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Abstract A property of extension is studied for solutions of linear elliptic systems
of differential equations. We show that the dimension of the characteristic variety of
the system plays a key role in the problem.

Keywords Differential module - Characteristic variety - Elliptic module -
Determined and overdetermined modules

Mathematics Subject Classification (2010) 58J10 - 35N10 - 35A27

1 Introduction

According to the famous theorems of Hartogs and Osgood—Brown, any compact sin-
gularity (with no holes) of a holomorphic function of several variables is removable.
This fact can be viewed as a property of solutions of the Cauchy—Riemann system
of differential equations in a domain of the real space R?” where m > 1. This phe-
nomenon was extended by Ehrenpreis [8], who stated that a compact singularity is
always removable for any system of two equations with constant coefficients and rel-
atively prime symbols. It was shown in [15] that the automatic extension property of
solutions of a general system M of equations with constant coefficients is governed
by the modules Extk (M, D),k=1,2,....In particular, the equation Ext!(M,D) =0
guarantees the absence of a compact singularity. Vanishing of higher Ext implies re-
moving of some noncompact singularities, in particular for singularities supported by
a submanifold. Kawai [11] treated a special class of non-elliptic systems with real an-
alytic coefficients. He stated automatic extension of solutions through a submanifold
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of codimension > 1 in the class of hyperfunctions and in the class of real analytic
functions.

The theory of monogenic functions of quaternion variables was of permanent in-
terest as a non-commutative version of the theory of holomorphic functions. The
Hartogs phenomenon for monogenic functions is a special case of the theory [15] and
was addressed in several studies later. It was rediscovered by direct methods by Per-
tici [17], studied in more detail in [2], proved again by Adams, Berenstein, Loustau-
nau, Sabadini, Struppa [1], and once again by W. Wang [18, 19]. The Cauchy—Fueter
complexes and its variations were under study in the pioneering paper of Baston [4]
and later by Colombo, Soucek, and Struppa [6] and Bure§, Damiano, and Sabadini [5]
with a focus on the purely algebraic side.

The Hartogs phenomenon is not, however, limited by the theory of differential
equations with constant coefficients. Moreover, this property and its versions depend
rather on the dimension of the support of the corresponding differential module than
on a specific form of its resolution. The objective of this paper is to state the phe-
nomenon of compulsory extension for elliptic systems of linear partial differential
equations in an open set X C R” of a general form

P(x,0¢)u=0. (1)
Here 0, = (3/9x1,...,3/9x,), P ={p;;} is an arbitrary s x r-matrix differential
operator, u = (u1, ..., u,) are unknown functions, and numbers s and r are arbitrary.

We show that if the operator is elliptic in a proper meaning and its coefficients are real
analytic, then the Hartogs phenomenon has place if the dimension d of the character-
istic variety V is strictly less than n — 1 (just as for the case of the Cauchy—Riemann
system with m > 1). An exact statement is: Any solution of (1) defined in X \ U, (r)
has compulsory extension to X as a solution, where U, (r) is a ball with a center
x € X, the point x € X is arbitrary, and the radius » = r(x) is a positive continuous
function in X. For smaller d, a stronger statement holds (Theorem 16). In particular,
no closed C'-submanifold S of dimension s can be a support of a non-removable
singularity of a solution if s <n —d — 1. This is not the case fors =n —d — 1.

2 Regularity Conditions for a Differential Matrix

We impose a general condition of regularity on the matrix P which is close to the
form proposed by Malgrange [13]. Fix an arbitrary point x € X, and denote by O
the algebra of germs of analytic functions at the point x € R” and by D, the algebra
of differential operators in O,. Let P; = (pi1,..., pir), i = 1,...,s be rows of the
matrix P; consider a linear combination

Q(x,Bx)=zai(x,3x)Pi(x,3x) € Dy @
i=1

with some a; € Dy, where Q = (q1,...,¢r). We assume that there exist elements
b;eD,,i=1,...,s such that

Q(x,9,) = Y bi(x, ) Pi(x, dy) 3)
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and ordb; +ord p;; <ordg; foralli=1,...,s, j=1,...,r (orda means the order
of a differential operator a). In other words, there are no cancellations of higher-order
terms in the right-hand side of (3). This condition is not in fact restrictive since it can
always be satisfied if the matrix P is supplemented by several lines of the form (2).

Definition Fix some integers o1, ..., 0, and py, ..., p; (called shifts) such that
degpijfoi—pj, i=1,...,s;j=1,...,r.

The principal part of the system is the matrix P = {p;;}, where p;; is the sum of ho-
mogeneous terms of p;; of degree o; — p; (p;; = 0if there are no such terms). Substi-

tuting partial derivatives d/dx; with independent variables &;,i =1, ..., n, we obtain
homogeneous polynomials p;;(x, &) in & = (&1, ..., &,) with coefficients in O,. The
next condition is essential:

(*) For any point x € X and polynomials ry, ..., ry € C[&q, ..., &,] such that

> ni®)Pi(x,£) =0,

where P;(x, &) denotes the vector (p;1(x,&),...,pir(x,£&)), there exist functions
Ri,...,Rs; € O[&1, ..., &,] such that

Y Ri(y,EPi(y,6) =0

for y in a neighborhood of the point x such that R;(x,§) =r1;(§),i =1,...,s. This
condition needs to be checked only for a finite number of vectors (r1, ..., ) and it is

generic, that is, (¥) is always fulfilled in the complement to a nowhere-dense analytic
set [16].

Note that in the case r = s = 1, the condition (*) means only that the principal part
P of P does not vanish at x.

