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Benefits of Formal Semantics

Programming language design

· hard- to-define= hard-to-implement=hard-to-use

For example the Turing machine language semantics are easy to define, but to explain formally how C++ works is much harder.

Programming language implementation

Compilers and interpreters writers need a clear definition of what a construct in the language does. For example, JAVA does not have a formal semantic definition but its specification (in English) is very clear.

Programming language understanding

The programmers might want to know what is the exact meaning of a language construct.

Program correctness

Program correctness can only be proved if the meaning of the program is defined. 

Program equivalence

One way to prove that two programs are equivalent is by showing that they have the same semantics.

Compiler Correctness

The correctness of static analysis can be proved by showing that the semantics of the program has not changed.  Knowing the semantics can help in the design of static analysis.

Automatic generation of interpreter

There are tools that can generate an interpreter from formal semantic description.

Automatic compiler generation is probably not possible:

1) It is a large engineering task.

2) Optimizations require some innovation that an artificial algorithm is not likely to have.

Note that an interpreter works on a given input + program while a compiler has to work on a program with unknown (can be any) input.

Alternative Formal Semantics

Operational Semantics

The meaning of the program is described “operationally” i.e. the description is actually an interpreter for the language, a finite automaton. There are two types of operational semantics:

· Natural Operational Semantics

· Structural Operational Semantics 

Denotational Semantics

In this semantic the meaning of the program is viewed as an input/output relation. Given a program and some input, this semantic can give us the output (We can see the program as a function from program input to program output). Note that this approach can lead to a compiler that can replace an entire program with a more optimal one. This approach is mathematically challenging but complicated.

Axiomatic Semantics

In this approach the meaning of the program are its observed properties. You might say that in such semantics the program is its own proof.

Static Analysis

Automatic derivation of static properties which hold on every execution leading to a program location

Example problem: Find variables with constant value at a given program location.

Example program – note that the function calls to p() can be replaced with their value.

int p(int x){

 return x*x;
}

void main(){

int z;

if (getc())

 z = p(6)+8;

else z =p(5)+7;

printf(z);

}

Abstract (Conservative) interpretation

 

While doing static analysis of the program we can’t allow to ourselves to hold all information about the program, instead we hold a subset of that information which is called abstract representation. In order to get from some abstract state to another (next) abstract state given a statement S static analysis does the following:

 Using concretization we get from abstract represented state to some concrete state of the program.

 Using Operational semantics rule we get from that concrete state to other concrete state

 Using abstraction we get back from the new concrete state to a new abstract state.

Example - rule of signs

The goal is to safely identify the sign of variables at every program location.

We can use abstract representation {P, N, ?} for any variable.

The abstract (conservative) semantics of * is:
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Abstract (conservative) interpretation










Example - rule of signs(cont)

The goal of this analysis is to safely identify the sign of variables at every program location. We use:

· Abstract representation {P, N, ?}

· ((C) = if all elements in C are positive 
                     then return P
                     else if all elements in C are negative
                                     then return N
                                     else return ?

· ((a) = if (a==P) then 
                          return{0, 1, 2, … }
                          else if (a==N)




return {-1, -2, -3, …, }
                                      else return Z

Benefits of Operational Semantics for Static Analysis

· Correctness (soundness) of the analysis

The compiler will never change the meaning of the program

· Establish the right mindset

That a program is not only text, that it has a meaning that can be described formally.

· Design the analysis

· Becomes familiar with mathematical notations used in programming languages

The While Programming Language

 Abstract syntax:
S::= x  := a | skip | S1 ; S2 | if b then S1 else S2 |
        while b do S

 Use parenthesizes for precedence

 Informal Semantics:

- skip behaves like no-operation

- Import meaning of arithmetic and Boolean operations (We assume that arithmetic and boolean meaning functions are given, i.e. function that gets as an input arithmetic expression and return an arithmetic value, and a function that gets as input boolean expression and returns a boolean value (true or false)).

Example While Program (factorial)

y:=1;

while ((x=1)  do (


y:=y*x;


x:=x-1;

)

General Notations

Syntactic categories

· Var the set of program variables. Note that all the variables are of type ‘integer’ and therefor are not explicitly defined.

· Aexp the set of arithmetic expressions

· Bexp the set of Boolean expressions

· Stm set of (a specific) program statements

Semantic categories

· Natural values N={0, 1, 2, …}

· Truth values  T={ff, tt}

· States S = Var ( N. A state is a mapping between program variables and their values.

