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Abstract. A method of reconstruction of a strain tensor ¢ in a solid body was described that
uses non redundant data of the axial (logitudinal) and of the traceless normal ray integrals.

1 Introduction

Information about residual elastic strain is of primary importance in understanding deformation
and stress within structural material and components. The evaluation of this strain requires
imaging a six-component tensor quantity in three dimensions. An application of tomographic
ideas to reconstruction of small residual strain fields in a body from data of diffraction pattern
under penetrated X-ray or neutron radiation was proposed by A. Korsunsky et al [3],[4]. The
mathematical model is the longitudinal (axial) line transform of a strain tensor € [4]. Note that all
the integrals vanish if € is a potential tensor that is € = Du for a small deformation u, where D is
the differential for symmetric tensors. Adhemar de Saint-Venant (1860) introduced the differential
consistency equation Ve = 0 for a small tensor field called later by his name. Boussinesq (1871),
Beltrami (1889), Cesaro (1906) proved its sufficiency for a 2-tensor to be potential in a simply
connected domain. The general case was considered by Volterra [14]. Sharafutdinov [11] studied a
more general situation. He has proved that a tensor field g in R™ of rank m with compact support is
potential if (and only if) the axial line transform Lg of g vanishes for all lines. Recently, Paternain,
Salo and Uhlmann proved that this property holds for the geodesic transform in simple surfaces
with boundary (for any pair of points on the boundary, there is only one connecting geodesic). See
[6] for further results in this direction.

A reconstruction of a 2-tensor field from only knowledge of Vg is impossible, since the Saint-
Venant tensor vanishes for any potential field. The solenoidal part of a tensor field is the unique
solution of the system D* (*¢g) = 0, V (°g) = Vg in R™ that tends to zero at infinity. Sharafutdinov
[11] and Denisjuk [2] gave integral formulas expressing the solenoidal part g of the tensor ¢ in
terms of Vg. Denisjuk [2] has developed an algorithm for reconstruction of the field Vg from data
of axial line integrals over rays in R™ with sources on a curve. Other methods of reconstruction
of the solenoidal part were given in [12]. Note that the support of the solenoidal gauge ®g is not
compact unless g fulfils an infinite number of orthogonality conditions. Thereby the information
contained in the axial line integrals of g and inherited in ®g is spread over the whole space.

This paper is focused on the case n = 3. In Sec. 3 we give a new method of recovering of Ve
from data of axial line integrals for a 2-tensor field €. The integral data is collected from rays
emanated from a curve T" fulfilling Tuy’s completeness condition [13]. In particular, any curve I’
in the improper sphere can be taken if the end points of I' are antipodal. In this case the integrals
are taken over lines in E parallel to one of vectors v € I'. For determination of a 2-tensor field,



Figure 1: Strain in plastic protractor seen under polarized light

we need measurements of second order derivatives of the ray integrals with respect to the source
point.

The polarization tomography is another method of reconstruction of a strain field in a trans-
parent solid see Fig.1. It is based on measurements of transformation of the polarization ellipse
of the penetrating light. The mathematical model is the line integral Te of the traceless normal
(truncated transverse) part of the stress field e. Paper [1] is focused on a practical implementation,
see also the list of references therein. For the mathematical background, see [11]. Puro [10] devel-
oped a method of reconstruction of the stress tensor by means of photoelasticity method using of
magnetic fields for obtaining additional information. In [5] a method of complete reconstruction
of a traceless 2-tensor ¢ is proposed form knowledge of the line integral Te over all lines orthogo-
nal to three or six vectors in general position. We give a simple method of reconstruction of the
displacement form ¢ from data of Te for tensor any tensor ¢ whose axial line integrals vanish (§5).
The acquisition geometry is the same as above. The methods of Sec. 3-5 are combined in Sec.
6 for an algorithm of complete reconstruction of an arbitrary strain tensor ¢ from non redundant
data of ray integrals Xe and Te.

I thank V. Sharafutdinov for a useful discussion related to paper [5]. The author is grateful to
the anonymous reviewers whose comments helped to improve this text.

