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Abstract

Let C be a set of geometric objectsRf. The combinatorial complexity of the uniai(C)
of C is the total number of faces of all dimensions, of the arramgy@ of the boundaries of the
objects, which lie on its boundary. We survey the known ugymemds on the complexity of
the union ofn geometric objects satisfying various natural conditiombese problems play
a central role in the design and analysis of many geometgoriéhms arising in robotics,
molecular modeling, solid modeling, and shape matching, tae techniques used for their
solutions are interesting in their own right.

1 Introduction

LetC = fC4q,...,Cnhg be a set oin geometric objects, such as disks or convex pol s in the
plane, or balls, cylinders, or convex polyhedra in threelagtler dimensions. L&t(C) = ;Z; C;
denote the union of the objects th The combinatorial complexity (or complexity for brevitgj
U(C) is the number of faces of the arrangement of the boundaridseddbjects, which lie on the
boundary of the union; see below for a formal definition. $alveombinatorial and algorithmic
problems in a wide range of applications, including lineargpamming, robotics, solid modeling,
molecular modeling, and geographic information systeras,be formulated as problems that seek
to calibrate the complexity of the union of a set of objectspacompute their union. We begin by
reviewing some of these applications.

Sork on this paper was partially supported by a grant fromidt®.-Israel Binational Science Foundation. Work by
J.P. and M.S. was also supported by NSF Grant CCF-05-1409% by P.A. was also supported by NSF under grants
CCR-00-86013, EIA-01-31905, CCR-02-04118, and DEB-04625 by the ARO grant W911NF-04-1-0278. Work by
J.P. was also supported by grants from PSC-CUNY Researchditian and OTKA (Hungarian National Research
Foundation). Work by M.S. was also supported by grant 155/ the Israel Science Fund, Israeli Academy of
Sciences, and by the Hermann Minkowski-MINERVA Center feo@etry at Tel Aviv University.

TDepartment of Computer Science, Duke University, Durham2¥@08, USA. E-mailpankaj@cs.duke.edu

*City College, CUNY, and Courant Institute of Mathematicale®ces, New York University, New York, NY 10012,
USA. E-mail:pach@cims.nyu.edu

8School of Computer Science, Tel Aviv University, Tel Aviv®@, Israel, and Courant Institute of Mathematical
Sciences, New York University, New York, NY 10012, USA. Eimanichas@post.tau.ac.il



V =

(@ (b)

igure 1. An instance of two-dimen%onal linear programming: (a) ®aded region denotes the feasible region
. Ci; (b) The shaded region denotes., Ci.

Linear programming. Gi familyC = fCy, ..., Cpgof n halfspaces ilRY, we want to max-
imize a linear function over i_; C;. Since the maximum (if it exists) is achieved at the boundéry
the commonintersection, the problem can be reformulatedimisnizing a linear function over the
boundary of L, Ci, whereC; is the (closed) halfspace complementaryCtg see Figure 1. The
worst-case running time of the simplex algorithm, as weliresy other naive solutions to linear
programming, is proportional to the total number of vericdé U(C). According to McMullen’s
Upper Bound Theorem [96, 97], this number cannot exceed
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with equality for cyclic polytopes and for all other simpéitneighborly polytopes. Regarding the
dimensiond as a constant, an assumption that we will follow throughbig paper, we can write
this bound a®(n'¥25!

Robotics. Assume that we have a robot syst@&mwith d degrees of freedom, i.e., we can rep-
resent each placement Bf as a point inRY. We call the space of all placements ttenfigura-
tion spaceof B. Suppose the (say, three-dimensional) workspadd & cluttered with a family
O =f0q,...,0mg of polyhedral obstacles whose shapes and locations arerkri®vis allowed

to move freely in a motion that traces a continuous path incthiguration space, bl has to
avoid collision with the obstacles. For eadh, letC; RY be the set of placements Bf at which

it collides with the obstacl®;. C; is referred to as th€-obstacle(or expanded obstadiénduced
by O;. SetC = fC;,...,Cmg. Thefree configuration spacE = RY n U(C) is the set of alfree
placements oB, i.e., placements at whidB does not intersect any obstacle.

For instance, leB be a convex polygonal object with vertices, which is only allowed to
translate inR?. LetO = fOq,...,Omg be a set ofn convex polygonal obstacles R?. Fix a
reference poinb (the origin) withinB. A placement oB can be represented by specifying the
X- andy-coordinates ob. B intersects an obstacle; if and only if o belongs to the “expanded
obstacle’C; = O; ( B),where denotes thdinkowski sumi.e.,

Ci=fx bjx20;b2 Bg.
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HenceF = R? nU(C); see Figure 2.

Figure 2. The space of free placements of the roBois the complement of the union of the expanded obstazies

Going back to the general case, Bt2 RY be a given initial free placement &. Then
the set of all free placements & that can be reached fro& via a collision-free continuous
motion corresponds to the connected componerit obntainingZ. The problem of determining
whether there exists a collision-free path from an init@hféigurationl to a final configuratiorF is
equivalent to determining whethérandF lie in the same connected componentof

This close relationship between union of regions and magtianning has been a major mo-
tivation for studying the former problem, and has led to @ersble work on various aspects of
the union problem [11, 66, 89, 107, 109]. The complexityJ§€) serves as a trivial lower bound
for the running time of many motion-planning algorithmsttb@ampute the entire free space. How-
ever, in view of the preceding discussion, there is alsoidenable interest in bounding the com-
binatorial complexity of, and constructing, a single carted component of the complement of
U(C) [65, 109].

Molecular modeling. A molecule can be modeled as the union of a family of balls, rerlie
radius of each ball depends on the atom that it models andaiggn of each ball depends on the
molecular structure. In the€an der Waals modeh molecule is a family of possibly overlapping
balls, where the radius of each ball is determined by the wnAhals radius of the correspond-
ing atom in the molecule; see Figure 3 (a). Lee and Richards@®posed another model, called
solvent accessiblenodel, which is used to study the interaction between théepr@and solvent
molecules. A molecule is modeled as a family of balls in thizdel as well, but the balls repre-
senting the solvent molecules are shrunk to points and the fepresenting atoms in the protein
are inflated by the same amount [105]. See Figure 3 (b). Examgththese models ignore various
additional properties of molecules, they have been usefalvariety of applications. Many prob-
lems in molecular modeling can be formulated as problenaedlto geometric, combinatorial, or
topological properties of the union of balls. See [46, 67,f6bmore details.
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Figure 3. Representing (chain A of) the protein 1A22 as the union oftatbkalls: (a) atoms are drawn using van der
Waals radii, and (b) solvent accessible model.

Constructive solid geometry. Constructive solid geometry (CSG), a widely used technique
CAD and computer graphics, is a method for representing tmnobject as a Boolean function of
simple objects (called primitives); see Figure 4. Often GB@vides a rather simple representation
of a visually complex object, using a Boolean formula cléueh challenging problem in this area
is to compute the boundary representation of the compleacbfijom the given Boolean function,
which basically reduces to the problem of computing the mirtio intersection of two (or more)
objects. Much work has been done in CSG on developing simgiteist, efficient algorithms for
computing the boundary representation. See [61, 86] foerdetalils.
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Figure 4. Representing a complex object as a Boolean function of piviesi. The figure is taken from [1].



Proximity problems. LetP andQ be two finite point sets iRY. Thedirected Hausdorff distance
from P to Q, denoted byh(P, Q), is (herek k denotes the Euclidean norm, but other metrics can
also be considered)
h(P, = max mink k.
(P,Q) = maxminkp g

The Hausdorff distancédetweenP andQ is H(P, Q) = maxfh(P,Q),h(Q,P)g. Itis a widely
used metric to measure similarity between two point sets.B(, r) denq%pe ball of radius
centered ak. Thenh(P,Q) rifand only if P is contained in the union q@B(q, r). Hence,
the decision problem of computing the Hausdorff distanae, whetheH (P, Q) r, can be
formulated as point location in the union of a set of congtiseis (or, more generally, of translates
of the unit ball of the given norm) [10, 72, 73].

Small-sizee-nets. Given a point seP, and an admissible collectidr of ranges(subsets oP),
and a parametar > 0, ane-netof (P,R) is asubseN P with the property that any range that
contains at leastjPj points of P contains at least one point bf. By now, e-nets are a standard
and useful tool in the design and analysis of geometric dlguos; see [92, 99] for more general
definitions and reviews. If th¥C-dimensiorof the range space has a finite valuén geometry,
this is the case when the ranges have simple shape, sucHsgmbask, balls, tetrahedra, etc.), there
existe-nets of sizg(cd/€) log(d/¢), for some absolute constanf71, 83]. A challenging question
is to identify the situations in which the logarithmic factmn be removed or replaced by a smaller
factor. See, e.g., MatouSek et al. [94] for a result of thigkfor the case when the ranges are
halfplanes in the plane or halfspaces in three dimensionarksédbn and Varadarajan [34] have
recently shown that if the complexity of the union of anganges irR is sufficiently close t@(r),
then the above general bound on the size of the smaHest for (P, R) can be improved.

Conflict-free colorings. A coloring of a family C of regions in the plane is callecbnflict-free

if for each pointp 2 U(C), there is at least one region containimgvhose color is unique among
all regions inC that containp. This definition was motivated by a frequency allocationbbem
for cellular telephone networks [54]. Minimizing the numhof frequencies used by the system
requires minimizing the number of colors in a conflict-fradocing of the transmission ranges of
the base-stations. Alon and Smorodinsky [12] showed thatneter the famil\C has the property
that the complexity of the union of anyranges irC is O(r), there is a conflict-free coloring using
only O(log® D) colors, whereD denotes the maximum number of regionsGrthat intersect a
given region. For other results on conflict-free coloringttexploit the complexity of the union of
the regions to be colored, see Har-Peled and Smorodinsky [70

These examples illustrate the wide scope of problems tmabedormulated in terms of, or are
closely related to, the union of a collection of geometrigeots. Before proceeding further, we
formalize our notation and introduce additional termimgylo



Preliminaries and notation. We assume that each objéct in the given collectiorC is a semi-
algebraic set.In many cases we will also assume that eG¢has constant description complexity,
which is the case, e.g., for balls, cylinders, or tetraheH@vever, we will also consider objects of
non-constant description complexity, such as convex malgdn Also, in many planar instances, we
will relax the condition, by considering fairly arbitraryives, with the main restriction that each
pair of them intersect in a constant number of points.

Eachface of U(C) (or, more precisely, odU(C)) is a maximal connected (relatively open)
subset ofdU(C) that lies in the intersection of the boundaries of a fixed stul$ objects, and
avoids all other objects @&. As usual, we refer to faces of dimensidandl asverticesandedges
(or elementary arcs respectively. Theombinatorial complexitpf U(C), denoted by (C), is the
total number of faces, of all dimensions, that appea®@{C). Note that, in certain cases, this
notion of a face is too “liberal”: if the boundary of an objé&&t2 C is not a single algebraic surface,
we typically regard each maximal connected portion of it thes on a single surface (variety) as
a separate “face” (this is the case, e.g., for convex polygorpolyhedra). In this case one may
want to define a face df(C) to be a maximal connected region that lies in the interseaioa
fixed subset of faces of individual objectsGr(and avoids all other such faces and objects). In such
cases, we will continue to use the notatifC) to denote the combinatorial complexity B{C)
under this refined definition of a face.

