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Abstract

We usea Ramsey-theoretic argumentto obtain the first
lower boundsfor approximationsover ��� by nonlinear
polynomials:� A degree-	 polynomial over � � (

�
odd) must

differ from the parity function on at least a
�� 	� 
�� 	���� ��������������� fraction of all points in the
Boolean -cube.� A degree-!#" 
�$ polynomialover ��� (

�
odd)mustdif-

fer from the parity functionon at least a

�� 	�&%'" 
�$

fractionof all pointsin theBoolean -cube.

Thesenonapproximability results imply the first known
lowerboundsonthetopfaninofMAJ ( MOD �)( AND * �,+-�
circuits(i.e., circuitswith a singlemajority-gateat theout-
put node, MOD � -gatesat the middlelevel, and constant-
faninAND-gatesat theinput level) that computeparity:� MAJ ( MOD �.( AND / circuits that computeparity

musthavetop fanin 	 ��� �0�1����������� .� Parity cannotbecomputedbyMAJ ( MOD � ( AND * �2+3�
circuitswith top fanin !#" 
4$ .

Similar resultshold for theMOD 5 functionaswell.

1. Intr oduction

Obtaininglower boundsfor constant-depthcircuits in-
volving MOD � gates,when

�
is composite,is a famously

difficulty problem. The prominenceof this problem is
mainlydueto Smolensky’sclassicpaper[14], whichshows6
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that constant-depth,polynomial-sizecircuits consistingof
AND, OR,andMOD9;: gates,where< is anoddprime,can-
not computeparity.

Numerousresearchefforts have concentratedon depth-
2 anddepth-3circuits with specifictypesof gatesallowed
at eachlevel [8, 13, 6, 1, 9, 10, 4]. Suchcircuits canbe
surprisinglypowerful. For example,quasipolynomial-size
SYM ( AND = ��� >?� ���'� containsall of ACC[15, 2].

ConsiderMAJ ( MOD � circuits for
�

constant.Since
MAJ ( MOD � is containedin @�ACB/ (i.e., depth-2@�ACB ) [7],
MAJ ( MOD � circuitscomputinginner-product-mod-< re-
quire size 	EDF�G�E� [10]. Goldmann[4] hasestablishedthe
following sharperresult: if H is divisible by a prime <
that doesnot divide

�
, thenMAJ ( MOD � circuits com-

puting MOD 5 requiresize 	EDF�G�E� . Since then, this lower
boundhasbeengeneralizedby KrauseandPudlak[9]: IfH is divisible by a prime < that doesnot divide

�
, then

MAJ ( AND * �2+3� ( MOD � circuits computingMOD 5 re-
quiresize 	EDF�G�E� .

Goldmann and Hastad [8] have shown that@�ACB/ ( AND � �I�J�K �?� �0�1� circuits computingthe generalized-

inner-product function (GIP) require size 	�DL�G�E� .
Since MAJ ( MOD �NM @�A B/ [7], it follows that
MAJ ( MOD � ( AND � �IEJLK �O� �0�1� circuits computing

(GIP) requiresize 	EDF�G�E� .
However, nolowerboundsareknownfor computingpar-

ity with MAJ ( MOD � ( AND * �2+3� circuits, or even with
MAJ ( MOD � ( AND / circuits. We will adopt the ap-
proachof [4]. Goldmannfirst proved a resultof indepen-
dentinterest:MOD � circuits cannotapproximateMOD 5 .
Then he applied the “ P -discriminator” lemma of Hajnal,
Maass,Pudĺak, Szegedy, andTurán [7] to prove thatsmall
MAJ ( MOD � circuitscannotcomputeMOD 5 .

Using Ramsey theory, we will show that small
MOD �)( AND * �2+3� circuits cannot approximateMOD 5 .
Our approximationboundsufficesto provide lower bounds
on MAJ ( MOD �.( AND * �2+3� circuits wherethe top fanin
is small, but is not sharpenoughto provide lower bounds
for generalMAJ ( MOD �)( AND * �2+-� circuits. It is still
an openproblemto prove lower boundsfor that classof
circuits.



2. Definitions and Background

We first define the circuit classesthat will occur in
this article. Note that the size of a circuit is the num-
ber of edgesit contains. In addition, unlessotherwise
indicated, all circuit classesallow gates of unbounded
fanin and each input gate is labeled by an input vari-
able, its negation, or a constant0 or 1. MOD � gates
are definedby MOD � "�Q +SR;TOTOTOR Q � $VUW


if and only ifX �Y[Z + Q Y]\_^ "a`cb'd � $ . For all of theseclasses,asubscripte
denotesthesubclassof circuitswith depthexactly

e
.

MAJ denotesthe classof polynomial-sizecircuits con-
sistingof asinglelevel of majoritygates.TheclassesAND,
OR andMOD � aredefinedsimilarly. A subscriptf used
with AND andORdenotestherestrictiontogatesof fanin f .

