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Bound - displacement non-equivalence in
substituting
Abstract : Given two Delone sets T

,
Zink

we study the existence of a bounded -displacement
(BD) map between them

, namely a bijection
f- from T to -2 so that the quantity Hy-fight.
y in ,

is bound02. This
notion induces an epuivalenee rotation on
collections LT of Delone sets and we

study the cardinality of BDC ,
a

set of distinct BD - class representatives .
In thrss talk we focus on set TT of

pent sets that correspond to tidings
in a substitution tiling space .
We provide a sufficient condition under
which IBD = 2×0

.
In particular,

we show that
,

in the context of primitive substitution tiding.
IBD#I can be greater then one .
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Bound - displacement non-equivalence in
substitutions
•Def. A point set A.EIR

'
is called a

Delone set if it is
-

( i) Uniformly discrete : Ir>o V-xtyc-A.llx-yk.ir.
Relatively dense :FR>o U Bex ,RI -- IRD.

Epes :
XEA

f) Lattices / translated lattices
.

④ Perturbed lattices : more each point
by art most M (keeping uniform discreteness.

CHI) Mnorgnegnnstruntions : - Randon point processes .
-
cut-and- project sets .

- Sets of 'return times ' to a section in an

IRD - action on a manifold
.

- T -- tiling ins A-a pick a point in
each tile (keeping uniform discreteness).
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- Note that there is a oorresponence

tidings← Delone sets

finitely many tile types[with bound:& indrgdm.us#I
→ : T tiling tins At point from eachtree.
← : Using

"

approx. Voronoi certes "
.

A Delone set
.

tfyEA define

Ty -- U
' { EEL IttxeA distly, a distlx, EB
T

cubes with vertices in Ezd
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* If It is a tiling obtained fromA.
then A. and Ata

.

differ by moving each

point a bounded distance .

• Def.. Two point sets A .ME/Rd are

boanddrspdacementlBDJegnivalont-i.AZ
a BD-map between them , that is a

bijection 6:A-T with

xe.sn?plllx-cecxlll3coo
-similarly , tidings I,q are BD-equiv.
if Atu and Az are .
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Observations :

-

• The definition induces an equivalence
relation on collections of Delone sets

.

• Every two lattices of the same
covolume are BD equivalent.

• Every tiling of Rd by tiles of equald
Volume or is BD to AZ .

• Z Delone sets that are not BD to any
lattice

, e.g .-

Z O 27L
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Previous works
armure

thmtaczhorich
'ed : TFAE for a > o and

a discrete set AE IRD :

①It BD-map 4.A.→a-
"dzd

.

② 7-Go f-A e- A-definite unions of latticeabed
I#HA -xvolfa) Is c. Volt, HA

⑧ For tidings T : FookAe Qd
I# {tiles that intersects A}- a Volta) Is . -

⑧ Zao tf patch P int
I # P - a. Volcsuppcp))Is c. Vold. , Cop)
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-

• Thmhttaynes, Kelly , Weiss 143-

'

II
'
"

,
n>das

TE Ird
S - Poincare

section

n-d dimensional
.

A-s'
,
x.

= {VE I v. x. c- S' }
- For a.e

. F ,
tho
,
and 8 "

nice enough
"

,

As,x. is BD to a lattice .
- F a residual set of F's ,

Hx
. ,

S' "
nice enough

"

,As,x. is not BD to

a lattice.

REEK : For linear sections &
,
As,x. is a

cat-and -projeetase.IT
5- FCK) , KEN an n-d-term subspace ,

transverse

to F
,
with non- empty interior in Th.
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sabstitutiontiln.gs#-F--ET.,-.Tn3finite set of files in Rd
,

p >o is a fixed expansion constant,
and each Ti has a tiling by elements
of Fsf⇐ Eps'T. . → B'

'TS .

- The substitution *ale & is the operation
of expanding by B and substitute by the
given

rude
.

- By applying a repeatedly and take limits
one obtains tidings of Ird -substitiont.la#--X-oithetilinyspace

,
is the collection

ofall these filings ,
is visually minimal

and uniquely erotic w.tt. the lRd_action

by translations?
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Example
① Penrose tiles

②

- Substitution matrix : My
-

= laij)
ai;

# tides of type i in ottj.) .
- o is called primitive if Moe is primitive.
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For primitive substitution systems:
- Eigenvalues: X. - Hal Hasle . -

z had

Them Is. %? If 172kt then every text
is BD to a lattice

.

Than [A-liste - Prieto
,
Coronel

,
Gam bando

'BI
FfHal# Xf'd ⇒ feet, is BD to a lattice.

The TS. 943 (for polygonal tales)
Let tzz be minimal sit . Tae et htt .
- Htts XT

-

"d
⇒ feet, is BD to a lattice.

- Htt > XF''d⇒ feet, is not BD to a lattice.
=
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Thatsmilansky , s .
'203 Every incommensurable

multiscale substitution tiding t is not

BD to a lattice.
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BDfornon-latticesA.es#ThmEFrettlsih,smrlansky
,
s.
'off:[fist?)

Let A
. ,A. be two Delane sets is Ird

and assume I a sequence
ofsets (Anti

,

in Qd s.tl#fAmnAd-HfAmaAzHm-so--o
-
-to

Vold, (2AM)
then A

,
is not BD to A- a .

Thy [FSS
'

lo]
I mixed substitution system set . the

tiding space contains continuously many
distinct BD- classes

.

Question: can this happen in

systems of Delone sets which are

minimal d.rt
. translations) ?
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Thm-TFrettb.tn , Garber 963
I cut- and-project set A whose hull
contains a set P not BD to A-

a

Er primitive substitution a
murmuration

-Recall
,
if Htt e- 79

-"d
⇒ #BDGTA--I

- For a patch R let v HIRN be at .
✓CP) i = #{tiles of type i in P}

Thin Is. 202
-

suppose I#sa!
"'d and let Veto# be

an eigenvector of Xt. Assume that Z
patches P

,
Q s.t .

① supp LP) , Supp(Q) differ by translation
.

③ UP) - via) # Vtt.
Then IBD f- 2×0

.
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Examples

Moe (I f) ⇒ % -
- e (⇒ Are 6

P --
,
D= ⇒ Yo ⇐ 191 bit:)

Vp - Va = (-3) = rt
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Ideaofthepro
- Assumptions ①+20 ⇒ IBDAtoll 72 .

- Recall : i 7 a sequence
ofsets (Am)!

,i¥÷i÷¥÷:::÷÷÷
- In the example : Am : = supp(only))

or€

#{tiles in gyp)3 =LMom(9) , H) >
# { tiles in 04043=2ME (3) , 7

⇒. I# {tiles in 04143- #{tiles in 042131
=KMmol:D , H) > f- HITCH , it) > I
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Steph IBDfish 's ⇒ lBDfxoH2* :
- Construct inductively a sequence of
sets Hi for the condition ¥1 ,
Hi - Aki

.
If @it grows

"

fast enough:
the discrepancy grows faster than theboundary.
- suppose I f q are two non-BD tilings
in Xo

zoom
in

- Akita
Akita

/
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Threeobserratrons
(c) It is possible to find the above
=

combination both in Aria, At and in An 92.

We can position the patch in Arie , by
fixing the position of Arc. rt or
Aang (the one we are interested in ) .

C If Ii) grows fast enough then
the size of the translation vector that

maps Sapp (Akene) to Supp (Anning) is

negligible .


