Gradient-based optimization of mother wavelets
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Abstract— We present a general framework for the design
of a mother wavelet best adapted to a specific signal or to
a class of signals. The filter’s coefficients are obtained via
optimization of a smooth objective function. We develop
an unconstrained gradient-based optimization algorithm for
a discrete wavelet transform. The algorithm is extended
to the joint optimization of the mother wavelet and of the
wavelet packets basis.
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I. INTRODUCTION

HE general problem we are trying to address is to find
an invertible linear transform £ that minimizes an ob-
jective function ¢ for a specific signal or for a class of sig-
nals. The linear transform depends in general on a set
of parameters, p € P C R9. Then, for a specific signal
— T . . . .
Z=[xg,...,xn] , the minimum is obtained for:

Po(Z) = argmingep ¢ (L7 [Z)
Ly[7]: RM+1 5 RE k<M +1 (1)

Eﬁ' [af + bgﬂ = aﬁﬁ [f] + bﬁﬁ [27]

For a class of signals, the objective function is redefined
to compute some statistics from the collection of data. We
concentrate on the class of linear transforms known as dis-
crete wavelet transforms.

In is paper we describe a novel optimization for the pur-
pose of wavelet filter decomposition or of more general ba-
sis function decompositions based on wavelet packets. The
optimization is based on the lattice decomposition of filter
banks and leads to a fast unconstrained algorithm.

II. FORMULATION OF THE DISCRETE WAVELET
TRANSFORM

In the discrete wavelet transform, a low-pass and a high-
pass filter are applied to the signal, and the output is down-
sampled by two. The high-pass coefficients are retained,
while the process is repeated on the low-pass coefficients,
until the length of the residual signal’s coefficients equals
that of the filter. In order for this transform to be invert-
ible, the filters have to satisfy some constrains. In par-
ticular, orthonormality is required to obtain an orthonor-
mal basis. These constrains can be expressed in different
forms. Exact details of the various forms can be found
in chapter 5 of [1]. Here, in particular, we use two for-
mulations: 1) the time-domain method and 2) the lattice
method. The first approach expresses the constrains di-
rectly on the filters’ coefficients. This leads to a constrained
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optimization algorithm. The second approach is based on
the lattice structure method. With this method it is possi-
ble to reparametrize the coefficients so that the constrains
are automatically satisfied. This leads to an unconstrained
optimization algorithm.

Without loss of generality, we concentrate on wavelet
transforms with periodic boundaries. What follows can be
extended to wavelets with different boundary conditions
(e.g. Appendix C) .

A. The time-domain method

Consider an example which demonstrates how a discrete
wavelet transform is computed and how some constrains
on the filter’s coefficients arise from the orthogonality con-
dition. In what follows, the length of the signals will be
a power of 2. The case of a filter of length 4 acting on a
signal of length 8 is described in detail, as well as gener-
alization to filters of even length. We use a notation from
[1], where signals and filters are indexed from 0 to N, so
that the total length is N + 1.

Let & = [z, ... ,x7]T be the original signal, ¢y, ...c3 and
dg, - . . d3 the low-pass and high-pass filters’ coefficients re-
spectively. After applying the two filters to &, the result
is decimated by two. These two operations, application of
the filters and decimation, can be done more efficiently in
a single step. In matrix form they are equivalent to the
following:

(00,01, 02,03, 80,01, 82, 03] = C1F, (2)
where
i cg c ¢ ¢ 0 0 0 O i
0 0 ¢33 ¢ ¢1 ¢ 0 O
0 0 O 0 e3 c2 1 ¢
ct cg 0 0 0 0 c3 c
C, = (3)

ds dy di do 0 0 0 0
0 0 d3 do di dg 0 O
0 0 0 0 dg do dy dy

d do 0 0 0 0 ds do

Then the same process is repeated just on the s’s, the low-
pass coefficients:

