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CrossMark
Abstract
The paper contains new reconstruction formulas for a function on 3D space
from data of its cone integrals with fixed opening and integrable weight. In the
case of cone integrals with the (non integrable) weight modelling photometric
law, a reconstruction is obtained for the non redundant data of cones with the
apex running on a curve.
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1. Introduction

One of the methods of the Compton tomography is based on the count of single-scattered
photons on electrons with specific incident and outcome energies. The scattering angle 0 is
characterized by the Compton formula

Ase — Ain = Al (1 — cos ),

where i, = hc/E, , A\ = hc/E_, are the wavelengths of a photon before and after scatter-
ing, and A\ = h/m,c is the Compton wavelength of an electron in rest. The Compton shift
Ase — Ain 18 measured by the electronically collimated Compton camera which provides the
number of photons scattered at a specific angle #. This data is modeled by the integral of the
gamma source distribution over the cone of rotation whose half-opening is 6.

This method provides multiple views of the object which can be considered as a Radon-
type cone transform of the photon source distribution. Cree and Bones [7] proposed recon-
struction formulae from data of the regular cone transform on 3D space with apices restricted
to a plane orthogonal to the axis and all openings. Analytic reconstructions from the cone
transform with restricted apex were obtained by Nguyen and Truong [9], Smith [10],Nguyen,
Truong, Grangeat [11], Maxim ef al [12], Maxim [13], Haltmeier [14], Terzioglu [17], Moon
[19], Jung and Moon [18] gave inversion formulae for cone transform on the space of arbitrary
dimension 7. In [18] a scheme was proposed for collecting non redundant data from a line of
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detectors and rotating axis. Basko ef al [8] proposed a numerical method based on developing
the unknown function into spherical harmonics from cone integrals with swinging axis and
only one opening. Gouia-Zarrad and Ambartsoumian [15, 16] found the reconstruction form-
ula for the regular cone transform on a half-space with free apex and one opening.

This paper contains new reconstruction formulas for reconstruction of an unknown density
function on the half-space from its weighted integrals over cones with constant axis and apex
running the half-space. In the regular case (the weight density is integrable over the cone) the
cone transform is the convolution with a distribution supported by the cone. Our reconstruc-
tion is given in terms of the cone transform with another weight. We note a connection of the
regular cone transforms with the fundamental solution of the wave operator. This approach
does not work when the weight density is not integrable. Then the cone integral data can not
be collected for all positions of the apex. A more complicated reconstruction method is pro-
posed from data of cone integrals with apices running a 1D set. Here we apply the inversion
formula for the nongeodesic Funk transform.

2. Cone integral transforms

The cone of rotation in an Euclidean space E" can be written in the form

C(A):{ern;Axlzr},A>o,r:\/m

in the appropriate coordinate system. The line » = 0 is the axis and A = tan, 0 < 6 < 7/2
is the half-opening of the cone. The integral operator

g(y) = / f(y+x)w(x)ds, y € E" (1)
xeC(X)

is discussed in recent publications under the name of cone Radon or cone transform (w = 1).
Here dS is the Euclidean hypersurface element. If w(x) = |x| ™ we call this transform regular
in the case k < n — 1 and singular in the case k = n — 1. The realistic model of point spread
function for single-scattering optical 3D tomography is based on the photometric law of scat-
tered radiation modelled by the singular cone transform. On figure 2, one can see that the
number of scattering events close to the point x = 0 caused by a small portion of incident
photons at a point x # 0 moving inside an angular area w is proportional to |x\_2 . See more
details in [9].
We focus on analytic inversion of regular and singular cone transforms in 3D.

3. Inversion of regular cone transforms

Setting w = |x|_k, k < 2 and changing x to —x we can write the cone transform (1) in the
convolution form

gk = Dy * fi, )

where Dy, is the functional

Dy () = /C " x| p(x)ds 3)
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Figure 1. Scheme of the Compton camera.
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Figure 2. Photometric law.

supported on C (\). This is a tempered distribution on E™ and the convolution (2) is well
defined for an arbitrary distribution or generalized function f; that decreases sufficiently fast
as x; — —oo. From now on we assume that any function f under consideration fulfils this
condition. If f; is supported on the half-space H = {x; > 0}, then the same is true for g
since supp D, f C supp f + C (A) . It is easy to check that the solution of (2) is unique under
this condition .