2 Symmetric tensors and differentials

Let E be an Euclidean space of dimension 3. Choose an euclidean coordinate system (ml, x2, x?’) .
We will denote by 4*, 2z, u*,v",... i = 1,2,3, components of points or vectors y, z,u,v,... € E,

respectively. Tensor fields of rank 1 and 2 are expressions of the form
F=> fda', g="" gida’ - da?,

respectively, where the symbol - means a symmetric product that is dz’ - dz® = dz’-dz?. The com-
ponents f; and g;; = g;; are functions in £ which transform as vectors and bivectors, respectively,



under coordinate changes. We can write any 2-tensor field g defined in U C FE as a function in
U x E x E bilinear and symmetric in vector variables

g (z;u,v) = Zgij (x) ui?, u= (ul,uz,u?’) , U= (vl,vz,v?’) .

We will also use the abbreviation g (y;v) = g (y;v,v). The spaces of smooth or singular (gener-
alized) tensor fields in E of ramk 1 and 2 we denote by 3! and X2 respectively. The symmetric
differential D : ! — %2 reads

1 .
Df =g, gii = 0ifi, 9i5 = 5 (0if; + 0;fi), 0; = 0/0x", (1)
2

where no summation on repeating indices is assumed. Let A? be the space (bundle) of skew
symmetric differential forms of degree 2 and B* = A? ®g A? be the symmetric square of this
bundle. An element b € B* is a tensor field whose components bijk1 are functions in E that are
skew symmetric in (¢,7) and in (k,l) and symmetric with respect to permutation (i,5) < (k,1).
The Saint-Venant operator V : ©2 — B* is defined for a tensor field g € X2 by

(V9)ij i = 0:0kgjt — 0i01gjk — 0;0kgir + 0;O1Gik-
The fields 0;,0;, Ok, O can be replaced here by arbitrary tangent vectors o, 3,7,0 in E:

(V9 ap 5 = 0a0v9 (B,0) — 00059 (B,7) — 93049 (a,6) + 05059 (av,7) - (2)
Tensor Vg vanishes for any potential field g = D f, since VD = 0.

3 Reconstruction from ray integrals

For a 2-tensor field g in E with compact support and bounded components, ay and line integrals

o0

o0
Xg (y;v) =/ g9 (y +tv;v)dt, Lg (y;v) =/ g(y+tvyv)dt
0 —o0
are well defined for any point y € E and any unit vector v; y is called source point for the ray
integral. For an arbitrary vector a € E, we denote

0
0aXg (y;v) = (o, Vy> Xg (y;v), 0.0Xg (y;v) = 9 Xg (y;v + toz)|t:0 .
Let S? denote the unit sphere in F and € be area form in S2. For p € R, w € S2, H (p,w) will
mean the plane {(w,z) = p} in E;

Theorem 1 Let I' C E be a piecewise smooth curve and g be a smooth 2-tensor g with compact
support in E\I'. For an arbitrary point x € E\I' such that any plane H through x meets T' trans-
versely at a point y, tensor Vg (x) can be reconstructed from data of ray integrals with source points
m T by

1
(Vg>o¢5;’y5 (.’I}) = _8?/ aPRH(P,w) |p:<z,w> <a7ﬁ;7a 5) Q7 (3)
wEeS?
where a, B,v,0 € E are arbitrary, and for any plane H through the point y € T’
RH (017 ﬁ; Vs 6) = RH (<Bv UJ> Q, Wj <6, w> Y, OJ) - RH ((a,w) ﬂa w; <57 w> ) OJ) (4)

- RH (<ﬂaw> a, Wi <7aw> 57(‘)) + RH (<aaw> Baw; <77w> 57"‘])’



where
27

Ry (a,w; B,w) = % 8a858i,Xg (y;v)do. (5)
0

Remark. This acquisition geometry is essentially the same as in paper [8], where a differential
1-form is reconstructed from first derivatives of its ray integrals. For reconstruction of a 2-tensor, we
need the second derivatives 9?Xg (y; v) /Oy'dy’ of the ray integrals. This is a non redundant volume
of the integral data. In medical tomography the similar acquisition geometry is implemented by
rotation of the pair consisting of a X-ray source and a plate of detectors on opposite side of the
patient. This complicated machinery is not necessary for strain tomography of solid samples. Here
the X-ray or the neutron source and the detectors may be fixed, whereas a specimen is mechanically
manipulated following the given relative acquisition geometry.