[207 217 AO; Ah 507517 62753}71
W
= Cy 00,01, 02,03, 00, 01, 02, 03]

)

where



[ ¢s ¢ ¢ co 0 0 0 0]
cg ¢ c3 ¢ 0 0 0 O
ds dy di do 0 0 0 0
di dy dz dy 0 0 0 0
Cy = (5)
0O 0 0 O 1 0 0 O
0O 0 0O O 0 1 0 0
0O 0 O O 0 0 1 0
(0 0 0 0 000 1

Combining the two steps together, the transformed sig-
nal ¢ is given by:

j=CF = 0,017, (6)

It is easy to see that when C; is orthonormal, C; and
hence C are orthonormal. The condition for orthonormal-
ity are:

C%+C%+C%+C§:l, (7)
coce + c1c3 =0,
d2+d2+d3+d3 =1, ®)
dody + dyd3 = 0,

codo + c1dy + cads + c3d3 = 0,
C0d2 + Cldg = 0, (9)
Codo + C3d1 = 07

If the ¢’s satisfy (7), it is possible to solve all the equa-
tions in (8) and (9) with the following choice:

dr = (=1)¥cs 1 ,k=0,...,3. (10)

In general, a filter of even length N + 1, acts on a signal
of length M+1, where M+1 is a power of 2. The transform
is given by:

y=C%Z, (11)

where the matrix C' is the product of @) orthonormal ma-
trices:

C=CpCq-1---CoC1, Q< Qmax ,

where Qmax , the maximum number of decomposition lev-
els allowed, depends on both the length of the signal and
that of the filter (MATLAB notation):

(12)

Qmax = floor < M 1>

10g2 m (13)

The orthonormality conditions can then be expressed in a
compact form:
« Conditions on the ¢’s:

N
> encnoor =0(k) k=0,...,(N—1)/2

n=2k

(14)

o Conditions on the d’s:

N
> dpdy o =6(k) k=0,...,(N—1)/2

(15)
n=2%k
o Relations between the ¢’s and the d’s:
SN pendnop = (k) L k=0,...,(N—1)/2
SN pCnokdn = (k) L k=0,...,(N—1)/2
(16)

The high-pass coefficients can be computed from the low-
pass ones just like in (10):
dp = (—1)*eny_x ,k=0,...,N. (17)

With this choice, if (14) is satisfied, then (15) and (16) are.
Thus, summarizing all the constrains on the ¢’s, we have:

normalization

A+ +-+% = 1
orthogonality (18)
coca +cie3+ - +cey_oey = 0

coCs +c1c6+ - +cey_aey = 0

CoCN_1 + cicn = 0

B. The lattice method: reparametrization of the filter’s co-
efficients

It is possible to reparametrize the coefficients cg, ..., cn
so that the constrains in (18) are automatically satisfied.
Starting from the simple case of 4 coefficients, the con-
strains in (7) imply that:

[CO + 02]2 + [Cl + 03]2 =1, (].9)
which is automatically satisfied setting
co+ca = cos(f) + 0s) (20)
c1+c3 = sin(91 + 92)
Using the trigonometric addition formulas
cos(e+B3) = cosacosf—sinasinf (21)
sinfla + ) = sinacosf + cosasinf
we get
co = cosbqcosby
c1 = cosfysinb,
Cop = — sin 91 sin 92 (22)
c3 = sinfqcosby

It would be natural to extend this procedure to the gen-
eral case. In fact, the orthonormality conditions in (18)

imply that:
2 2
n even n odd

(23)



so that we can set

S e, =

cos (Zgigl)p 9n>

sin (Zgigl)ﬂ Hn)

The right-hand side in both the above equations contains
(N +1)/2 terms, but the expansions of the left-hand sides,
obtained using the generalized trigonometric addition for-
mula, contain 2V=1/2 terms. Distributing the trigono-
metric monomials to the various filter’s coefficients is not
straightforward. However, this problem can be solved in a
systematic and very elegant way using the lattice factoriza-
tion from the theory of filter banks. In fact, the polyphase
matrix of any two channel orthogonal filter bank can be
factorize as [1] [2] [3]:

(24)

SN ey =

HU) = p(00)A()p(62) - A)p(0k)  (26)
where p(#) € O(2) and
A(z) = [ i } . (26)

The factorization of the polyphase matrix leads naturally
to a factorization of the wavelet transform in the time do-
main. This factorization process is illustrated below for a
filter having six coefficients operating on a signal of length
eight. Although illustrated for this example, the process
can be extended to filters of even length and signals of ar-
bitrary length (see Appendices A and C for details).

Equation (25) can be rewritten as:

H) = HEDA(2)p(0k) (27)

which links the coefficients of a filter of length 2K to those
of a filter of length 2(K — 1), and allows an iterative proce-
dure to build a filter of arbitrary lenght. In particular, the
polyphase matrices for filters of length six, four and two
are given by:

HY =
c(()g) + z_lcég) + 2_20513) cg + z_lcés) + z_2cé3)
A 42714 + 2724 dP 42714 4 272

c(()2) + 2_1022) 052) + z_lc:(f)
A + 21 AP 4 2 1dy)

1 1
a_ [
P d(()l) dgl)

3)

oY =

(28)
where the othonormality is assured for H][(,l) and all
polyphase matrices derived from it when

sin (91
cos 01

cos 0

—sin 60 (29)

HY =p(61) = [

Thus from equation (27), HZ(,Q) is given by:
HI()Q) = HI()l)A(z)p(Hz)

which can be written as:

c(()z) + 2*1052) c§2) + zilcéz)
d? + 271 AP+ 2 1al

Il &

sin 92 :|

cos 0

]
E

sin 91

cos (61 (51

cos 0
—sin 60

cos 05
—sin 05

Multiplying the right-hand side and solving for the value
of the various coefficients on the left-hand side can be de-
termined using the reparameterized coefficients directly by
equating powers of z. This leads to:

(2) (1)

¢y =cosbicostly =cy’ cosbh
052) = cos b sinfy = cél) sin 0o (32)
cg) = —sinf;sinfy = —cgl) sin 0,
C:(),Q) = sin 6 cos by = cgl) cos 09
and similarly for the d’s:
déQ) = —sinf; cosly = d(()l) cos 0o
dgz) = —sin#;sinfy; = dél) sin 6y (33)
dg) = —cosfysinfy = —dgl) sin 0o

d:(f) = cos 0y cos by = dgl) cos 0y

These relationships can be rewritten in matrix form as:

(2) 7
C3 cos 0
052) | —sinf, 0 c§1) (34)
652) 0 sin 6o cgl)
0(2) 0 cos 0y

o L J
d§2) | [ cos B 0
déQ) | —sinf, 0 dgl) 35
de) o 0 sin 6, (1) (35)
d(2) 0 cos 0y

o] L J

As noted above in equation (27), the next polyphase matrix

H,S?’) can be found as a function of H}(}z). Multiplying the
matrices and equating like powers of z as above yields:

[cgg‘)cf’)cg3>c§3)c§3>c53> T
cos O3 0 0 0 @
—sinf3 0 0 0 C3 (36)
0 sinfl3  cosfs 0 cg?’)
0 cosfl; —sinfs 0 c§2)
0 0 0 sin 03 o2
0 0 0 cos 03 0



Substituting equation (34) in (36) yields

FORORONONONO r_
cos 63 0 0 0
—sin 63 0 0 0
0 sinfls  cosfs 0 o
0 cosfl3 —sinfs 0
0 0 0 sind; (37)
0 0 0 cos 03
cos By 0
—sin 92 0 sin 01
0 sin 05 [ cos 01 ]
0 cos 0y