The study of the union of geometric objects falls into theaordopic ofarrangementf ge-
ometric objects, which has been studied since the semimparday J. Steiner in 1826 [112], and
which has received much attention in the last quarter cgnt8lightly modifying the traditional
definition, thearrangementof a finite collectionC of (full-dimensional) geometric objects RY,
denoted ag\(C), is the decomposition af-space into relatively open connected cells of dimensions
0,...,dinduced byC, where each cell is a maximal connected set of points lyirgérintersection
of the interiors of a fixed subset €fand of the boundaries of another fixed subset, and avoids all
other sets of; lower-dimensional faces are also referred tdaaes (As above, if the boundaries
of the objects ofC do not have constant description complexity, the arrangenteelf is refined
accordingly.) Note that)(C) is a substructure oA(C), in the sense that each facel(C) is also
a face ofA(C). U(C) typically contains in its interior many faces 8§C), but they are ignored in
the analysis of its complexity. As suck(C) is bounded by the combinatorial complexity A{C),
which, in the worst case, ®(n?) if the objects inC are semi-algebraic sets of constant descrip-
tion complexity. In the worst case, the asymptotic bound«¢®) can indeed b&®(n?). This is
the case, for example, whéhis a family ofn large and flat “plates” irRY, each being the region
enclosed between a pair of parallel and sufficiently cloggehylanes. See Figure 5 for a simple
planar construction involving triangles. HoweverCigatisfies certain natural conditiongC) may
be smaller. For example, the case of halfspaces, mentidrma ayields the particularly favorable
bound®(n'¥25'on k(C). The challenge is thus to identify classes of objects forciiihe bound
on k(C) is substantially smaller tha®(n%). As we shall see, in most of the cases that we will
review herek(C) is close toO(n%~1). Easily constructed matching lower bounds indicate that th

A subset ofRY is called areal semi-algebraic séf it is described in terms of a bounded number of polynomils
bounded maximum degree in a bounded number of variables.



is the best “order of magnitude” one can hope for in most ofetfavorable instances. We will oc-
cassionally use the shorthand notat@h(f (n)) to denote bounds of the for@:f(n) né¢, which
hold for anye > 0, where the constant of proportionali§: depends o, and typically tends to
1 ase decreases t0.

Figure 5. n pairwise crossing triangles witB(n?) intersection points on the boundary of their union.

The rest of the survey is organized as follows. We review timnn results on the complexity
of the union of planar objects in Section 2, and of three-disitnal objects in Section 3. We also
sketch proofs of some of the main results. We then brieflyexewn Section 4 the (very few) known
results in higher dimensions. Section 5 discusses theaesdtip between the union of objects and
generalized Voronoi diagrams, and gives a brief review efrétent progress in the analysis of the
complexity of these diagrams. We conclude in Section 6 wighat discussion of the topic and its
relatives.

2 Union of Planar Objects

In this section we review the known results on the union ofngetnic objects in the plane. The
study of the union of planar objects goes back to at leastdhg €980s, when researchers were
interested in the union of rectangles or disks, motivate&/b$! design, biochemistry, and other
applications [26, 77, 84, 104]. However, the early work fad on computing the union or its
measure, rather than bounding its complexity.

2.1 Union of pseudo-halfplanes

LetF = ffq,...,fhg be a set oh totally defined continuous univariate functions. For efigh
let C; be the set of points lying on one of the sides of (above or betber graph offj. We refer
to Cj as apseudo-halfplane If C; lies below (resp., abovd, it is called alower (resp.,uppel)
pseudo-halfplane. S€t=fCy,...,Cnhg. If eachf;is alinear function, thedU(C) is the boundary
of a convex polygon, s&(C) is linear. For more general functions, the boundx@@) are more
involved, and are related to lower and upper envelopes, atkfig follows.
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The lower envelopeof a collectionF of functions, as above, denoted hy, is the pointwise
minimum of the functions ir, i.e.,

Le(x) = min fi(x).
Theupper envelopés defined as the pointwise maximumtFefi.e.,

Ur (x) = max fi(x).

If eachC; is a lower pseudo-halfplane, th&HC) is the region lying below the upper envelope of
F. Similarly, if eachC;j is an upper pseudo-halfplane, thg(C) is the region lying above the lower
envelope ofF. A fundamental observation (see [109]) is that if the graphany pair of functions
in F intersect in at moss$ points, for any fixed constars, then the graph of the lower or upper
envelope of consists of at mosts(n) elementary arcs, whedg(n) is the maximum length of an
(n, s) Davenport-Schinzel sequenaee [109] for more details. Lettimg(n) denote the extremely
slow-growing inverse Ackermann function, the best knowarizis on\s(n) are

A(n) = n,
M) = 2n 1,
Az(n) = ©(na(n)),

M(n) = O(n 20M),
Aasi2(n) = n 20 fors > 1,
Asia(n) = na(n)®@™M  fors 1.

Figure 6. Functions inF~ (resp.,F* ) are drawn with dashed (resp., solid) lines. The sandwiglonebetweerlJ:
andLg - , the complement df (C), is shaded.

The case when some of the region€aire lower pseudo-halfplanes and some are upper pseudo-
halfplanes is not that much harder. €T (resp.,F*) denote the subset of those functions in
F that bound lower (resp., upper) pseudo-halfplane€.inThenU(C) is the complement of the
sandwich regionconsisting of those points that lie above the upper enedlyp- and below the
lower envelopelg+ . See Figure 6. It is known (and easy to show) that the comntylefithe
sandwich region is proportional to the sum of the complegiofU-- and ofLg+ . We thus have
the following result.

Theorem 2.1. Let C be a set ofn pseudo-halfplanes so that the boundaries of any pair of them
intersect in at moss points. Therk(C) = O(As(n)).



2.2 Regions with few pairwise boundary intersections

LetC =fCq,Cy,...,Cnhg be a family ofn simply connected regions in the plane, each bounded
by a simple closed Jordan curve. Assume, for simplicityt thase curves are igeneral position

i.e., any two of them cross only a finite number of times (tworegy; andy, are said t@rosseach
other at a point, if/; passes from one side @ to the other side at this point), no two curves touch
each other, and no three curves pass through a commor?point.

In this subsection we consider the case in which the bouesiafiany pair of regions i cross
in a small number of points, and derive linear, or near-lineaunds for the complexity of their
union.

Union of pseudo-disks. If the boundaries of any two distinct regions @ncross at most twice,
thenC is called a family ofpseudo-disksSee Figure 7. In this especially favorable case, we have
the following result.

(@) (b)

Figure 7. (a) A family of pseudo-disks. (b) Another family of pseudo-disks witten 12 elementary arcs on the
boundary of its union.

Theorem 2.2 (Kedem et al. [76]).LetC =fC4,C,,...,Chgbe afamily oh 3 pseudo-disks in
the plane. Then the boundary d{C) consists of at mo€in 12 elementary arcs, and this bound
is tight in the worst case.

We present the proof of Theorem 2.2 for the case of circuklesdi(A more direct proof for the
union of circular disks based on the so-calliéthg transform which extends to higher dimensions,
is given in Section 4.) Assign to eaCh its centerpj, and conneqp; to pj by a straight-line segment
if and only if 0C; anddCj cross each other, and at least one of their crossing poiftsidseto
dU(C); see Figure 8. It is easy to verify that no two segments in éiselting geometric grap&
cross each other, i.e5 is planar. ThereforeG has at mos3n 6 edges, each of which corresponds

20ne can extend the general position assumption to othamioss and to higher dimensions; see [109]. There is a
general perturbation-based argument [109] that showsthieaasymptotic upper bound or(C) is not affected by the
general position assumption.



to at most two vertices aU(C). Consequently, the number of crossingsodh(C), and hence the
number of elementary arcs, is at mést 12. The proof for the case of general pseudo-disks also
uses planarity, and follows as a special case of the proofrobie general result (Theorem 2.5),
given later in this section.

In other words, theeomplexityof U(C) is at most linear im. A lower-bound construction
(which can also be realized using normal disks), in whichnilnaber of elementary arcs is exactly
6n 12, is shown in Figure 7(b). The proof for general pseudo-disis be found later in this
subsection, where a generalization of Theorem 2.2 is statdgroved (Theorem 2.5).

Figure 8. The proof of Theorem 2.2 for disks.

We conclude the discussion on pseudo-disks by giving twoekes of pseudo-disks that arise
in practice. First, recall the example of translational imoplanning in the plane. Because of this
application, the lemma is formulated in terms of the reftacti B of B, but it holds of course for
B too.

Lemma 2.3 (Kedem et al. [76]).Let Oy, O, be two disjoint convex bodies in the plane, andBet
be another convex body in the plane. Then the boundarieg dfiithkowski sum€; = 01 ( B)
andC, = 0O, ( B) cross at most twice.

Proof: We argue tha€C, andC, have exactly two common outer tangents, from which the lemma
follows easily. For a convex bod@ and for eactd 2 [0,2n), definef(C,6) to be the signed
distance from the origim to the unique tangertt(C, 8) to C at orientationd, which hasC lying
to its left; £(C, 8) is positive (resp., negative) if lies to the left (resp., right) of (C, 0). It easily
follows from the definition of Minkowski sums that

f(Cy,0) = f(0.,6) f(B,6)

f(Cz,0) = f(02,6) f(B,6).
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Figure 9. The proof thatC1 andC, have only two common outer tangents.

See Figure 9. Hencea,(C1,0) = 1(Cy,0), i.e.,C1 andC, have a common outer tangent at ori-
entation®, if and only if t(O1,0) = 1(0,0), i.e., 0O; and O, have a common outer tangent at
orientation8. SinceO1 andO; are disjoint, they have exactly two common outer tangemis the
claim follows.

Lemma 2.3 implies that iD = fO,,...,0nhg is a set ofn 3 pairwise-disjoint convex
obstacles andB is a convex “robot” translating in the plane, thé#&, the boundary of the free
space, has at moéh 12 elementary arcs. IB and the obstacles are convex polygons, so that
B hask vertices, and the total number of obstacle vertices thenF hasO(kn + s) vertices, of
which at mos6n 12 are reflex intersection vertices.

Another commonly occurring example of pseudo-disks is @memfhomothets Let B be a
convex body in the plane, and fbr i n, letCj be a homothetic copy @, i.e.,Cj = AjB + X;
for arbitrary parameterd; > 0 andx; 2 R?. SetC = fCy,...,Cnhg. Itis known (and easy to
show) thatC is a family of pseudo-disks. Henc@J(C) has at mosén 12 elementary arcs.

Allowing three intersections. What happens if we somewhat weaken the condition in Theo-
rem 2.2, by assuming that the boundaries of any two membe@s abss at mosthree times,
rather than twice? At first glance this problem seems to blsfodecause two closed curves in
general position can cross only amennumber of times. However, by a slight modification we
obtain a meaningful question with a somewhat surprisingvans

Theorem 2.4 (Edelsbrunner et al. [44]).Letfy1,Y2,...,Yng be a family ofn simple curves in
general position in the upper halfplane. Assume that thgeimtis of each curve are on theaxis,
and that any two curves cross at most three timesJ;etenote the bounded region enclosedyby
and thex-axis (see Figure 10 (a)). Theq(C) = O(na(n)), and this bound is asymptotically tight.