The operator

2 2 2
Dnav(a+...+a>

ox?
can be considered as the wave operator in E" with time variable x;. The prod-
uct O(x) = h(x1)do (x2,....,x,)dx is a distribution in E" supported on the ray
{x=1(1,0,...,0), > 0} where dy denotes the delta function, 4(¢) = 1for ¢ > O and 4(z) = 0
for ¢ < 0. It product satisfies 00 /dx; = dy.
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Theorem 1. Ifn = 3 and k = 0O the solution of (2) can be found in the form

folx) = Z00%D; % O * g

o dirdr @)
:zDZ//(/ go(y,xz—t27x3—l3)dy) ZS =
X1—As

1/2

wheres = (3 + 1)’ and

_cosf . i
 Ptan’@’ )=
If k = 1the solution of (2) reads

filx) = Z0°Dg + O x g

) 0 Q)
=z // / g1 (y, Xy — 1, X3 — t3) dy dr,drs.
X1—As

Inversion of (2) for k = 0 was given first in [16] in terms of Fourier transform in the vari-
ables x», x3; see also [15] for reconstructions in arbitrary dimensions.

Corollary 2. For any distribution f, we have
suppf Csupp D, xf +V (N\), k=0,1

where V (X) means the convex hull of C (X).

Let dx be the volume form on E". The Fourier transform of a tempered distribution u is
defined by

F(u) (p) = u(exp (=j(p.x))) = lim u(a(x/m)exp(=j(p.x))), = 2mi

m— o0

where a is an arbitrary test function on E" such that a(0) = 1. For a tempered distribution
g on the dual space Ej, the inverse Fourier transform F ~!(g) is defined in the similar way
with — replaced by + in the exponent.

Proposition 3. Forn = 3, we have

FD0) (p) = oy (=102 =X (3 4)) ©)
F (D) (p) =~ itan ((py 107~ 2 (5} +2)) . @)

Both functions have analytical continuation at H_ = { p€C?:Imp; < 0} .
A proof will be given in the next section.
Proof of theorem 1. Equations (6) and (7) immediately yield

cos 6 2 I NY
T —A + F (Do) F (D) = py.

jtan29(pl (p2 P3)) ( 0) ( 1) P1 (8)
The inverse Fourier transform gives

0
Z|:|2D] * DO = 87)6150’ (9)
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Figure 3. Support of g = Dy x f and support of f.

since

F(O) = —4n (pi = N (p3 +p3))
and F~' (p1) = —j~'9/0x,. Take convolution with © and get

ZDZDI*D()*@:%(SQ*@:&)

since the distributions ©, Dy and D, are supported on H, and commute. Applying (9) to fy
gives

fo = z0?Dy % © % Dy * fy = z[I°D; * O * gg

which is equivalent to (4). Commuting factors in (9) yields

f1:zDO*G*Dl*DZfl=zDO*®*ng1

and (5) follows. » O

Remark 1.  Solution of (2) could be done in the form F (f) = F(g)/F (D) on the frequency
space. Implementation of this method assumes cutting out the ‘plumes’ of g as in figure 3
which cause the artifacts of the reconstruction.

Remark 2. Constant attenuation can be included in this method. It is sufficient to replace
p1— 10 by p; —ie in (8).

4. Fourier transform of homogeneous distributions
In this section we check (6) and (7). Let u be a homogeneous distribution of degree
a # 0,—1,—-2, ... on the Euclidean space E". This means that

d(ecu)=oau

where e =" x;,0/0x; is the Euler field and 7 . a denotes the inner product of a field ¢ and
a differential form a. The Fourier transform F(u) is a homogeneous generalized function of
degree —a which can be found by

Fu)(p) = T(a)i~® / ((po) —10) e L, (10)
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Figure 4. Cones of constant opening.

Figure 5. Nongeodesic circles on a sphere.

where ¥ is an arbitrary smooth hypersurface in E* that meets each central ray transversely
[20]. We apply (10) to u = Dy and choose 3 = {x; = 1}. This choice is admissible since 3
can be deformed outside of supp D, = C () to meet the transversality condition.

