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Abstract

We say that a random integer variable X is monotone if the modulus of the char-
acteristic function of X is decreasing on [0, 7]. This is the case for many commonly
encountered variables, e.g., Bernoulli, Poisson and geometric random variables. In
this note, we provide estimates for the probability that the sum of independent mono-
tone integer variables attains precisely a specific value. We do not assume that the
variables are identically distributed. Our estimates are sharp when the specific value
is close to the mean, but they are not useful further out in the tail. By combining with
the trick of exponential tilting, we obtain sharp estimates for the point probabilities in
the tail under a slightly stronger assumption on the random integer variables which
we call strong monotonicity.
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1 Introduction

In this note we provide sharp estimates for the probability that the sum of independent
(not necessarily identically distributed) integer-valued random variables attains precisely
a specific value. Our estimates hold under a fairly general assumption on the properties
of the random variables, which for example is satisfied for Bernoulli, Poisson and
geometric random variables. The bounds on the point probabilities derived in this paper
have been used to understand the distribution of balls in capacitated bins [1]. In the
cleanest combinatorial variant of the problem, where the balls arrive sequentially and
each ball picks a uniformly random non-full bin, they just needed the point probabilities
of sums of i.i.d. Bernoulli variables. However, for a more dynamic distribution system,
they had to apply the bounds for sums of a mix of Bernoulli and geometrically distributed
variables.
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On Sums of Monotone Random Integer Variables

Recall that for a real random variable X, the characteristic function of X is the
map fx : R — C given by fx(\) = E[e**]. We say that a real random variable X is
monotone if |fx| is decreasing on [0, 7]. In the first part of this note (Section 2), we
provide estimates for the point probabilities of a sum, X = > Jelk] X, of independent
monotone random integer variables!. To be precise, for any given ¢t € Z, we estimate the
probability Pr[X = t]. Our estimates are sharp whenever t is close to the mean E[X], but
they are not useful further out in the tail. To handle point probabilities in the tail, we
require a slightly stronger assumption on the random variables which we now describe.

For a random integer variable X we define Ix = {# € R : E[e’X] < oo}, to consist
of those # € R for which the moment generating function of X is defined. We note
that Iy is an interval with 0 € Ix. For 6 € Ix, we may define the exponentially tilted
random variable Xy by Pr[X, = t] = Pr[E)[(eijf(]]eet for t € Z. We say that X is strongly
monotone if (1) Ix # {0} and (2) Xy is monotone for each # € Ix. In the second part of
this note (Section 3), we use the trick of exponential tilting to provide estimates for the
point probabilities of a sum of independent strongly monotone random integer variables,
X=3 jelk] X, which are also sharp in the tail.

It follows by direct computation that Bernoulli, Poisson, and geometric random
variables are monotone, and moreover, that exponentially tilting these variables again
yields Bernoulli, Poisson and geometric variables. In particular, these variables are all
strongly monotone, so our results give sharp estimates for the point probabilities of the
sum of (a mix of) such variables. In Section 3, we provide examples of the estimates that
can be obtained for such a sum using our results.

In the note we will consider the following setting. Let k& be an integer and (X), e
independent integer-valued random variables with E [X;] = y; and Var[X;] = o7 for
j € [k]. Let X =37, 4y X, and further =37, ;) pj and 0 = 37, o7 be respectively
the expectation and variance of X. The main result of the note is the following theorem.
Theorem 1.1. There exists a universal constant c, such that if X is monotone, then for
every t for which i + to is an integer, the probability that X is precisely . + to satisfies,

> jeim E [|Xj - Njﬂ

o3

(1.1)

2mo o

1 2
PriX =p+to]— —e /2 <c
V2r

Remark 1.2. We note that if each X; is monotone, then X is as well. Indeed, the
characteristic function of X can be factorized as fx(A) = [[;cp fx, (A). In particular,
Theorem 1.1 holds when each of the variables (X),c[;] is monotone.