Classesof circuitswhoselevelsconsistof varioustypes
of gatescanbe convenientlydescribedasthe composition
of various classesof functions (see[11, 12]). If g andh

are classesof Boolean functions (not necessarilycir-
cuit classes),then gi( h denotesthe classof functions j
of the form jk"aQ $lUnm "�o]"�Q $3$ , where

mNp g , o p h
ando has monotoneincreasingoutput length. For example,

MAJ ( MOD � ( AND is the classof functionscomputed
by depth-3polynomial-sizecircuits with majority gatesat
the output, MOD � gatesat level two, andAND gatesat
levelone.In thecasewhereg and

h
arebothcircuit classes,

then we will refer to the correspondingcircuits as gq( h
circuits. Note that the conditionon the output lengthof o
guaranteesthatthecomplexity of

m
, which is measuredrel-

ative to theoutputlengthof o , is relatedto theinput length
of j . This is importantin somecontexts but of no conse-
quencefor thecircuit classesconsideredin this article.

We will oftenabusenotationandusethenameof aclass
of polynomial-sizecircuits to denotethesameclassof cir-
cuitsbut with no implicit boundon thesize. Thenwe will
specifysizerestrictionsexplicitly, e.g., “subexponentialsize
MOD / ( AND * �2+3� cannotcomputeMOD r .”

Correlationis definedasfollows:ACb�s�s;"tj R m1$U u v s;w m "�Q $xUy
�u jk"�Q $xUN
Oz  v s;w m "�Q $CU{
�u jk"�Q $|U ^ z}u
Upperboundsoncorrelationimply lowerboundsoncircuit
sizeby (a specialcaseof) the “ P -discriminator” lemmaof
Hajnal,Maass,Pudĺak,Szegedy, andTurán,which states:

Lemma 1 ([7]). Let ~ be a circuit consistingof an un-
weightedthresholdgateover subcircuits � +�R;TOTOT[R �;� , i.e.,~#"aQ $|Uy


iff � Y � Y "aQ $��)�
for somefixednatural number

�
. Then��� `#�E�Y ACb�s0s4"�~ R � Y $���
 T

Mikael Goldmannhasshown

Theorem2 ([4]). Let H be prime and let
�

be a number
such that H doesnot divide

�
. Let < bea linear polynomial

(notnecessarilysymmetric).Letm "�Q + R;TOT;TGR Q � $|U�� 

if <]"aQ + ROTOT;TGR Q � $��\_^ "�`#b'd � $^ otherwiseT

Then ACb�s0sO" MOD 5 R m1$�� 	 J DF�G�E� .
A multivariatepolynomialis calledsymmetricif it is in-

variantunderpermutationsof its variables.FredGreenhas
shown (implicit in theproofof his Theorem2.7)

Theorem3 ([5]). Let H be prime and let
�

be a number
such that H doesnot divide

�
. Let < bea symmetricmulti-

variatepolynomialof degree �[b�� * �2+3�  . Letm "�Q +SR;TOT;TGR Q � $|U � 

if <]"aQ +EROTOT;TGR Q � $��\_^ "�`#b'd � $^ otherwise

Then ACb�s0sO" MOD 5 R m1$�� 	 J �E���G�a� .
Note: tight boundsfor the case H U 	 are given by Cai,
Green,andThierauf[3].

We will combineRamsey theorywith Green’s result in
orderto provelowerboundsfor thecaseof generalpolyno-
mials(notnecessarilysymmetric).

3. Results

Previously nothing was known for generalpolynomi-
als < , evenof degree 	 . We show

Theorem4. Let H be prime and let
�

be a numbersuch
that H doesnotdivide

�
. Let < bea multivariatepolynomial

of degree 	 . Letm "�Q + R;TOT;TGR Q � $|U � 

if <]"aQ +EROTOT;TGR Q � $��\_^ "�`#b'd � $^ otherwise

Then ACb�s0sO" MOD 5 R m1$�� 	 J ��� ���1�E�����G�a� .
Proof: Let < bea degree-	 multivariatepolynomialin  
variables.Without lossof generality, the coefficientsof <
belongto � ^ ROT;TOT�R �  
��

. Think of the polynomial < asa
graphwith oneedgefor eachdegree-2monomial,andcolor
eachedgewith thecoefficient of thatmonomial.By Ram-
sey’s theoremthereexistsanumber� p � ^ ROT;TOTGR �  
�� and
a set (which we denoteafter renumbering)�;Q + ROT;TOT[R Q �E� �
consistingof ��"��[b��| $ variablessuchthat every degree-2
monomialof < consistingonly of variablesin �;Q +�ROT;TOT[R Q � � �
hascoefficient � .