Remind that for a smooth function a in E" such that Va(x) # 0, the delta function dy(a)
is defined by

. 1 p
0, = lim — - L
b(a) (p) = lim 5 /| 0 / e
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where p is an arbitrary test density on E”. By (3) we have

1
D = 0 (Ax; —r)dx,
0 () cos 0 (Axp —7)
where dx is the volume form on E3. This is a homogeneous distribution of degree 2 since
the function dp(a) has degree —1 for any linear function a and deg dx = 3. Consider the
delta-like sequence of functions on a line vi(¢) = kv (kt), k = 1,2, ... where v,(r) =1 for
|f] < 1/2 and v(r) = 0 otherwise. The sequence of functions vx (Ax; — r) tends to 6 (A\x; — r)

and e L dx = dx,dx3 on X, which yields for any test function 1 in X,

cosﬁ/el_Do —hm/vk —r wel_dx—hmk/ dx,dx;
k=oo  Jix—r|<1/2k
dx,dx
/ p— *—A/ Ydep, (1)
where dy is the angular measure on {r = A} C X. Substitute (11) to (10) and calculate the
integral for the case p; > A\g where g = (p2 —|—p3) 1z :

tan @ tan @ de
(&x) =i0) " dp = 55— >
s j2cosf J._, (p1 + paxa + p3x3)

F (Do) (p) = Peosh

We can write pfl (paxz2 + p3x3) = acos @, where 0 < a = A\g/p; < 1. Then by means of [6],
3.613.2 we get

/ dy _ 2 /7T de _ 2 T
r=x (1 + pax2 —l—p3x3)2 pt Jo (1 +acos <p)2 pi (1— a2)3/2
27p1

((m —i0)* — /\2612)3/2

which implies

tan 6 p
F(DO) (p):_zﬂ'COSG l 3/2
((m —~i0)* - qu)
This proves (6) for p; > Ag.
The case k = 1is treated in the similar way. We have |x| ' = cos # on ¥ and
_ 2tan 6 4 dy
F(D *1/ x) —i0) e Dy = — i /
FO) () =1 [ (pa)=i0) ey = - [t
2tan 6 tan 6 —1/2
- T =2 (-0 - 2%?)
i(p1—1i0) (1 — g2)

where we use again [6], 3.613.2. This implies (7) for p; > Ag. Note the right hand sides of
(6,7) have analytic continuation at H_. The Fourier transforms of Dy and of D; have also
analytic continuations at H_ since the distributions are supported by H, hence the above
equations hold for all p. »
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5. Cone transform and the wave equation

The forward propagator for the wave operator in E,, with the the time variable x is the distri-
bution P, supported on the H; = {x : x; > 0} satisfying 0P, = dy. The forward propagator
is unique and can be found by the formula

Pu(x) = F (7 (pt = N¢%)) = F~' (i* (p1 = X°¢%)) (12)
where g = (p3 + ... +pﬁ)1/2 . In particular for n = 3,
P3(_x)— 1 9()0(1—}")

T 2mA (A2 _,2)1/2

where r = (3 +x§)1/2. The support of P, is contained in the cone V (A) = {\x; > |y|}
and coincides with this cone for any odd n. The convolution u =P, xf solves the
equation [l,u = f.

Let K be a convex cone in H . All distributions supported by K form the algebra Ax with
respect to the convolution since u x v € Ak if u,v € Ag.. In this section, we consider the case
n = 3 only.

Theorem 4. The square root of the forward propagator Ps is defined in the convolution
algebra Ac(y) :

1 1
P; = D;.
37 2ntanf ! * 2rtand

(13)

Proof. By (7) we have

F (D))’ (p) = — tan®6

(p1 —i0)* — A2¢?

By the inverse Fourier transform this implies

1
D, *D; = —tan? 9F ! — .
(p1 —i0)" — \%¢?

Therefore
2 -1 1
O(D; * D) = — tan” 00O0F 5
(p1 —i0)" — \2¢?
= 472 tan? OF ' (1) = 4x tan® 06,
which yields

(27 tan 9)_2 O (D; xDy) = &.