3 Differential Modules and Filtrations

Now we rearrange the above conditions in a more algebraic form. Again let x € R”
and D be the algebra of differential operators in R" with coefficients in the algebra
O of germs at x of analytic functions in R” (here and later we omit the subscript x).
The algebra D has natural filtration {Dy, k=0, 1, ...}, where Dy is the O-module of
differential operators a € D of order orda < k and Dy = O. The associated graded
module

D=grD =®;2,Dx/Di_1

is a commutative O-algebra. Fix a coordinate system x, ..., x,, in R”. The algebra
D is isomorphic to the graded algebra O[£&y, ..., &,], where the generator &; is repre-
sented by the operator d/dx;, i =1, ..., n. The algebra D ® 9 C is then isomorphic
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to the graded algebra of homogeneous polynomials in 7*(IR"). Fix a natural r and a
vector p = (py, ..., pr) € Z"; the increasing sequence of O-submodules

Df:{aeDr,ordp agk}, keZ

is called filtration generated by the shift vector p, where ord, a = ord,(ay,...,a,) =
max; orda; + p;. The graded vector space

D? Z@kD/f/le—l

is a module over the graded commutative algebra D. Let r, s be natural numbers; any
morphism of left D-modules P : D® — D" can be written in the form a — a P, where

an element a = (ay, ...,as) € D® is thought of as a row and P as an s X r-matrix
whose entries p;j, i =1,...,s, j=1,...,r are elements of D. Let o denote the
filtration in D* defined by a shift vector 0 = (o1, ..., 0s). The morphism P agrees

with the filtrations, if ord,(a P) < ord,a for any a € D*. This condition is equivalent
to the inequalities ord p;; < o; — p;. Let p;; be the sum of the terms of p;; of order
o; — pj. The matrix P = {p;;} is called the principal part of P with respect to the
filtrations generated by p and o. The operator P is called elliptic at a point x in the
sense of Douglis—Nirenberg [7] if rank P(x, £) = s for any real £ # 0.

Let M be a left D-module; suppose that M has an increasing filtration by O-
submodules My, k € Z, such that UMy = M and D; My C My, for any i and k.
Then we call M a filtered D-module. For a filtered module M, the direct sum

gr M =@ _ M/ M

has a natural structure of D-module.

Let M and N be filtered left (or right) D-modules. We say that a D-morphism
o : M — N agrees with the filtrations, if o (My) C Ny for k=0, 1,2, .... If o agrees
with filtrations, it generates a morphism of graded modules gro : gr M — gr N, and
the correspondence o — gro is a functor.

4 Complexes and Symbols

Let

oD &p L o

be an exact sequence of left D-modules. The morphisms P, Q, ... in (13) act by
right multiplication as above. Suppose that the modules in (4) are supplied with fil-

trations generated by some shift vectors p, o, 7, ..., and denote these modules by
..., D¥, D%, DP. We assume that the morphisms ..., Q, P agree with these filtra-
tions, which means ..., ordgj; < t; — oy, ord p;j < 0; — p; for entries of these ma-

trices. The sequence of graded D-modules is then well defined,

.>D" 2 pe B pr.
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Taking a tensor product over the algebra O, we get the complex

oD eC D oD g

of free graded modules over the commutative algebra A =D ® C = C[&y, ..., &,].
The set of maximal ideals in the algebra A is isomorphic to C”. For a maximal ideal
m in A we take a tensor product with the quotient algebra. This yields a complex of
C-vector spaces

> (D' (C)@AA/m%')' (D’ ® (C)®AA/ij> (D’ ® C) ®a A/m,

where ..., P, =P ® C®A/m. Because A/m = C, this complex can be written in a
simple form,

P(x,§)
—

s OB o P ¢, 5)

where & is the point in C" corresponding to the ideal m. Here, ..., Q(x, &), P(x, &)
are matrices whose entries are analytic functions of x and polynomial functions of £.

Definition We call (5) the principal symbol of (4). The complex (4) is called elliptic
in the sense of Douglis—Nirenberg if the symbol is exact at any real point & # 0.

5 Local Solvability

Let x e R", D = D,, and (4) be an exact sequence of left D-modules. Denote by
E the space of germs at x of C*°-functions defined in R”. This space has a natural
structure of left D-module. Applying the functor Homp (-, E) to (4) we obtain a
complex of vector spaces:

EleSE . (6)

where the matrices P, Q, ... act by left multiplication as in (1).
Theorem 1 If (4) is exact and elliptic, then the sequence (6) is exact.

The case of arbitrary operator P with constant coefficients is considered in Mal-
grange [12] and in [15]. For the case of analytic coefficients, this statement is es-
sentially due to Malgrange [14] who proved it for Newlander—Nirenberg’s operator
by reduction to the case of germs of analytic functions (the method coming from
the Hodge theory). A proof in the general case was done by Andreotti—-Nacinovich
[3] by the same method. For a special case, a quite different method was used by
Hormander [10].

We state here a quantitative version of this theorem. Let E be the sheaf of germs of
C*°-functions in R”. The space E(U) = I' (U, E) for any open U C IR" has a natural
Fréchet topology. Any s x r matrix P as in (1) defined in X generates for any open
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U C X a linear continuous operator P : E"(U) — E*(U). We denote its kernel by
Ep(U).

Fix a Euclidean structure in R”; for a point x € R” and a number r > 0 the notation
U, (r) means the r-neighborhood of x.

Theorem 2 Let D = Dy be the sheaf of germs of analytic differential operators in
an open set X C R" and (4) be an elliptic complex of filtered D-modules, then

A. There exists a continuous function ay in X such that for an arbitrary point x € X,
arbitrary 0 < r < 1, and arbitrary g € Eg(Ux(r)) there exists f € E"(Uyx(ayr))
such that

Pf=g (N

in Uy(ayr).
B. There exists a linear continuous operator sy , : Eg(Uy(r)) = E"(Ux(ayr)) that
provides a solution to (7).

