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Gaussian Free Field (GFF)
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Long-Range-Order = Peierls argument
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No Long-Range-Order ? Spin-waves!
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BKT transition
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The physics way (— “topological phase transitions”)

Po(o) o exp(—2 3 flos — 1)

invj
x exp(ﬁZcos(Qi —0;))

i~j

O(Riexp(—g > (6: - 6;)%)

i~J \
GFF I




The physics way (— “topological phase transitions”)

Po(o) o exp(~2 3 [l — 1)

x exp(f Z cos(8; — 6;))

i~

X~ exp(—g > (6: - 6;)%)

i~J \
GFF 1!

exp(—2 [(d0)?)
df = 1-form on “R2”



The physics way (— “topological phase transitions”)

Po(o) o exp(~2 3 [l — 1)

x exp(f Z cos(8; — 6;))

i~

X~ exp(—g > (6: - 6;)%)

i~J \
GFF 1!

exp(—2 [(d0)?)
df = 1-form on “R2”

/

0-forms ¢ : R2 — R



The physics way (— “topological phase transitions”)
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Mathwise : duality with integer-valued fields

XY model
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Mathwise : duality with integer-valued fields

XY model
B cos(8;—0;)
/O ,2m)A z]:\—:g ‘ H d0
(8 do,
/O ,2m)A z]:\—:g ( ) H

F(0; = 0;) = ePcos(0i=0n) /\M”f(ez‘—ﬂ) g € FETm0i=0:)”
fk) =

mlprm




Mathwise : duality with integer-valued fields

Villain model
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Mathwise : duality with integer-valued fields

Villain model
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Integer-Valued Gaussian Free Field (IV-GFF):
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Integer-valued GFF in d =1




Theorem (Frohlich-Spencer, 1981)
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Theorem (Frohlich-Spencer, 1981)

Rough phase -
B> 1 Var[1h(0)] > 1=5 logn
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Large scale structures for St spin systems ?

SLEg

> Macroscopic structures ?

Curves 7



Spin-waves and vortices

Conjecture (Frohlich-Spencer 1983)
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Theorem (G., Sepulveda, 2020)
Vortices contribute to the log-fluctuations.
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Maximum of the integer-valued GFF

Theorem (Wirth, 2019)
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Maximum of the integer-valued GFF

Theorem (Wirth, 2019)
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Question we address:
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The conditional law if a shifted Integer-valued GFF

Definition

For any a € [0, 27”)22, consider the shifted integer-valued GFF:

PIV[dd] = 2 3 Samia(dd)on(—1(V6, V)

mEZA,m|3AEO



The conditional law if a shifted Integer-valued GFF

Definition

For any a € [0, 27”)22, consider the shifted integer-valued GFF:

PIV[dd] = 2 3 Samia(dd)on(—1(V6, V)

mEZA,m|3AEO









Motivations/context

Extract GFF = GFF({0x}xezz) when {6,} ~ Villaing
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Conjecture: level lines of the Villain model when T < 7A'C converge to
SLE4, SLE(4, p), ALE process A_j ).
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Motivations/context

Statistical reconstruction problems.

» E. Abbe, L. Massoulie, A. Montanari, A. Sly, and N. Srivas-Tava.
Group synchronization on grids.

/ z e 74
0, € &, compact group

Law ({Qx} | Glﬂj_l + noise)

Law ({6:} | 61 — 6; (mod 7))

» Peres, Sly. Rigidity and tolerance for perturbed lattices.
» Etc.
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Motivations/context

An “integrable model” for IV-GFF and a new interpretation of the KT
transition.
1

~ arguments in favor of £(3) = —e ¥/
Integer-valued random fields have seen an intense activity lately
Square-ice model
Uniform graph homomorphisms Z? — Z
Duminil-Copin, Glazman, Peled, Spinka, 2017
Chandgotia, Peled, Sheffield, Tassy, 2018

Glazman, Manolescu, 2018.
Duminil-Copin, Harel, Laslier, Raoufi, Ray, 2019

vyvyYyey
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Motivations/context

Complex Multiplicative Chaos. (— Plasma phase of Coulomb, i.e.
(% < 8m).
» N. Berestycki, S. Sheffield, X. Sun.

o | Yy <=2
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@ Link with the Random Phase Sine-Gordon model
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Random Phase Sine-Gordon model

Definition

Fix a quenched disorder a ~ i.i.d in [0, 1]Zz and define the following quenched
SG measure:

P3¢ [dg] =  exp ( 23 60) — B+ 23 cos(9(x) - a(x»)

X~y
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Sketch of proof

Low temperature case T < T,
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High temperature case 7 > T

rec
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Thank you!
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