Our result is reminiscent of the Berry-Esseen theorem, but instead of bounding the
distance between the cumulative function of X and the cumulative function of the normal
distribution as the Berry-Esseen theorem does, our result bounds the distance between
the density function of X and the density function of the normal distribution. This setting
has been studied before in the context of large deviation theory, e.g., by Blackwell and
Hodges [3] and by Iltis [7] in the d-dimensional case. They do not require X to be
monotone but they only consider the case where (X;) ;¢ are identically distributed and
are interested in the asymptotical behavior when £ — oo. In particular the distribution
of the variables (X;);c[x cannot depend on k. McDonald [8] considers variables that
are not necessarily identically distributed but again in the limit ¥ — oo and with certain
extra assumptions on the distribution of the variables. In this work we are not interested
in such asymptotic bounds and our result is a uniform bound for monotone variables.

Another line of related work is the asymptotic expansions in the local limit theorem.
See for instance [5] (Section 51) or [6] (Theorems 4.5.3 and 4.5.4) which for any given r

1We define [k] = {0,...,k — 1}
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provide expressions for the point probabilities of a sum of k i.i.d. random integer vari-
ables (X;);ex) up to an additive error of o(k™"). Again, these results holds asymptotically
as k — oo and the distributions of the (X);cx cannot depend on k. The case of different
distributions is considered in [4] which provide expansions of the point probabilities
using regular and trigonometric polynomials up to an additive error of o(c~") (without
any assumptions of monotonicity).

2 Point Probabilities Near the Mean

The goal of this section is to prove Theorem 1.1, but before diving into the proof,
we provide some examples of random variables for which the condition of the lemma
is satisfied. Let p € [0,1] and A > 0. Let Y be a Bernoulli variable with Pr[Y = 1] =
1 — Pr[Y = 0] = p, let Z be geometric with Pr[Z = k] = p*(1 — p) for k € Ny, and let W
be Poisson with Pr[W = k] = \¥e=*/k! for k € Ny. Let fy, fz, fw be the characteristic
functions for Y, Z, and W. Then for A € R,

1-p

e and fw( = A,

fr(N) =1—p+pe™, fz(\) =
Thus,
[fy (WP = (1 =p+pe)(1—p+pe™) =1+ 2p(1 - p)(cos A — 1)
1—p 1-p (1-p)?
2 _ —
2 = <1—pe“> (1—pe‘“) ~ 1+p?—2pcos A’ and

|fw (A)] = eMeosA=h),

which are all decreasing functions on [0, 7).
We will need the following simple Lemma on random integer variables.

Lemma 2.1. Let X be an integer random variable X with third moment. Then?
E[X — E[X][*] > Var[X]/2.

Proof. Let u = E[X]. We may clearly assume that 0 < p < 1 by replacing X with X —a
for an appropriate integer a. Define Zy = [X < 0] and Z; = [X > 1] =1 — Z,. Then,

0=E[X — ] = E[Z; - |X — ul] - E[Zy- |X — ull,
and,

E[|X —pl] = E[Z1 - |X — pl] + E[Zo - | X — pl]-
It follows that

Var[X] = E[Z1 - (X — 1)’ + E[Z0 - (X — p)?]

> (1 ) B(Z) - |X — pl) 4 2o (X -] = PR @)

Now finally,
Var[X]* < E[|X — pl] - E[|X — pf’] < 2 Var[X] E[|X — /7],

where the first inequality is by Cauchy-Schwartz and the second is an application of (2.1).
The desired result follows. O

20riginally, our bound was E[|X — E[X]|3] > Var[X]/10, which sufficed for our purposes. We thank Ahmad
Beirami [2] for pointing out how we could replace the constant 10 with 2 which is optimal as can be seen by
letting X be a Bernoulli variable with parameter 1/2.
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Proof of Theorem 1.1. We start by noting that we may assume that 02 > C for a suffi-
ciently large constant C. Indeed, by Lemma 2.1,

2
C(Zje[k] E[|Xjﬂj3]> o c

o3 = 402’

so (1.1) is immediate when o2 < C (by choosing c sufficiently large).