Lemma 2 For an arbitrary 2-tensor g, any plane H = H (p,w), any point y € H and arbitrary
vectors «, B parallel to H, we have

9, / (VO)omy dH = = / Da302 X g () 6, (6)
p,w) ’ 2 vES(w)

where S (w) is the unit circle in H (0,w), d@ is the angular measure in S (w) and dH is the area
density in the plane H (p,w).

Proof of Lemma. By (2)

/ (V9o wp dH = 32/ g (w0, B) dH, (7)
H(p,w) H(p,w)

Here and below g is written as a bilinear function of vector variables. For arbitrary y € H and any
unit vector v parallel to H,

9.wXg (y;v) =/ g (y + tv;v,v) tdt+2/ g (y +tv;w,v)dt,
0 0

83 L Xg (y;v / 3 g (y + tv;v,v) t3dt (8)

+6/ gy+tvwv)t2dt+6/ Owg (Y + tv;w,w) tdt.
Take an arbitrary point y € T" and a plane H (p,w) that meets I' transversely in y. Choose a basis
ea,e3 in H (0,w) and have v = cos fes + sin fez for some 6 € S*. We have
g (y+tviw,0)t =g (w0, e2) (2° — y°) + g (x50, e3) (¢° — )

where x = y +tv € H (p,w), 22 — y?> = tcosf, z3 — y> = tsinf. Substitute this equation in (8),
integrate against the form df and take into account that tdtdd = dH and 0, = (o, V) :

2m
aaa;szg (y;v)do = / 0002 g (z; ez,ej)(mfy) (x—y) dH

1,7=2
—|—62/8 ga:we])(a:—y)jdH

+ 6/ 00,9 (v;w,w)dH.
H



Integrating by parts yields
2m
(‘983ng, :—2/ ° g (z; e, (ac—)dH 6/ 2 g (z;w, ) dH,
0
since the integral of 0,0,,9 over H vanish. Integrating by parts once again we get

2m

930,03, Xg (y;v) df = —2/ 93039 (x; €5, ) yidH—ﬁ/ 9502g (3 8,a) dH
H H

—20) [ g(wi.a)dn
H

0

where again x = y + tv. Finally
1 2m
Op (V) waws dH = 5 &ﬁg@i){g (y; v) do.
H(p,w) ’ 2 0

This together with (7) implies (6). O
Proof of Theorem. For arbitrary «, 8,7, € E and plane H C F, we denote

Ry (. 37 8) = 9, /H (V) AH, (9)

where the right hand side is known from Lemma 2 and equation (5) follows from (6). Check
equation

Ry (o, 8;7,0) = Ru ((B,w)
- Ry ((B,w)

w; (6,w) 7,w) = R ((a, w) B, w3 (6, w) 7, w) (10)
w; (7,w) 0,w) + Ry ((a, w) B, w3 (7,w) 6,0) ,

where w is a unit normal vector to H. The left and the right hand sides are skew symmetric in
(o, B) and symmetric in pairs (a, 8) and (v,9). If @ and § are parallel to H, then the right hand
side of (10) vanish. The same is true for the left hand side since of (2). The same is true if v and
0 are parallel to H. In the general case we write o = o' 4+ aw, = ' + bw where o/, ' are parallel
to H and a,b € R. Then we have

«,
«,

m(a,3;7,0) =Ry (o, 8'57,9) + aRy (w, 5'37,0) + bRy (o, w;7,0),

where the first term vanishes. A similar equation holds for the right hand side of (10). Finally, it is
sufficient to consider the case @ = v = w and 3 and § are parallel to H. Then all terms of the right
hand side of (10) vanish except the last one which coincides with the left hand side. Therefore
(10) holds for all a, 3,7, 0. Finally, we recover the Saint-Venant tensor at z € E by H. Lorentz’s
formula

1

(Vo)opos @) =53 [ 00 [ (Va),
pie 8 wes? v H(p,w) o

and substitute (9), where the left hand side is already determined by means of (6). OJ

dH

p=(w,z)



4 A gauge field

Let € be an unknown 2-tensor field with compact support in E such that the Saint-Venant tensor
Ve is known. We want to construct a field g with compact support such that Vg = Ve. We call g
a gauge of . The field € need not to be smooth e.g. it can has discontinuity on the boundary of
the specimen. In this case the components of Ve are singular (generalized) functions in E.

