distinct segments, s′
havingz as a common endpoint, such that (a)s touches an edge of each of the four cubesPi1, Pi2,
Pi3, Pi4 (in that order), with the other endpoint ofs lying on the edge ofPi4, ands does not intersec
the interior of any cube; and (b)s′ touches an edge of each of the three cubesPj1,Pj2,Pj3 (in that
order), with the other endpoint ofs′ lying on the edge ofPj3, ands′ does not intersect the interior o
any cube. The number of points at which this type of event occurs yields the number of inters
points between a critical surface edge formed by EOE points and the relative interior of a
critical surface in the viewpoint space partition.

(ii) There exist three distinct triples of indices (possibly with common elements)i1, i2, i3, j1, j2, j3, and
k1, k2, k3, and three distinct segmentss, s′, s′′ with z as a common endpoint, such thats satisfies the
property in (i) with respect to the triplei1, i2, i3 (with its other endpoint lying on an edge ofPi3),
ands′, s′′ satisfy this property with the triplesj1, j2, j3, andk1, k2, k3, respectively. The number o
points at which this type of event occurs yields the number of intersection points among the r
interiors of three critical surfaces in the viewpoint space partition.

Fix one of the projectionsP0(z), and fix an edgee0 = e0(z) of P0(z). For any other translateP ′(z)
such thatP ′ is in front of P0 as viewed fromz, consider the intersectionI ′ = e0(z) ∩ P ′(z). We claim
that if I ′ is nonempty then it must be an interval alonge0 which contains an endpoint ofe0.

To prove the claim, let(0 denote the triangle spanned byz and the edgef0 of P0 which projects toe0.
Denote the endpoints off0 by a andb. The claim is equivalent to asserting that ifP ′ intersects(0 then
it intersects at least one of the edgesza or zb of (0.

Let p be a point onP ′ intersecting(0; see Fig. 2. Letl be the line throughp parallel tof0. Note that
the segments = P ′ ∩ l is parallel to an edgef ′ of P ′ and thus has length equal to that off ′. Hence the
intersection ofP ′ and(0 contains a (contiguous) portion of a segment lying onP ′ that is parallel tof0

and this segment is of length (at least) as long as that off0. ThusP ′ must intersect eitherza or zb. This
implies our claim.

Remark. The argument just given remains valid as long ase0(z) is the projection of (a translate of)
silhouette edge. As in the preceding section, this holds for cubes and, more generally for zonohe
may fail for general (centrally symmetric) convex polyhedra.
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Fig. 2. A nearer translateP ′ that intersects(0 must intersect an edge of(0.

Denote the endpoints ofe0(z) by p0(z) andq0(z), and parametrize (the line containing)e0 as in the
preceding section. For each translateP ′ as above, define two (partially-defined) real-valued functio
F
(e0)

P ′ , G(e0)P ′ on R3, so thatF (e0)P ′ (z) is maxI ′ (in the parametrization ofe0), provided that (a)p0 ∈ I ′ and
(b) P ′ is in front ofP0 as viewed fromz; otherwise,F (e0)

P ′ (z) is undefined. Similarly,G(e0)
P ′ (z) is minI ′,

provided thatq0 ∈ I ′ andP ′ is in front ofP0 as viewed fromz; otherwise it is undefined.
As in the preceding section, it is an easy exercise to verify that the functionsF

(e0)

P ′ andG(e0)P ′ are of
constant description complexity.

Let z be a point in 3-space of type (i), with a corresponding quadruplePi1, Pi2, Pi3, Pi4 of translates of
P , respective contact edgese1, e2, e3, e4, another triplePj1,Pj2,Pj3 of cubes, and their respective conta
edgese′1, e′2, e′3. Then, by definition and construction,z is an intersection point between the projection
R3 of an edge of the sandwich regionSe4 and the projection of a 2-face of the sandwich regionSe′3.

Since these are sandwich regions between envelopes ofn − 1 trivariate functions of constan
description complexity, the recent results of Koltun and Sharir [12] can be used to deduce that the num
of such intersection points is O(n3+ε), for anyε > 0.