Note that if eachy; is an x-monotone curve, then Theorem 2.4 follows from Theorem 2.1.
However, as seen in Figure 10 (a), nonmonotone curves mag denles in the union (i.e., bounded
components of the complement of the union), which makes thef pf the above theorem less
obvious and quite technical. The proof of Edelsbrunner ef4dl] proceeds by constructing a
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Figure 10. (a) Union of 3-intersecting regions. (b) The curi/e it switches from one input curve to another
at hollow circles, and the filled circles denote the vertiokghe U(C) that are not switching points df; ~ =
h;1;2;2;3;3;4;4;4,5,4,6,6;7;7i.

curvel that starts atl  on thex-axis and proceeds to the right, always following one ofythe
consistently with its orientation, possibly switching st intersection points, but never visiting a
point more than once, and eventually ending+dt on thex-axis. The curvd traces each arc
of U(C) exactly once, consistently with the orientation of the esponding input curve, and all
holes ofU(C) lie outsidel’, i.e., " can be continuously deformed withi?(C), so as to coincide
with the x-axis; see Figure 10 (b). The proof then continues by lagetiach elementary arc of
I" that appears 0AdU(C) with the curve to which it belongs, producing a sequekcef labels.
One can then show that if one removes every symba efhich is equal to its predecessor, then
the remaining sequence is ém 3) Davenport-Schinzel sequence, and thus its leng®(is(n)).
One can also show that the number of deleted labe@®(isx(n)), which completes the proof of
Theorem 2.4. The details can be found in [44].

Beyond three intersections. If we allow the boundaries of two objects thto cross at modbour
times, then the situation completely deteriorat stitlted in Figure 5, every pair of the
triangles intersect in precisely four points, and4alf intersection points belong to the boundary
of their union. However, Whitesides and Zhao [117] discedethat by excluding certain types
of crossings between the membersGyfit is still possible to prove a linear upper bound on the
complexity of U(C) even if pairs of members &@ may intersect in more than two points. More
precisely, a familyC of simply connected regions bounded by simple closed cuirvegneral
position in the plane is callektadmissiblgwith k even) if for any pailC;, Cj 2 C,

(i) CinCj andCj nC; are connected, and
(i) 9Cj andoC;j cross in at mosk points.

See Figure 11. Theorem 2.2 is a special case of the folloviiagrem (withk = 2).

Theorem 2.5 (Whitesides and Zhao [117])LetC = fC4,Cy,...,Chg be ak-admissible family
ofn 3 simply connected regions in general position in the plarfenbU(C) consists of at most
k(3n 6) elementary arcs, and this bound cannot be improved.

12
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Figure 11. A pair of regions belonging to a (dyadmissible family, (b) nonadmissible famil¢{ n C; is disconnected).

Proof: We sketch the proof given in [101] (see also [103]). As usitialffices to bound the number
of vertices ofU(C). For everyC; that contributes at least one arcad(C), we fix a pointp; in the
interior of such an arc. For any pdllj, C; 2 C that generate a vertaxon dU(C), we draw an
edge (but only one!kj; betweerp; andpj, as follows. Starting fronp;, follow 0C; to g (in any
direction), and from there followC; to p; (in any direction). LetHd be the resulting graph; see
Figure 12.

We claim that any two edges & not incident to the same vertex cross an even number of
times. We sketch the proof of this claim for the case of pseiigks k = 2). Letej; andey e two
edges oH, where the first (resp., second) edge passes through aseictien pointy;j (resp.,dkh
of the boundaries o€;, Cj (resp.,Cy, C) which lies on the boundary of the union. Each of the
pointsg;j, qx—splits its respective edge into two “half-edges.” We claimattany pair of half-edges
cross an even number of times, that is, either twice or noll.alf ghis were not the case, then the
two half-edges would cross exactly once, and then the psdistqoroperty is easily seen to imply
that one endpoint of each half-edge must lie in the interidhe other object, which is impossible,
since each half-edge starts and ends at a point on the bgquafitlve union. This argument also
applies to any evek > 2, exploiting condition (i) above.

1 e(1,2)

Figure 12. The union of pseudo-disks via a planarity argument. Eachtpgiis labeled a$, and pointy; are labeled
asij . Heree(1; 2) ande(3; 4) cross each other six times.

A remarkable result by Chojnacki (alias Hanani) [33] (sesw 4116, 91], and [103] for a new
proof), states that if a grapB can be drawn in the plane so that any two of its edges not intide
the same vertex cross an even number of times, Genplanar. Hence, we can conclude tkhhis
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planar, so it has at mo8h 6 edges. That is, there are at m8st 6 pairsf C;, Cjg contributing
vertices toU(C), and each of them can contribute at miostuch points.

Counting regular vertices. If 0C; anddC;j intersect in precisely two points, then we call these
intersection pointsegular; otherwise their intersection points are caligdgular. See Figure 13(a).
A vertex of U(C) is regular if it is a regular intersection point, and irreggubtherwise. IC is a set

of pseudo-disks, thebd(C) does not have any irregular vertex. A natural way to germraliheo-
rem 2.2 is to obtain sharp bounds on the number of regulaiceerinU(C) even if the boundaries
of some pairs of objects i@l intersect at more than two points.

@) (b)

Figure 13. (a) Regular (darkly shaded circles) and irregular (ligthaded circles) vertices of planar unions. (b) A union
of convex polygons with quadratically many regular vedice

LetC be afamily ofn 3 convex regions in general position in the plane, an®Ig) andl (C)
denote, respectively, the number of regular and irreguatioes ofU(C). Pach and Sharir [101]
showed that

R(C) 2I(C)+6n 12. (1)

This result is sharper than Theorem 2.2, in the sense thagstablishing the upper bound
6n 12 on the number of elementary arcs (or the number of intemegtoints) ondU(C), one
does not have to insist that all boundary intersection padfitpairs of objects of be regular. It
suffices to require that all vertices0{C) be regular. The extension of the above result to nonconvex
regions remains elusive:

Open Problem 1. Is it true that for every sef of n simply connected regions in general position in
the plane, one haR(C) 2I(C)+6n 12?

It is not hard to show that the coefficient b(C) in (1) cannot be replaced by any constant
smaller tharR. Moreover, in generaR(C) can be@(jCj?) = O(n?) in the worst case, as is illus-
trated in Figure 13(b), unless we limit the number of timess tbundaries of a pair of curves
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Figure 14. The lower-bound construction for the number of regularigesgt on the union of rectangles and disks.

are allowed to cross each other (this number is not boundeddonstant in Figure 13(b)). How-
ever, we cannot expectlamear upper bound even under such an assumption (unless we deal wit
pseudo-disks): For any, we can construct a famil@ of n disks and rectangles in general position
in the plane satisfyingR(C) = Q(n*3), as follows. Take a system of2 lines andn/2 points with
©(n*?3) incidences between them [99]. Fix two sufficiently smallgmaetersd) < & < eM< 2¢.
Shift each line by distancesand?2g, and create a sufficiently long rectangle bounded by théeshif
copies. Expand each point into a disk of radéts See Figure 14. With an appropriate choice of
g, €Y the resulting family of rectangles and disks [@@*/3) regular vertices on the boundary of
their union. For the special case of rectangles and disksbtiund is asymptotically tight [17]. If

C is a set ofn simply connected regions so that the boundaries of any pdliremn intersect in at
mosts points, for some constast> 0, then there exist§ = 3(s) > 0 such thatJ(C) hasO(n?7?)
regular vertices [17]. Recently, the bound has been improe® “th*/3), where the constant of
proportionality depends as(and on the hidden > 0), if the objects inC areconvex58]. See also
[56] for some related results.

Open Problem 2. Let C be a set of simply connected regions in general position énplane, so
that the boundaries of any pair of them intersect in at mostes@onstant numbes, of points.
Obtain a sharp bound oR(C), which depends only am (ands), and not onl (C).

2.3 Union of fat objects

The construction depicted in Figure 5, showing that the mi@bn triangles may haveguadratic
complexity, uses extremely narrow triangles. On the otlardh as we saw in Section 2.2, the
complexity of the union oh circular disks or (axis-parallel) squares is linear, thgreaising the
guestion whether the union of “fat” objects has small coxipfe In the last fifteen years this
guestion has been answered in the affirmative under variotisns of fatness [13, 48, 50, 51, 93,
102]. In fact, these results have motivated the study oéfagtometric algorithms, for a variety of
applications, for fat objects in two and three dimensions[485, 75, 85, 110, 111]. In this section
we review the known results on the complexity of the unionatfdlanar objects, starting with the
simplest but important case of fat triangles.
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Union of fat triangles. For any fixeda > 0, a triangle is calledx-fat if each of its angles is
at leasta. MatouSek et al. [93] proved that the complexity of the wmnaf n a-fat triangles is
O(nlog log n), for any fixeda > 0. Their proof is based on the fact that every fan@lpf n a-fat
triangles in the plane determines at most a linear numbéolefs namely, bounded components
of the complement otU(C). The strongest known bound on the number of holes (in terniis of
dependence oa) is the following.

Theorem 2.6 (Pach and Tardos [102]) Any familyC of n a-fat triangles in the plane determines
O((n/a) log(1/a)) holes. This bound is tight up to the logarithmic factor.

Proof: We sketch the earlier proof, given in [93], of an upper boundree number of holes, which
is linear inn, but in which the dependence of the constant of proportitynah o is 1/a2.

T A A

Figure 15. Replacing a fat triangle by three canonical triangles.

We first replace each triangtk 2 C by three(a/2)-fat triangles contained iA\, by bending the
edges ofA inwards, as depicted in Figure 15, so that the directione@g&tges of the new triangles
belong to the family of th®(1/a) so-called‘canonical” directions ja/2, j = 0,1, ... During the
bending, the holes of the uni@xpand so their number can decrease only when two holes merge
into a common hole. However, this can happen only when thdibgrsweeps through a triangle
vertex, which can happen only once per vertex, and thus @sphiat the number of holes can go
down by at mos8n.

Thus, we obtairD(1) canonical familiesof (a/2)-fat triangles with fixed edge directions, so
that each family consists dfomothetic trianglesi.e., similar triangles in parallel positions. It
suffices to bound the number of holes in the union of theselilssniSince any vertex of the union
is also a vertex of the union of jusio families it suffices to establish a linear upper bound on the
number of holes determined by the union of two canonical lfami

As stated in Section 2.2, the union of homothetic triangkes Imear complexity, so the union
of all members of &inglecanonical family has linear size. Consider then the uniamvoffamilies
R and G of “red” and “green” triangles, where the triangles in eaamily are (a/2)-fat and)
homothetic to each other. For simplicity, assujR¢ = jGj = n. We may ignore holes with a
“monochromatic” vertex (i.e., a vertex &f(R) or of U(G)), as there are onl@(n) such holes. It
is not hard to see that any remaining hole is eitheomvex quadrangular holgsee Figure 16) or a
convex hexagonal halé\n easy application of Euler’s polyhedral formula implibst the number
of holes is dominated by the number of quadrangular hole&hwke now proceed to bound.

We draw a graphH, whose vertices are represented by the elementary arce bbtmdary of
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Figure 16. Shaded regions denote bichromatic quadrangular halds;c; d; eare the elementary arcs bf(R) that
induce these holega; b), (c; €), (d; €) are the edges df .

