Random Walks and Brownian Motion Instructor: Ron Peled
Tel Aviv University Spring 2011

Lecture 5
Lecture date: Feb 28, 2011 Scribe: Yishai Kohn

In today’s lecture we return to the Chung-Fuchs theorem regarding recurrence of general
random walks on R¢, and provide a proof for the Z¢ case. We then move on to present
a brief review of Martingales, mentioning several of their properties. In particular, we
relate to the optional sampling theorem, Doob’s maximal inequality and the martingale
convergence theorem. Towards the end we begin to discuss Harmonic functions on graphs,
define a Liouville graph, and finish with concluding that Z? is Liouville, using the martingale
convergence theorem.

Tags for today’s lecture: Recurrence criteria for general RWs, Chung-Fuchs theorem,
Martingales, Harmonic functions, Liouville graph.

1 Chung-Fuchs Theorem

Theorem (Chung-Fuchs). Let S, be a RW on R?.
1. Suppose d = 1: If the weak law of large numbers holds in the form S,/n — 0 in
probability, then S, is neighborhood-recurrent.

2. Suppose d = 2: If the central limit theorem holds in the form S,/\/n = normal
distribution, then Sy, is neighborhood-recurrent.

3. Suppose d = 3: If S, is not contained in a plane (meaning that the group of possible
values for S, does not rest on a plane) then S, is neighborhood-transient.

proof.

(i) The d = 1 case has been proved in the previous lecture (under first moment assumptions
and for RWs on Z).

(ii) d = 2: We will prove the theorem for RWs on Z2.

[e.@]
We need to show > P(S, =0) = oo (according to proposition (3) in last week’s lecture).
n=0
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We have, from the assumption,

15w <b) — n(y)dy

\/ﬁ n—o00
llzlI<b

P(—=

(||]| refers to the Euclidean norm on R? and n(y) is the limiting normal distribution.
Notice that we can assume n(y) is non-degenerate, otherwise we’re back to the 1-dimension
problem).

Remark. A local limit theorem would give P(S, = 0) ~ £, which would yield the wanted
o0

divergence of the sum ) P(S, =0).
n=0

Lemma. Let

G(z,y) = E*[#of visitstoy| = ZPx(Sn =y)

then

Gla,y) = P*(visity) - G(y,y) -
Notice that G(y,y) = G(z, x).
Proof. Define T'= min(n | S, =y) or T = oo if y not visited.

Now,

Y)=Y P(Su=y)=>_ > P(Su=y,T=k)
n=0

n=0 k=0

(notice that P*(S, = y,T = k) = 0 Yk > n). Every element in the sum is positive, so we
can change the order of summing;:

y)=Y_ > P(Sa=yT=Ek).

k=0 n=0

Using the strong Markov property we get

ZZPyS =vy) - PY(T =k) ZPI =k)-G(y,y) = P*(visity) - G(y,y) .

k=0 n=0

Corollary. Since P*(visity) < 1 it follows that

G(z,y) < G(z,2),
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hence for any A C Z¢

ipf(sn € A) <|A| - Gz, z)

n=0
(by summing upon all y € A).

Back to the proof of (2): Note that for every m

(%) ZP G(0,0) >—ZPHS | < m)

n=0

for some ¢ > 0, from the corollary (here A = {z | ||z|| < m} and |A| = ¢ - m?).
We can change the sum into an integral

o

(o) oy SRS < m) = [ P([Sigme | < m)as,
n=0

0

because when 2 < A< 2Hl then LGmQJ = n and each segment of the integral is of length
m m
#. From the assumption

P(HS 2 H <m)= HSLOmQ H —) — n(y)d
[om?] || = \/>m = \/5 o y)ay,
llaf|<6-1/2
and by Fatou’s lemma,
l}nnggof/P(HSLGmﬂH <m)df > /%@&fp HSL9m2JH < m)df —/ / n(y)dy .
0 0 0 Jlz||<g-1/2