A similar expression hold for the ds, so that combining the
two together we have

I N R A

BB B B () 53)
dé3) dff’) dff’) dé‘o’) d§3) d(()s)

sinf; cos6; «
cosf; —sinby
cosfy —sinfy 0 0
0 0 sinfy cosfs
cosfl3 —sinfs 0 0 0 0
0 0 sinf3  cosfs 0 0
0 0 cosfls —sinfbs 0 0
0 0 0 0 sinfl3 cosfs

(38)
Thus, each coefficient can be found as a function of the
reparameterized angle coefficients. Performing the matrix
multiplication in equation (35) defines each coefficient as a
linear combination of two or more trigonometric functions.
The matrix C7 that performs the first step in the wavelet
cascade of filters is given by

I R I O O O R

5. G G G
a9 d¥ 4 @ 4 4P o0 0
0 0 cg?’) cf’) cég) 053) cg?’) c(()g)
ISR EEEEE:
¢’ ¢ 0 0 ¢ ¢’ ¢y’
d® a4 o0 0 4P 4P 4P 4
Cgs) 0(23) cg3) 063) 0 0 cé?’) cf’)
L aP d® a0 0 dY a4

(39)
where F separates the high-pass coefficients from the low-
pass ones. Plugging (38) into equation (39), Cy can be
decomposed into the product of six matrices:

C1 = ER(0,) SR (65) SR (65) (40)

where
[s;, k, 0O 0 0O 0 0 0 |
ki —s; 0 0 0 0 0 0
0 0 s ki 0 0 0 0
vl 0 0 &k -s; 0 0 0 0
R(aﬂ)_O()oonkjoo
0O 0 0 0 k -s; 0 0
0O 0 0 0 0 0 s K
0 0 0 0 0 0 ki —s; |
(41)
[0 1 0 00 0 0 0]
001 00UO0TO0O0
00010000
000 01U0TU00
S=10 000010 0 (42)
000 0O0UO0T1O0
000 0O0UO0O 01
1.0 0000 0 0|

and s; = siné;, k; = cosd;. Notice that R (6;) are rotation
matrices and S is an up-shift matrix. In general, for a filter
of length 2K we have (see Appendix A for more details):

Cy = ER(61)SR(62)S - - SR(0x) (43)

III. EXTENSION TO WAVELET PACKETS

A library of wavelet packet bases [4] [5] is defined to be
a collection of orthonormal bases composed of functions of
the form W;(27%z — p), where s,p € Z,f € N. There-
fore, each basis is determined by a subset of the indices: a
scaling parameter s, a localization parameter p, and an os-
cillation parameter f. These are natural parameters, since
the function Wy (2~ °z — p) is roughly centered at 2°k, has
support of size ~ 2°, and oscillates ~ f times.

The library can be obtained as follows. A low-pass filter
H and a high-pass filter G are applied iteratively to the sig-
nal (see Figure 1, A). After the first step (second row from
the top), we obtain two different representations of the sig-
nal: an averaged version and a detailed version. Each of
the two representations has a number of coefficients equal
to half the original one. The combination of the two repre-
sents a projection on an orthonormal basis. In the second
iteration, the filters are applied to the two blocks to obtain
a set, of four blocks. Again, these new four blocks represent
a projection on a new basis (Figure 1, C). The process is
iterated until we reach blocks containing a single value.

It can be demonstrated that every collection of non-
overlapping blocks that spans the entire length of the sig-
nal is an orthonormal basis. Figure 1 shows examples of
bases that can be extracted. The library contains as a spe-
cial case the standard wavelet basis (B), as well as a basis
whose elements have the same scale (C); other bases can
be extracted (D). The total number of basis functions for
a signal of length n is nlog(n), and they can be combined
to create 2" bases.



A
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Fig. 1. Wavelet packet decomposition tree obtained applying recur-
sively a high-pass filter G and a low-pass filter H (A); discrete wavelet
basis (B); fixed-level wavelet packet basis (C); another wavelet packet
basis (D).