This implies equation (13) since both sides are supported by H. »

It is easy to check that the square root y/P3 is unique up to the factor +1.
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Remark 3. The forward propagator P, for the wave operator om E* vanishes on the set
E*\V which is called the exterior lacuna. The distribution P, vanishes also on the open cone
intV = {\x; > |y|}; this domain is called the interior lacuna. The same is true for propagators
P, on E" for any even n > 2. For odd n, the forward propagator P, have the exterior but not the
interior lacuna whereas the kernel 4/P3 has both lacunae.

6. Regular cone transforms in 4D

We calculate the inversions to the regular cone transforms Dy, k= 0,1,2. We have
degD, = 3 — k hence F (Dy) is homogeneous function of degree k — 3 on the impulse space

E;‘. For k = 1, we have
. eL D1
F (D) (p) =] 2/ ;
s (P14 paxa + p3xs + paxs)
where e =" x;0/0x; and ¥ = {x; = 1} By (3) we find

1
cos 6

(14)

D, = § (Mg —r) x| dx

where r = (x% + x% + xﬁ) 1/2 , and by the arguments of section 4
eL D1|Z =0 ()\ — r) ddeX3d)C4
since cos 6 |x| = x; = 1. Suppose that p; > Ag and have

P2X2 + P3x3 + paXy = pracos ¢

fora = Aq/p; < 1 and some angle ¢, 0 < ¢ < 7. We have |Vr| = 1 and dS = \? sin ppddd
in (14).

_ 0 (/\ — r) dXQdX3dX4 1 ds
FOO(p) =i [ [ ——
D) (p1 + paxa + p3x3 +p4x4) J°PT Jr=x (1 + acos Lp)

_ /" sin pdp
2mpt Jo (14 acos @)’

where dS = \? sin ¢ddsp is the Euclidean measure on the sphere r = \; the factor 27 appears
by integrating against di). Change the variable ¢ = a cos ¢ in the last integral and get

/Tr sinpdp / 1 - 2 2p?
0 (1+acosg) J a(l+nl, —1-a  (p —i0) - N¢?
Finally
tan? 0
F(Dy)(p) =— o S = 4 tan’ OF (Py).
™ ((p1 —i0)" — )\2q2>
By (12) this yields
D; = 4 tan” 6P,.
For k = 0, we have
1 tan” 6
D() = |X|D1 = 7X1D1 =47 an X1P4.
cos 0 cos
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By the Leibniz formula

ax1 Py = x104P4 + aixlxl . Z%PA; = Zaile4
since x1dp = 0. The inversion can be given by
cos 6
87 tan? 6

For k = 2, we have

O x |:|2D() = 50.

: 2
0

X1D2 = COS 9D1 = 47TSln
cos 6

hence the inversion of D, can be given in the form

Py,

cos

drsi g iD2) = o

7. Inversion of the singular cone transforms with swinging axe

Consider the singular transform on E3

ds
G(q,a)—/c( /\)f(q+x)W,0€SZ,q€E3, (15)

X

where C (o, \) stands for the cone of rotation with apex x = 0, axis o € S? and opening
A = tan 6. The integral is well defined if f has compact support and f (g + x) = O (|x|) for
small |x|

Theorem. For any A\ > 0 and any set Q C E3, an arbitrary function f € C* (E3) with
compact support can be recovered from data of integrals (15) for g € Q provided:

(i) any plane H which meets suppf has a common point with Q,
(ii) for any point q € Q, there exists a unit vector o(q) such that supp f C g+ C (c(g), \).

Proof. The singular ray transform
> dr )
Zf (@& = | flg+r)— €5, q€Q
0
is well defined since fis smooth and vanishes on Q because of (ii). By Fubini’s theorem

. ~ g s = N S
Glaos [ [ rareonTe= [ ziaemas

where £(s) runs over the circle S (o, A) = C (o, \) N S? of radius p = sin 6 and the center
cos Bo. The planes containing these circles are tangent to the central ball B of radius p = cos 6.

10
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8. Nongeodesic Funk transform

Theorem 5. Forarbitrary p,0 < p < 1,a € E3,|a| < 1, an arbitrary function g € C? (Sz)
can be reconstructed from data of integrals

dQ
= — S?
7 (0) /< o sO g
by
(€)= — € —af v (o) i (16)

21 Js ((€ - a,0) = p)’

provided there exists a vector oo € S* such that (£ — a, 00) > p on supp g. Here dX is the
euclidean measure on the sphere S* = {|o| = 1}.