U(R) and whose edges connect pairs of elementary arcs that batomdraon quadrangular hole;
we draw such an edge by connecting (only once!) the pair oresl across such a common hole.
Obviously,H is a planar graph. See Figure 16.

Hence, there are onf®(n) pairs of elementary arcs &f(R) that form a common quadrangular
hole. There ar®(n) quadrangular holes that afiest or last along some edge of a green triangle;
let us call therrextremal On the other hand, it can be shown by a simple trigonomediicuéation,
illustrated in Figure 17, that each péie, e'g of elementary arcs df(R) can generate onl@(1)
nonextremal quadrangular holes.

Figure 17. A fixed pair of elementary arcs &f(R) generates onl® (1= 2) (nonextremal, bichromatic, and quadrangu-
lar) holes.

This result can be used to establish a more general uppedidouthe number of holes deter-
mined by a family of triangles with given angles.

Theorem 2.7 (Pach and Tardos [102]).LetC = fC1,C5,...,Crg be a family ofn > 1 trian-
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gles in the plane, and lat; denote the smallest angle Gf, for 1 Ek':l n. Supposd < qy
ay an, and letk  n be the largest integer satisfying ;-; ai < m. ThenC deter-
minesO(nk log k) holes. Furthermore, there exists a fam@y= fC[C5 ..., C-0, whereC|lis
congruent toC; and C-determine€(nk) holes.

Proof: Note that eaclC;, for k > i, is (n/k)-fat, so the union 0€y+1, ..., Cn, denoted by has
O(nk log k) holes. AddingCy, ..., Ck to U creates at mosd(nk) new holes.

If we considerinfinite wedgegi.e., convex cones) rather than triangles, then the samedo
holds not only for the number dfoles but also for thecomplexityof the union. The following
result strengthens some earlier bounds in [13, 50].

Theorem 2.8 (Pach and Tardos [102]).Let C be a family ofn wedges in the plﬁivlvith angles

0< o s o, < m. Letk n be the largest integer satisfying ;_; a; < .
If k 2, thenk(C) is O(nklogk). Furthermore, there exists a family ofwedges with angles
di,0y,...,0n, Which determine® ((m  an)nk) holes.

Using Theorem 2.6, we state a slightly strengthened verditime result in [93].

Theorem 2.9. For any fixeda > 0, the boundary of the union of a-fat triangles in the plane
consists of at mosd((n/a) log log nlog(1/a)) elementary arcs.

Matou3ek et al. [93] also proved that if, in addition to lgeifat, all triangles have roughly
the same size (i.e., the ratio between any pair of diamesebeiinded by a constant), then their
union has linear complexity. On the other hand, by slighthydifying theQ(na(n)) lower-bound
construction for the lower envelopesmiegments [118], one can constractquilateral {1/3-fat)
triangles, whose union has a slightly superlinear (€na(n))) complexity.

We conclude the discussion on fat triangles by mentioningbaous open problem.

Open Problem 3. What is the maximum complexity of the uniomaf-fat triangles?

Union of fat convex objects. Extending the notion of fatness to more general objects, alle ¢

a convex bodyC in the planeo-fat, for a 1, if there exist two diskD, DY such thatD

C DY and the ratio between the radii Bf7and D is at mosta. See Figure 18. Note that
this extends the definition of fatness for triangles:cafat triangle is easily seen to lwefat as a
convex body, for a suitable™ 1, and vice versa. Efrat and Sharir [51] showed that the caxitple

of the union ofn simply shaped conves-fat objects in the plane ® *¢h), where the constant of
proportionality depends on (the hiddgrand on) the maximum number of intesections between any
pair of boundaries. The proof uses both the bound on the axityplof the union of fat triangles,
and the bound on the number of regular vertices of the unea ((¥)).

We also remark that the complexity of the unionnoérbitrary convexpolygonswith a total of
s vertices isO(n? + sa(n)) [19].
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(a, B)-covered

Figure 18. Fat-like planar objects with near-linear union complexity

Union of fat non-convex objects. There are other, more general, notions of “fatness” thatrekt
to non-convex objects, and for which the combinatorial clexity of the union ofn “fat” planar
objects remain®© (h). For instance, call a possibly non-convex objé€ctr-round if for each
pointp 2 0C, there exists a disb of radiusa diam(C) which passes througp and which is
contained inC; see Figure 18. Informallyx-round objects cannot have convex corners, nor can
they have very thin bottlenecks (but they can have reflexars)n Efrat and Katz [49] have shown
that the complexity of the union af a-round objects i©(As(n) log n), wheres is a constant that
depends on the description complexity of the input objettss result has been further extended
by Efrat [48] to so-calleda, B)-covered objects: An obje@ is (a, B)-coveredif for each point

p 2 0C, there exists am-fat triangleT that hasp as a vertex, is contained @, and each of its
edges is at leaft diam(C) long; see Figure 18. Thus, these objects are not necessaridpth,
but their corners cannot be too sharp. Efrat [48] has shoanitiC is a collection ofn (a, B)-
covered objects, each pair of whose boundaries intersettritosts = O(1) points, therk(C) =
O(Ass2 (N) log? nlog log n). See also [85, 110, 111] for other related results.

3 Union of Objects in Three Dimensions

3.1 Overview

Starting in the mid 1990s, research on the complexity of thieruof geometric objects has shifted
to the study of instances in three and higher dimensions. @stioned in the introduction, the
maximum complexity of the union af simply shaped objects iR® is ©(n?), and this bound can
already be attained by flat boxes. There are very few paatigulavorable cases for which the union
complexity is linear im, including the cases of halfspaces and of axis-paralld¢lauties [31, 28].
In general, though, the goal is to find classes of objects fackvthe maximum complexity of the
union is nearly quadratic. Indeed, in most of the caseseatigb far (as will be reviewed below), the
complexity of the union can be quadratic (and sometimekbtyjiguper-quadratic) in the worst case.
This is the case, e.g., for balls, cubes, congruent cylgdard halfspaces boundedxymonotone
surfaces of constant description complexity.

As the evidence discovered so far suggests, there are kenpaatant classes of objects R®
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whose union has at most nearly-quadratic complexity, inpleta analogy to the planar situation.
One such class is the classfafobjects, where, in complete analogy with the planar casengoact
convex objecC is calleda-fat if the ratio between the radii of the smallest enclosing batll of
the largest inscribed ball & is at mosta. Other notions of fatness, such asoundnesshave
also been extended ®3. A prevailing conjecture is that the maximum complexity leé union of
such fat objects is indeed at most nearly quadratic. Sucluadbas however proved quite elusive
to obtain for general fat objects, and this has been recedras one of the major open problems in
computational geometry [37, Problem 4]. Neverthelesssidaemnable progress towards establishing
this bound has recently been made, as we will shortly review.

As in the plane, another candidate class of objects withlaman complexity are Minkowski
sums of pairwise disjoint convex objects with a fixed convbject. In the plane, this class was
handled by showing that its members are pseudo-disks, amdikiy applying the general linear
bound of [76] (Theorem 2.2). However, the analysis of theonrmf such Minkowski sums is
considerably harder in 3-space (because they are not “pdmalt"—see below), and there are only
a few (albeit important) instances for which a near-quacitaund has been established [11, 20];
see Section 3.4.

A third class of objects with small union complexity greeudo-halfspaces.e., regions lying
above or below axy-monotone surface (the graph of a continuous totaly definadtion). This
extends the class of pseudo-halfplanes, and was one ofsheléisses to be studied.

We note that extending the notion of pseudo-disks to threeedsions does not seem to lead
to any new insights. A family of regions iR® is said to consist opseudo-ballsif the boundaries
of any two members intersect in a single closed curve, andd@daries of any three members
intersect in at most two points. It is trivial to show that gwmplexity of the union of a collection
C of n pseudo-balls i©(n?), by considering the portion of the union boundary on the ey of
each member of separately, and by applying Theorem 2.2. Hence, in paaticthe complexity
of the union ofn balls inR3 is O(n?); it is easy to construct examples where the union®@s?)
vertices, even with unit balls, and even when the unit bdllhae a common point; see [29].
Somewhat surprisingly, Minkowski sums of disjoint conveodles with a fixed convex body are
not pseudo-ballssee a more detailed discussion below.

3.2 Union of pseudo-halfspaces

LetF = ffq,..., g be a family ofn continuous totally defined bivariate functions #ny). As
in Section 2.1, we refer to the region lying below (resp.,vadhe graph of; as the lower (resp.,
upper)pseudo-halfspacbounded by that graph. For eath i n, let C; be one of these two
pseudo-halfspaces, and &tlenote the collectiohCy, ..., Chg.

Halperin and Sharir [68] proved that if each functiorfiris of constant description complexity,
then the complexity of the lower or upper envelopda$ O “th?). This immediately implies that if
all the C;'s are lower (or all are upper) pseudo-halfspaces, then timdn hasO "th?) complexity.
Agarwal et al. [9] have established @f(h?) bound on the complexity of the sandwich region
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between the lower and upper envelopes of two respectivdiésnoif a total ofn bivariate functions,
each of constant description complexity. The proof is basethe following interesting result: Let
F andG be two collections of a total afi bivariate functions, as above, and M (resp.,Mg)
denote theminimization diagramof F (resp.,G), namely, thexy-projection of the lower envelope of
F (resp.,G). Then theoverlayof the two minimization diagrams h&'(h?) complexity. Note that
we make no assumption on any relation betwEendG. Also, the result continues to hold when
one or both diagrams are replaced by the respeatieimization diagrami.e., thexy-projection
of the respective upper envelope. This implies the follgariasult.

Theorem 3.1 (Agarwal et al. [9]). LetC be a set oh pseudo-halfspaces R3, each of which is a
semi-algebraic set of constant description complexiteriline complexity df(C) is O “(h?).

3.3 Union of convex polyhedra

As already remarked, an easy extension of the planar catistnushown in Figure 5 shows that
the maximum complexity of the union of (axis-aligned or arbitrarily aligned) boxes (or wedges,
or tetrahedra) irR? is ©(n?); see Figure 19. Moreover, we can easily adapt this congirutd
show that the maximum union complexity of thneenconvexpolyhedra with a total of facets is
©(s®). A natural question is whether a similar lower bound alsetexior the complexity of the
union of convex polyhedra, i.e., a bound that is cubic in theber of facets. The following result
by Aronov et al. [21] answers this question in the negative] ealibrates, more or less, the true
maximum complexity of such a union.

Figure 19. Union of n boxes inR® with ©(n®) complexity.

Theorem 3.2 (Aronov et al. [21]). The complexity of the union ofconvex polyhedra iRR3 with a
total of s facets isO(n® + sn log n). This complexity can b@(n® + sna(n)) in the worst case.

It is interesting to note that the above bound is cubic onlyhimn number of polyhedra, but it

is only linear in s. (Compare with the boun®(n? + sa(n)) for the case of convex polygons
in the plane [19].) The cubic term disappears in the specaé avhere the polyhedra G are

21



Minkowski sums of pairwise-disjoint convex polyhedra wéthother fixed convex polyhedron—see
the following subsection for details.