· Lookup in a state s: s x. Gives the value of x in a state ‘s’

· Update of a state s: s  [x |→ 5]. This will move to a state in which all the program variables keep their values as in ‘s’, and only x changes to 5.

Natural Operational Semantics

 This semantic describe the “overall” effect of program constructs. It ignores non-terminating computations.

 Notations:

- <S, i> - the program statement S is executed on an input state i.

- ‘i’ represent a terminal (final) state.

 For every statement S, we can write a meaning rule:
<S, i> ( o
“If the statement S is executed on an input state i, it terminates and yields an output state o”. 
 The meaning of a program P on an input state i is the set of outputs states o such that <P, i> ( o.
 The meaning of compound statements is defined using the meaning of immediate constituent statements. Note that in the ‘while’ language every statement-input pair has a single output state.

Natural Semantics for While

Axioms:

[assns] <x := a, s> ( s[x |→ A[a]s]

[skipns] <skip, s> ( s

Rules:


We assume that Boolean meaning function doesn’t change an internal state of the program.

[compns] <S1 , s> ( s’, <S2, s’> ( s’’

                  <S1; S2, s> ( s’’ 

[ifttns] 
    
<S1 , s> ( s’                                  if B[b]s = tt 
          

    <if b then S1 else S2, s> ( s’ 

[ifffns] 
    
<S2 , s> ( s’                                  if B[b]s = ff 
          

    <if b then S1 else S2, s> ( s’ 

[whilettns]  <S , s> ( s’, <while b do S, s’> ( s’’    if B[b]s = tt
                             <while b do S, s> ( s’’ 

[whileffns]                                                                   if B[b]s = ff
                             <while b do S, s> ( s 

Simple Examples:

Let s0 be the state which assigns zero to all program variables

· Assignments 
[assns]    <x := x+1, s0> ( s0[x |→1] 
· Skip statement
[skipns]   <skip, s0> ( s0

· Composition 

[compns]   <skip ,s0> ( s0, <x := x+1, s0> ( s0[x |→1]
              

<skip; x := x +1, s0> (s0[x |→1] 

· if-construct 

[ifttns]                 <skip ,s0> ( s0                               .                      
            <if x=0 then skip else  x := x +1, s0> (s0
A Derivation Tree

· A “proof” that <S, s> (s’. By usnig derivation trees we can prove that with statement S and input state s we reach state s’.

· The root of tree is <S, s> (s’

· Leaves are instances of axioms

· Internal nodes are rules 

- Immediate children match rule premises

Pay attention to the fact that derivation tree depends also on input state.

Simple Example:






An Example Derivation Tree:






Top down Evaluation of Derivation Trees

Given a program S and input state s:

1. Find an output state s’ such that
 <S, s> (s’

2. Start with the root and repeatedly apply rules until the axioms are reached

3. Inspect different alternatives in order

4. In While s’ and the derivation tree is unique

Example of Top down Tree Construction – Factorial program

Input state s2 such that s2 x   = 2   ( s2 = s0[x |→2] )
The factorial program:

y := 1; while ((x=1) do (y := y * x; x := x - 1)

The derivation Tree:












Program Termination

Given a statement S and input s:

· S terminates on s if there exists a state s’ such that
<S, s> ( s’

· S loops on s if there is no state s’ such that
 <S, s> ( s’
e.g: S  = while true do skip

Given a statement S:

· S always terminates if for every input state s, S terminates on s (completeness)

· S always loops if for every input state s, S loops on s

Properties of Natural Semantics

Equivalence of program constructs

· “skip ; skip” is semantically equivalent to “skip”

· “((S1 ; S2) ; S3)” is semantically equivalent to “(S1 ;( S2 ; S3))” associative .

· “(x := 5 ; y := x * 8)” is semantically equivalent to “(x :=5; y := 40)”

We can prove equivalence by applying semantic rule on each statement with some input state and we should reach the same output final state.

 Deterministic

· If <S, s> ( s1 and <S, s> ( s2 then s1=s2
Determinism means that from any state s with statement S, we can reach (if S terminates on s) only one, single state.

Semantic Equivalence

S1 and S2 are semantically equivalent if for all s and s’:
<S1, s> ( s’ if and only if <S2, s> ( s’

Semantic equivalence gives us a tool for comparing programs that are syntactically different.

Simple example:
“while b do S”
is semantically equivalent to:
“if b then (S ; while b do S) else skip”

Deterministic Semantics for While

 If <S, s> ( s1 and <S, s> ( s2 then s1=s2
The proof uses induction on the shape (and size) of derivation trees.

