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Abstract

We summarize recent results on semigroups satisfying the identity x
m+n = x

n,
for n � 0 and m � 1, and some rewrite techniques that have contributed to their
investigation.

1 Introduction

Ninety years ago, Burnside [1902] posed the question whether every group satisfying the
identity xm = 1, and having a �nite number of generators, is �nite. In 1969, Brzozowski
(see the list of open questions in [Brzozowski, 1980]) conjectured that the congruence
classes on words generated by xn+1 = xn, are all regular sets. Recently, McCammond
[1991] extended this conjecture to all semigroups satisfying xm+n = xn and investigated
the decidability of their word problems. These conjectures have been the topic of recent
research, which we summarize here.

Consider the set A� of �nite words over some �nite alphabet A containing at least two
letters, and suppose we identify certain repetitious words. (The case jAj = 1 is patently
uninteresting.) Speci�cally, a word of the form uxm+nv, where x is any subword repeated
contiguously m + n times (n � 0, m � 1), is equivalent to the shorter word uxnv. Let
�m;n denote this congruence on words. In other words, we are looking at the algebras
A�= �m;n, with �nite generating set A, and with a binary juxtaposition operation that
satis�es the axiom of associativity, (xy)z = x(yz), as well as xm+n = xn. The di�erent
cases are portrayed in Table 1.

We are interested in the following three questions:

1. Does �m;n have �nite index (�nitely many congruence classes)? In other words: Is
the algebra A�= �m;n �nite?

2. Is each of the congruence classes in A�= �m;n a regular (recognizable, rational) set?
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n = 0 1 2 3 4 5 � � �

m = 1 x = 1 xx = x x3 = xx x4 = x3 x5 = x4 x6 = x5 � � �
2 xx = 1 x3 = x x4 = xx x5 = x3 x6 = x4 x7 = x5 � � �
3 x3 = 1 x4 = x x5 = xx x6 = x3 x7 = x4 x8 = x5 � � �
4 x4 = 1 x5 = x x6 = xx x7 = x3 x8 = x4 x9 = x5 � � �
5 x5 = 1 x6 = x x7 = xx x8 = x3 x9 = x4 x10 = x5 � � �
6 x6 = 1 x7 = x x8 = xx x9 = x3 x10 = x4 x11 = x5 � � �
7 x7 = 1 x8 = x x9 = xx x10 = x3 x11 = x4 x12 = x5 � � �
8 x8 = 1 x9 = x x10 = xx x11 = x3 x12 = x4 x13 = x5 � � �
9 x9 = 1 x10 = x x11 = xx x12 = x3 x13 = x4 x14 = x5 � � �
...

...
...

...
...

...
...

...
115 x116 = 1 x117 = x x118 = xx x119 = x3 x120 = x4 x121 = x5 � � �

...
...

...
...

...
...

...
...

Table 1: Semigroups satisfying xm+n = xn.

3. Is the congruence �m;n on A� decidable? In other words: Is the free word (iden-
tity) problem for the variety de�ned by (associativity and) xm+n = xn recursively
solvable?

The top-left case (m = 1, n = 0) of Table 1 is a trivial algebra. The next case of
the top row (m;n = 1), the (free) idempotent semigroups, are called (free) bands. The
algebras xm = 1 in the �rst column are called Burnside groups. (They are groups, since
every element of A has an inverse xm�1.) By extension, the rest of the algebras have been
called Burnside algebras. We might call the �rst row Brzozowski semigroups, since he
proposed the question whether their equivalent words form regular sets.

Before proceeding, it is important to realize that two words may be congruent, though
neither contains an instance of xm+n. For example, from xxx = xx one can derive
yxyxxyxyxxyxy = yxyxxyxy. The point is that the equation xm+n = xn on strings has
critical pairs with itself (modulo associativity).

A general approach to these three questions is the following: Construct an in�nite
convergent (terminating, and conuent) string-rewriting system (semi-Thue system) for
the theory by looking at longer and longer ground instances of the axiom. If any suf-
�ciently long word is reducible by some rule, then the algebra is �nite. If only �nitely
many rules are needed to rewrite all elements of an equivalence class to normal form, then
under certain conditions the class is regular. If there is an e�ective way of generating a
�nite set of rules for reducing any given word to normal form, then the word problem is
decidable.

For notation and concepts related to rewriting, see [Dershowitz and Jouannaud, 1990].



2 Finiteness

Burnside [1902] showed that the groups xm = 1, for m = 1; 2; 3, are �nite and asked
whether the same was true for all m. Sanov [1940] proved x4 = 1 to be �nite and Hall
[1957] showed the same for exponent 6. In 1968, Novikov and Adian, in a series of papers,
showed that there are in�nite Burnside groups for all odd m � 4381; this negative result
was extended to odd m � 665 in Adian's monograph [1979] on the subject (to which
[Adian, 1977] serves as an introduction). More recently, the bound was improved to 115,
and the conjecture was shown false for all m greater than 213 [Adian, personal communi-
cation]. The question remains open for m = 5; 7; 8; 9; : : : ; 113; 114; 116; 118; : : : ; 213. Much
work has been done on this and related questions; it is still an active area of research.