The proof of Theorem 3.2 given in [21] is rather technical; vighlight two of its key ingredi-
ents that have been proved useful in some other context¥\temote that techniques for analyzing
the union of objects iflR3 (and in higher dimensions) are rather scarce; we will mensiome of
these techniques as we encounter instances in which thdyecaxploited.

Special quadrilaterals and special cubes—Junctions in thenion. Let C be a family ofn con-
vex polyhedra with a total of facets, and le€4, C,, C3 be three members @ with the following
property. There exists a facét of Cq, such thaQ = F;\ C,\ Cjis a quadrilateral, having two
opposite edges afC, and two opposite edges @C3, and no other member @fintersectRQ. In
this case, we calD a special quadrilatergl see Figure 20.

- Special Quadrilateral
F1 1 F %
1

Figure 20. A special quadrilateral in the union of polyhedra.

Aronov et al. [20, 21] have introduced this notion, and shibwhet, for arbitrary collections
C as above, the complexity of the union ©fis Oth? + Q(n, s)), whereQ(n,s) is an upper
bound on the number of special quadrilaterals in any subciidin of C. They have then shown
that, for collectionsC of Minkowski sums of pairwise disjoint convex polyhedra lwénother fixed
polyhedron,Q(n, s) = O(ns).

Pach et al. [100] have extended this notion to thadpmcial cubeswhere a special cube is an
intersection of three members ©f which has the combinatorial structure of a cube, where efch
the three intersecting polyhedra contributes a pair of sippdacets to the intersection, and no other
member ofC meets the “cube”. Pach et al. have shown that the union coibplef C is roughly
n?+ the number of special cubes in any subcollectiog .of

Thus, the problem of bounding the complexity of the unionues to that of bounding the
number of special quadrilaterals or cubes. This has beea @wnspecial quadrilaterals, in the
context of Minkowski sums of pairwise disjoint convex pagha, in [20], using a fairly intricate
topological argument, and for special cubes, in the cordéarbitrarily aligned nearly congruent
cubes in [100], using a plane sweeping argument.
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Charging schemes. This technique can be used in a variety of scenarios. Herekatetsin a
special case how it can be applied to convex polyhedra.

Let C be a family ofn convex polyhedra irR3, each with a constant number of facets, and
consider the problem of bounding the complexity{C). Clearly, the number of vertices f(C)
that are vertices of some member®br are double-intersection points lying on an edge of some
member and on a facet of anotherd¢n?). Therefore, we have to bound the number of triple-
intersection points on the boundary OB{C), i.e., points that belong to the boundaries of three
distinct members of. (Assuming that the sets are in general position, no pointbedong to the
boundaries of more than three distinct members.)

Consider the arrangemeAtinduced by the boundaries of the polyhedr&inDefine theevel
of a vertex of this arrangement to be the number of membe@stbht containv in their interior.
The number of triple-intersection vertices at levés denoted by; = V;(C). We have to bound
Vo (C), that is, the number of triple-intersection vertices aelév

Each vertew of the union is incident to three edges of the arrangemergach leadingaway
from the union boundary; that is, each such edge is contamgu intersection segment of two of
the facets containing, and leads into the interior of the third polyhedron. Wedalleach of these
edges, and chargeto the three vertices that are the other endpoints of thegpese&ee Figure 21.

Figure 21. The charging scheme. The three dashed edges emanating feam into the interior of the union.

The favorable situation is when all three charged verticegrgple-intersection vertices at level
1. In this case, each of them can be charged at most three timed-{gure 21), so the number of
charging verticew of this kind is at mosV¥;(C), the number of triple-intersection vertices at level
1. The case where one of the charged vertices is not a tripgesiettion is easy, because there are
only O(n?) such vertices (in the entire arrangement), and each is etiangly a constant number
of times, so there can be at m@(n?) charging vertices of this kind.

Let us denote by,<C) the number of vertices at level0 for which at least one of the charged
vertices is a triple intersection vertex that also lies @tll@. We thus obtain the inequality

Vo(€)  Va(C) + Vo (€) + O(n?).
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The main difficulty is in obtaining a nearly quadratic boumdv@~<C). In general, this is impossible:
for instance, when the members®ére large and thin plates that form a grid, one can easilykchec
thatVo(C) = Vo«€) = ©(n%). Suppose, however, that we are in a favorable situation hame
somehow managed to show that(€) = 0¢h?). Then we get

Vo(C)  Vi(C) + O th?).

Let R be a random subset 6f obtained by removing one element uniformly at random. Asyea
calculation shows that N3

E(Vo(R)) = —
Combining this with the preceding inequality, and writiig{m) for the maximum value o¥(C)
for jCj = m, we obtain

Vo(©) + V1)

n 3

ooty Vo 1) T2ve©+o'th),

Vo(©)  SVa(©)+Oh) = E(Vo(R))

or
"Zvon) Vo(n 1) +O¢h).

Dividing thisby(n 1)(n 2), we obtain a telescoping recurrence that solvégta) = O “th?).
If the overhead termv(€) is strictly 0(n?), the recurrence solves @(n? log n).

The above scheme is a special instance of a technique dedebypragansky [113, 114], built
upon earlier cruder charging schemes. As already notedeghehallenge is to bound,«€). One
way of doing so is to apply the charging scheme repeatedigrevim the next stage we want to
bound the number of levél-edges of the arrangement with both endpoints at I@évbly charging
them to more complex local structures that have three I@wadrtices connected by two level-
edges, and so on. This multi-stage scheme ends when thecadetdrm is the number of special
guadrilaterals defined above (or can be pushed furtherthetibverhead term counts the number of
special cubes). See [100, 113] for detalils.

An interesting feature, hidden in this quick review, is tteg only bottleneck in the analysis is to
bound the number of special qudrilaterals. In contrass, lielatively easy to give a quadratic upper
bound for the number of “special polygons” with more thanrfeertices, where such a polygeh
is the intersection of a facet of one memberCovith two other members o, so that no fourth
member ofC meetQ.

3.4 Robots with three degrees of freedom: Complexity of therée space

A special class of problems that involve unions in three disi@ns arises in motion planning for
robots with three degrees of freedom. Recall that in thie ¢hsconfiguration spacewhich rep-
resents all possible placements of the given rddpis 3-dimensional, and each obsta€lén the
physical environment (the workspace B) generates aexpanded obstaclér C-obstacle)O 5’
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which is the locus of all placements Bf at which it intersect®©. The free portiorF of the config-
uration space is then the complement of the union of the Gaoles.

In this subsection we review several results that ariseigcthntext. As already discussed in the
general setting, the naive bound on the complexiti &f cubic in the number of possible contacts
between features @& and features of the obstacles. In many instances, this bcamtle attained,
but there are several special cases where better, neadyatigabounds can be established.

Let B be a robot with three degrees of freedom, so that each platexfi® can be parametrized
by three real parameters. For simplicity, let us assumetkigatonfiguration space, the set of all
placements oB, is R3. Two special cases of such a robot that we consider are: arpject that
is allowed to translate and rotate amid obstacléR4nand a three-dimensional object allowed only
to translate amid obstacles R¥. Bounding the complexity of in the former case was one of the
first applications that led to the study of the union of otgentR3 [89, 90].

Translation and rotation in 2D. Let B be a convex polygon iiR? that is allowed to translate
and rotate in the plane amid a €&t=f O4, ..., Onhg of pairwise openly disjoint obstacles, each of
which is a convex polygon, with a total sfvertices. To parametrize the configuration space, we
fix a pointo 2 B and a rayp emanating frono and rigidly attached t&. A placement oB is
then parametrized by a poifa, b, tan(8/2)) 2 R, where(a, b) are the coordinates @fand9 is

the counterclockwise angle from tkeaxis top; see Figure 22(a). A placement Bfis freeif B
does not intersect any obstacle at this placementsamd-freeéf B makes contact with one or more
obstacles at this placement but does not intersect thddntafr any obstacle. A generic contact
between the boundaries Bfand an obstacle can be represented by a(pair) whereg is a vertex

of B andw is an edge of the obstacle, @iis an edge oB andw is a vertex of the obstacle.

O3

(a) (b)

Figure 22. (a) Representation of a placement®f (b) A triple contact.

For each obstacl®;, let C; denote the corresponding expanded obstacle, which is thaf se
placements at whicB intersect0;; Cj is a semi-algebraic set whose complexity depends on that
of B andOj. As noted, puttingC = fC4,...,Cnhg, we haveF = R3n U(C), andoF is the locus
of all semi-free placements. A vertex Bfformed by the intersection of the boundaries of three
expanded obstacles corresponds to a placemdataifwhich it makes three distinct contacts with
the obstacles (see Figure 22(b)); these placements areeckte ascritical semifree placements
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or critical vertices(of F). It can easily be argued thatB is a polygon withk vertices then the
complexity ofF is proportional tck?s? plus the number of critical vertices.

Figure 23. A nonconvex polygon witl(n®) critical semi-free placements.

If B is a nonconvex polygon, théh can haveQ(n®) critical vertices, as shown in Figure 3.4.
However, the bound improves considerably whgns convex. For instance, B is a line seg-
ment, then, as shown in several early works (around the n80)9F hasO(s?) vertices [27, 90].
Recently, Agarwal et al. [2] improved the bound@dgns); this improved bound holds even if the
obstacles irD are not pairwise disjoint. In fact, if the obstacles arepaie disjoint, then the num-
ber of critical vertices of is only O(n? + s); however, the number of vertices formed by a pair of
expanded obstacles (edge-face intersection points) cars).

The main result for this scenario is:

Theorem 3.3 (Leven and Sharir [89]).If B is a convex-gon, then the complexity Bfis O(ksAg(ks)).

Since the number of combinatorially different contactsMeenB and the obstacles ®(ks),
this bound is nearly quadratic in the number of contacts. eHgra brief sketch of the analysis
in [89]. Let ¢ be a (vertex-edge or edge-vertex) contact between the hdesdfB and of an
obstacle, and lef, R® denote the set of all placements®fat which the contaap is made;,
is a two-dimensional algebraic surface patch. For eachacogpt we define a familyC, of O(ks)
pseudo-halfplanes iRy, where each pseudo-halfplaheepresents placements at whigls made
and another contagqt-is “violated”—g"is made at placements i, andB and the corresponding
obstacle intersect at placements within The boundaries of any pair of these pseudo-halfplanes
intersect in at most six points. The main observation in thedyeis is that ifB and the obstacles
are in general position, and if the complexityffs more thark?s?, then at least a fraction of the
vertices ofC are vertices ofJ(Cy), over all contactgp. By Theorem 2.1k(Cy) is O(Ag(ks)), for
eachg, and thus the complexity & is O(ksAg(ks)). The details of the proof can be found in [89].

Combining this overall approach with a few new observati@ml performing a more careful
analysis, Agarwal and Gujgunte [5] have recently improves hound on the complexity & to
O(ksAg(kn)).
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Van der Stappen et al. [111] studied the case in which theaolest are fat, and proved a linear
bound on the complexity d¥f, under certain reasonable assumptions. We refer the reattazir
paper for more details.

Translational motion planning in R3. Let B be a convex object iR that is allowed to translate
amid a seOD = fO4,...,0nrg of n obstacles, each of which is a convex polytope. We fix a point
0 2 B and represent a placement®y specifying the coordinatdx, y, z) of 0. As mentioned in
the introduction, the expanded obstaClegenerated b; is now the Minkowski sun®; ( B)

of O; and the reflected imageB of B, and, as usuak = R3n U(C), whereC = fCq,...,Cuha.
This has led to the extensive study of the complexity of (dgdrithms for constructing) the union
of a family C of Minkowski sums of this kind irR3.

