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)RUPDO 0HWKRGV � 1DFKXP 'HUVKRZLW]

/HFWXUH QR��� /DPEGD FDOFXOXV� ��0DU���
1RWHV E\� %RULV 5RVLQ

,QWURGXFWLRQ

λ�QRWDWLRQ ZDV FUHDWHG E\ $ORQ]R &KXUFK LQ WKH ����¶V� DQG ZDV GHVLJQHG WR HPSKDVL]H WKH
FRPSXWDWLRQDO DVSHFWV RI IXQFWLRQV� /HW XV UHFDOO WKH GHILQLWLRQ RI D IXQFWLRQ�

'HILQLWLRQ ����� $ IXQFWLRQ I LV D ELQDU\ UHODWLRQ� I  ^�[� \� _ [ ∈ ;� \ ∈ <` ZKLFK KDV WKH

IROORZLQJ WZR SURSHUWLHV�

�� )RU HDFK [∈; WKHUH H[LVWV \∈< VXFK DV �[� \� ∈ I�

�� ,I �[� \� ∈ I DQG �[� ]� ∈ I WKHQ \  ]�

7KH ILUVW DQG TXLWH IDPLOLDU ZD\ WR ORRN DW IXQFWLRQV LV WR H[DPLQH WKHLU JUDSKLFDO

UHSUHVHQWDWLRQV� :LWK HYHU\ RUGHUHG SDLU �[� \� LQ WKH UHODWLRQ I ZH ZLOO DVVRFLDWH D SRLQW LQ WKH
&DUWHVLDQ SODQH� 7KLV YLHZ LV EHOLHYHG WR EH ILUVW VXJJHVWHG E\ 'HULFKOHW�

+RZHYHU� DV VWDWHG HDUOLHU� WRGD\¶V OHFWXUH ZLOO IRFXV RQ ODPEGD FDOFXOXV� ZKLFK ORRNV DW

IXQFWLRQV DV FRPSXWDWLRQDO RSHUDWRUV� DQG H[DPLQHV WKH ZD\ LQ ZKLFK WKH\ DUH DSSOLHG DQG
FRPELQHG WR IRUP RWKHU RSHUDWRUV� ,Q WRGD\¶V GLVFXVVLRQ ZH ZLOO QRW FRQVLGHU W\SHG ODPEGD

H[SUHVVLRQV� /HW XV WKHQ GHILQH ODPEGD H[SUHVVLRQV�

'HILQLWLRQ ����� $ λ�H[SUHVVLRQ �RU D λ�WHUP� LV GHILQHG LQGXFWLYHO\ DV IROORZV�
�� $OO YDULDEOHV DQG FRQVWDQWV DUH λ�WHUPV �FDOOHG DWRPV��
�� ,I 0 DQG 1 DUH λ�WHUPV WKHQ �01� LV D λ�WHUP �FDOOHG DQ DSSOLFDWLRQ��

�� ,I 0 LV DQ\ λ�WHUP DQG [ LV DQ\ YDULDEOH WKHQ �λ[�0� LV D λ�WHUP�

:H ZLOO QHHG VRPH PRUH EDVLF GHILQLWLRQV�

'HILQLWLRQ ����� ,Q D λ�WHUP RI WKH IRUP λ[�0 WKH H[SUHVVLRQ 0 LV FDOOHG WKH VFRSH RI WKH

RFFXUUHQFH RI λ RQ WKH OHIW RI 0� :H ZLOO DOVR UHIHU WR 0 LQ D WHUP RI VXFK IRUP DV WKH

ELQGLQJ VFRSH RI WKH YDULDEOH [�

'HILQLWLRQ ���� � $Q RFFXUUHQFH RI D YDULDEOH [ LQ D WHUP 3 LV ERXQG LI DQG RQO\ LI WKH

RFFXUUHQFH LV LQ WKH ELQGLQJ VFRSH RI [�

'HILQLWLRQ ����� $Q RFFXUUHQFH RI D YDULDEOH [ LQ D WHUP 3 LV IUHH LI LW LV QRW ERXQG�

������xλ
7KH ELQGLQJ VFRSH RI [�

(YHU\ RFFXUUHQFH RI [ KHUH

LV ERXQG�

7KH ELQGLQJ

YDULDEOH
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'HILQLWLRQ ����� )RU DQ\ λ�WHUPV $� $C� %� X� Y ZH ZLOO GHQRWH WKH UHVXOW RI VXEVWLWXWLQJ HYHU\
IUHH RFFXUUHQFH RI Y LQ $ E\ $C E\ WKH IROORZLQJ H[SUHVVLRQ�

7KH SUHFLVH GHILQLWLRQ LV E\ LQGXFWLRQ RQ $� DV IROORZV

)RU HYHU\ DWRP X ≠ Y�

,I X ≠Y DQG DOVR X GRHV QRW DSSHDU IUHH LQ $C RU Y GRHV QRW DSSHDU IUHH LQ $�

,I X ≠ Y DQG DOVR X DSSHDUV IUHH LQ $C DQG Y DSSHDUV IUHH LQ $� 7KH YDULDEOH ] LV FKRVHQ WR EH D

YDULDEOH WKDW GRHV QRW DSSHDU IUHH LQ ERWK $ DQG $C�

$QG ILQDOO\� ZH ZLOO QHHG WR GHILQH D[LRPV IRU λ�FDOFXOXV�

'HILQLWLRQ ����� 7KH IUHH D[LRPV RI QRQ�W\SHG λ�FDOFXOXV IRU HYHU\ $� %� [� \

3URYLGHG WKDW \ GRHV QRW DSSHDU IUHH LQ $�

3URYLGHG WKDW [ GRHV QRW DSSHDU IUHH LQ %�

3URSHUWLHV RI λ�FDOFXOXV

:H ZLOO XVH WKH JLYHQ DERYH D[LRPV DV UHZULWLQJ UXOHV� 3OHDVH QRWLFH WKDW WKH α DQG WKH η
UXOHV DUH WULYLDO LQ WKH VHQVH WKDW WKHLU DSSOLFDWLRQ ZLOO DIIHFW DW PRVW RQH VXE�VWUXFWXUH RI D

λ�WHUP DW D WLPH� WKHUHIRUH QRW FKDQJLQJ WKH VWUXFWXUH RI WKH ZKROH WHUP�

,QGHHG� WKH PRVW LQWHUHVWLQJ UHZULWLQJ UXOH ZLOO EH β�UXOH� DOVR FDOOHG β�UHGXFWLRQ UXOH� VLQFH LWV
DSSOLFDWLRQ LQYROYHV VHYHUDO VXE�H[SUHVVLRQV RI WKH λ�WHUP� 7KH β�UHGXFWLRQ UXOH LV�

)RU HYHU\ WHUP $� % DQG YDULDEOH Y�

C`^ AvA �

CC`^� AAvva =�

X$YXE =`}{) �

C`�^C`��^�C`�^�� $Y%$Y$$Y$%F ��� =

%Y$Y%YG .`}{.) λλ =�
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`^@�>��� %[$%[$[ �=λβ
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:H ZLOO SURYH VRPH SURSHUWLHV RI D UHZULWH V\VWHP WKDW LQFOXGHV β�UHGXFWLRQ VROHO\� KRZHYHU
RXU FRQFOXVLRQV FDQ EH HDVLO\ H[WHQGHG WR WKH ZKROH λ�UHZULWLQJ V\VWHP� DQG ZH HQFRXUDJH
WKH UHDGHUV WR SURYH WKH IROORZLQJ SURSHUWLHV IRU α DQG η UXOHV DV ZHOO� 7KH XVH RI VLPLODU