The singular integral in (16) is regularized as follows. Let ¢ be the zenith angle on S* with the
pole = (€ — a) |¢ — | ™" and 0 is the azimuth angle. Write o = o (0, #) € S? and consider
the tangent field on s?

<§_O"UJ—><L 8> . 0
Te=+"———Lt(0,— )= —a|sinT p— 17
€ — a0t do | | ot 1n
where o is any unit vector in the plane spanned by & — a and o orthogonal to . We have

e (({ —a,0) —p) =L

For an arbitrary f € C? (Sz) , we have

TefdS = Tef sin pdpdd = |€ — o] e Md(pd@
/52 // /0 /o ofte

=2rlé—al” (f(n) —f ().
This yields

AZW:‘/TE (WW“)“:/%

_2n 7 (n) 7 (=n)
€ —af <|€—a|—p |§—al+p>'

Finally we can define the regularization of (16) as follows

E—al [ "oy ( dy
- _ 0
g () | /0 a5

o)
22 E—ao)—p

1 v (n) 7 (=n)
e (If—al—p |€—a|+p>

where the principal value of the inner integral is taken.

1
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9. End of the proof

By (i) formula (16) can be applied to v (¢,0) fora =0, p = (1 + )\2)_1/2 = cos 6 and arbi-
trary g € Q. This provides the reconstruction of g (¢,&) = Zf (¢,£) forallg € Q and € € s?.
For any x € E? and any unit orthogonal vectors w, £, we have

(. Ve)'f (q+r€) = r* (@, V)" f (g + 7€)
which yields for any g,

2 [es]
dr
[ vl meow= [ [ wvoiraro T
(w,€)=0 0 Jo r
where dy is the angular measure on the plane {{w,£) = 0} . We have

(. Ve)’f (g +1€) = (@. V) f (g + r6)
and by Grangeat’s trick [4] we get

5 ) 27 e’}
[ wvozaoa=w ) [ [ s
(w,£)=0 0 0

9% /
=== f(q)ds,
P Jiway=p

where dS is the Euclidean area element. For an arbitrary x € supp f, we apply the Lorentz—
Radon formula (see e.g. [3])

=g [ o[ s
X)) = ——— R
82 weSs? ap2 (w,q—x)=0 54

_ ! ds / (@, Ve)2 2f (g (w),€) dep (€).
wes? (w,&)=0

82

Here for any w € $?, we choose a point ¢ = ¢ (w) € Q such that (g (w) — x,w) = 0. It is pos-
sible since of (II). This completes the reconstruction. »

Example. Suppose for simplicity that suppf is contained in the ball B of radius 1 with
the center at the origin. If S is the concentric sphere of radius r = (1 + )\2)1/2 /A and

o(q) = —q/ |q| for a point ¢ C S, then B C g + C (c(g), \) that is condition (IT) of theorem
7 is fulfilled for this point. If a set Q C S meets any plane H such that dist (H,0) < 1, then
condition (I) is also satisfied and theorem 7 can be applied to Q.

10. Singular cone transform on E*

The reconstruction in 4-space can be done as in sections 7-9. The only difference that the
inversion of the nongeodesic transform + on S? reads

Theorem 6. Ifp, 0< p <1, a € E* |a| < 1, then an arbitrary function g € C* (S3) can
be reconstructed from data of integrals

B ds 3
Y (o) = /( o B g oS
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by
€ - of
1/2
s (¢ —of —7)

GEE JRAGGEEETRCT

provided there exists a vector oy € S3 such that (& — a,00) = p onsupp g.

For any smooth function y € C? (S3) , the integral can be calculated as follows

5" (€ — a0) — )y (o) dS = / 2 (0) dS¢
3 Se

where T¢ is the vector field on S¢ as in (17). »

Remark 4. The analytic reconstruction of an even function on S* from known great circle
integrals was given by Paul Funk’s [1] after uniqueness result of Hermann Minkowski 1905.
Funk’s reconstruction was generalized for higher dimensions by Helgason in 1959-2006
[5] and by Semyanistyi in 1961 [2]. The general result for arbitrary dimension containing
theorems 5 and 6 was published in 2016 [20], p 76. Salman [21] proved the particular case
n=2, p=0,|a| <1 see also Quellmalz [22].
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