Theorem 3 For any 2-tensor field € supported in conver compact K in E and a neighborhood U
of K, there exists a gauge field e supported in U that fulfils equation Vg = Ve and can be explicitly
constructed from data of Ve.

Proof. Set h = {h;;} = Ve and write the Saint-Venant system (2) for a gauge field g = {g;;} :

022911 — 2012912 + 011922 = has,
033911 — 2013913 + 011933 = haa,

—023911 + 012913 + 013912 — 011923 = hag, (11)
03322 — 2023923 + 022933 = h11,

—012g33 + 013923 + 023913 — 33912 = h12,

—013922 + 012023 + 023912 — 022913 = ha3,

where 9;; = 0;0;, i,j = 1,2,3 and gi; = (V) 1;-
Step 1. Find functions g;5, ¢,7 = 1,2 such that

hss = 022911 — 2012912 + 011922. (12)

Equations (2) mean that (11) hold with g;; replaced by ¢;;. In particular the first line of (11) with
g replaced by e implies equations

/ / hss (z) dztda? = //xlhgg (z)dz'dz? = //332]133 (r)da'dz? =0 (13)
o Jo

which hold for any 2® € R, since all g;; have compact support. Suppose for simplicity that

K= {0 <zt <a;i=1,2, 3} and take a smooth function ey with compact support in [0, a;] such
that [ egdt = 1. The function

fo (2!, 2% 2%) = has (2, 2%, 2%) — o (z") / 1 hys (t,2°, 2%) dt
0
fulfils

/a1 fo(t,2*,2%)dt =0 (14)
0

2

for any 2, z3. Functions

fi(z) = /OZ fo(t, 2%, 2%)dt, fo(z) =eo (z') /0”” /Oa1 hss (t,s,2°) dtds

satisfy hgz = 01 f1 + Oa2f2, and are supported in K since of (14) and of the first equation (13),
respectively. By (13)

/ fidatda? = / 2 hgsdartda® =0, i =1,2.
R2 R2



By repeating the previous arguments we can write f; = 01 f1; + 92 f2;,7 = 1,2 with some functions
fji supported in K. Equation (12) holds with g11 = f11, g22 = fo2 and g12 = —1/2 (f12 + fo1) -
Step 2. By the same method and the second line of (11) we find a solution (g}, g13, g43) of the
equation
hao = 0303911 — 20103453 + 0101935 (15)

supported in K. Note that g{; need not to coincide with g11.
Step 3. Check that

/ (g11 (t,2%,2°) — gu1 (t,2%,27)) dt = 0. (16)
0
By (12) and (15) we have
022 (911 — €11) — 2012 (912 — €12) + 011 (922 — €22) =0, (17)
Os3 (911 — €11) — 2013 (913 — €13) + 011 (933 — €33) = 0, (18)

and (17) implies
822/ (911 (t, 2%, 2%) —eqy (¢, 2%,2%)) dt = 0.
0

The equation holds with the derivative 022 omitted, since g1; — €11 has compact support. By (18)
and similar arguments we obtain

a1
/ (9’11 (t7$2;$3) — €11 (t,xz, x3)) dt = 0.
0

Subtracting the previous equation from the former one we get (16). Therefore, function

1

d(z) = / (g'11 (t,xQ,:ps) —g11 (t,:cQ,xB)) dt
0

is supported in K and satisfies O1d = gj; — g11. Set g13 = ¢i3 — 1/20s5d, gs3 = ghs and have
h22 = (933911 — 2813913 + (9119337 since of (15)

Step 4. Now we only need to find a component go3 that fulfils the third line of (11). Consider
the 2-field § = {gij, (1,7) # (2,3)}, where go3 = 0 and other components g;; are found in Steps
1-3. The differential operator

3
(Zr); = > djryi
j=1
satisfies ZV = 0 which implies Zr = 0 for »r = Vg — Ve. This system is reduced to