The library of wavelet packet bases can be searched to
find the best basis according to some criterion, for exam-
ple to minimize an objective function. Coifman et al. [4]
showed that, if the objective function is additive a divide
and conquer formulation can be applied to the search, so
that a library of 2" bases can be searched in nlog(n).

The wavelet transform formulation in terms of a product
of matrices can be easily extended to compute any basis
in the wavelet packets table. Expression (12) still holds:
C;,1 <1 < Q is a block matrix; each block corresponds
to either the identity, if that component of the signal is
not decomposed any further, or a wavelet matrix. Equa-
tion (43) provides a factorization for a single step in the
wavelet transform. Putting all the pieces together we ob-
tain a factorization for a generic wavelet packets basis:

C = EqQRq(01)SqRq(02)Sq - SqRq(0k) - -
Co
(44)
<+ E1R1(01)S1R1(02)S1 - - - S1R1(0k)
Cq

IV. OPTIMIZATION

The formulation given in (44) is very natural for a gradi-
ent optimization. It thus serves our goal to find the optimal
parameterization of the transform given a signal or a class
of signals. This is obtained by minimizing an appropri-
ate objective function. A general procedure for its mini-
mization based on the computation of the derivatives with
respect to the parameters is given below. Due to the linear-
ity of the transform, these derivatives can be expressed in a
simple form. Consider for example the optimization prob-
lem in (1), with ¥ = £;[#]. The gradient of the objective
function with respect to the parameters of the transform
is:

Vo =I3Vyo, (45)
where J, is the Jacobian of L. For L;[Z] = CZ
p = [(0p,C) X, (0p,C)X,..., (0p,C) %] . (46)

An explicit form for the derivatives with respect to the
lattice parameters can be obtained through equation (44):

0,C(61,....0x) =
= (6]CQ) CQ_1 ............................. c; +
+ CQ (8jCQ,1) ............................. Ci +
+ CQCQ_l ............................. (8J01) =
= ERQ(Gl)SQ 8jRQ (9]) .......... S1R1(0k) +
+ ERQ(Ql)SQ ~~~~~~ 8jRQ 1(9]) ..... SlRl(gK) +
+ ERQ(Gl)SQ ............ 8331(9 ) 51R1(9K) -
= ERQ(Gl)SQ RQ(HJ + 5) ........ S1R1(0k) +
+ ERQ(Ql)SQ ~~~~~~ RQ71(9j + 2) .SlRl(QK) +
+ ERQ(el)SQ ............ R1(9 + )SlRl(eK)
(47)

where 0; = a%j ,j=1,..., K, and in the last equality we
used the fact that sin’ = cos§ = sin(f+m/2) and cos’ § =
—sinf = cos(f + 7/2).

It is possible to express the above derivative in terms of
rotations of the original angles, making storage and com-
putation more efficient. In fact, the derivative of a rotation
block can be expressed as:

o =sorn=| g |oo. s

so that
9;Ri(0;)

=DiR(9;) , (49)

where D; is a block-diagonal matrix. Then (47) becomes:



0;C(01,...,0k) =
= ERqQ(01)Sq---DoRq(b;)---S1B1 (k) +
+ ERG(01)Sq - Do-1Rg1(6;) - SiRi(0x) +
+ ERo(6:1)Sq-----eeeee-DiR1(6;)--- S\ Ry (0x)
With the appropriate choice of the matrices Cq, ... ,(CE)’Z),

the above expression allows the computation of the gra-
dient with respect to the lattice angles for any basis in
the wavelet packets table. It is then possible to combine
a best basis algorithm with the optimization of the filters’
coefficients in various ways (e.g. iterative two steps opti-
mization). Moreover, given a basis in the wavelet packet
table, the computation of the transform and of it’s gradient
with respect to the lattice angles can procede in parallel.
Figure 2 shows the filter bank that computes two steps of
the wavelet transform and its gradient for the case of two
lattice angles.