Now the proof proceeds, similarly to proofs of the Berry-Esseen theorem and uses
simple properties of the Fourier transformation of X. Let f; be the characteristic function
of X; — p; for j € [k] and let F' be the characteristic function of X — y. Then

FQA) = H [i(A) = Z Pr[X = n]elm=mX
JE[K]

nez

For non-zero integers s, it holds that 5= [7_e**d\ = 0 whereas 5~ ["_¢e"*d\ = 1if s = 0.
It follows that for any integer n € Z,

1 [ ,
Pr[X =n] / F(N)e {n=mAgy

:% -

In particular, if 4 + to is an integer, then

1 [" ;
Pr[X =p+to] = %/ F(N)e o\ .

—T

ek E“XJ'*“J‘P]
3

We define 7 = - noting that we may assume that 7 < ¢y for a suffi-
ciently small constant ¢, as otherwise the result is trivial. Split the interval |-, 7] into
three parts, I} = [—¢,¢], Iz = [e, 7], and I3 = [, —¢]|. We will prove that if ¢ = 7“31(?1/7,
then

|[F(N)e *| = |F(\)| < 7% forall A € I UI; and, (2.2)
€
) 1 2
F(\)e "2 d\ = ——e™"/2 + O(7?). (2.3)
IR — )

We note that we may assume that ¢ < 7. Indeed, by Lemma 2.1, loga# < %, and o is
assumed to be sufficiently large. The desired result thus follows immediately from (2.2)
and (2.3).

We start by proving (2.2). It is a general fact that the characteristic function fy of a
random variable Y is Hermitian, i.e., fy (—t) = fy (¢). In particular, |F(\)| = |F(=\)|, so
it is enough to prove that |F(\)| < 72 for A € I. As |F| is decreasing on [0, 7], it in fact
suffices to prove that |F(¢)| < 72. Now another standard fact about the characteristic
function fy of a random variable Y is that for any n,

(A ol T E[Y
A) — EYV)|< ——m———=. 2.4
fr) =2, T B < T @D
By Jensen’s inequality, o5 < (E[|X; — 151°])%/3, so it follows that

2/3

o< (&S B[N - pl| | = (PP <sl0g(1/1) 0 <1, 25)
Jelk]
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where the last inequality used that 7 < ¢y for a sufficiently small constant ¢y. We may
thus apply (2.4) with n = 2 to conclude that

52

3 e2 3
|f](5)| <1- EU? +E [\Xj — ﬂj|3} % < e*TU?JFE[\Xj*MlS]?.

Thus, for A\ € I,
2

|F(/\)67itg}\’ _ ‘F(}\)| < |F(€)‘ < 6_%02+(Zj€[k] E“Xj—#j\?’])% _ 675202(1/27057/6).
As oeT = 74/8log1/7 < 3/2, it therefore follows that for A € I,

[F(\)|<e ™5 =72 (2.6)

which proves (2.2).
Turning to (2.3), we again use the Taylor expansion formula to get

)\2
fi(A) =1~ 70‘? +E {|Xj - Mjﬂ Agi (),

for some (complex-valued) function g;(\) with |g;(A)] < 1/6 for all A\. As in (2.5), for
Al <e,

E [IXJ' - uy\g} AP <, 2.7)

and

Mot < (APE[X; — DY < APE[IXG — '] < 1. (2.8)
It follows that |f;(A\) — 1] < 5/6. Now for z € C with |z| < 5/6 it holds that 1 + z =
exp(z+0(2?)). Also, if a,b € C satisfy that |a|? < [b| < 1, then |a+b]? < 2(|a|>+[b[*) < 4]b).
Combining these observations with (2.7) and (2.8) we find that

£ = o B oo,
It follows that
F(\)e o> — o5+ (e B[IX—n*]) OO ,—ito

We then get that

F(A)e it — o 5 0+ (S e E[1Xi—m3 P])ON) it

A2 2 3 . (29)
—e ¥ [1+[ Y E [|Xj . } O3 | e=ite
JE[K]
for |A\| <e. Now we get that
L[ -%e > E {|X» - 4\3} O(X3)e oM d\
o i My
—€ j€lk]
_ ! E[|x ) [ e o)
= Y E|IX; - pl e (A%)
JEIR] 0
1 (SB[ -l /\/&ogl/r 2o (2.10)
= g | e s°)ds
3
ng[k] E “Xj — Ky ]
g
= 0(?)
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Here we used the substitution s = Ao, and the last step uses Lemma 2.1. Again using
the same substitution we get that