Now, denote {||z| < 6=/} := By. Notice that [ n(y)dy ~n(0)-|Bg| as § — oo, and
By
n(0) - |Bg| > § for some ¢ > 0. Thus, using (%) from above,

[e.e]

R c
it S P(IS. | <m) > [ § o0

n=0 ol

for some ¢, C’ > 0. Returning to (x) we get
o
Y P(Sp=0)=c0. O
n=0

(iii) Proof outline for the 3-dimensional case of RWs on Z3.
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Reminder. A RW on Z% is recurrent iff
S / Re { ! } dt
u _ =00
TJ?[ L Lo

where o(t) = E[e®X1] is the characteristic function of X.

Remark. If z € C, Re[z] < 1 then Re [ﬁ} < m. (exercise)
Thus, X
I e N e
[—m,m] [—m,m]
But Vr < 1: Re[lfw(t)} < Re[liw(t)], so the integral on the right hand side is oo only if
1

Accordingly, it is sufficient to show that [ Re[ 70) dt < oo in order to prove the tran-
[=m7]3
sience of the walk.

Notice that if ¢(t) = 1+ O(|[t||*) as t — 0, then [ m = [ W < 00 as
[_71-777]3 [_77’71']3

t— 0.

So, for the integral to be oo (and hence the RW be recurrent) we need o(t) = 1+ o(||t]|*) as
t— 0.

But, for a 1-dimensional RV Y we have that (using the Taylor series)

E[e™] =1+ ip\ — g)\z +0()\2),

where E[Y] = y, E[Y2] = a. Hence, if o(t) = E[e?X1] = 1 + o(||t||*), then by writing ¢ =

||| €® we get that €. X is a 1-dimensional RV with both E[e??- X;] = 0 and Var[e?-X;] = 0,

and therefore ¢ - X1 =0 (a.s.).

Thus, in order to have [
[—m,7

6. Consequently, a RW on Z3 is recurrent only if it is contained in a plane, and otherwise

transient. [

” mdt = 00, we must have that € - X; = 0 for almost all

2 Martingales

We now supply a quick review of martingales in discrete time. A more complete discussion
on the subject appears in [IJ.
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2.1 Definitions

A filtration is a sequence of o-fields {F, }n>0 s.t. Fo C F1 C ...

A martingale (with respect to the filtration {F,}n>0) is a sequence { My, }n>0 of integrable
RVs souch that M, is measurable with respect to F,, and

E[My, | Fu]l = M, Ym>n.

Notice that the last requirement is trivially equivalent to

E[Myy1 | Fo] = M, Vn.

Some intuition to this definition: We can think of M, as the fortune earned by a gambler
at time n. The last requirement suggests that the game is fair - the expected fortune at any
time is the same as the gambler’s initial fortune (or the fortune given at a certain time in
the past).

Submartingale is defined the same way, changing the last requirement into E[M,, 11 | F] >
M,, Vn (a submartingale is a good game to play...).

Accordingly, supermartingale is defined with the last requirement E[M,,+1 | F,| < M, Vn
(“there’s nothing super about a supermartingale”).

Remark. If no filtration is given, then F,, = o(Mo, ..., My,).

Example. A RW with mean 0 is a martingale (assuming X is integrable).

2.2 Optional Stopping
Definition. T is a stopping time with respect to {F, }n>0 if T takes values in {0,1,2,...} U
{oo} and {T < n} is measurable with respect to F,.

Intuition: The gambler’s decision to stop gambling is a function only of the results that
happened in the past.

Proposition. If M, is a (super/sub)martingale and T a stopping time, then {Mrpan}n>0
is also a (super/sub)martingale.