It is possible to add additional contrains to the filter’s
coefficients — for example a certain number of vanishing
moments can be required — but in general this leads to a
constrained optimization. However, it is possible to impose
a zero-mean conidition to the high-pass filter at very little
cost, and recast the optimization into an unconstrained
one. The details for this procedure are given in Appendix
B.

V. DISCUSSION

We have shown that it is possible to find an optimal
mother wavelet with respect to a given objective func-
tion through an unconstrained optimization over a compact
manifold, which guaranties the existence of a minimum.
We explicitely reparametrized the filters’ coefficients using
the lattice decomposition so that the orthogonality con-
strains are automatically satisfied, and derived an expres-
sion for the gradient of the objective function with respect
to the lattice angles. Any gradient based optimization can
then be used to find the optimal solution. We showed
that the framework we have developed is not constrained
to wavelet transforms, but can be extended directly to a
generic wavelet packets’ basis. It is then possible to opti-
mize the specific basis and the filters jointly.

Wavelet design is usually based on the optimization of
wavelets according to some property of the filter itself,
such as stopband attenuation, coding gain, or degree of
smoothness. It has been shown that for some specific ob-
jective function it is convenient to optimize the filters coef-
ficients in the time-domain [6]. This was possible because
the optimization problem could be cast into a quadratic-
constrained least-squares minimization one; moreover, the
optimization was performed on a single step of the trans-
form.

The constrained optimization leads to a polynomial with
a degree proportional to the length of the filter and of the
number of decomposition steps, which is in general linked
to the length of the filter. Thus, realistic filters cannot be

practically optimized due to the roughness of the polyno-
mial error surface.

In our approach, the design is driven by the data them-
selves and the whole cascade of filters is taken into ac-
count. Preliminary work shows that there exist classes of
signals for which the optimal solution is far from the clas-
sical wavelets developed with the above methods.

Furthermore, starting from the lattice formulation, it is
simple to decompose the transform into lifting steps. In
fact, every Givens rotation in the polyphase matrix (25)
can be decomposed into three lifting steps [7]. Thus, once
an optimal set of parameters are obtained through opti-
mization, the corresponding lifting implementation can be
used, making it possible to exploit all the advantages of the
latter formulation.

APPENDICES

A. GENERALIZATION TO ARBITRARY FILTER AND SIGNAL
LENGTHS

This section describes how the factorization of the
wavelet matrices can be extended to filters and signals of
arbitrary even length, the length of the signal being a power
of two. First, we rewrite A(z) in (26) as:

A(z)=A+ Bzt (51)
where
1 0 0 0
A:{OO},B:{Ol}, (52)
and introduce

(K) (K)

(K) _ | ©C2j Coj+1
h; [ g0 406 1 (53)

23 25+1

Then we can write the following series expansion of the
polyphase matrix:

H = n{™ + h{ 2t B0 KD (5a)
Case K = 1. This is the trivial case where:
L @
WD =19 A =pr. 55
0 dél) dgn 1 (55)
Case K = 2. Equation (25) gives:
h(()2) + h§2)z_1 = hél) (A + Bz‘l) p2 =
(56)

= hél)ApQ + h(()l)B,on_1

which is solved by equating the different powers of z sepa-

rately:
hS?
h{

h(()l) Apg

57
Ay (57)



Fig. 2. Filter bank that computes two steps of the wavelet transform and its gradient for the case of two lattice angles.

or, in matrix form:

) =nPam | D) e

0 p2

We introduce a flip operator for 2 by 2 matrices. This

will allow us to build a convolution matrix for a causal FIR
2-filter bank. If

(59)

’11
Il
| — |
—= o

O =
| I

and V is a 2 by 2 matrix, then V = VF is obtained by
flipping each row of V', while V = FV is obtained by flip-
ping each column of V. Since F? = I, equation (58) can
be rewritten as:

BRI [B,A][f’z 9]. (60)

0 p2

Based on the preceding decomposition, it is easy to verify
that the following holds:

7(2 7(2
i
R R -
o _
X
A0
- .- (61)
. _
B A %
po
pa

The left hand side of equation (61) is the matrix that per-
forms one step of the wavelet transform based on a filter
with four coefficients. Moreover, the first matrix in the
right hand side of the same equation is the wavelet matrix
for a transform with filters of length 2.