Proof 1. We will construct a Laplace-like operator §2 for (4) and reduce the state-
ment to the case when §2g = 0. Because the morphisms agree with the filtrations, the
inequalities

ordq,-jftl-—aj, Ol‘dpij =0, —pj

are fulfilled, where Q = {g;;}, P = {p;;} are the entries of matrices Q and P. For
any differential operator A in X C R” with analytic coefficients, the formal adjoint
operator A* acts on smooth densities and on distributions with compact support in X:

/A*(v)u:/ VA ).
X X

Identifying a function u with the density udx, where dx is the Euclidean volume form
in R”, we make the adjoint operator a* acting on functions. It also has analytic coef-
ficients and (AB)* = B*A*. The Laplace operator A in R” is self-adjoint; we denote

A = —A. For anatural k and a vector w = (wy, ..., w) with natural coordinates, we
denote by A the diagonal k x k matrix (A®!, ..., A®). Set t = max(tq,..., ;) and
denote t +p=( +p1,...,t + pr), t — T =---. The differential operator

R=PATPP*+ AT Q" A'"TTQA°
is well defined in the sheaf E*.

Lemma 3 2 is an elliptic operator in the sense of Douglis—Nirenberg in X with the
shift vector equal to 2t + 20 = (2t + 207, ..., 2t + 20%).

We postpone a proof of this Lemma. Because §2 is elliptic, there exists a countable
family of local fundamental solutions E defined in open sets Dg such that X = UDg.
Take a fundamental solution E (Lemma 4), an arbitrary point x € Dg, and a number
r > 0 such that U, (r) C Dg. Choose a smooth cut function e with support in U, (r)



Hartogs Phenomenon for Systems of Differential Equations 673

that is equal to 1 in U, (r/2). Suppose that a function g € E* (U, (r)) fulfils Qg =0,
and set

ge=eg, h=Q"A"TQA°Eg.,  [f=A"""P'Eg,.
We have
Pf=PA""PP*Eg, = RQEg, — A°Q* A" "QA°Eg, = g, — A°h,

and see that the function f is a solution of (7) modulo a function A 4. On the other
hand,

Q]’l ZAO'Q*AI—TQAO'Q*AI—TQAO'Ege
:AUQ*Alf'L’QQEge:AUQ*Alf'L’Qg:O

in Uy (r/2) since P*Q* =0 and Q P = 0. It follows that the function 4 is analytic in
U, (r/2) since §2 is elliptic and has analytic coefficients.

Proof 2. We show that i has holomorphic continuation in a quantified complex
neighborhood Z, of the point x.

Lemma 4 Let A be an m x m matrix differential operator with analytic coefficients
in an open set X C R”" that is elliptic in the sense of Douglis—Nirenberg. Then there
exist positive continuous functions r =r(q), s = s(q) in X and for any q € X a fun-
damental solution E = E(x, u) defined in U, (r) x Uy (r) that admits a holomorphic
extension E(z, w) in the domain

Z={Z=x+ly,w=u+lv, s|y—v|§|x—u|<r}. ®)

Moreover, ¢ E defines a bounded operator in L(U,(r)) — L2(R") for any test func-
tion ¢ with support in Uy (r).

Proof We apply the method of E. Levi. According to the assumption, A defines a
map A : D™ — D™ that agrees with filtrations D and D” in D generated by some
shift vectors p and o. Let A(x, D) be the principal part of this operator, that is,
A = {a;;}, where a;; is the homogeneous part of a;; of order o; — p;. The princi-
pal symbol A(x, &) is elliptic for any x € X, which implies that the scalar operator
detA(x, &) is elliptic. The elliptic operator A,(dy) = A(g, dx) with constant coeffi-
cients possesses a fundamental solution E, (x, y) = E,(x —y) in R", and the function
E;(x) has a holomorphic extension E,(z) to a neighborhood of R"\{0} of the form
{z € C"; |Imz| < s4|Rez|}, where the constant s4 is determined from the condition
detAy (& +1n) # 0 for |n] < sal&|, where A, (¢) is the symbol of A,. Such a funda-
mental solution can be written as the Fourier—Laplace integral of A;l (¢) taken over
an n-cycle in C” that coincides with R” up to a compact subset. Choose a number
r such that U, (2r) C X and take a test function ¢ in U that is equal to 1 in Uy, (r).
Consider an operator series

E=E,Y F'  F=¢(A-A)E,, )
k=0
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where we set F' = 0in R"\U, (r). Let ¢;; be the m x m matrix whose entry equals 1 in
the ij-place and O otherwise, and let b be a differential operator in R” with constant
coefficients such that ordb < o; — p;. The operator be;; defines a map D’ — D”
which agrees with filtrations. This yields that the composition be;; E, is a bounded
operator in L (R")*. We have

,
A—Ag= ) Bijbijeij,

ij=1

where for all i, j, ordb;; < o0; — p; and B;;(z) are analytic functions that vanish for
x =gq. Thenorm N = ||¢(A — A,) E,|| can be made smaller than 1/2 if we take r =
r(q) sufficiently small, and the series (9) converges as an operator in Ly (U, (r))" —
L>(U,(2r))™. Moreover, we have

I Ell <21y Eqll < 00

for any test function v since the kernel E; has weak singularity. It is easy to check
that AE =id in U, (7). The kernel E(x, u) is real analytic in U, (r) x U, (r) out of
the diagonal since the operator A is elliptic. Moreover, it has a holomorphic extension
to the domain (8) with s(g) = s4,/2 due to Hérmander [9], Theorem 5.3.3.

Lemma S For an arbitrary point g € X and arbitrary r < r(q), any solution f of
the equation Af =0 in the ball U, (r) has a unique holomorphic extension to the
ball Z,(p) C C* with the center q and radius p = s(q)r, where r(q) and s(q) are
the functions as in the previous lemma.