Indeed, this bound is an immediate consequence of the following extension of Lemma 2.1.1
case of trivariate functions:

Lemma 2.2.1. LetF1,F2,G1,G2,H1,H2 be six collections of trivariate functions of constant descript
complexity each of size at mostn. LetSF denote the sandwich region between the upper envelopeF1

and the lower envelope ofF2, and defineSG, SH analogously for the collectionsG1, G2 andH1, H2,
respectively. LetMF (respectively,MG,MH ) denote the projection of(the faces, edges and vertices o)
SF (respectively,SG, SH ) onto thexyz-hyperplane. Then the complexity of the overlay ofMF , MG and
MH is O(n3+ε), for anyε > 0.
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Proof. An easy generalization to the case of trivariate functions of the proof of Lemma 2.1.1, using
the near-cubic bound on the complexity of the overlay of any constant number of minimization (or
maximization) diagrams of trivariate functions of constant description complexity, as given in [12]. ✷
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Remark. Clearly, the same bound holds if we consider only two sandwich regions, rather than thr

Applying Lemma 2.2.1, and multiplying the resulting bound by the number O(n2) of pairs of furthest
(from z) contact edgese4, e′3, we obtain that the number of type (i) points is O(n5+ε), for anyε > 0.

Analysis of points of type (ii) is also straightforward, and proceeds in much the same way as
It applies Lemma 2.2.1 to the three sandwich regions, each arising for the furthest edge of co
each of the triples of translates ofP that are involved in the event. We omit the further easy details.
yields a bound of O(n3+ε) for the number of points of type (ii) associated with a fixed triple of furth
contact edges, and, multiplying by the number O(n3) of such triples of edges, we obtain an overall bou
of O(n6+ε), for anyε > 0. We thus obtain the main result of this section:

Theorem 2.2.1. The number of combinatorially different perspective views of a collection of n pair
disjoint translates of a cube inR3, is O(n6+ε), for anyε > 0.

We will see below (Section 3) that this bound is nearly tight in the worst case.

3. Lower bounds

We now present lower bound constructions inducing�(n4) and �(n6) different views under
orthographic and perspective projection, respectively, as follows.

For orthographic projection, letR be the set of viewpoints in a small rectangular region just be
and to the right of the origin of the planey = +∞. Place a collection of(n) (rectilinear) cubes alon
the negativey-axis so that they appear, fromR, to be lined up one behind the other and so that the u
edge of each cube face for which the outward normal vector is in the+y direction is just visible above
the upper edge of the corresponding face of the cube immediately in front of it (group (a), Fig. 3).

Next, place a collection of(n) (rectilinear) cubes along the positivey-axis so that they appear, fro
R, to be lined up one behind the other and so that the top right vertex of each cube face for wh
outward normal vector is in the+y direction appears to be slightly below and to the right of the top r
vertex of the corresponding face of the cube immediately in front of it (group (b), Fig. 3).

Each line of sight emanating from any viewpoint inR and passing through the top right vertex
specified above) of a cube ingroup (b) will be tangent to the cube at that vertex.

The edges and vertices specified above combine to create(n2) EV events each of which induces
critical surface intersecting the planey = +∞ along a horizontal line inR. The cubes may be positione
so that these critical curves are pairwise disjoint inR and so that the distance between neighboring cu
is arbitrarily smaller than the lengths of the curves themselves.

Finally, copy and translate the cubes ingroup (b) to form group (d), and copy, translate and rota
the cubes ingroup (a) to formgroup (c) (Fig. 3). This induces a second set of(n2) critical curves in
R orthogonal to the first set. The cubes may be positioned so that the curves in the second set
each of the curves in the first set. This forms a grid of(n2) by(n2) critical curves in the regionR on
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Fig. 3. The construction under orthographic projection.

Fig. 4. The construction under perspective projection (and its induced critical surfaces).

the planey = +∞. Hence the complexity of the viewpoint space partition under orthographic proje
induced by this scene is�(n4).

For the perspective case, we position a copy ofgroups(a) and (b) on the positivex-axis, a copy of
groups(c) and (d) on the negativey-axis and amirror imagecopy ofgroups(c) and (d) (reflected throug
theyz-plane) on the negativex-axis. Each copy is placed sufficiently far from the origin, and is orien
so that the critical surfaces induced form a(n2) by(n2) by(n2) grid within a small parallelepiped
near the origin (see Fig. 4). Thus the complexity of the viewpoint space partition induced by this
is�(n6).

4. Discussion

Pairwise disjoint near-unit-cubes. The collection of pairwise disjoint translates of a cube in the pro
of Section 2 may be replaced more generally with a collection of pairwise disjoint rectilinearnear-unit-
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cubesof different sizes, that is, axis-parallel parallelepipeds whose edge lengths lie in the interval from
one up to a constantm � 1. Assume that an edgee in this new scene has lengthle for 1 � le �m. We
may subdividee intom subintervals of lengthle/m (� 1), identifying the projection of each subinterval
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in turn with e0 (in the discussions of Sections 2.1 and 2.2), and apply the analysis given in those s
to each of them subintervals created. In particular, the assertion continues to hold thatI ′ (as defined in
Sections 2.1 and 2.2) must contain an endpoint ofe0 (we say thatI ′ coversthat endpoint). Thus the upp
bounds presented in Section 2 remain valid for these more general scenes.