1 € \2 s o 1 \/8logl/T 2 e
— e 27 e "N\ = — e 7e "ds
27 —e 2o —4/8logl/T

Note that for any u > 0,

/ eiSz/stg l/ 5-@732/2ds:le*“2/27

so we can bound

4
r
ds <

~ moy/8logl/T N

2
Calculating the Fourier transform of function of e~ 2 we get that

1
210 J|s|>\/Rlog 1/7

—its

o(7?). (2.11)

_s2
e e

1 2 it 1 _2
—_ e Te Mg = —— e t/2 (2.12)
210 J_ o V2ro
Combining (2.9), (2.10), (2.11), and (2.12) proves (2.3). This finishes the proof. O
3 Point Probabilities in the Tail
As is, Theorem 1.1 is only useful when |to| is not too large. Indeed, for large |¢, the

term ﬁe‘ﬁ/ 2 will typically be much smaller than the error term on the right hand
side of (1.1). We now show that if our variables satisfy the stronger property of being
strongly monotone, we may also obtain precise estimates for the point probabilities in
the tail by combining with the trick of exponential tilting.

Recall that we defined a real random variable X to be strongly monotone if Iy # {0}
and X, is monotone for each 6 € Ix. Here, Ix = {6 € R : E[¢?X] < oo} consisted of
those 6 for which the moment generating function of X is defined, and Xy was the

exponentially tilted random variable defined by Pr[Xy = t] = %ﬁfj]@m fort € Z.
Many commonly encountered random variables have the property of being strongly

monotone:

Lemma 3.1. Let X be Bernoulli, Y be geometric and Z be Poisson. Then X,Y and Z
are each strongly monotone.

Proof. We already saw that the classes of Bernoulli, geometric, and Poisson variables
consists of monotone variables. The result follows by calculating the point probabilities
of the tilted variables (when they exists) and observing that each class is closed under
exponential tilts. O

Now suppose X = Zje[k] X is a sum of independent random integer variables and
moreover that X is not almost surely equal to a constant. We are interested in estimates
for the probability Pr[X = ¢ for some t € Z. Let I; = {# € R : E[e?%i] < oo} and
I ={0 € R:E["*] < 0o} = Njel;. We note each I; and I are intervals containing 0.
We define® A = essinf X and B = esssup X. Let further v)x : I — R be the cumulant
generating function defined by ¢x : 6 +— log(E[e?X]). It is well known that ¢y is
strictly convex and infinitely often differentiable for # lying in the interior of I with

3Recall that the essential infimum and supremum of a random variable X are defined by ess inf X = sup{t :
Pr[X < t] =0} and esssup X = inf{¢ : Pr[X > t] = 0} which are values in R U {—o0, co}.
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PV (0) = EEP[Z*?:](] For ¢t € R, we define g(t) = supyc;(6t — 1x(0)). Now it is a standard
fact about the cumulant generating function that if I contains a non-empty open interval
(i.e., consists of more than a single point), then infgc; ¢y (6) = A and supy; ¢¥’x (0) = B.
If in particular A < t < B, there exists a 6, in the interior of I with ¢x (6y) = t. Moreover,
this 6y is unique since v x is strictly convex.

Now let (Y});e[x be independent random variables obtained by tilting each X; by 6y
as above. Let further Y = -, Vj. For s € Z, we define A, = {z € Z* : 21+ +2, = s}.
Then forany t € Z,

Pr[X Z H Pr[X

z€A: jE[k] z€A: jE[k]

_El

ot Pr[Y =14,

'_Zj

so Y is simply the variable obtained by tilting X by 6,. Moreover, by the choice of 6,

Pr[X = z]e??z  E[Xef%X ,
B[Y] = Z [E[eeojf] - ]':E[eeox}] = Ux(0o) =1

2EZ

Now the fact that E[Y] = ¢, suggests using Theorem 1.1 to estimate the probability that
Pr[Y = ¢|. Doing so, we immediately obtain the following result.