Proof Choose a test function e supported in Uy () that is equal to 1 in U, (r/2), and
evaluate the solution f in U, (r/2) by means of the integral

fx) :/ A*(u, 3y)e(u) f(u)E(x, u)du.
RVI

We can now move the point x to an arbitrary point z = x +1y such that |y| < s(g)r/2.
The function E(z, ) is holomorphic, since the support of the integrand is contained
in Uy (r)\Uy(r/2), hence |x — u| > r/2. This gives a holomorphic extension of f to
the ball Z, (s(g)r/2).

Thus the function # as above has holomorphic extension to the ball Z,(b,r),
where b, = s(x)/2. This construction has the property B with any r < dist(x, 9 Dg)
and a positive continuous function by = bg , < 1 defined in the domain Dg. Take
the maximum a, = max{bg ,8g(x),x € Dg}, where 6 (x) = min{dist(x, 0 Dg), 1}
for x € Dg and §g(x) =0 for x € X\ Dg, over the family of all fundamental solu-
tions E constructed by means of Lemma 4. The function a, is continuous in X, and
ay < bg x for any x € X and some E, hence the function ay fulfils A and B.

Proof 3. Now it is sufficient to prove the statements of Theorem 2 for the sheaf H
of germs of analytic functions in R". A construction of a solution to (7) in the space
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of germs of analytic functions can be done by the method of [16] that guarantees the
properties A, B in terms of balls Z, (r) in C". Il

Proof 4. Proof of Lemma 3. We have

ord(PA’“L”P*)[./. < m]?x(ord pik +ord A"t 4+ ord p i)

sm]?x(a,-—,ok+2,ok+2t+oj—pk)=0i+oj+2t.

The same inequality holds for the matrix A% Q* A’~* Q A° and for £2. The principal
symbol £2(z, &) of £2 with respect to the shift vector 2¢ + 20 is equal to

2 =PR"PP* + R7Q*R'7QR7,

where R” means the symbol of the operator A®. We will check that det £2(z, &) #0
as £ € R"\{0}. If it is not the case for a point &, then there exists a non-zero vector
v € R® such that £2(z, £)v = 0. Define the coordinate scalar product (,) in R and
write

0=(2(x,&v, v)=(PR""P*v, v) + (R"Q*R'"*QR v, v)

_ (R(H’O)/ZP*U, R(t+p)/2P*U) + (R(tft)/2+an, R(tfr)/2+an>’

where R®/? means a diagonal matrix with the positive diagonal terms +/R%i, i =
1,..., k. Both terms in the right-hand side are non-negative, hence vanish. This yields

P*(x,&)v =0, Q(x,&v=0. (10)

By Proposition 12, the sequence of symbols (5) is exact at any real point (x, £), & # 0.
Therefore, the first equation (10) implies that v = Q*(x, &) w for some vector w € R?.
By the second equation (10) we find 0 = (Q(x, £)v, w) = (v, v), that is, v = 0. This
contradicts the assumption and completes the proof. g

Corollary 6 For any x € X and r < 1 there exist linear continuous operators R, :
E(U,(r)) — E" (U, (a;’r)) and X, : E'(U«(r)) = E*(U, (a;’r)) such that

(PR, +2,0)g=¢ 1D
for any g € E*(Uy(1)).
Proof Write (4) with two more terms,
s p EprEp S p L pr
and apply the functor Homp (-, E):

LS RS
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Here P, O, R, S, ... are linear operators as in (6). By Theorem 2 applied to these
terms, there exist linear continuous operators

Or . EQ(UX(I’)) - Er(Ux(axr)), Or . ER(Ux(V)) - ES(Ux(axr))
T : Es(Ux(r)) = E"(Ux(axr))

with the properties Pp, f = f, Qo,g = g, Rt,h = h in Uy (a,r). We have Q(g —
0,0g) =0 for any g € E*(Ux(r)). Therefore, we can set R, g = p,2,(g — 04r 08)
and similarly X4 = o4, (h — 7. Rh). We now have for any g € ES (U, (1)),

(PR, + X, Q)g = PpaZr(g —04r08) + 04 (08 —-RQZ)
=g —04 08 +04s,08=¢g
and (11) follows. O

6 Solutions with Compact Support

Let X be an open set in R"; the topological dual space E*(X) to E(X) is identi-
fied with the space of distributions in R” with compact support contained in X. An
arbitrary differential s x r matrix P in U with analytic coefficients defines a contin-
uous operator P : E"(X) — E*(X) and the adjoint operator P* : E*(X)* — E*(X)"
which acts by

Pio=v, yw)=¢(Pu), ¢€E (X)', uecE(X).

For any complex (4) of left Dx-modules defined in an open set X C R” and any open
set U C X, the sequence

s EBW)'S ey S oy
is a complex of vector spaces.

Theorem 7 If (4) is an elliptic complex in an open set X C R", then for any point

xeXandanyr,0<r <1,

C. The kernel of P* : E*(Ux(cyxr))* — E*(Uyx(cxr))" is contained in the image of
Q* 1 E*(Ux(r))' — E*(Ux(r))*.

D. A function a € E*(Uy(cyr))" is equal to P*B for some B € E*(U,(r))* if and
only if a(u) =0 for any u € Ep(Ux(cyx1)), where ¢y = ai and ay is the function as
in Theorem 2.

Proof Dualizing (11), we get
RiPfa+ Q*Xfa=u

for an arbitrary o € E*(Ux(cr))®. If o P = 0, this equation yields « = Q8, where
B =2} a € E*(U(r)) . This proves statement C.
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Check D. If « = P*B, then u(a) = Pu(B) = 0. Vice versa, let u(a) = 0 for any
u € Ep(Ux(cr)). The distribution 8 = o — P*R« fulfils v(8) = w(e), where w =
v — R, Pv for an arbitrary v € E* (U, (r)). We have w € E*(Ux(cr)) and Pw = (P —
PR P)v = 0 because of (11). Therefore, w(x) = 0; hence, v(8) = 0, which yields
B=0and o = P*y, y =R}a. O

7 Resolutions

Now we take a more invariant point of view on systems like (1).