In the planar case, the crucial property of such a colleafdvinkowski sums was that each pair
of boundaries cross at most twice, so the collection is aljaofipseudo-disks. The corresponding
property inR3 (assuming general position) is that each pair of boundanssect in a single
connected closed curve [76]. However, a triple of boundagin intersect in an arbitrarily large
number of points, which makes the analysis of the union cerityi considerably harder than in the
plane. Near-quadratic bounds have been established fpraoigw special cases, summarized in
the following theorems. (In each pasteffectively denotes the overall complexity of the indivadu
Minkowski sums inC, but its precise definition is slightly different in each egs

Theorem 3.4 (Halperin and Yap [69]). If B is a cube, the complexity &f(C) (and thus ofF) is
0O(s?a(s)), wheres denotes the overall number of faces of the original polysape®.

Theorem 3.5 (Aronov and Sharir [20]). If B is a convex polytope, the complexity WC) is
O(nslog n), wheres denotes the overall number of faces of the polytopés. ifhere exist con-
structions where the union complexityQgnsa(n)).

Theorem 3.6 (Agarwal and Sharir [11]). If B is a ball, the complexity df}(C) is O "(52), where
s is the total number of faces of the polytope®inin particular takingO to be a set ofi lines in
3-space, the complexity of the unionroongruent infinite cylinders iR® is O th?).

The proofs of these theorems are rather different, and dabtlem is very technical. The proof
of Theorem 3.4 is based on ideas similar to those used by Laaw&iSharir [89]. The proof of The-
orem 3.5 is a special case of the analysis of the union ofrarpitonvex polyhedra, given in [21],
where the main new ingredient is an intricate topologicguarent that shows that the number of
special quadrilaterals in the union@¥ns). The proof of Theorem 3.6 is the most involved; it uses a
rather complicated charging scheme, and is based on seesnaletric observations that reduce the
problem to that of bounding the complexity of sandwich regibetween upper and lower envelopes
of bivariate functions.

These results lead to a few natural questions that remasivelu

Open Problem 4. What is the maximum complexity of the uniomafongruent cones or tori?
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Open Problem 5. What is the maximum complexity of the uniomalylinders of different radii?

Although the upper bound for all these cases is conjectwdie© “(h?), no subcubic upper
bounds are known to date.

3.5 Union of fat objects

Similar to the planar case, a compact convex ohbje@ calleda-fat, for some constart 1, if
the ratio between the radii of the smallest enclosing ball @frthe largest inscribed ball & is at
mosta. In this subsection we review some of the recent (and sligafis recent) developments in
the analysis of the complexity of the union of fat objects isp&ce.

Union of axis-aligned cubes. We begin by considering the simple case of axis-alignedube

Theorem 3.7 (Boissonnat et al. [28]; see also [31])he complexity of the union ofaxis-aligned
cubes inR3? is O(n?). The bound reduces ©(n) if the cubes are of the same (or nearly the same)
size. Both bounds are tight in the worst case.

Proof: This result is sufficiently simple to allow us to provide a quete proof. We only need to
count the number of vertices of the union that are inciderhtee facets of three distinct respec-
tive cubes; the number of all other vertices (of the entiraragement of the cube boundaries) is
only O(n?). Letv be such a vertex, incident to facédts, F», F3 of three distinct respective cubes
C1,C5y, C3, so thatC; is the largest cube among them. Follow the intersection sagfp \ F3
from v into C;. This segment has to end with@y, at a point that lies on an edge ©§ or C3, and

on the remaining facefs or F,. The number of such terminal points is clearly oflyn?), and
each of them can be encountered in such a tracing from onipstanat number of verticesof the
union. Hence, the number of these vertices, and thus thelemitypof the union, isO(nZ). The
proof for congruent cubes is also simple, but we omit it.

Union of arbitrary nearly congruent cubes. If the cubes are not axis-parallel, the problem be-
comes much harder. Pach et al. [100] have studied the cage tegecubes have equal (or “almost
equal”) size, and have showthat the complexity of their union ®"(h?). The key observation in
their analysis is that one can lay out a regular grid, wheeesthe of its cells is somewhat smaller
than that of the given cubes, so that (a) each cube meets aolystant number of cells, and (b) no
two opposite facets of a cube meet the same cell. This allevis consider the union separately in
each cell, and observe that in each cell the union become®a ohunbounded halfspaces, (right-
angle) dihedral wedges, and (orthant-like) trihedral vesdgThe analysis thus reduces to that of
bounding the complexity of the union of such wedges. The neaihnical ingredient in the analysis
of [100] is:

3We do not highlight this result, because it is now subsumethbyresult of Ezra and Sharir [60], which we will
shortly present.
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Theorem 3.8 (Pach et al. [100]) The complexity of the union nfa-fat dihedralwedges i© “h?),
where the constant of proportionality depends on (the hmddand on)a.

Pach et al. were not as successful in analyzing the complekithe union ofa-fat trihedral
wedges (wedges whose solid angle is at ledsfor any constantt > 0, and managed to establish
a nearly quadratic bound only when the wedges are “subaligrfit”, a case that includes wedges
formed at a vertex of a cube, but not wedges formed at a veft@xagular tetrahedron.

A major observation in the analysis of [100] is that, for ariple of a-fat dihedral wedges,
there are many directions, such that a plane orthogonal tiocuts each of the three wedges in a
cross-section which is itsetiZfat, for somea”> 0 that depends on. This allows the analysis
to proceed by sweeping the given wedges by a plane, congidenly those wedges that meet the
plane in fat cross-sections, and by analyzing critical &vevhen the boundaries of three of the
swept wedges become concurrent. (Finding such a good swgedjpection for triples of trihedral
wedges is harder; in general this is impossible unless thikgageare really “substantially fat”.) The
analysis then combines the study of special cubes (as redi@ove) with some other tricks, to
conclude that the complexity of the union of such wedges aipeguadratic.

To recap, the technique of [100], powerful as it were, codtdhandle cubes of arbitrary sizes
(the grid reduction does not work then), nor could it handlieeo kinds of fat polyhedra (for
which the wedges formed at their vertices are not suffigjefatl); even the special case of regu-
lar tetrahedra remained open. Both of these shortcomings texently been overcome by Ezra
and Sharir [60], who have obtained a nearly quadratic boonthe complexity of the union af
arbitrary fat tetrahedra. We will review this result bel@amd we note that it immediately implies a
nearly quadratic bound for the union complexityroérbitrary cubes ifR® (of arbitrary sizes).

Union of fat tetrahedra and of cubes. We say that a tetrahedronasfat if each of its solid angles
is at leastr. This definition is compatible with the other standard dé&bns of fatness. Specifically,
the ratio between the radii of the smallest enclosing ball the largest inscribed ball of am-fat
tetrahedron is at most”"= O(1/" ). Conversely, if this ratio is at most-for some tetrahedron,
then it must bex-fat with a = Q(1/(a5?).

Dihedral

Trihedral

Figure 24. An -fat trihedral wedge and an-fat dihedral wedge.

To simplify the presentation, let us assume for the momaeatt\te are given a collectio@ of
n a-fat tetrahedra ofearly equal sizemeaning that the diameters of the tetrahedr@ e within
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some constant ratio of each other. Then there is an easpgsied argument, similar to the one used
for nearly equal cubes, to reduce the analysis of their utoahat of the union ofx-fat trinedral
wedges, namely, trihedral wedges whose solid angles asastiol (see Figure 24). Specifically,
assume, for simplicity, that all the diameters lie in thesiaal [1, c], for a fixed constant. We lay
out a grid of sufficiently small (but constant) cell size, Batt(a) for any tetrahedranof C and any
grid cell A, at most three facets afmeetA, and (b) each tetrahedron @crosses onlyD(1) grid
cells. Hence, within each grid cefl, we need to bound the complexity of the union of same
a-fat trihedral wedgegwhich can also degenerate further to dihedral wedges &sdzales).

Suppose that we have a bound®f(?) on the complexity of the union ah a-fat trihedral
wedges, with a constant of proportionality that dependsaonThis bound, combined with the
reduction, implies that the complexity of the unionnofearly-equala-fat tetrahedra is
O%h?) = Oh?). (The case of nearly equal cubes is now an easy corollanjifehult.)

The analysis in [60] applies also to the case where the tdrahhave arbitrary sizes (diam-
eters). It is somewhat involved, and we sketch here only sofiis highlights. To simplify the
presentation, we only consider the case of fat trihedralgeed Let therC be a family ofn a-fat
trinedral wedges. The main technical tool in the analysi$0f is the following lemma.

Lemma 3.9 (Ezra and Sharir [60]). (a) LetR be a set of planes inR3, and letW be an arbitrary
trihedral wedge. The number of cellsA{R) that meet all three facets ®¥ is onlyO(r).

(b) LetP be a convex polyhedron withfacets inR3, and let> be the family of tetrahedra into
which P is decomposed by the Dobkin-Kirkpatrick hierarchical deposition scheme [38]. The
number of tetrahedra i&x that meet all three facets ®¥ is onlyO(logr).

See Figure 25(b) for an illustration. Note that the lemmaliapgdo any trihedral wedge, not
necessarily fat. Note also that the planar version of tharlans trivial: In an arrangement of
lines in the plane, at mosine cellcan meet all three edges of a given triangle (Figure 25(a¥). A
another trivial variant in the plane, the number of celld thaet both sides of wedgeis O(r).

@) (b)

Figure 25. (a) In the plane, only one cell of the arrangement can mettralé edges of a given triangle. (b)R3, many
cells (but onlyO(r)) can meet all three facets of a given trihedral wedge (a satiewmiew from the apex of the wedge).

Lemma 3.9 suggests the following recursive decompositahreme. Take a random sample
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R of r planes that support the facets of the wedge€.ofConstruct the arrangemeAt(R) and
decompose each of its cells into tetrahedra, using the Delkkkpatrick scheme. We obtain a
decompositiorE of 3-space intd(r3) tetrahedra, with the property that for each wetlgeof C,
the number of tetrahedra that meet allljhree f@et\s\/ois only O(rlogr). Hence, on average,
each tetrahedron is crossed by at mOst; logr wedges ofC with this property. Moreover, the
standard theory of random sampling [71] allows us to asséf@ER pas the property that each of
the simplices of is crossed by the boundaries ofaj m@slog r wedges ofC. To recap, we
ob@nO(r:*ﬁsubproblems, each involving at m@t 1 logr wedges, of which, on average, only
O Zlogr are trihedral wedges, and the rest are dihedral wedges Ifspaees).

To obtain the asserted near-quadratic bound, the analy4®0] applies the decomposition
repeatedly, taking to be a sufficiently large constant, and involves a rathezfahcounting of the
vertices that are not passed down the recursion. Insteagtohstructing this somewheg involved
analysis, let us consider the following simpler quick-atidy approach. If we choose="n, we
obtain O(n%2) subproblems, each involving some numberf trihedral wedges (which is only
logarithmic on average), ar@"(h'/?) dihedral wedges. The number of vertices of the union that
are formed by three dihedral wedge©is{n/2)2) = O¢h) [100], and the number of vertices that
lie on the boundary of at least one trihedral wedg® i§mn) (using a rough quadratic bound for
each trihedral wedge separately). Summing over the tetrahand using the fact that tine's sum
to O(nrlog r) = 0%h%2), yields the overall bound dd “(h>/2) for the complexity of the union.
With the more careful and recursive analysis in [60], thiafmbdrops td th?).