· Prove that the property holds for all simple derivation trees by showing it holds for axioms

· Prove that the property holds for all composite trees: 

· For each rule assume that the property holds for its premises (induction hypothesis) and prove it holds for the conclusion of the rule

The Semantic Function Sns

The meaning of a statement S is defined as a partial function from State to State. The function is called partial since there are states that are undefined for example non-terminating programs.

In some sense we can see the Sns  function as a compiler.

Sns: Stm ( (State └> State)

Sns [S]s =  s’ if <S, s> (s’ and otherwise Sns [S]s  is undefined

Examples:

Sns [skip]s = s

Sns [x :=1]s = s [x |→1]

Sns [while true do skip]s = undefined

Structural Operational Semantics

 Emphasizes the individual steps

 Usually more suitable for analysis

 For every statement S, write meaning rules <S, i> ( (
“If the first step of executing the statement S on  an input state i leads to (”
 Two possibilities for (
– ( = <S’, s’> The execution of S is not completed, S’ is the remaining computation which need to be performed on s’ 

– ( = o The execution of S has terminated with a final state o 

– ( is a stuck configuration when there are no transitions

 The meaning of a program P on an input state s is the set of final states that can be executed in arbitrary finite steps

In Structural Operational Semantics ( ”remembers” what is left to execute.

Structural Semantics for While

Pay attention to the difference in arrow structure of derivation between structural and natural semantics.

Axioms:

[asssos] <x := a, s> ( s[x |→ A[a]s]

[skipsos] <skip, s> ( s

Rules:


We assume that Boolean meaning function doesn’t change an internal state of the program.

[comp1sos]      <S1 , s> ( < S1’, s’>       . 

           <S1; S2, s> ( <S1’ ; S2, s’>  

[comp2sos]             <S1 , s> ( s’              .

                  <S1; S2, s> ( <S2 , s’>  

[iftt sos] 
    <if b then S1 else S2, s> ( <S1 , s>        if B[b]s = tt 
[ifff sos] 
    <if b then S1 else S2, s> ( <S2 , s>        if B[b]s = ff 
[whilesos]  
<while b do S, s> (
                 

<if b then (S; while b do S) else skip, s>

Derivation Sequences

 A finite derivation sequence  starting at <S, s>
(0, (1, (2 …, (k  such that

– (0=<S, s> 

– (i ( (i+1

– (k is either stuck configuration or a final state

 An infinite derivation sequence  starting at <S, s>
(0, (1, (2 …  such that

– (0=<S, s> 

– (i ( (i+1

 (0 (i (i  in i steps

 (0 (* (i  in finite number of steps

 For each step there is a derivation tree

Example

 Let s0 such that 
s0 x = 5 and s0 y = 7

  S = (z:=x; x := y);  y := z

1. First step and its derivation tree:
< (z:=x ; x := y); y := z,s0 >  ( (
|



|  comp1

< (z:=x ; x := y) , s0 > ( (1


|  


|  comp2

< z:=x, s0 > ( s1 = s0[ z |→ A[x]s0] 

Now we go back and get:

s1 = s0 [ x  |→ 5, y  |→ 7, z  |→ 5 ]

(1 =  < x := y, s1 >

(= < x := y; y := z, s1 >

2. Second step and its derivation tree:

< x := y; y := z, s1 >  ( (
|



| comp2

< x:=y, s1 > ( s2 = s1[ x |→ A[y]s1]

Now we go back and get:

s2 = s0 [ x  |→ 7, y  |→ 7, z  |→ 5 ]

(2 =  < y := z, s2 >

3. Third step and its derivation tree:

< y := z, s2 >  (  s3 = s2[ y |→ A[z]s2]

s3 = s0 [ x  |→ 7, y  |→ 5, z  |→ 5 ]

Factorial Program

 Input  state s such that s x   = 2, s0 [ x |→ 2]
1. First step and its derivation tree:
< y := 1; while ((x=1) do (y := y * x; x := x - 1) , s0> ( (
|



|  comp2


< y:= 1, s0 > ( s1 = s0[ x |→ 2 y |→ 1]

Now we go back and get:

(0 =  < while ((x=1) do (y := y * x; x := x - 1), s1 >

2. Second step:
< while ((x=1) do (y := y * x; x := x - 1), s1 > ( 
<if ((x=1)  then ((y := y * x; x := x - 1); while ((x=1) do (y := y * x; x := x - 1)) else skip, s1>