Definition [13] Let D = D, for some x € R", M be a filtered left D-module, and
gr M = ®rezMy/Mi—1

the corresponding graded D-module. We assume that

(i) the D-module gr M is finitely generated,
(i) the O-module gr M is free.

Definition Let M be a left D-module satisfying (i). The product grM ®o C is a
module of finite type over the polynomial algebra A =D ® C =Z C[§y, ..., &,]. The
characteristic set of M is by definition the support of V = V(M) in the support of
the A-module gr M ®o C. The set V is an algebraic cone in the set C" of maximal
ideals of the algebra A. Any point £ € V generates a multiplicative functional u :
grM ®p C — C such that u(am) = a(§)u(m) for arbitrary a e A, m € grM ®¢ C
(and vice versa).

We call M elliptic if the characteristic variety V (M) contains no real point & # 0.

Remark 1t is easy to check that the condition (ii) for M = Cok P : D? — D” is
equivalent to (*) for P. The characteristic set V' of this module coincides with the set
{€ € C"; rank P(x, &) < s}.

Definition Let o : E — F be a morphism of filtered D-modules. It is called strict if
it agrees with the filtrations and «(Ey) = «(E) N Fy, k € Z.

Proposition 8 Let

ESFLG (12)
be a complex of morphisms of filtered vector spaces. If Kergr B = Imgro, the com-
plex (12) is exact and « is strict.

Proof Let B(f) = 0 for an element f € F. We have f € F; for some k and
gr B(f) = 0. By the condition there is an element ¢ € Ej such that gra(ex) = gr f,
that is, f — a(ex) € Fr—1. The element g = f — a(eg) is contained in Kerp,
we repeat the above arguments with & replaced by &k — 1 and obtain an element
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er—1 € Ex_1 such that f’ — a(ex—1) € Fx—» and so on. Finally we get f = a(e),
where « = o + a1+ --- € Ej. O

Proposition 9 If the complex (12) is exact, o and B are strict, then Kergrff =
Imgro.

Proof We have gr 8 gra = 0. Show that Kergr § C Im gro. Take an element f € Fy =
Fi/Fir—1 such that gr B(f) = 0. Let f € F; be an element of the class f. We have
B(f) € Gxk—1 and B(f) € B(Fy—1) since B is strict, that is B(f — g) = 0 for an ele-
ment g € Fy_;. We have f — g = a(e), e € E, since (12) is exact and a(e) = a(e)
for some e € Ey, since « is strict. This yields f = gra(e), where e is the class of e. U

Let M be a filtered left D-module and

oD 8D EDr A Mo (13)

be a strict exact sequence of filtered left D-modules. The complex of D-modules
r Q. s P Ed
o> D'SD 5D S grM—0 (14)

is then well defined where all morphisms have degree 0. We call (14) the principal
part of (13).

Proposition 10 If a left D-module M fulfils (i), then for any point x € X there exist
a neighborhood U of x and a resolution of the graded module gr M.

Proof The product gr M ® o C is a module over the polynomial algebra A =D ® C.
Construct a strict resolution of this module of the form

D' RCED eCE D RCE g M®C— 0. (15)

By (i) there exists a surjective morphism 7 : D'0 — gr M. We choose a shift vec-
tor p = (o1, ..., Pry), Where p; =ordma(e;), i =1,...,r for the standard gener-
ators ey, ..., ey, of the module D' and introduce the filtration D” in this module.
The morphism 7 : D? — gr M has degree 0 and generates A-morphism 7 : A? —
gr M ® C. Because the algebra A is Noetherian, the submodule Kerma is generated

by some homogeneous elements py, ..., py,. Let Py : A"t — A’ be the morphism
such that Po(e}) =p;,i =1,..., r; for the standard generators ¢}, .. ., e;l of A"t Set
o =(o1,...,0p), Where o; = ord,p;, and introduce the corresponding filtration D?

in D"'. The morphism Py is homogeneous of degree 0 and ImPp = Kermwa. We can
apply the same arguments to Ker Py and choose morphism Qp, and so on.

By (ii) all the n morphisms Pa, Qa, ... have extensions to some D-morphisms
P,Q, ... such that the sequence (14) is a complex and P ® C =P, Q ® C =
Qa, . ... It can be shown by standard homological arguments since the O-modules
grM,DP D7, ... are flat. By Nakayama’s lemma, exactness of (15) implies exact-
ness of (14). O
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Proposition 11 For any free graded resolution (14) there exists a free strict resolu-
tion (13) of M such that (14) is the principal part of (13).

Proof Foranyi =1, ...,rg,choose an element m; € M,, whose image in M, /M, 1
is equal to w(e;), and define a D-morphism 7 : D' — M such that 7 (e;) = m;,
i =1,...,r9. This morphism agrees with the p-filtration in D™ and filtration in M;
it is surjective, because so is 7. Next we lift P to a D-morphism Py : D° — DP”.
For any standard generator ¢, of D7, the row py = P(e;) € D” satisfies mpx = 0,
which means 7py € My, _1, k =1,...,r1. Because of the exactness of (14), there
exists an element g; € D' such that ordgy = px — 1 and 7 (gx) = wpr. We have
7 (pk — gx) € My, —> and so on up to filtration —1. Finally, we collect the lines
pk—qk—q,’c—-u,k: 1,...,r; in amatrix P of size ro x r1 and have w P = 0. The
principal part of the line P (e;) is equal to py, that is, the principal part of P is P. By
Proposition 8, P is strict and Im P = Kerx.