Obtainan  F� -variatepolynomial<�� by assigningrandom
Booleanvaluesto Q �E�G��+�ROT;TOT[R Q � in < . Then< � "�Q +EROT;TOTGR Q � � $�U < � � "�Q +SROT;TOT[R Q � � $�� �+¡  Y�¢¤£  ¥� � �¦Q Y Q £U < � � "�Q + ROT;TOT[R Q ��� $�� �F§ Q + � �;�O� � Q �E�	 ¨
where<�� � is linear. Color thevariablesQ + R;TOT;TGR Q �E� accord-
ing to their coefficients in <�� � , choosethe most frequent
color, and assignrandomBooleanvaluesto the variables
with any othercolor.

We are then left with a symmetric polynomial in��"��[b��x $ variables. By Theorem3, the resultingpolyno-
mial hascorrelation 	 J ��� ���'�E��������� with MOD 5 . ThereforeACb�s�sO" MOD 5 R m'$xU 	 J ��� �0�1�E�a������� .

We havethefollowing interestingspecialcase:

Corollary 5. A degree-	 polynomial over � � (
�

odd) must differ from the parity function on at least a
�� 	© 
�� 	���� �����E�a������� fraction of all points in the Boolean -cube.

The following is immediatefrom the P -discriminator
Lemmaof [7] (our Lemma1):

Corollary 6. MAJ ( MOD �)( AND / circuits that com-
puteMOD 5 musthavetop fanin 	'��� �0�'�E�����G�a� .

We now generalizeTheorem4:

Theorem7. Let H be prime and let
�

be a numbersuch
that H doesnotdivide

�
. Let < bea multivariatepolynomial

of degree !#" 
4$ . Letm "�Q +SR;TOTOTGR Q � $xU � 

if <]"�Q +SR;TOT;T�R Q � $©�\ª^ "a`#b�d � $^ otherwise

Then ACb�s�s;" MOD 5 R m1$«U %'" 
4$ .
Proof:

Induction hypothesis(induction on
e
): Let H be prime

andlet
�

bea numbersuchthat H doesnot divide
�

. Let <
beamultivariatepolynomialof degree

e
in  variables.Let� by a symmetricmultivariatepolynomialof degree !#" 
�$ .

Letm "aQ +�R;TOT;TGR Q � $U � 

if <]"aQ +EROTOT;T�R Q � $�� � "�Q +�ROT;TOT[R Q � $©�\_^ "a`cb'd � $^ otherwise

Then ACb�s�sO" MOD 5 R m1$xU %'" 
4$ .

Base case:
e U ^ : Then < is constant,so < � � is

symmetric.In this case,theclaim follows from Theorem3.

Inducti ve case: Assumethat the inductionhypothesisis
truefor

e  

. Let < bea degree-

e
multivariatepolynomial

in  variables.Without lossof generality, thecoefficientsof< belongto � ^ R;TOTOT�R �  
��
. Think of thepolynomial < as

a hypergraphwith onehyperedgefor eachmonomial,and
coloreachhyperedgewith thecoefficientof thatmonomial.
By Ramsey’stheoremfor hypergraphsthereexistsanumber� p � ^ ROT;TOTGR �  
E� andaset(whichwedenoteafterrenum-
bering) �;Q +SROT;TOT[R Q � � � consistingof ¬�" 
�$ variablessuchthat
every degree-

e
monomialof < consistingonly of variables

in �;Q +�ROT;TOT[R Q � � � hascoefficient � .
Obtainan  F� -variatepolynomial<�� by assigningrandom

Booleanvaluesto Q �E�[�]+SR;TOT;T�R Q � in < . Then< � "aQ + ROT;TOT[R Q ��� $U < � � "aQ + ROT;TOT�R Q � � $�� �+¡  Y � ¢�®® ¢¥Y2¯  ¥��� �¦Q Y � �O�O� Q Y2¯U < � � "aQ +EROT;TOT�R Q � � $�� � § Q + � �;�O� � Q � �e ¨
where <¥� � is a degree-" e  
4$

polynomial. Since�1°t± � � ®® � ±;² �³ ´ is symmetric, we are now done by the
inductivehypothesis.

Note: If < hasdegree
e
, thenin fact, ACb�s�s;" MOD 5 R m1$��
�� j J + "a $ , where j is roughly the " e � 	 $ nd level of Ack-

erman’s function.
We havethefollowing interestingspecialcase:

Corollary 8. A degree-!#" 
4$ polynomialover � � (
�

odd)
mustdiffer fromtheparity functiononat leasta


�� 	©µ%'" 
4$
fractionof all pointsin theBoolean -cube.

The following is immediatefrom the P -discriminator
of [7]:

Corollary 9. TheMOD 5 functioncannotbe computedby
MAJ ( MOD �¶( AND * �2+3� circuitswith top fanin !#" 
�$ .
4. Open Problems� If the degreeof

m
is fixed, is ACb�s0s;" MOD 5 R m'$ maxi-

mizedwhen
m

is symmetric?This would imply thatin
generalACb�s�sO" MOD 5 R m1$xU 	 J �E���G�a� .� Is ACb�s0sO" MOD 5 R m1$xU 	 J DF�G�E� ? 	 J ��������� ?  J¥· �,+-� ?
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