Overlapping translates of a cube. The union of a collection ofn possibly overlapping translates of
cube with unit length edges, which may, in addition to convex edges, contain arbitrarily short co
edges, itself has complexity O(n) [5]. Any such concave edge will be parallel to some (collection
silhouette edges in the scene. In addition, if general position is assumed, no edge has length gre
one. Note that if a concave edge is involved in an EV or EEE event, or in the creation of an EOE
it must be thefurthestedge from the viewpoint along the line of sight associated with that event or
point.

It can be seen that the analysis of Section 2 may be applied to the union of overlapping transla
cube in general position. In particular, it continues to hold thatI ′ covers an endpoint ofe0, even whene0
is the projection of a concave edge. Thus the upper bounds are applicable to these scenes also.

Overlapping near-unit-cubes. The union of a collection ofn possibly overlapping rectilinear near-un
cubes of different sizes has complexity O(n). This becomes evident by observing that each near-unit-
may be approximated as closely as desired by a constant number of translates of a cube with un
edges (slightly perturbed so as to be in general position) and that there exist at least as many fe
the new scene as there were in the original, after which the proof presented in [5] may be applied directly
Again the upper bounds are extendible to these more general scenes.

Skyscraper terrains. We consider a collection ofn possibly overlapping rectilinear parallelepipeds
varying heights (skyscrapers), whose bases lie on thexy-plane, having the property that all edges para
to thex- andy-axes possess lengths lying in the interval from one up to a constantm� 1. Edges paralle
to thez-axis may be of arbitrary length. We take the boundary of the union of these parallelepipeds
with the entirexy-plane, excluding those portions of thexy-plane containing the bases. The result
connected infinite two-dimensional polyhedral surface will be referred to as askyscraper terrain.

It is not difficult to see that the analysis of Section 2 may be applied to skyscraper terrains. In par
by virtue of the properties of a terrain (see Fig. 5), and with the usual assumption that viewpoi
restricted to pointsabovethe terrain only, it continues to hold thatI ′ covers an endpoint ofe0, even when
e0 is the projection of a vertical edge. Moreover, a simple counting argument on the number of v
in a skyscraper terrain can be used to show that its complexity is O(n). Therefore, the upper bound
are extendible to skyscraper terrains (note that, for vertical edges, the analysis of Section 2 is so
simplified since only facets of envelopes, rather than sandwich regions, need be considered).

We note that our upper bounds of O(n4+ε) for anyε > 0 under orthographic projection and O(n6+ε)
for any ε > 0 under perspective projection for the specific case of a skyscraper terrain rep
improvements over the respective upper bounds of O(n5 · 2c(logn)1/2) (for a constantc > 0) derived by de
Berg et al. [4] and O(n8+ε) derived by Agarwal and Sharir [2] for general polyhedral terrains.

We further point out that a simple modification to the first construction exhibited in Section 3 a
us to deduce that a lower bound under orthographic projection for the case of skyscraper ter
�(n4) (the modification is that we change all cubes to parallelepipeds with bases on thexy-plane).
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Fig. 5. In a skyscraper terrain, a nearer parallelepipedP ′ that partially hides a vertical edgee of P0 must also hide the lowe
endpoint ofe.

A similar modification to the second construction of Section 3 allows us to deduce that a lower
under perspective projection for skyscraper terrains is�(n6).

Zonohedra. As previously noted, the analysis of Section 2 holds for pairwise disjoint translate
zonohedron with O(1) facets. This is so because the arguments given there remain valid as longe0
is the projection of (a translate of) a silhouette edge, which, for zonohedra, will always be the c
particular, it continues to hold thatI ′ covers an endpoint ofe0, whene0 is the projection ofanyedge in
the scene.

Centrally symmetric polyhedra. We also note that the analysis of Section 2 holds for pairwise dis
translates of arbitrary convex centrally symmetric polyhedra with O(1) facets, provided that we onl
consider views of their silhouettes. That is, we assume that edges of the polyhedra that become
in the projected view are not observable in the view, so critical events only involve silhouette
In particular, it continues to hold thatI ′ covers an endpoint ofe0, whenevere0 is the projection of a
silhouette edge.

Fat objects. We reiterate that improving the trivial upper bounds of O(n6) and O(n9) on the complexity
of the viewpoint space partition induced bygeneralscenes comprised ofn fat objects each of complexit
O(1) remains an open problem. Other simple scenes of this type, for which there are no known non
upper bounds, include, for example, disjoint translates of a simplex, disjoint translatedand scaledcopies
of a cube, or disjoint translatedand rotatedcopies of a cube.
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