Green and Rees [1952] proved that xm = 1 is �nite if and only if the semigroup
xm+1 = x is. So columns 1 and 2 of Table 1 have identical �niteness properties. In
particular, bands (xx = x) are �nite. In fact, the conditional equation

C(y) � C(x) = C(z) ) xyz = xz

captures all the in�nitely many critical pairs derivable from the de�ning axiom xx = x,
where C(x) denotes the set of letters in x. It applies to any subword xyz such that the
letters in x and z are the same and include all those in y. See [Howie, 1976, Chap. IV]

and [Siekmann and Szab�o, 1982]. Finitely generated bands are �nite, since there are only
�nitely many words not equivalent to a shorter word. To see this, suppose a word w
contains n letters and is of length 2n+1 � 1. We show, by induction on n, that it must
contain an instance of xyz with C(y) � C(x) = C(z); hence, by the above equation, it
is equivalent to a shorter word. Let x be the shortest pre�x of w containing all n letters,
and z the shortest such su�x. If x and z overlap, or if w = xz, then one must be of
length at least 2n and have a subword of length 2n � 1 containing only n � 1 letters,
which, by the inductive hypothesis, can be replaced with a smaller word. If, on the other
hand, w = xyz, with y non-empty, then C(y) � C(x) = C(z) and xyz = xz. A similar,
but more complicated, argument in [Green and Rees, 1952] establishes that the algebra
is precisely of size

nX
k=1

 
n

k

!
k�1Y
i=1

(k � i+ 1)2
i

which, asymptotically, looks more like (n=e)n
2

than like the n2
n

one gets by the above
simplistic reasoning.

The other algebras of the table are all in�nite, since there exist in�nitely many square-
free words (words not of the form uxxv). Since neither side of the axiom xm+n = xn, for
n � 2, can apply to any of these words, each square-free word is in a di�erent class, of
which there are in�nitely many. It was Axel Thue [1912] who �rst constructed an in�nite
square-free word over a three letter alphabet, as well as an in�nite cube-free word in a
binary alphabet. The in�nite sequence of square-free words in Figure 1 is due to Ar�son
[Ar�son, 1937]: Each word is obtained from the previous by substituting a 7! abc, b 7! bca,
and c 7! cab for letters in odd positions, and a 7! cba, b 7! acb, and c 7! bac, for letters in
even positions. To obtain a sequence of cube-free words over two letters, 0 and 1, one can
apply the map: a 7! 01, b 7! 010, and c 7! 0110. For details, see [Adian, 1979, Chap. I].

Since there are only �nitely many square-free words over a binary alphabet, this ar-
gument does not work for n = 2 and jAj = 2. Nevertheless, Brzozowski, Culik and



a
abc

abc acb cab
abc acb cab cba cab acb cab cba bca

...

Figure 1: Square-free words.

[0]
[001]

[001 001 100]
[001 001 100 001 001 100 100 001 001]

...

Figure 2: Congruence classes for x3 = xx.

Gabrielian [1971] showed that the congruence induced by x3 = xx has in�nitely many
classes, as shown in Figure 2, where each class is obtained from the previous representa-
tive by applying the morphism 0 7! 001, 1 7! 100. No sequence of applications of the
axiom can equate the representative elements of distinct classes.

When the algebra is �nite, ordered completion (see [Hsiang and Rusinowitch, 1987;
Dershowitz, 1992; Bachmair and Dershowitz, 199?]) can be used to generate its multipli-
cation table. One computes critical pairs with the axioms, and, at the same time, normal
forms of successively larger and larger words. This works provided one can determine
when su�ciently many rules have been generated from the axioms for words of any given
length. For example, for bands (xx = x) and A = fa; bg, one starts with a ! 1, b ! 2,
ba ! 3, and ab ! 4. Since aab has two normal forms, 14 and 4, we get 14 ! 4. Even-
tually, one gets the six elements in Table 2 (as predicted by the formula on the previous
page). Pedersen [1988] performed some experiments with such a method.

1 2 3 4 5 6
1 1 4 6 4 4 6
2 3 2 3 5 5 3
3 3 5 3 5 5 3
4 6 4 6 4 4 6
5 3 5 3 5 5 3
6 6 4 6 4 4 6

Table 2: The free band on two generators.



3 Regularity

If an algebra is �nite, then each equivalence class is regular, since each congruence class
can be identi�ed with a state, congruent pre�xes being interchangeable. By the same
token, if all pre�xes (or all su�xes, let alone all subwords) of words in a particular class
belong to a �nite number of classes, then that class is regular.