3. Third step:
<if ((x=1)  then ((y := y * x; x := x - 1); while ((x=1) do (y := y * x; x := x - 1)) else skip, s1> ( 

(y := y * x; x := x - 1); while ((x=1) do (y := y * x; x := x - 1) , s1>

4. Forth step (without derivation tree):
(y := y * x; x := x - 1); while ((x=1) do (y := y * x; x := x - 1) , s1> ( x := x - 1; while ((x=1) do (y := y * x; x := x - 1) , s2>

s2 = s0[ x |→ 2 y |→ 2]

5. Fifth step (without derivation tree):
x := x - 1; while ((x=1) do (y := y * x; x := x - 1) , s2>

 ( while ((x=1) do (y := y * x; x := x - 1) , s3>

s3 = s0[ x |→ 1 y |→ 2]

6. Sixth step:
while ((x=1) do (y := y * x; x := x - 1) , s3> (
<if ((x=1)  then ((y := y * x; x := x - 1); while ((x=1) do (y := y * x; x := x - 1)) else skip, s3>

7. Seventh step:
<if ((x=1)  then ((y := y * x; x := x - 1); while ((x=1) do (y := y * x; x := x - 1)) else skip, s3>  ( skip, s3 >

8. Eighth step:

skip, s3 > (  s3 = s0[ x |→ 1 y |→ 2]

Program Termination

 Given a statement S and input s

– S terminates on s if there exists a finite derivation sequence starting at <S, s>

– S terminates successfully on s if there exists a finite derivation sequence starting at <S, s> leading to a final state

– S loops on s if there exists an infinite derivation sequence starting at <S, s>

Properties of the Semantics

 S1 and S2 are semantically equivalent if:

–  for all s and s’
<S1, s> (* s’ if and only if <S2, s> (*s’
–  there is an infinite derivation sequence starting at 
<S1, s> if and only if there is an infinite derivation sequence starting at <S2, s> 

From the first sight it seems that first condition is sufficient, because if  <S1, s> or  <S2, s> will derive some state s’ then the other can’t make infinite derivation. This is not true because s’ is a final state and we may from <S1, s> to derive stuck configuration ( and from <S2, s> to make infinite derivation and by first condition alone S1 and S2 will be considered equivalent.

Semantic equivalence gives us a tool for comparing programs that are syntactically different.

One of the suggestions on the lecture was to define semantic equivalence in the following way:

S1 and S2 are semantically equivalent if:

–  for all s and s’
<S1, s> (* ( if and only if <S2, s> (* (
when (can be any configuration (as defined on page 16).

This definition is wrong because syntactically different statements won’t always get to the same configuration (this is not the case with the final states though, without consideration of loops).

Here is a simple example:

 S1 = skip;skip;skip

 S2 = skip

– This is obvious that S1  and S2 are semantically equivalent, but we see that although <S1,s> ( <skip;skip,s> , S2 won’t derive this configuration.
 Deterministic

If <S, s> (* s1 and <S, s> (* s2 then s1=s2

 The execution of S1; S2  on an input can be split into two parts:

– execute S1 on s yielding a state s’
– execute S2 on s’ 

Sequential Composition

  If <S1; S2, s>  (k s’’ then there exists a state s’ and numbers k1 and k2  such that

–  <S1, s>  (k1 s’
–  <S2, s’>  (k2 s’’
and  k = k1  + k2

 The proof uses induction on the length of derivation sequences

– Prove that the property holds for all derivation sequences of length 0

– Prove that the property holds for all other derivation sequences: 

» Show that the property holds for sequences of length k+1 using the fact it holds on all sequences of length k (induction hypothesis)

The Semantic Function Ssos

 The meaning of a statement S is defined as a partial function from State to State

 Ssos: Stm ( (State └> State)

 Ssos[S]s =  s’ if <S, s> (*s’ and otherwise
 Ssos [S]s is undefined

Examples:

Ssos [skip]s = s

Ssos [x :=2]s = s [x |→2]

Ssos [while true do skip]s = undefined

An Equivalence Result

 For every statement S of the While language

Sns[S]s  =  Ssos[S]s
Extensions to While

 Abort statement (like C exit)

 Non determinism

 Parallelism

 Local Variables

 Procedures

– Static Scope

– Dynamic scope

The While Programming Language with Abort

 Abstract syntax
S::= x  := a | skip | S1 ; S2 | if b then S1 else S2 |
        while b do S| abort
  abort - terminates the execution

 No new rules are needed  in natural and structural operational semantics

 Examples

- skip

- abort

- while true do skip

In order to derive a new output state in both semantics we need to apply some rule or axiom. In the following examples I will use a symbol ⇏ for the case when we can’t derive anything (there is neither a rule nor an axiom we can apply).