WHFKQLTXHV DV LQ RXU SURRIV IRU β ZLOO VXIILFH�

7KHRUHP ����� 7KH λ UHZULWH V\VWHP LV &KXUFK�5RVVHU�

3URRI�

/HW XV ILUVW SURYH WKH IROORZLQJ OHPPD�

>/HPPD ����� 7KH λ UHZULWH V\VWHP LV FRQIOXHQW�

3URRI� /HW XV UHPHPEHU VRPH GHILQLWLRQV DQG QRWDWLRQV IURP WKH SUHYLRXV

OHFWXUH� ,Q WKH IROORZLQJ VXE�SDUDJUDSKV X� V� W DQG Z ZLOO GHQRWH WHUPV�

�� :H VDLG WKDW LI V LV D UHVXOW RI D VLQJOH DSSOLFDWLRQ RI D UHZULWH UXOH WR V WKHQ V GHULYHV W DQG

W GHULYHV IURP V DQG GHQRWHG WKLV UHODWLRQ DV V → W�

�� V ↔W LI DQG RQO\ LI V → W RU W → V�

�� :H GHILQHG GHULYDWLRQ DV DQ H[HFXWLRQ RI ]HUR RU PRUH UHZULWLQJ UXOHV DQG GHQRWHG WKH

UHODWLRQ DV�

�� V DQG W ZHUH VDLG WR EH FRQYHUWLEOH LI

�� $QG ILQDOO\� D UHZULWH V\VWHP LV FRQIOXHQW LI IRU HYHU\ WHUP X LI V DQG W DUH GHULYHG IURP X

WKHQ WKHUH H[LVWV D FRPPRQ Y VXFK DV Y FDQ EH GHULYHG ERWK IURP V DQG IURP W�
X

 

W V

 

Y

6R� ZK\ LV RXU V\VWHP FRQIOXHQW"

/HW XV ORRN DW WKH VWUXFWXUH RI WKH β�UHGXFWLRQ UXOH�

,Q HYHU\ DSSOLFDWLRQ RI WKH UXOH RQ D λ�WHUP RI WKH IRUP �λY�$�% ZH ZLOO GLVWLQJXLVK EHWZHHQ

�� DQG RQO\ �� SRVVLELOLWLHV�

�� 7KH UXOH LV DSSOLHG RQ WKH RXWHUPRVW λ� L�H� WKH UHVXOW RI WKH DSSOLFDWLRQ LV $ DIWHU WKH

VXEVWLWXWLRQ RI DOO IUHH RFFXUUHQFHV RI Y LQ LW ZLWK %�
�� 7KH UXOH LV DSSOLHG WR D VXE�WHUP RI $� WKXV OHDYLQJ WKH JHQHUDO SDWWHUQ RI WKH ZKROH WHUP

WKH VDPH� ,I WKH UHVXOW RI WKH DSSOLFDWLRQ LQ $ LV $C� WKHQ WKH ZKROH WHUP ZLOO

KDYH WKH IRUP �λY�$C�%
�� 7KH UXOH LV DSSOLHG WR D VXE�H[SUHVVLRQ RI %� WKXV \LHOGLQJ DQ H[SUHVVLRQ �λY�$�%C� DV
HDUOLHU WKH JHQHUDO SDWWHUQ RI WKH ZKROH WHUP UHPDLQV WKH VDPH�

6LQFH WKH GLIIHUHQW UHZULWLQJ UXOHV GR QRW RYHUODS� WKH RUGHU RI WKH DSSOLFDWLRQ RI WKH UXOHV �

ZKHUH WKH DSSOLFDWLRQ LV SRVVLEOH� GRHV QRW DIIHFW WKH RXWFRPH ZKLFK LV WKH VDPH� :H ZLOO

VKRZ WKDW LI ZH ZLOO GHQRWH E\ WKH RUGHUHG SDLU ����� WKH DSSOLFDWLRQ RI FDVH QR�� DQG WKHQ FDVH

QR�� DV H[SODLQHG DERYH� ZH ZLOO UHFHLYH WKH VDPH RXWFRPH DV ZH ZRXOG KDYH UHFHLYHG IURP
DSSO\LQJ ��� ��� WKH RWKHU FDVHV FDQ EH VKRZQ VLPLODUO\�

WV →*

WV →←*

`^@�>�� BvABvAv �→λ
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$QG LQGHHG� WKH RUGHU RI DSSOLDQFH GRHV QRW PDWWHU� VLQFH WKH VXEVWLWXWLRQ RI DOO WKH IUHH