The image of the composition PQ : D2 — D'0 is contained in Kerw and
ord, PQ(¢”) < ord.e” for each standard generator ¢” of D"2. Because Kerw =ImP,
there exists an element ¢; € D"! such that ord, ¢; = ord, PQ(e”) and PQ(e”) = Pq;
up to a term of filtration < ord,q;. We make a matrix Q1 : D'? — D! from the lines
Q1(e") = q1, where ¢” runs over the set of generators of D"2. Consider the composi-
tion P(Q— Q1) : D" — D’0. We now have ord, P(Q — Q1)(¢") < ord, PQ(e”) and
can find an element g» € D" such that ord, g2 = ord, P(Q — Q1)(e”) up to a term of
filtration < ord g,. Define a matrix Q2 by Q»(¢”) = g» for the set of standard gener-
ators e”, then consider the matrix Q — Q1 — Q», and so on. This series is finite since

- <ordyqy < ordyq| <ord;e”. Weset 0 =Q— Q1 — Qy —---. By Proposition 8,
P is strict and Im Q = Ker P. We construct a matrix R such that Im R = KerQ in a
similar way, and so on. g

Proposition 12 If M is an elliptic module, then any strict resolution (13) of M is
elliptic.

Proof Consider A =D ® C as a non-graded algebra; it is a polynomial with the
spectrum C". Take an arbitrary real point & # 0 of the spectrum; let m be the corre-
sponding maximal ideal in A. All the terms of (15) except for the right one are free
over A and

Tor*(grM ® C, A/m) =0,

since (grM ® C) ®a A/m = 0 because & does not belong to the characteristic set of
grM ® C. Therefore, tensoring (15) by A-module A/m, we get the exact sequence

; P(x,
D RCOAA/M ST D @ CorA/m S D @ Cor A/m— 0,
which proves ellipticity of (13). O
8 Key Lemma

Let M be a filtered D-module. The set Homp (M, D) of D-morphisms  : M —
D has a natural structure of two-side D-module since D has such a structure. It
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possesses the dual filtration p* such that ord,+(h) = k if h(M;) C D;yx for any i.
In particular, Hom(D?”, D) = D", where D™" is a free D-module of the same rank
as DP with the shift vector —p. Any morphism of left D-modules P : D° — D?
generates the dual morphism

P'=Hom(P,D): D" — D%, h+ Ph,

where we interpret an element 2 € D™” as a column. The map P’ is a morphism of
right D-modules.
Fix a point x € R". Let

R:-..> D2 B por B pr g (16)
be a strict resolution of a left D-module M, where pg, o1, p2,... are some shift

vectors. The complex Homp (R, D) looks like

/ /

— PO — Pl — — P/é*l —
0D P SD P SDP s ... 5 D P S DTPE L (17)

where D7 is a free right D-module of the same rank r; as D” and all morphisms
agree with the filtrations and P’ means left multiplication of a column by a matrix P.
It is a complex of right D-modules.

Lemma 13 If a left D-module M satisfies (i, ii), then the sequence (17) is exact at
the terms D™P% withk =0, ..., m — 1, where m =n — dim¢cV(M).

Proof The principal part of (17) is the complex of modules over the graded commu-
tative algebra D:

/

P P;(_l
0D I3D P 5 ... 5D P1 Slp=o ... ,

which is equal to Homp (R, D), where R is the principal part of (16). Let IT be the
trunk of this complex up to the morphism P/, . We are going to show that IT is
exact. By Proposition 9, R is a resolution of gr M. By condition (ii), the complex
R ® C is a resolution of gr M ® C over the polynomial algebra A =D ® C, where
® = ®o. This yields

H*(IT®C) = H*(HomaR® C, A)) ZExt'(grM ® C,A), k<m. (18)

The right-hand side of (18) vanishes for k < m, by virtue of [15, Corollary 1, §13],
which means that the complex /T ® C is acyclic. By definition, for any shift vector
w we have D = @;D{, where DY is an O-module of homogeneous elements of
grading i and D* ® C = @;D{ ® C, where D{ ® C is a finite dimensional space.
Therefore,

1 =&I11;, neC=ell; ®C,

where I7; is a complex of free O-modules of finite type. As we know, the complex
IT; ® C is acyclic. By Nakayama’s lemma, the complex I7; is also acyclic and the
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same true for the complex I7. By Proposition 8 the complex (17) is acyclic in degrees
k < m and the morphisms P, ..., P, | are strict. dJ

Corollary 14 The complex (17) is elliptic in any degree k < m.

Proof Take an arbitrary real point £ # 0 and check that the complex IT ® A/m is
acyclic, where m is the corresponding maximal ideal of the algebra A. We have
H*(IT @ A/m) = H*(IT) ® A/m, since A-module I7 is flat. This implies the first
statement, since H*(/7) =0 by Lemma 13. O

9 Extension of Solutions of Overdetermined Systems

Definition Let M be a left D-module with good filtration that fulfills the condi-
tion (i). The characteristic set V = V (grM) is an algebraic cone in C". We say that
M is underdetermined if V = C, determined if dimcV < n, and overdetermined if
dimcV <n —1.

Now let D = Dy be the sheaf of germs of analytic differential operators in an open
set X and M be a filtered left D-module. We say that M fulfills the conditions (i, ii)
is called elliptic, overdetermined, etc., if so are M in any point x € X. Suppose that
M can be included in a strict exact sequence of filtered left D-modules

p° Epr i moo, (19)

where D?, DP denote some filtrations in free left D-modules defined as in Section
3 and the filtration in M is the image of the filtration in D? : M = n(Df ), keZ.
Here P is a matrix differential operator as in (1) with analytic coefficients defined in
an open set X C R". It acts as a morphism of left D-modules: a — a P.

Proposition 15 For any compact set K C X, the sequence (19) can be extended to a
strict exact complex of D-sheaves

oD L B pr X oo (20)

defined in a neighborhood of K where ..., DT are filtered free D-sheaves of the same
type.