Natural Semantics: 

<skip, s> ( s

<abort,s> ⇏ s’ 


<while true do skip, s> ⇏ s’

As we can see in natural semantics stuck state and infinite derivation can’t be distinguished (without adding some additional statements like return).

Structural Semantics:

<skip, s> ( s

<abort,s> ⇏ s’ 


<while true do skip, s> 

Statement  “while true do skip” loops on s, so in structural semantics we can distinguish between stuck configuration and infinite derivation.

Conclusion

 The natural semantics cannot distinguish between looping and abnormal termination (unless the states are modified) 

 In the structural operational semantics looping is reflected by infinite derivations and abnormal termination is reflected by stuck configuration

The While Programming Language with Non-Determinism

 Abstract syntax
S::= x  := a | skip | S1 ; S2 | if b then S1 else S2 |
        while b do S| S1 or S2
 Either S1 or S2 is executed

 Example

– x := 1 or (x :=2 ; x := x+2)

The final state is either s[x |→ 1] or s[x |→ 4]

The While Programming Language with Non-Determinism
Natural Semantics 

]or1ns]           <S1 , s> ( s’                 .
                  <S1 or S2, s> ( s’
[or2ns]           <S2 , s> ( s’                 .
                  <S1 or S2, s> ( s’
The While Programming Language with Non-Determinism
Structural Semantics

<S1 or S2, s> (  S1 , s >

<S1 or S2, s> (  S2 , s >

The While Programming Language with Non-Determinism
Examples

  x := 1 or (x :=2 ; x := x+2) – In this example both semantics will get to one of 2 possible final states either s[x |→ 1] or s[x |→ 4].

 (while true do skip) or (x :=2 ; x := x+2) – In this example natural semantics will derive final state s[x |→ 4], while structural semantics will loop.
Conclusion

 In the natural semantics non-determinism will suppress looping if possible (mnemonic) 

 In the structural operational semantics non-determinism does suppress termination configuration

The While Programming Language with Parallel Constructs

 Abstract syntax
S::= x  := a | skip | S1 ; S2 | if b then S1 else S2 |
        while b do S| S1 par S2 

 All the interleaving of S1 or S2 are executed (We can see this case as if S1 and S2 would have executed in parallel, only axioms are atomic operations).

 Example

x := 1 or (x :=2 ; x := x+2)

The final state is either s[x |→ 1], s[x |→ 3]   or  s[x |→ 4]

The While Programming Language with Parallel Constructs
Structural Semantics

[par1sos]     <S1 , s> ( < S1’, s’>              . 

                        <S1 par S2, s>  ( < S’1par S2, s’>
[par2sos]     <S1 , s> (  s’              . 

                        <S1 par S2, s>  ( <S2, s’>
[par3sos]     <S2 , s> ( < S2’, s’>              . 

                        <S1 par S2, s>  ( < S1 par S2’, s’>
[par4sos]     <S2 , s> (  s’              . 

                        <S1 par S2, s>  ( <S1, s’>
The While Programming Language with Parallel Constructs
Natural Semantics

Let’s try to think of some rules that can do the job:

[par1ns]     <S1 , s> (  s’              . 

                        <S1 par S2, s>  ( < S2, s’>
[par2ns]     <S2 , s> (  s’              . 

                        <S1 par S2, s>  ( <S1, s’>
As we see those rules aren’t sufficient because we can’t use them to get full parallelism. Using those rules we must execute all sub statements of S1 altogether and the same holds for S2.
Natural semantics can’t distinguish between “steps” of computation, so it cannot express programming language with parallel constructs.

Conclusion

 In the natural semantics immediate constituent is an atomic entity so we cannot express interleaving of computations 

 In the structural operational semantics we concentrate on small steps so interleaving of computations can be easily expressed

Conclusions Local Variables

 The natural semantics can “remember” local states

 Need to introduce stack or heap into state of the structural semantics (Structural semantics can’t “remember” states therefore it has to use stack of states (that means that one variable can get a value more than once) and it will always “look” at the highest value of a variable.
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<skip; x := x +1, s0> (s0[x |→1]>
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s3= s0[ x |→ A[x+1]s0 ] = s0[ x |→1]
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