Brzozowski, Culik, and Gabrielian [1971] showed that each of the classes in Figure 2 is
regular which lent support to the conjecture that such is the case for all equivalence classes
for the semigroup varieties xn+1 = xn. Imre Simon, in unpublished notes (see [Brzozowski,
1980]), contributed to this problem. The �rst solution, for n � 5, was by de Luca and
Varricchio [1990] who believed their method could be extended to n = 4. McCammond
[1991] generalized the question to all Burnside semigroups xm+n = xn, and|taking a
di�erent approach|solved it for all m � 1 and n � 6. Most recently, do Lago [1992] (for
his Master's thesis) re�ned the approach of de Luca and Varricchio, showing regularity
for all m � 1 and n � 4, and leaving hope that the method applies to n = 3, too.

The following combinatorial result from Fine and Wilf [1965] is essential to obtaining
these results: If w is a word with periods p and q (that is, if u0w = up and v0w = vq for
some su�xes u0 of u and v0 of v), then w also has a period gcd(p; q), the greatest common
divisor of its two periods|provided w is of length at least p+q�gcd(p; q). This is used in
[do Lago, 1992] to show that all the critical pairs l ! r, have a special form: the right-hand
(shorter) side r is a su�x of the left side l (l = ur), as well as a pre�x of l (l = rv), the
remainder of which (v) is of the form wm, for the givenm, where w is the shortest periodic
su�x of r. For example, the reduced critical pair, (01)2(10101)2 ! (01)2(10101), formed
from the instances (01)3 ! (01)2 and (10101)3 ! (10101)2 of the axiom (for m = 1 and
n = 2), is of the desired form. In general, for the critical pairs to have this form, n � 4 is
required. By analyzing the structure of derivations (with the closure set of reduced critical
pairs of this form), it can be shown that the set of normal forms of subwords of elements
of any one class is �nite, establishing regularity. See [de Luca and Varricchio, 1990;
do Lago, 1992].

4 Decidability

When an algebra is �nite, there is a �nite (unconditional) rewrite system to decide its
word problem, that is, validity of ground equations over a �nite set of generators. For
bands, for example, one need only include a rule w ! w0, where w0 is the shortest word
equivalent to w, whenever w is of length up to 2n+1�1 and w 6= w0. (See [Benninghofen et
al., 1987, Chap. II].) Longer rules have reducible left-hand sides, and contribute nothing.
Siekmann and Szab�o [1982] give a simple decision procedure for free bands using the
following conditional string-rewriting system:

xx ! x

C(y) � C(x) = C(z) j xyz ! xz

for which they give a proof of the convergence (that is, termination and conuence).
There are in�nitely many \square-free" words to which the �rst rule does not apply, but



the second does. (An extension of this system, for the join of bands and commutative
semigroups, is given in [Nordahl, 1992].)

Even the in�nite Burnside groups, odd n � 665, m = 1, have decidable free word
problems (see [Adian, 1979, Chap. VI]). The word problem is also decidable for �nitely
presented groups whose relations are all of the form wn = 1, with n is su�ciently large
[Adian, 1979, Preface].

The identity problems for all the cases known to be regular, namely n � 4, m � 1, are
similarly decidable, since there is an e�ective way of constructing just the rewrite rules up
to the size needed to map an element of A� to its normal form, rather than generate the
whole, in�nite system for the theory. See [de Luca and Varricchio, 1990] and [do Lago,
1992].

5 Discussion

Much of the work we have described considers production rules r ! l, rather than reduc-
tion rules l! r, as we have. In these papers, termination of reduction is invariably based
simply on word length. The notions of local and global conuence do play an important
role in the work on regularity of the Burnside semigroups. The notion of critical pair
is also central, but less explicit. (The \closure under reductions" of [do Lago, 1992], for
example, is exactly closure under critical pair generation.)

There are many other questions about semigroups (let alone richer algebraic struc-
tures) to which rewriting techniques have been applied. For example, Ehrenfeucht, Haus-
sler, and Rozenberg [1983] give the following generalization of the Myhill-Nerode Theorem:
A subset of a semigroup S is regular if and only if it closed with respect to some well-
quasi-order � on S that has the replacement property: x � y implies uxv � uyv for
all (empty or nonempty) words x; y; u; v. (A well-quasi-order � is a reexive-transitive
binary relation that has no in�nite descending sequences s1 � s2 � � � � and no in�-
nite antichains of incomparable elements.) From this, it follows that a language (over
a �nite alphabet) is regular if and only if it is produced by a string-rewriting relation
! whose derivation relation !� is a well-quasi-order of A� [Ehrenfeucht et al., 1983;
de Luca and Varricchio, 1992]. Higman's Lemma is generalized in [Ehrenfeucht et al.,
1983] to show that certain productions give a well-quasi-order. See de Luca and Varric-
chio [1992] for additional applications of rewrite relations and well-quasi-orders to regular
languages.

See Benninghofen, Kemmerich, and Richter's [1987] monograph and Book's [1987] sur-
vey for various applications of rewriting to questions of formal languages and decidability
in semigroups. They also point out the limitations of the rewriting approach (see, for
example, [Squier, 1987]).

Other applications of rewriting to the investigation of semigroups includes the use
of ordered completion|and the introduction of new operators|by Pedersen [1989] to
construct new decision procedures for some one-relation monoids. Decidability for one-
relation Burnside varieties has not been investigated.
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