Proof Let Dy be the sheaf in X whose stalks are the algebras D and D$ be the graded
D x-sheaf where w is an arbitrary shift vector. Consider the sequence of graded D y-
modules

D‘)’(—P>D’;(—n>gr/\/l—>0

generated by (19). It is exact since of Proposition 9. For k =0, 1,2, ... we consider
O-sheaf (KerP); : (D$)x — (Df()k. It is a coherent analytic sheaf in the real do-
main X. Let L be a compact set in X such that K € L. By the classical theory of
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coherent sheaves the sheaf (KerP); is generated in each point x € L by a finite set
Sk of its sections. The total set S = U;S; generates Dy-sheaf KerP, : D] — D? at
each point x € L. On the other hand, for any point x there is a finite subset qx C S
that generates the stalk (KerP), since the algebra D, is Noetherian. Obviously the
set q, generates the sheaf KerP also in a neighborhood of x. Therefore there is a
finite set /' C L such that the union q;, = U{qy, x € F} generates the D-sheaf Ker P
at each point x € L. Let D’X be a free D-sheaf with generators ey, ..., ¢;. Consider a
D x-morphism Q : DIX — D% such that q; = Q(e;), j=1,...,t are all elements of
the set qz . Define a filtration Dg( in DtX by means of a shift vector t = (71, ..., 1;),
where 7; =degq;, j =1,...,t. The morphism Q : D* — D’ agrees with the filtra-
tions and Im Q = KerP. Next we consider the restriction Q7 of Q to L and repeat
these arguments for the D-sheaf KerQ; and so on. We obtain in this way an exact
sequence of Dy-sheaves

RY X
8D & pg Bt Z My 0

defined in a neighborhood Y of K. Then we construct a strict exact sequence (20) by
means of arguments of Propositions 10. g

Let M be a filtered left D-module as in (20) such that the stalk M, fulfils the
conditions (i, ii). We set

dimy M = m)?x dime¢ V(gr M, ® C).

Note that the function x > dim¢ V(gr M, ® C) is locally constant in X. This follows
from (ii).

Theorem 16 Let M be a left D-module as in (20) that is elliptic and overdetermined
(which implies dimxy M <n —2). Let Y be a relatively compact subset of X and S
be a closed C'-submanifold of Y of dimension d = n — 2 — dimx M. There exists
an open neighborhood V of S such that any solution u of (1) in Y\V has a unique
extension in X as a solution.

Example 1 Let d = 0, then the statement tells that for any point x € X there exists
a compact neighborhood K, C X such that arbitrary solution defined in X \ K is
uniquely extended to a solution in X. If the module M is not overdetermined, then
solutions of (1) in X \ K may have non-removable singularity in K, as e.g. a funda-
mental solution of a scalar operator of P.

Proof of Theorem Introduce an Euclidean structure in R”.

Lemma 17 There exist positive constants b < ¢ < 1 that depends only on K such
that for an arbitrary subspace Z in R" of dimension d and arbitrary open balls Y (r)
and Z(s) of radius r in Y = zZ+, respectively in Z of radii r,s <1, cr <s such that
Y(r) x Z(s) C K an arbitrary solution u of M defined in the set Y (r)\Y (br) x Z(s)
has a unique extension to Y (r) x Z(s) as a solution of M.
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Here and later we denote by Y (') the ball with the same center as Y (r); notation
Z(s") has a similar meaning. To prove the Theorem we take for an arbitrary point
xo € S the tangent subspace Z to S at xo and set ¥ = Z+. In the case d = 0 we
take Z =0, Y =R". Choose a positive number r such that Y (r)\Y (br) x Z(cr) C
X\S. This choice is possible since S is contained in o(r)-neighborhood of Z. By
Lemma 17 any solution u can be extended to the set Y (r) x Z(cr). This set contains
a neighborhood of xp. We take for V' the union of these neighborhoods for all xg € S
and complete the proof of Theorem. |

Proof of Lemma 17 Choose some positive numbers rg, so < 1 such that Y (rg) x
Z(sp) € X; we may assume that ro = 1,590 = ¢ by coordinate rescaling. Set b =
cdtl o= infy ¢ /4, where ¢, is the function as in Lemma 14. Choose a coordinate
system (y, z) in ¥ x Z such that the centers of Y (r) and Z(r) are in the origins.
Take a smooth function e in Y with support in Y (2b) such that e =11in Y (b + ¢)
and set vo(x) = Po(e(y)u(x)), the function vg is extended by zero to Y (b) x Z(c).
Take a convex polytope IT C Z(c)\Z(c/2); let Fy,a € N be its faces. Let Ni be the
subset of N of faces F, of dimension k =0, 1,...,dim Z; the face IT is the only
one of dimension d = dim Z. The notation «; always will mean that oy € Ny. We
suppose that each face Fy, of dimension k < d is a simplex and the inequality holds

2b < diam F,, <3b 1)

for each 1-face. We call k-flag any sequence A = (o, ¥k+1, ..., ®g—1) such that
Fo C Fyyyy C--- C Fy, . For aset G C Z and a positive ¢ we denote by (G),
the open e-neighborhood of G.

Take a smooth function fy in Z with compact support in (I7), such that fy =1
in I1. For an arbitrary k < d and oy € Ny we choose a smooth function f,, that
fulfils

L. supp fo, C (Foy)p/c and
IL ), fo =1in (Uy Fo )b

Take an arbitrary k-flag A = (o, otk+1, - - .) and define the function

UA:Pd—k+l(fak"'P2(fad,1pl(f()v0))"')9 (22)

where Py, ..., P;41 are differential operators as in (17) (strokes are omitted).

Lemma 18 II1. The function va is supported by (Fg,)p.
IV. For any k + 1-flag B we have

Z Voy,B = 07

oy

where the sum is taken for all k-flags that contain B.