The above analysis can also be applied to the case of fatéelrarather than wedges (Lemma 3.9
obviously carries over to this case), but then considerafdye effort is needed to count vertices
that are not passed down the main recursion. The analyg®pé{ilminates at the following result.

Theorem 3.10 (Ezra and Sharir [60]). The complexity of the union ofarbitrary a-fat tetrahedra
in R2 is 0th?), where the constant of proportionality dependscofand on the hiddes > 0).

Union of a-round objects. LetC be a family ofn a-roundobjects inR3. That is, for eacl€ 2 C,
any pointp 2 0C is incident to a ball of radius times the diameter df, which is fully contained

in C. We first consider a special case of this problem, in whichuvihér assume that the diameter
of each member df is betweerl andD, for some constarD. This will allow us to introduce one
of the techniques for analyzing unions in three dimensidlie.may therefore assume that all the
balls used in the definition of roundness are of the samesadiu

These assumptions are easily seen to imply thati#f a vertex of the union, incident to the
boundaries of three se@y, C», C3, then, with at least some constant probability, a randoecdion
u has the property that the line throupgtat directionu intersects each of the sefg, C,, C3 in an
interval of length at least™= Ba, for some sufficiently small but absolute constfrt 0. We call
a vertex satisfying the above property for a direction u-feasiblevertex. To prove thak(C) is
O(h?), it suffices to establish a near-quadratic bound on the nuofhefeasible vertices for any
fixed directionu. Suppose, without loss of generality, thais thez-direction.

Partition R3 into horizontal slabs of widtlm~ For each slal$, let Cg,Cg denote the family
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Figure 26. Reducing the union of nearly equairound objects irR® to sandwich regions.

of objects ofC that intersect the top and bottom boundarie§ a€spectively, clipped to withis.
Moreover, retain, for each obje€t 2 Cg, the portion of its top boundary consisting of those points
X 2 S for which the vertical segment fromto the bottom boundary & is fully contained inC.
Apply a symmetric trimming process to the bottom boundasfeke objects o€ . Putng = jC§j+
jCg]. It can be checked that eaaHeasible vertex that lies in the sl&bis a vertex of the sandwich
region between (the trimmed portions of) the upper envetdjiiee top boundaries of objects @y
and the lower envelope of the bottom boundaries of objedt§ inSee Figure ZGﬂentioned in
Section 3.2, the number of vertices on the sandwich regi@h%%). ver, gns = 0(n),
because each object@can cross onlfD(1) slabs. Therefor&(C) = 5 Oth2) = OLh?).

The above argument fails when the diameters of the objedisdiffer significantly. This has
been overcome by Aronov et al. [18], who have extended theyng@adratic bound to this case, us-
ing a somewhat more involved technique, which is also baseéducing the problem to sandwich
regions between envelopes.

Theorem 3.11 (Aronov et al. [18]; Agarwal and Sharir [11]). LetC be a family oh 3-dimensional
a-round objects of constant description complexity. Thencbmplexity obJ(C) is O “(h?).

In spite of all the progress reviewed in this section, thifeing general question is still open.

Open Problem 6. What is the maximum complexity of the uniomodi-fat (convex) objects of
constant description complexity R®?

4 Beyond Three Dimensions

In higher dimensions, the problem of bounding the compjesftthe union of geometric objects
becomes even more complicated, and only very few resultkreman, which we duly review here.

Union of pseudo-halfspaces. As already mentioned in the introduction, the complexityttod
union ofn halfspaces (each bounded by a hyperpland}dris O(n'"¥25! For pseudo-halfspaces
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(regions lying above or below the graph of some continuoustfan of constant description com-
plexity), the bounds are not that small. As shown by Sha@8[lthe complexity of the lower
(or upper) envelope af (d  1)-variate functions of constant description complexitpisthd—1).
Hence, the union afi pseudo-halfspaces, all of which are lower (or all uppef) i¢hd—1).

However, this is not known to hold in the mixed case, whereespseudo-halfspaces are lower
and some are upper, th 5 dimensions. As in two and three dimensions, we seek bountiseon
complexity of the sandwich region between a lower and an uepeclope, which turns out to be a
hard problem when the dimensidrincreases. A® “th?) bound on the complexity of the sandwich
region inR* was proved by Koltun and Sharir [81]. (As in the three-dimenal case, this is based
on a nearly cubic bound, established in [81], on the complefithe overlay of two minimization
and/or maximization diagrams, this time of trivariate ftiois.) This yields a nearly cubic bound
on the complexity of the union af pseudo-halfspaces of constant description complexifg“in
The problem of whether sandwich regions have asymptotisatialler complexity than that of the
entire arrangement is still open for 5.

Open Problem 7. What is the maximum complexity of the uniom @seudo-halfspaces of constant
description complexity iRY, ford  5?

Linearization. The so-called linearization technique can be used to bdumddamplexity of the
union of certain classes of regions, by transforming theggons to halfspaces. Specifically, let
f(x,a) be a(d + p)-variate polynomial, withk 2 RY anda 2 RP. Letal,...,a" ben points in
RP, and seF = ffi(x) f(x,a)j1l i ng;thusF is a collection ofd-variate polynomials.
For eachi, let Cj be one of the two region Oorf; 0,and seC =fCq,...,Chg. Suppose
thatf (X, a) can be expressed in the form

f(x,a) = o(a) + Y1(@)p1(x) +  + Wk (@)dk (%), (@)

whereUyo, ..., Yk arep-variate polynomials an¢y, . .., ¢k ared-variate polynomials. We define
themapp : RY! RK by
O() = (92(), - - ., P (x)).

Then the imagd = f ¢(x) j x 2 RY of RY is ad-dimensional surface iRK (assumingk  d),
and for anya 2 RP, f(x, a) maps to the&-variate linear function

ha(ys,...,yx) = Wo(@) +P1(@)y1 +  + Uk(@)yk,

in the sense that for any 2 RY, f(x,a) = ha(¢(x)). The regionC; maps to one of the two
halfspaces bounded by the hyperpléme(more precisely, to the intersection I6fvith such a half-
space). We refer tk as thedimensionof thelinearization ¢, and say thaF admits a linearization
of dimensionk. Agarwal and Matou3ek [8] describe an algorithm that coimga linearization of
the smallest dimension under certain mild assumptions.dfimits a linearization of dimensidqg
then the complexity ofJ(C) is bounded by the complexity of the union mfhalfpsaces iRK*1,
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and it is therefored (™25 The most popular example of linearization is perhaps theasled
lifting transform(see Section 2.2 for the planar case), which is constructed the polynomial

f(x,a) = (X1 a1)2 + + (Xq ad)2 a5+1 ,
for x 2 RYanda 2 R, The resulting lifting transformation itself is then
O(X) = (X1, X2, ..., Xg, X5+ + X3).

This mapsR¢ to the standard paraboloigi; = x3+  +x3in R%!, and a ball irRY is mapped
to a halfspace iR**1 , which implies that the complexity of the unionballs inRY is O(n'¥25}

Axis-aligned cubes. Boissonnat et al. [28] provide an upper boundGyfn Y2 for the union

of n axis-parallel cubes iRY, which improves t®(n'¥25 when the cubes have equal (or nearly
equal) size. The complexity of the union mfsimply-shaped convex bodies Rf with a common
interior point o is O %h®~1), which follows from the observation that the boundary ofirthmion
can be interpreted as the upper envelop@@¢fl  1)-variate functions (in spherical coordinates
abouto). A slightly refined bound for polyhedra iR® with a common interior point was given in
[73].

Koltun and Sharir [81] extended Theorem 3.11Rb, by proving that the complexity of the
union ofn convexa-round objects irR* with equal diameters i® "(h®). These results have been
further generalized by Aronov et al. [18] for (not necedgarbnvex) a-round objects. The only
obstacle to obtaining analogous resultsRity ford 5, is our inability to establish sharp upper
bounds on the complexity of sandwich regions (as discussededind 5 dimensions.

Open Problem 8. What is the maximum complexity of the uniomai-round objects of constant
description complexity ilRY, with (or without) nearly equal diameters, fdr 5?

5 Generalized Voronoi Diagrams

Voronoi diagrams are closely related to unions of geomefjects, in the following manner. Let
C be a set oh pairwise disjoint convex objects RY, each of constant description complexity, and
let p be a metric (or @onvex distance functidil15]). For a pointx 2 RY, let ®(x) denote the set
of objects ofC that are nearest tg, i.e.,

P(x) =fC2Cjp(x,C) p(x,CY for eachC™2 Cg.

TheVoronoi diagramVor,(C) of C under the metrip (sometimes also simply denoted\ésr(C))

is the partition oRY into maximal connected regions of various dimensions, af for each region
V, the setd(x) is the same for alk 2 V. For each full-dimensional region (cel®() generally
consists of a single sit€, and the cell is called the Voronoi cell 6f. Fori =1,...,n, lety; be the
graph of the functiorxg+1 = p(x, Cj), for x 2 RY, and sefl” = fyigiL, . Edelsbrunner and Seidel
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[47] made the rather obvious observation tWat, (C) is theminimization diagranof I', that is, the
projection ontaRY of the lower envelope of the surfaceslin

To see the connection between generalized Voronoi diagaaahsinions of objects, 1€ andp
be as above (say, for the 3-dimensional case). For an dbjeciC anqﬂarametar 0, define
B(C,r) = fx 2 R®j p(x,C) rg. For a fixedr, the unionK, = c rcB(C, r) is the region
consisting of all pointx 2 R3 whose smallegt-distance from a site i is at mostr. This in turn
can be interpreted as a “cross-section¥of (C)—it is in fact a cross-section at heigkf = r of the
lower envelope of the corresponding collectionMoreover, for each sit€; 2 C, the intersection
of dK, with the Voronoi cell ofC; is equal to the intersection 8B(C;, r) with that cell.

In general, if the metrip is a norm or a distance function induced by some convex i®dy
that is,p(x,y) = minfA j y 2 x + ABg, the resulting “balls"B(C, r) are theMinkowski sums
C ( rB),forC 2 C (the minus sign is superfluousgfis a metric). Thus the union of Minkowski
sums of this kind is a substructure of the corresponding nairdiagram. Of course, this connection
also holds in any higher dimension.

One immediate conclusion is that the complexityMafr(C) is at least as large as that K.
In practice, establishing a tight bound on the latter coxiplds a considerably easier task, and in
many instances the corresponding question concerningpthplexity of the entire Voronoi diagram
is still open. For instance, consider the case in wiidls a set of lines in 3-space, apdis the
Euclidean metric. Then the expanded sB£€E, r), for C 2 C, aren congruent infinite cylinders
in R3, of radiusr. As mentioned above, it is shown in [11] that the complexitghe unionK,
of these cylinders i© th?), but it is a major open problem to establish a similar neadgdyatic
bound on the complexity ofor,(C) (see an Open Problem below). There are (rare) cases in which
the complexity of the entire Voronoi diagram is an order ofgmitude larger than that df,. For
example, the complexity of the multiplicatively weightedrgnoi diagram of a point set in the plane
can have quadratic complexity [25], while the sizd<fin this case is only linear.