01711 + 02112 + 03713 = 0, (19)
01721 + 03123 = 0,
01731 + Oar32 = 0

because of 733 = ros = 0. It follows that 2093793 = —d11711, hence
ai ay
823/ 723 (iL') dl’l = (923/ T23 (.’E) £Cld{L'1 = 0
0 0

for any 22 and x3. The same is true with the derivative 93 omitted. Hence we can find a function
g23 supported in K that satisfies 011¢23 = —ra3 by double integration in x'. Set g = § + g*, where



g* is the tensor with only one non zero component equal to go3. Tensor r = Vg — Ve fulfils (19)
where r33 = rog = ro3 = 0. This implies 91791 = 91731 = 911711 = 0 and 711 = 791 = 731 = 0, since
r has compact support. This means that the last three equations (11) are fulfilled and Vg = Ve. For
an arbitrary convex compact K, a proof follows from [7] §7.8. O

Proposition 4 For any 2-tensor field e with compact support in E such that Ve = 0, there exists a
unique displacement field p that fulfils equation Dy = e such that ¢ = 0 in the unbounded connected
component of E\supp e.

Proof. We are going to solve system (11) with r;; = 0. By the first equation, we have
822/611 (t,mQ,xB) dt = —/812612 (t,mQ,mg) dt + /811622 (t,xQ,xS) dt=0

which implies [ ey (¢,22,2%) dt = 0 for any 2? and 2?, since this function has compact support.
It follows that the function

z
¥1 ($1,$2,.’E3) = / €11 (t,1'271'3) dt

has compact support and fulfils 911 = e17. In the similar way, we find solutions ¢; of 0;¢; = e,
i = 2,3 with compact support. Set p = Y ¢;dz’ and ¢’ = e — Dyp. This tensor field satisfies (11)
with h = 0,9 = ¢’ and €}; = 0 for i = 1,2,3. Equations (11) yield ¢ = 0, since €’ has compact
support. Thus Dy = e. Operator D is elliptic and has constant coefficients. Therefore the field ¢
is analytic in E'\supp e. The field ¢ vanishes in the unbounded connected component of this set,
since ¢ has compact support. [

5 Recovering of a displacement field

The method of integrated polarization tomography is based on measurement of the motion of the
polarization ellipse of propagating light. For a small stress tensor o, this transformation is related
to the line integral of the traceless normal part of o [1]. Given a 2-tensor field e and a vector v,
the traceless normal part of ¢ is the 2-tensor @, e defined in any plane P orthogonal to v :

1 .
Quelp=clp— 5“(5 lp)ilp,
where i = (du1)2 + (du2)2 + (du3)2 . We have
Qo = % (€11 — €22) (dx1)2 + epoda! - da? + % (€22 —€11) (dm2)2

for any euclidean coordinate system (z',z?,2%) such that v = (0,0,1). The traceless normal ray
integral of € is 2-tensor

Tvs(y;u,w):/ Qe (y + tv;u,w) dt, u,w € P
0

defined for any v € S? in a plane P orthogonal v.



Theorem 5 Let K be a compact convex set E and T C E\K be a piecewise smooth curve such that
any plane H that has a common point with K meets ' transversely at a point y. For any 2-tensor
€ with support in K satisfying Ve = 0, the corresponding displacement field ¢ can be reconstructed
from data of the second derivatives of the ray integrals Toe (y) fory € T, v € S2.

Proof. Let H = H (p,w) and y € ' N H be as in the assumption. Choose a coordinate system
(ml,xZ,xg) in E such that w = (1,0,0). For a ray R C H with a direction vector v = v (0) =
(0,cos6,sinf), 0 < 0 < 27, the vectors w and v = (0, —sin @, cos #) form an orthogonal basis in
any plane P orthogonal to v. Tensor T,e (y) is known for y € I" and v € H (0,w). It has two
independent components in this basis:

o0

1 o0
Tye (y;w,w) = 5/ (Cww (Y +t0) — €uu (y +tv)) dt, Tye (y;w,u) = / Ewu (Y +tv) dt.
0 0

By Proposition 4 we have ¢ = Dyp. Calculate the integrals

2m
L (yypvw) = a?wTv(O)e (y7w7w) doa
0
27

L (y,p,w) = Q%,Tv(g)s (y,w,u)dd
0

in terms of components €;; of € and components ¢; of ¢. We have

Eou = —Sinfeqs + cos ey
= 0, (—sinfps + cosOp3) + (— sin 002 + cos 003) 1

o0

/000 Ewu (y +tv)dt =0, /OOO (—sin Oy + cos Ops3) dt + /0 (—sin 002 + cos 003) w1 dt,
5‘?w /OOO Eou (Y +tv)dt = 03 /OOO (—tsin Oy + tcosOyps) tdt + 0 /000 (—tsin 00, + t cos 003) 1 tdt
L (y,p,w) = 02 /0% /000 (—tsin o + t cos Oz ) tdtd
+ 0?2 /:Tr /OOO (—tsin 002 + t cos 003) p1tdtdl