Proof of Lemma Statement III follows from I and equation IV follows from II:

Z Vo, B = Pa—k+1 Z JovB = Pa—k+1v5=0.
0778 273
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For any 1-flag A = (a1, ...) we have vq = vy 4 + vg,,.4, Where ag, Bo € Ny are
the vertices of the face Fy, hence (ap, A) and (By, A) are O-flags. By III we have
SUPP Vo, 4 € (Fuy)p and similarly for vg, 4. the left inequality (21) implies that the
supports of the distributions vy, 4 and vg, 4 are disjoint. The formula (22) yields
Pyy1Vgy, 4 = Pay1vg,,4 = 0 hence by Lemma 14 there exist solutions to the equa-
tions

Vg, A = Paweg, 4, Vgy, 4 = Pawg,, A (23)

with compact supports supp wyy, 4 € (Fug)b/ae, SUPPWey, 4 € (Fy)pj2c. Set wa =
Wap, A + Wpy, 4 and have Pyjwa = va. By (21) for any ag, supp wey, 4 € (Fo;)p/2c C
(F)3b+b/2c C (F)pje since 3b +b/2c <b/c. By IV we have

E Vog,a1,B = E Vay,B = 07
QQ,] o

where the sum is taken over all flags that contain the 2-flag B = (a3, @3, .. .). There-
fore we can assume that also

D Wapa.B= Y Way.p=0. (24)

0,0 o]

Define v/y = va — ) wpa for any 1-flag A. By (21) we have supp vy € (Fy,)p/c
for any 1-flag A and an arbitrary vertex Fy, of the face Fy,. Due to (23) we have
Pyv), =0, hence by Lemma 14 there exists a solution w4 to Py_jws = v/ with
compact support in (Fe)y o02- Set for any 2-flag B

/
Up =UB — E Wy, B>
o

where the sum is taken over all 1-flags that contains the flag B. We have suppvy €
(Fao)b/cz. By (24) and II we have

Py 1vg="Pa_1 ) (fuV8—We.8) = Y (va— Pa1wa) =) We 5=0.

31 BCA 31

By Lemma 14 we can solve the equation Py_rwp = vg for a function w}i with com-
pact support in (Fy,),, 5.3 under the condition

D War,c =0
o

for any 3-flag C. Set

/
UC =vCc — Z waz,c

and have P;_»v, = 0 for any 3-flag C. Continuing arguing in this way d — 1 time,

we get the function
vy =V — Z Way s

o1
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where suppwg, ;| € (Fao)b/cd—l and P v6 = 0. We have supp v(/) € Y(2c) x Z(c) and
vy =vo in ¥ x Z(c). We apply again Lemma 14 and find a solution to the equation
Pywg = v(/) with compact support in Y (1/2) x Z(c/2). We have Pywo = foPo(eu)
in Y(1/2) x Z(c/2). Because fo=11in Y x IT we have Py(eu — wo) = 0, hence
Py((1—e)u+wp) =0in Y x I1. The function U = (1 — e)u + wy fulfils the equation
PyU =0 and coincides with u in Y (1)\Y (1/2) x Z(c/2). By uniqueness of analytic
continuation we have U = u in Y (1)\Y (¢) x Z(c). O

Example 2 The statement of Theorem 16 does not hold in general for dim S =
dimy M + 1. Let R =Y @ Z, where Z is spanned by the coordinates xi, ..., xg.
Consider the D-module M = D/(po, p1, ..., pa), Where

p0=p0(axd+|a--~,ax,l)’ piza)([’izla"'ada

where pg is an elliptic operator with constant coefficients in Y. It is an elliptic mod-
ule and V(grMy) ={(x,8);§1 =+-- =84 =po(€d+1. ..., §) = 0} for any x € R".
Dimension of this characteristic manifold is equal to n — d — 1 however there is no
compulsory extension for solutions of M from R"\Z on R” since any fundamental
solution E of pg considered as a function in R" has singularity in Z.

10 Moments Condition for Extension

If M is not a overdetermined module, then a solution u of M in a domain U\ K may
have non removable singularity on K (Example 1). A necessary condition for a solu-
tion u to have an extension to U as a solution is vanishing of some momenta. Fix a
smooth density ¢ with support in an open set V C U such that ¢ = dx in a neighbor-
hood of K, take an arbitrary solution v of P*v = 0 defined in a neighborhood V of
K such that supp V¢ € V\K and consider the integral

/ uP*(v). 25)
U\K

Note that if # has extension to U as solution of M, we can integrate in (25) by parts
and get the equation [ ¢v P (u) = 0. We state an inverse implication:

Theorem 19 Let M be an elliptic D-module in X and c, be the function in X as
in Theorem 7. Let x € X, 0 <r <cy, Uy = Uy (r), Vy = Uy (cyr) and K C Vy be a
compact set without holes. Then an arbitrary solution of Pu = 0 defined in Uy\K
has a unique extension to Uy as a solution provided the integral (25) vanishes for any
smooth solution v of P*v =0 in V.

Proof We may assume that supp¢ C Vy and ¢(x) = dx in a neighborhood W of
K. Take a smooth function ¢ in R” supported in W that is equal to 1 in a neigh-
borhood Wy of K. The function P(eu) is supported in W and vanishes in Wj. Set
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o = P(eu)dx in V,\K and ¢ =0 in K. We have o € E*(V,)® and for any solution
w of the equation P'w =01in V,

a(w):/ P(eu)wdx:/euP*(wdx):/uP*(¢w)
VA\K

since the distribution P*(¢w) is supported in Vy\W. By the assumption the right-
hand side vanishes for any w. By Theorem 7 D there exists a distribution 8 €
E*(Uy)" such that PB = «, thatis Pu’ =0 in U,, where u’ = eu — B. The functions
u and u’ coincide in U, \ supp e U supp 8 and are analytic in U\ K, hence u’ = u in
K since K has no holes. O
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