RFFXUUHQFHV RI Y LQ $ ZLWK % GRHV QRW DIIHFW %� VR LW GRHV QRW PDWWHU LI ZH ILUVW SHUIRUP WKH

VXEVWLWXWLRQ DQG WKHQ DSSO\ β�UHGXFWLRQ LQ %� RU RWKHUZLVH�
:K\ GRHV WKLV REVHUYDWLRQ KHOS XV" %HFDXVH WKLV LV WKH H[DFW VWUXFWXUH RI D FRQIOXHQW V\VWHP�

,I IURP D VLQJOH WHUP X� E\ DSSO\LQJ β�UHGXFWLRQV LQ GLIIHUHQW SODFHV RI WKH WHUP� ZH FDQ GHULYH
WZR GLIIHUHQW WHUPV� W DQG V� WKHQ ZKDW ZH KDYH MXVW VHHQ � WKH IDFW WKDW WKH RUGHU RI DSSOLDQFH

RI β�UHGXFWLRQV LV LQFRQVHTXHQWLDO� ZLWK WKH KHOS RI LQGXFWLRQ RQ WKH QXPEHU RI β�UHGXFWLRQV�
ZLOO \LHOG RXU FODLP� :H ZLOO OLYH WKH H[DFW IRUPXODWLRQ RI WKH LQGXFWLRQ DV DQ H[HUFLVH WR WKH

UHDGHU� 7KLV FRPSOHWHV WKH SRRI RI OHPPD ���� @
,Q RUGHU WR FRPSOHWH WKH SURRI RI 7KHRUHP ���� LW LV VXIILFLHQW WR XVH D FODLP IURP WKH

SUHYLRXV OHFWXUH� VWDWLQJ WKDW HYHU\ FRQIOXHQW V\VWHP LV &KXUFK�5RVVHU�

1RZ ZH ZRXOG OLNH WR VKRZ DQ DGGLWLRQDO FODLP� EXW ILUVW OHW XV UHPHPEHU WKH IROORZLQJ
GHILQLWLRQ IURP ODVW ZHHN�

'HILQLWLRQ ����� $Q H[SUHVVLRQ LQ D UHZULWH V\VWHP LV VDLG WR EH LQ QRUPDO IRUP LI QR UHZULWH
UXOHV RI WKH V\VWHP FDQ EH DSSOLHG WR LW�

&ODLP ����� /HW $ EH D λ�WHUP� ,I $ KDV D QRUPDO IRUP 1� WKHQ LW FDQ EH GHULYHG IURP $ E\

DSSO\LQJ β�UHGXFWLRQ HDFK WLPH LQ WKH OHIWPRVW SRVVLEOH SODFH RI WKH H[SUHVVLRQ�

3URRI� /HW XV DVVXPH WKDW $ KDV D QRUPDO IRUP 1 DQG WKDW LW FDQQRW EH GHULYHG IURP $ E\

DSSO\LQJ β UHGXFWLRQ DW WKH OHIWPRVW SRVVLEOH SODFH LQ $ DQG UHDFK D FRQWUDGLFWLRQ� 6LQFH�

DFFRUGLQJ WR RXU DVVXPSWLRQ� $ KDV D QRUPDO IRUP 1� WKHUH PXVW H[LVW D VHTXHQFH RI

DSSOLFDWLRQV RI β�UHGXFWLRQV RQ $� ZKLFK \LHOGV 1� /HW % EH WKH UHVXOW RI WKH DSSOLFDWLRQ RI WKH

ILUVW VWHS RI WKLV VHTXHQFH� :H ZLOO ZDQW WR VKRZ WKDW LI RXU DVVXPSWLRQ LV WUXH� DQG DQ

DSSOLFDWLRQ RI WKH OHIWPRVW β�UHGXFWLRQ IURP $ GRHV QRW \LHOG 1� WKHQ WKH DSSOLFDWLRQ RI WKH

OHIWPRVW β�UHGXFWLRQ IURP % DOVR GRHV QRW \LHOG 1� :H ZLOO SURYH LW E\ WKH IROORZLQJ� ZH

FODLP WKDW LI RXU DVVXPSWLRQ LV WUXH WKHQ WKH QXPEHU RI DSSOLFDWLRQV RI β�UHGXFWLRQ LQ WKH
OHIWPRVW SRVVLEOH SODFH LQ % LV QRW OHVV WKHQ WKH QXPEHU RI VXFK DSSOLFDWLRQV LQ $�

7KLV ZH ZLOO SURYH E\ LQGXFWLRQ RQ WKH QXPEHU RI OHIWPRVW β�UHGXFWLRQ DSSOLFDWLRQV IURP $�

/HW XV GHQRWH E\ & WKH UHVXOW RI WKH ILUVW VXFK DSSOLFDWLRQ� :H ZLOO GHQRWH WKLV VLWXDWLRQ E\ DQ
RUGHUHG WULSOH �$� %� &��

:KHUH

0HDQ WKH DSSOLFDWLRQ RI SRVVLEO\ VHYHUDO β�UHGXFWLRQV VLPXOWDQHRXVO\ �FDOOHG D SDUDOOHO
UHGXFWLRQ VWHS�� DQG WKH DSSOLFDWLRQ RI WKH OHIWPRVW SRVVLEOH β�UHGXFWLRQ� UHVSHFWLYHO\� :H

ZLOO GLVWLQJXLVK EHWZHHQ � SRVVLELOLWLHV�

�� &  % DQG WKHQ VLQFH WKH DSSOLFDWLRQ RI WKH OHIWPRVW VWHS IURP $ ZLOO QRW \LHOG 1 VR ZLOO

QRW WKH DSSOLFDWLRQ RI WKH OHIWPRVW VWHSV IURP &� DQG WKHUHIRUH DOVR IURP % VLQFH % DQG & DUH
WKH VDPH�

%

&$ l

||↓
→

→→= land
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�� & ≠ %� ,Q WKH SURRI RI OHPPD ���� ZH KDYH VKRZQ WKDW WKH RUGHU RI DSSOLFDWLRQ RI

β�UHGXFWLRQ LV LQFRQVHTXHQWLDO� KHQFH WKHUH H[LVWV D OHIWPRVW VWHS IURP $ DQG D SDUDOOHO VWHS

IURP % WKDW ZLOO \LHOG WKH VDPH H[SUHVVLRQ� ZKLFK ZH KDYH GHQRWHG E\ '�

1RZ� WR FRPSOHWH WKH LQGXFWLRQ� OHW XV ORRN DW WKH ILUVW Q�� OHIWPRVW VWHSV IURP $� 7KH
LQGXFWLRQ K\SRWKHVLV ZLOO \LHOG XV Q�� OHIWPRVW VWHSV IURP %� OHW XV GHQRWH WKH UHVXOW RI WKHLU

DSSOLFDWLRQ DV <� :H ZLOO DOVR GHQRWH WKH UHVXOW RI WKH DSSOLFDWLRQ RI Q�� OHIWPRVW SRVVLEOH

VWHSV IURP $ DV ;� $FFRUGLQJ WR RXU DVVXPSWLRQ WKHUH LV DQ LQILQLWH QXPEHU RI OHIWPRVW
UHGXFWLRQ VWHSV SRVVLEOH IURP $� RWKHUZLVH LI WKH QXPEHU ZDV ILQLWH WKHQ $ ZRXOG KDYH D

QRUPDO IRUP� WKHUHIRUH OHW XV GHQRWH WKH UHVXOW RI WKH DSSOLFDWLRQ RI WKH OHIWPRVW UHGXFWLRQ RQ

; DV =� :H QRZ KDYH WKH VLWXDWLRQ WKDW ZH KDYH GHQRWHG HDUOLHU E\ DQ RUGHUHG WULSOH �;� <� =�

DQG WKH SURRI RI WKH FODLP LV WKH VDPH DV LQ WKH EDVLV RI WKH LQGXFWLRQ�
7KLV SURYHV WKDW WKH QXPEHU RI OHIWPRVW UHGXFWLRQ VWHSV DSSOLFDEOH WR % LV QRW OHVV WKHQ WKH

QXPEHU RI VXFK VWHSV DSSOLFDEOH WR $� ZKLFK DFFRUGLQJ WR RXU DVVXPSWLRQ LV ∞ DQG WKHUHIRUH

WKH QXPEHU RI VXFK VWHSV DSSOLFDEOH WR % LV DOVR ∞�
1RZ� D VLPSOH XVH RI LQGXFWLRQ ZLOO \LHOG WKDW IRU HYHU\ H[SUHVVLRQ� ZKLFK LV D UHVXOW RI WKH