= a;’/ (—z3<p2 (z) + 32903 (x)) dH + 82/ (2283 . 2382) o1 () dH,
H H

where H = H (p,w), * = y+tvand 2/ = 2/ —yJ, j = 2,3. The last integral vanishes after partial
integration, hence

I2 (y7p7 w) - 8;13;/ (72?)@2 + 22503) dH
H

which implies
0 1 (g, pyw) = 33/ prdH, 21, () = —33/ p3dH.
dy? " Ju dy? " ()
Integrating in p we get

d d
—J = 5?2 dH, —J = —62/ dH
dy? 2(p,2) ”/H 72 By 2(p.) P

(p,w)



where »
J2 (p,w) = / Iz (y, ¢, w) dg, (20)

—00

since all the functions vanish for p < pg for some constant pg depending only on supp €. Similarly
2T, 9y (Y3 w,w) = /000 (81<,01 - (sin2 0025 — sin 6 cos O (Oap3 + D302) + cos” 983@3)) dt,
21, (y,p,w) = 8;’/ {(ZQ)z I (ZS)Q} p1dH
— 85/ [(z3)2 Oapo — 2°2° (Oa2ip3 + O3002) + (z2)2 83<p3} dH.

The first integral is quadratic in y. By partial integration the second integral is reduced to the
quantity

oM / (2202 + 2°p3) dH
H(p,w)

which is linear in y. Therefore,

)= L) = [
(0y?) (9y®) H(pw)
which implies
. a2 P92
Ji(p,w) =0, /I—I(p,w) p1dH = [m 7(83/2)211 (y,q,w)dq. (21)

Now we write the result in the covariant form introducing the vector field J (p,w) defined in R x S?
such that for any vector e € E

(J(p,w), ) = (e,w) J1 (p,w) + [w,€,0/9y] 2 (p,w).

The functions Jy, Jo are known from (21) and (20). Finally we apply Lorentz’s formula and calculate

the displacement term
1
P @) =g [ (@) )0

- 8n?

which completes the proof. [

Corollary 6 If the specimen is homogeneous and coaxial, then the displacement ¢ can be recon-
structed from traceless normal line integrals of the stress tensor o.

Proof. The strain and stress tensors are related by the constitutive equation o = ce, where ¢
is the tensor of elastic moduli that expresses Hooke’s law. For a homogeneous coaxial solid, this
equation is as follows

05 = )\5ijtr€ + 2pe;, tre = e11 + €22 + €33, (22)

where A and p are positive Lamé’s constants. We have

1

Te (w,w) = o

1
To (w,w), Te(w,u) = Q—TU (w,u),
W

hence the integrals Te are known from data of To. OJ

10



If Lamé’s parameters are arbitrary C*' functions, the method of Theorem 5 leads to the integral
equation of Fredholm type
o+ Gp=L(J),

where L is the operator in the right hand side of (9) and G is a bounded operator Ly (K) — H; (K),
hence a compact operator in Lo (K).

6 Full reconstruction of a strain tensor

Theorem 7 LetT';,i = 1,2 be piecewise smooth curves in E and K be a compact set in E\I'; UT'y
such that for any point x € K any plane H through x meets each T'; transversely at a point. Any
2-tensor field € supported in the compact K can be reconstructed from

(1) data of the azial ray integrals Xe with source points y € T'y and its second derivatives with
respect to y, and

(II) data of ray integrals Te of the traceless normal part of € and its second derivatives for rays
with sources points on a curve I's.

Proof. The algorithm is as follows:

Step 1. Calculate Ve from data of the axial ray integrals Xe as in Sec. 3.

Step 2. Find a gauge field g with compact support in E as in Sec. 4.

Step 3. Set e = ¢ — g and have Ve = Ve — Vg = 0. By Proposition 4 we have e = Dy in F for a
displacement field ¢ with compact support. Determine the field ¢ from knowledge of Te = Te —Tg
by the algorithm of Sec. 5. The reconstruction reads € = g + Dp. J
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