Generic K. For K angles we have:



WS+ {2 B e (BD =
= [P R g DD
X (A+Bz7') px =
= h(()Kfl)ApK + [héKﬁl)B + h§K71)A} PrZ T 4

o B Bpgezm (KD

(62)
which is true if
K K K—1 K—1
R i R e N vl
A B
A B
X
A B (63)
PK
PK
PK
or, equivalently
2x2K 2x[2(K—1)]
T (K S (K F(K—1 S (K-1
[h;(jl,...,hg )} - [h}_ﬁ,...,hé )} x
B A pr
B A PK
B A PK
[2(K —1)]x2K 2K x2K
(64)

Using (64) as a building block it is possible to build a
wavelet matrix for a signal of length 2™:

2’"L><2771
hic(K = 1) hg(0) 0o 0
0 hg(K —1)...hg(0) 0., 0] _
hi(K —2)...hg_1(0) 0...0 hg(K —1)
2 x 2™
hi1(K =2).. hg1(0) 0. 0
0 hg 1 (K—2)...hg 1(0) O..cvevnnin... 0.
hg 1 (K —3)...hg_1(0) 0...0 hx_1(K —2)
2™M x 2™ 2
B A PK ;
A K
x B A
PK
s R(0x)
(65)

Notice that the above expression is nothing but a relation
between two wavelet matrices with a different number of
filter parameters. Thus, iterating (65), the first step of a
wavelet transform, i.e. the analogous of matrix C; in (3),
can be factorized as:

Cy = ER(01)SR(02)S --- SR(0k),

where F separates the high-pass coefficients from the low-
pass ones.

(66)

B. ZERO-MEAN FILTERS

It is convenient to require that the mean of the highpass
filter be zero, so that no DC component is passed through
the filter at any time. In the time-domain formulation this
is equivalent to the following:

N

> (-1)"ey_n =0

n=0

(67)

The above constrain can be easily translated into the
lattice formulation. In fact, from the two equalities in (24)
we get:

SN (~D)en—y =

= e = O P ez = (68)
= cos (Zjil 0]-) — sin (Zjil Hj) =0
which is true if
T
0, =—. 69
Z J 4 ( )

Jj=1

The search for the optimal filter coefficients is then a
constrained optimization problem:



Onin = argmin

E;;l 0;=m/4

onto the plane defined by (69). It is however very simple to
express the gradient of the objective function on this plane.
Define the objective function on this plane as:

¢ (01,...,0K) (70)

-1

T
®(0,....0_1) =0 91,...,1729]4 (71)
Jj=1
then its gradient is given by
1 0 —1
V¢(01,79K,1): X
0o -+ 1 =1 (72)

. K-1
v (91, B Dt ej)
C. BOUNDARY FILTERS

Consider the case of a filter with four coefficients. Equa-
tion (38) can be rewritten as:
] y

||

Hy
0(2) C§2) 682)

¢ NOREC
dg2) ng) déQ)

1
1 1
a aid

kQ S9 0 0
01 00 —s9 ko O 0|
X[0010} 0 0 ke s | (™
L 0 0 —S89 ]{72
_ cgl) c(()l) ] —s9 ko 0 O
dgl) d(()l) 0 0 k‘g 59
—_——
P Q-

with k2 +s2 = 1. It is easy to verify that HyHY = I, which
simply expresses the orthonormality of the filters. However
HI Hy # I in general. In fact:

HIHy = (H1Q2)" (H1Qs) =

=QYHTH1Q: =Q1Q2 =

—S89 0
o kg 0 —S9 kz 0 0
o 0 kQ 0 0 ]{ig S9 (74)
0 S92
S% —S82 kg 0 0
o —Szkg k‘% 0 0
- 0 0 k?% S92 kg
0 0 Sgkg 8%

where we used the fact that H{ H; = I. If we define

Py=1-HIH, =

k% 82]{32 0 0
o Sgkg S% 0 0 (75)
- 0 0 s3 —soko
0 0 —SQkQ k%
then
HyPy = Hy — HoHI Hy = Hy — Hy = 0 (76)

This means that the columns of P, are orthogonal to the
original filters in H,. Notice that the first two columns are
linearly dependent, and so are the last two. Thus, we have
two vectors that are orthogonal to the original filters:

0 = [ks, 52,0,0]"
lileft B [ 2,52,Y, } T (77)
Urlght - [07 07 S92, _kZ]
For a filter of length six:
HIH; = (H>Q3)" (H2Q3) =
= (H1Q2Q3)" (H1Q2Q3) = (QFQF) (Q2Q3) =
—s3 0 0 0
]fg 0 0 0 —S2 0
_ 0 k‘3 —S83 0 kg 0 %
o 0 S3 k3 0 0 k2
0 0 0 ks 0 s
0 0 0 s3
—S89 kQ 0 0
x 0 0 /{ig S92 x
~s3 k3 0 0 0 0 (78)
« 0 0 kg S3 0 0 .
0 0 —S83 k3 0 0 o
0 0 0 0 ]{?3 S3
S283 0
—82k3 0
_ kgk‘g —k‘253 %
- k283 kzk‘g
0 Sgkg
0 S283
S$283 —Sng kzkg k‘gSg 0 0
0 0 —k‘283 k‘Qng Sgk‘3 S$283

which gives



HIH; =

8%8%, —8%S3k‘3, SQk‘gSgk‘g, 521623%, 0, 0
—8%83k37 S%kg, —Sgkgk%, —82k283]€3, 0, O
52k233k3, —82]{32]@%, k%, 0, —52k2$3k3, —Sgkgsg
521{3283, —82k283k3, O7 k/’%, 82k283k3, Szkgsg
0, 0, 752]{5283]{33, SQka%, S%k%, 5%33]{33
O, 0, —82](525%, 82k253k‘3, S%S3]€3, S%S%
(79)
A matrix whose columns are orthogonal to the original
filters can again be obtained as:

Py=1—-HTH; =

1-— 8%8%, S%Sgkg, —82]6283]63, —Sgk‘gsg, O, 0
S%Sgkg, ]. — S%k%, 82]62]6%, 82k283k37 0, 0
—82k283k3, SQka%, Sg, O, 32k283k3, Sgkzsg
—Sgk‘gsg, 52k2831€37 0, S%, —82k283]{73, —Sgkgsg
0, 0, SQkQSgkg, 782]432]%‘%, 1-— S%k%, 75%53]{}3
0, 0, SQkQS%, —82k283]€3, —8%83k3, 1-— S%S%

(80)

This time, the first two columns of P3 — and the last

two as well — are linearly independent. Every linear com-

bination will still be orthogonal to the filters. If we de-

note the first column of HY Hj as i, the first two columns

of P3 can be rewritten as 77 = [1,0,0,0,07O]T — 4 and
vy = [0, 1,0, 0,070]T + k3/s3 @ respectively. Then

6left = k3¥1 + s3Us = [k‘3, s3,0,0,0, O]T (81)
is orthogonal to the filters. The same argument can be ap-

plied to the last two columns obtaining another orthogonal
vector:

Tight = [0,0,0,0,55, k5] (52)
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