DSSOLFDWLRQ RI VRPH VWHSV RI WKH VHTXHQFH WKDW \LHOGV 1 ZKHQ DSSOLHG WR $� WKH QXPEHU RI WKH

OHIWPRVW DSSOLFDEOH β�UHGXFWLRQV LV ∞� %XW� VLQFH 1 LV DOVR D SDUW RI WKLV VHTXHQFH� ZH KDYH

UHDFKHG WKH GHVLUHG FRQWUDGLFWLRQ �� QR β�UHGXFWLRQV DUH DSSOLFDEOH WR 1 ZKDWVRHYHU� LW LV LQ

QRUPDO IRUP�

�

�

�

$SSOLFDWLRQV

:KDW FDQ EH H[SUHVVHG ZLWK λ�FDOFXOXV" 3HUKDSV RQH RI WKH PRVW LQWHUHVWLQJ DSSOLFDWLRQV LV
WKH XVH RI LW DVVHVV WKH SRZHU RI FRPSXWDWLRQDO PRGHOV� ,I ZH ZLOO VXFFHHG LQ SURYLQJ WKDW LQ D

FHUWDLQ PRGHO ZH FDQ H[SUHVV λ�FDOFXOXV WKHQ ZH DUH DFWXDOO\ VD\LQJ TXLWH D ORW� $QG KHUH LV
ZK\� HYHU\ FRPSXWHU SURJUDP LV H[SUHVVLEOH LQ λ�FDOFXOXV� :H ZLOO WU\ WR VKRZ WKDW PRVW

FRPPRQ RSHUDWLRQV WR DOO FRPSXWHU ODQJXDJHV FDQ EH H[SUHVVHG LQ WKH ODQJXDJH ZH MXVW KDYH

EXLOW�

∞→→→ ...lllA

∞→→→ ...lllB

∞→→→ ...lllN
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:H ZLOO VWDUW IURP WKH UHSUHVHQWDWLRQ RI %RROHDQ YDOXHV�

/HW XV GHILQH λX�λY�X�  7 WKH WUXWK YDOXH 7UXH� DQG λX�λY�Y�  ) WKH WUXWK YDOXH )DOVH�
7KHVH DUH DUELWUDU\ GHILQLWLRQV� D[LRPV LI \RX ZLOO� RQ ZKLFK ZH DUH JRLQJ WR EXLOG RXU

FRPSXWDWLRQDO ODQJXDJH� 6LQFH FRPSXWHU SURJUDPV XVXDOO\ FRPSXWH QXPHULFDO UHVXOWV� ZH

ZLOO ZDQW WR H[SUHVV QDWXUDO QXPEHUV LQ RXU ODQJXDJH� /HW XV ILUVW GHILQH �  λ[�[ DQG WKH UHVW
RI WKH QXPEHUV ZLOO EH GHILQHG E\ DSSO\LQJ WKH VHTXHQWLDO IXQFWLRQ RQ �� ZKLFK ZH ZLOO VKRZ

VKRUWO\�

2UGHUHG SDLUV �\� ]! ZLOO EH UHSUHVHQWHG DV IROORZLQJ� λX���X \� ]�� 1RZ� LI ZH ZLOO ZDQW WR
REWDLQ WKH ILUVW HOHPHQW RI DQ RUGHUHG SDLU� ZH ZLOO MXVW DSSO\ �\� ]!�7�� /HW XV VKRZ WKDW ZH

ZLOO LQGHHG JHW WKH ILUVW HOHPHQW RI WKH SDLU�

λX���X \� ]� �λX��λY�X�� → ��λX��λY�X� �\� � ]� → λY�\ �]� → \
1RZ ZH DUH HTXLSSHG WR GHILQH WKH VHTXHQWLDO IXQFWLRQ� JLYHQ DQ QXPEHU [ ZH ZLOO GHILQH [��

DV DQ RUGHUHG SDLU �)� [!� 1RZ LI ZH ZDQW WR NQRZ ZKHWKHU [  � ZH ZLOO MXVW HYDOXDWH WKH

H[SUHVVLRQ [�7�� ,I [≠� WKHQ� VLQFH [ LV DQ RUGHUHG SDLU ZLWK ) DV LW¶V ILUVW HOHPHQW� WKH
HYDOXDWLRQ ZLOO UHWXUQ )� DV ZH KDYH SUHYLRXVO\ VKRZQ� ,I� RQ WKH RWKHU KDQG� [  � WKHQ LW LV
VLPSO\ WKH LGHQWLW\ IXQFWLRQ DQG WKXV [�7� ZLOO UHWXUQ 7�

2XU SUHYLRXVO\ FKRVHQ GHILQLWLRQV ZLOO DOVR DOORZ XV WR LQWURGXFH FRQGLWLRQDO H[SUHVVLRQV LQWR

RXU ODQJXDJH� $Q H[SUHVVLRQ RI WKH IRUP �LI [ WKHQ \ HOVH ] � ZLOO LQ RXU ODQJXDJH EH ��[ \� ]��
:H ZLOO OHDYH LW DV DQ H[HUFLVH WR WKH UHDGHU WR VKRZ WKDW WKH HYDOXDWLRQ RI WKLV H[SUHVVLRQ

JLYHV WKH GHVLUHG UHVXOW�

7KLV LV TXLWH D SURJUHVV� KRZHYHU WKHUH VWLOO D YHU\ LPSRUWDQW HOHPHQW PLVVLQJ LQ RXU ODQJXDJH�

$ ORW RI EDVLF QXPHULF RSHUDWLRQV FDQ EH GHILQHG E\ UHFXUVLRQ� IRU H[DPSOH WKH PXOWLSOLFDWLRQ
RSHUDWLRQ FRXOG EH GHILQHG DV VXFK� D  E� ��D � ��  E� � D� 1RWH WKDW ZH DOUHDG\ NQRZ KRZ

WR VXEWUDFW � IURP QXPEHUV� ZH ZLOO MXVW DSSO\ [�)� WR UHFHLYH [ � �� $GGLWLRQ FDQ DOVR EH

H[SUHVVHG E\ UHFXUVLRQ� D � E� �D � �� � �E � ���
6R� OHW XV WU\ WR H[SUHVV UHFXUVLRQ� :H ZLOO LQWURGXFH WKLV QRWDWLRQ IRU WKH VLPSOLFLW\ RI WKH

WH[W� :� λ[�I�[�[�� � <� λI�:�:�� ZKHUH I LV WKH IXQFWLRQ WKDW ZH ZDQW WR DSSO\ UHFXUVLYHO\�

/HWV VHH ZKDW KDSSHQV ZKHQ ZH HYDOXDWH <�I��

<�I� → λI�:�:���I� → λ[�I�[�[�� �λ[�I�[�[��� → I�λ[�I�[�[�� �λ[�I�[�[����  I�:�:� �I��  

I�<�I���

([DPSOH� :H ZDQW WR GHILQH DGGLWLRQ RSHUDWLRQ ZLWK WKH UHFXUVLRQ ZH MXVW KDYH EXLOW� )LUVW ZH

ZLOO LQWURGXFH WKH IROORZLQJ QRWDWLRQ� λ[�λ\�$>[ \@  λ[ \� $>[ \@� ZKHUH $>[ \@ PHDQV WKDW [
DQG \ DSSHDU IUHH LQ $� :H ZLOO GHILQH RXU I WR EH

I� λ[��λ \ ]��LI \  � WKHQ ] HOVH LI ]  � WKHQ \ HOVH <�[� �\ � �� ] �����

/HW XV GHPRQVWUDWH WKDW WKH UHFXUVLYH DSSOLFDWLRQ RI I RQ WZR DUELWUDU\ QXPEHUV� D DQG E� ZLOO
\LHOG D � E�

<�I� �D E� → I�<�I�� �D E� → λ \ ]��LI �\  �� WKHQ ] HOVH LI �]  �� WKHQ \ HOVH <�I� � \ ��� ]����

�D E� → LI �D  �� WKHQ E HOVH LI �E  �� WKHQ D HOVH <�I� �D � �� E � ��
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