In the classical case, wheris the Euclidean metric and the object<Limre singletons (points),
the graphs of the distance functiopéx, C;j) can be replaced by a collection nfhyperplanes in
R%1  using a straightforward linearization technique, withaffecting the minimization diagram.
Hence, the maximum possible complexity \6r(C) is O(n'¥2Y! and this is tight in the worst
case (see, e.g., [78, 106]). In more general settings, thahg reduction is not possible, and the
complexity of the Voronoi diagram can be much higher. Apmlythe observation of [47], and
the bounds in Section 4 on the complexity of lower (or upperetopes, we obtain that, under
reasonable assumptions prand on the objects i€, the complexity of the Voronoi diagram is
O thY). While this bound is nontrivial (the trivial one ®(n%1)), in general it is not expected
to be tight. For example, in the case of planar Voronoi diaxgathis bound is near-quadratic, but
the complexity of “almost every” planar Voronoi diagram idyO(n). Nevertheless, as mentioned
above, for certain “pathological” distance functions, tioeresponding planar Voronoi diagram can
indeed have quadratic complexity [25].
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Voronoi diagrams of points in R3. As noted above, the complexity of the Euclidean Voronoi
diagram ofn points inR3 is ©(n?). It has been a long-standing open problem to determine wheth
a similar quadratic or nearly quadratic bound holdR¥for more general objects and metrics (here
the known bounds on the complexity of lower envelopes onle gin upper bound od Hh?)).
The problem stated above calls for improving this bound lmghty another factor of. Since we
are aiming for a bound that is “two orders of magnitude” lrettt@n the complexity oA(I"), this
appears to be a considerably more difficult problem than thblem of bounding the complexity
of lower envelopes. The only hope of making progress heméxploit the special structure of the
distance functiong(x, C).

Boissonnat et al. [28] have shown that the maximum compl@fithe L;-Voronoi diagram of a
set ofn points inR3 is ©(n?). Tagansky [113] proved that the complexity of the threeetfisional
Voronoi diagram of point sites under a general polyhedralver distance function (induced by a
polytope withO(1) facets) isO(n?log n). The bound was subsequently improved by Icking and
Ma [74] to O(n?).

Voronoi diagrams of lines inR3. Let p be a convex distance function R® whose unit ball is

a convex polytope with a constant number of facets. (Rebatl hot every distance functignis
necessarily a metricp-fails to be symmetric if the defining polytope (its unit basi)not centrally
symmetric.) Chew et al. [32] showed that the complexity &f Yoronoi diagram ofi lines in R3
with respect tg is O(n%a(n) log n). Clearly, thel_; andL ., metrics satisfy the above assumptions.
In these special cases, the best known lower bound for theleaity of the diagram i€(n%a(n)).
Koltun and Sharir [82] extended the theorem of Chew et all {@2rbitrary collections of pairwise
disjoint line segments and triangles, where the respeciiyeer bounds on the complexity of the
diagram aré(n%a(n) log n) andO “th?).

As already mentioned, in spite of some recent progredg, istkknown about the complexity of
the Euclidean Voronoi diagram of lines in 3-space.

Open Problem 9. What is the maximum complexity of the Euclidean Voronoirdiagofn lines or
triangles inR3?

If the input lines have a constant number of orientationsn tthe complexity of their Euclidean
Voronoi diagram iO th?), as shown by Koltun and Sharir [80]. Dwyer [40] has shown that
expected complexity of the (Euclidean) Voronoi diagram ségofn randomly selected lines iR®
is only O(n®/2). For the general case, a recent work by Evezetil.[55] sheds some light on the
geometric and toplogical structure of bisectors and ttigssalefined by a pair (resp., triple) of lines
in space.

Voronoi diagram of moving points in the plane. An interesting special case of generalized
Voronoi diagrams arelynamic Voronoi diagram$or moving points in the plane. Lal be a set
of n points in the plane, each moving along some line at some figkxty. The goal is to bound
the number of combinatorial changes of the Euclidean dimgvar(C) over time. This dynamic
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Voronoi diagram can easily be transformed into a staticetfienensional Voronoi diagram, by
adding the timet as a third coordinate. The points become lineRf and the “metric* is a
distance function induced by a horizontal disk (that is,distance from a poinp(Xg, Yo, to) to a
line [k the Euclidean distance fromto the point of intersection ofvith the horizontal plane
t = tp). Cubic or nearly cubic bounds are known for this problengneamder more general settings
[62, 64, 108], but subcubic bounds are known only in some spegial cases [30, 79].

Open Problem 10. What is the maximum complexity of the dynamic (Euclideargridd diagram
of n moving points in the plane? What if all points move at the sspsed?

A recent study by Agarwal et al. [3] presents some necessegitions for the diagram to have
large complexity, and thereby offers some intuition on wtypical” dynamic Voronoi diagrams are
expected to have small complexity. The expected compl@fitile dynamic Voronoi diagram of
points movingrandomlyin the plane i€O(n%2) [41].

Voronoi diagrams in higher dimensions. Next, consider the problem of bounding the complex-
ity of generalized Voronoi diagrams in higher dimensions. Mentioned above, when the objects
in C aren points inRY and the metric is Euclidean, the complexity\dr(C) is O(n'¥25! As d
increases, this becomes significantly smaller than thesi@m®! ) bound or the improved bound,
O thY), obtained by viewing the Voronoi diagram as a lower envelog®?*! . The same bound of
0(n'%25 has been obtained in [28] for the complexity of the,-diagram ofn points inRY; this
bound too was shown to be tight in the worst case. It was thaptiag to conjecture that the maxi-
mum complexity of generalized Voronoi diagrams in higheneisions is close t0'%2= However,
this conjecture was disproved by Aronov [16], who estalelish lower bound a(n9~1). The sites
used in his construction are lower-dimensional flats, aeddtbtance is either Euclidean or a poly-
hedral convex distance function. (It is interesting tha kbwer bound in Aronov’s construction
depends on the affine dimensién k d 2 of the sites: It isQ(maxfnk*l n[@—k)/20g) )
Thus, ford = 3, this lower bound does not contradict the conjecture madeelthat the complex-
ity of generalized Voronoi diagrams should be at most neadeatic in this case. Also, in higher
dimensions, the conjecture mentioned above is still natteef when the sites are singleton points.
However, very little is known about this problem. For instanthe following problem remains
open.

Open Problem 11. What is the maximum complexity of the Voronoi diagram of abebints in
RY under polyhedral metrics or convex distance functions whost balls haveD (1) facets?

Finally, for the general case, Aronov’s construction $tiflves a gap of roughly a factor ohbe-
tween the best known upper and lower bounds, and thus ssggestonjecture that the complexity
of such diagrams i® {th9~1). This is still a major open problem.

“This is not really a metric, because the distance betweerptimts is defined only when they have the same
coordinate.
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Open Problem 12.Is it true that, for a se€ of n pairwise disjoint convex sites of constant descrip-
tion complexity irRY, and for a metric (or convex distance functignmivhose unit ball has constant
description complexity, the complexity\&r(C) is alwaysO {(hd—1)?

Medial axis. A special case of Voronoi diagrams is timiedial axis Here we are given a regidd
with a complex boundary, e.g., a (not necessarily convelghedron with many faces. We regard
each feature 00C (vertex, edge, face) as a separate site, and consider tlomoiodiagram of
these sites within the interior &. The lower-dimensional faces of the diagram yield a “sledlet
representation of, which has several advantages in practice [23]. A partibubifficult, and still
open, special case is the following.

Open Problem 13. LetC be a collection of balls in R3. What is the maximum complexity of the
medial axis olJ(C)? What is the maximum complexity when all the balls have thesadius?

In fact (see Amenta and Kolluri [15]), it suffices to bound tdoenplexity of the Voronoi diagram
of the vertices ofJ(C) within the union. Since the union may ha®¢n?) vertices in the worst case,
and the complexity of the Voronoi diagram of that many point&2 can in general be quadratic
in their number, a naive upper bound on the complexity of tledial axis isO(n*). However, the
best known lower bound is only quadratic, and closing thelween the bounds is a challenging
open problem.

Voronoi diagrams of regularly sampled points. Dwyer [39] proved that the expected size of the
(Euclidean) Voronoi diagram of a set of uniformly distriedtrandom points inside a ball R® is
linear. Later, Erickson [52, 53] studied the complexity loé foronoi diagram of a point sét in

R3 in terms of thespreadof P, which is the ratio of the largest and the smallest pairwiseadces
between the points d®. Erickson proved that the complexity of the Voronoi diagrafra set of
points inR3 with spreadA is O(A®). He also proved that this bound is tight in the worst case, by
showing ar8(n3/2) lower bound for a set afl point nicely distributed on a cylinder, so that their
spread iO(" n).

Motivated by the problem of surface reconstruction fromtao§sample points, a considerable
amount of work has been dedicated to bounding the complefitile Voronoi diagram of a set
of regularly sampled points on a surfaEen R3. Golin and Na [63] showed that the expected
complexity of the Voronoi diagram af uniformly distributed random points on a polyhedral suefac
Iin R®isO(nlog*n). AsetS T is called an(e, A)-sampleif any ball of radiuse centered at a
point of " contains at least one and at magpoints ofS. Attali and Boissonnat [22] proved that if
S R3isan(g, A)-sample on a polyhedral surface, then the size of its Vordiagram is linear.
Attali et al.[24] proved that ifS  R®is an(g, A)-sample of sizen on a generic (smooth) surface,
then its Voronoi diagram ha®(nlog n) complexity. Roughly speaking, a surfacegenericif
the points on the surface at which one of the principal cureats locally maximal, form a finite
set of curves with bounded length; spheres and cylindera@rgeneric surfaces. Note that the
assumption of genericity is probably crucial in the proof2#], because of Erickson’s lower-bound
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construction for points on cylinders [52]. Recently, Arreeat al.[14] proved that the complexity
of the Voronoi diagram oh nicely distributed points on a convexdimensional polyhedron iR¢

is O(n(@=1/pP): see the original paper for details on the sampling contitind other issues. We
conclude this discussion by mentioning the following opesbfem:

Open Problem 14. What is the maximum complexity of the Voronoi diagram of akatpoints
regularly sampled on (or sufficiently near) a smooth madifalR%?

6 Discussion

In this survey we have reviewed the extensive work concgritie complexity of the union of a
family of geometric objects in two, three, and higher dimens. We also reviewed the state of the
art concerning the complexity of generalized Voronoi diggs in three and higher dimensions.

However, we have not discussed algorithms for computingitiien of geometric objects. Sev-
eral deterministic divide-and-conquer, randomized divéghd-conquer, and randomized incremen-
tal algorithms have been proposed to compute the union fariaaty of special cases [11, 57, 59].
Motivated by many applications, considerable work haseskird related issues, such as computing
the volume of the union, the gradient of the volume of uniomaifs in R® (regarding the volume
of the union as a function froR3" to R), or certain geometric or topological properties of the
union of balls. It is beyond the scope of this survey to revikese results, and we refer the reader
to [6, 43, 45, 46, 88, 98] and the references therein for a Eaofsuch results.
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