Theorem 3.2. Assume that X is strongly monotone and not almost surely equal to a
constant. Moreover assume that I # {0}. Let t be an integer with with A <t < B and 0
be the unique real in the interior of I having ¢’y (§) =t. Let Y be the exponential tilt of
X by 6. Then E[Y] =t and

Pr[X =] = E[::tx} <\/%GY +0 <ai>) : (3.1)

where o3, = Var[Y] and ny = 3=, E[[Y; — E[Y;]%].
Remark 3.3. We note that if either A = essinf X # —oco0 or B = esssup X # oo, then
[0,00) C I or (—o00,0] C I, respectively, and we can therefore always apply the exponential
tilt in the lemma. We moreover note that for ¢t < A and ¢ > B, it trivially holds that
Pr[X =t] = 0 and it is an easy exercise to show that

H Pr[X; = essinf X;], and Pr[X =B]= H Pr[X, = esssup X/,
J€lk] jelk]

whenever A # —oo and B # co. Even though the lemma does not provide estimates for
these probabilities, they are therefore usually easy to determine for concrete families of
random variables.

To apply Theorem 3.2, for X = ) ek X; a concrete sum of strongly monotone
random variables, say geometric variables, we would calculate ¥ x and find the unique ¢
with v’y (#) = t. We would then determine the tilted random variables (Y});cx. Typically
Y; comes from the same family of random variables as X}, e.g., an exponential tilt of
respectively a Bernoulli, geometric, and Poisson variable is again Bernoulli, geometric
and Poisson. We would then determine the quantities 7y and o2 and plug into (3.1).

Example 3.4. Let X =} .,  X;, where (X});cx) are independent Bernoulli variables
with Pr[X; = 1] = p;. We want to estimate Pr[X = ¢] for some 0 < ¢t < k — 1. For this,
we define 0, (Yj);cx) and Y as in Theorem 3.2. Then each Y; is again Bernoulli. If
Pr[Y; = 1] = ¢;, then E[|Y; —E[Y}]’] = ¢;(1—¢;)(¢} +(1-¢;)*) < Var[Y} so that 7y < 0%
Thus, the bound of (3.1) becomes

i o B 20(4))
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The bound on the error term can be shown to be asymptotically tight using known
results. We in particular note that if oy = w(1), the bound on Pr[X = ¢] is within a factor
of 1+ o(1) of the true value. Consider as a very simple example?, the case where the
Bernoulli variables (X;);c[x are identically distributed. Then the same holds for the
(Y})jex), and since E[Y] = ¢, we must have that 03 = ¢(1 — ¢/k). In particular, the bound
is within a factor of 1 + o(1) of the true value as long as w(1) <t < k — w(1).

Example 3.5. Let X = > ek X; be a sum of independent geometric variables such
that for some probabilities (p;);c(x and each s € Ny, Pr[X; = s] = p3(1 — p;). Let
p; = E[X;] = 15;7 for j € [k] and p = E[X]. Assume that p; = O(1) for j € [k]. We want
to estimate Pr[X = ¢ for some integer ¢ > 0 using Theorem 3.2, and we define 6, (Yj)jem
and Y accordingly. For simplicity, we will assume that ¢t = O(E[X]). By Lemma 3.1,
each Y; is again geometric, say with Pr[Y; = s] = ¢;(1 — ¢;) for s € INo. Moreover, since
E[X;] = O(1) for j € [k] and t = O(E[X]), it follows that also E[Y;] = O(1) for j € [k].
Now simple calculations yields that Var[Y;] = ©(E[Y;]) and E[|Y; — E[Y;][?] = O(E[Y;]).
Plugging into (3.1), we thus obtain that

PriX =t] = \/%JYE[:QX] (1 +0 (\/%» 7

where puy = E[Y] = ¢. In particular, the bound is within a factor of 1 4 o(1) of the true
value as long as t = w(1).
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