In particular, EMpp, = EMy Vn (and unequal accordingly for a super/sub-martingale).
Proof. (exercise)

Example. M, := 5, for a SRW {5, },>0 on Z starting at 0, and 7" = min(n | M,, = 10)
(first hitting time of 10). Notice that EM,, = EMy = 0, P(T < oo) = 1 (by recurrence), and
EMr =10, so EMr # EMy. However, EMra, = 0 by the above proposition.
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When is EMp = EM,?
Theorem (optional stopping theorem). let {M,},>0 be a martingale, T a stopping
time, and suppose P(T < 00) = 1. Then EMp = EMy if any of the following holds:

1. T is bounded 3k P(T <k)=1).

2. (dominated convergence) IRV'Y with E|Y| < oo and |[Mra,| <Y Vn.

3. ET < oo and the differences |M,, — M,_1| are uniformly bounded (|M, — M,_1| <
kVn a.s. for some k).

4. E|Mr| < oo and ILm E[|My] - 1(rsn)] = 0.
5. {My} is uniformly integrable, i.e. Ve > 0 3k. s.t. E[| M| - 1(ag,>5.] < € Vn.
6. 3p > 1 s.t. {M,} are bounded in Ly, that is 3k E|M,|" < k Vn.

Proof.

1. By the assumption Mp = Mpak (a.s.), so EMp = EMppa = EMj.
2. Mrpp, — My, thus (by dom. conv.) EMp = lim EMpa, = EM,.
n—oo n—oo
TAn
3. We have|Mppa, — Mp| = | D (Mg —Mkl)‘ < T - k where the right hand side is
k=1
integrable by assumption. Thus, by dominated convergence we obtain

E[Mp — Mo] = lim E[Mryy, — Mo] =0

4. Notice that My = Mrppn + (M1 — My) - 17y, therefore
EMp = E[MT/\n] + E[MT . 1(T>n)] — E[Mn . 1(T>n)] .
Taking n — oo and using the second part of the assumption we are left with EMp =
Eq + nll_{I;OE[MT . 1(T>n)]'

The assumption E |M7| < oo allows us to use the dominated convergence theorem
once again to conclude that lim E[Mr - 1(75,)] = 0 (here assuming P(T' = o0) = 0 is
n—oo

necessary) , and so EMp = Eo.

5. We do not provide a proof for (5) and (6), but mention that once we prove (6), we can
obtain (5) easily. (Exercise).

Remark. for a supermartingale, all the above holds with the slight change that EMr <
EM,.
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2.3 Doob’s Maximal Inequality

Theorem (Doob’s maximal inequality). If {M,},>0 is a non-negative submartingale,

then EM
>\ < n
P(OrgjagnMg 2A) < —

This theorem is often combined with the next proposition to get a stronger result:

Proposition (Jensen). If {M,},>0 is a martingale, f : R =R convez, then {f(M,)}n>0
is a submartingale (assuming additionally that E|f(M,)| < co ¥n).

In particular, we can take f(x) = |z|P for some p > 1, or f(z) = e for some b € R. Given
a martingale {M,}, we can now use Doob’s inequality for the non-negative submartingale
{f(M,)}n>0, and obtain:

E |M,|P
- > < 4 7 >
P(o%agngJ >\ < W Vp>1
or bM,
> A) < — .
P(Oréljagle > \) < o) Vb e R

This way we can replace the original linear bound with a higher polynomial or exponential
bound.

Proofs for the above theorems can be found in[I].

2.4 Martingale Convergence Theorem

To start the (brief) discussion on the martingale convergence theorem, we present the next
quote from the book “Probability of Martingales” by D. Williams, on the significance of this
theorem:

A signifies something important.
AN signifies something very important.
ANAN is the martingale convergence theorem.

Theorem. Let {M,}n>0 be a supermartingale, and suppose sup(M,) < oo (where M, =
n
max(—My,0)), then there exists a RV M such that M,, — M a.s.

E.g. a non-negative martingale always converges (a.s.)

Remark. The limit M is integrable, but the convergence is not necessarily in L;.
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For example, consider T = min(n | S, = —10) where S,, is a SRW (T is the first crossing
time of -10). Then, the martingale St,, converges to the constant M = —10 which is
integrable, but the convergence is not in Ly, since ESpp, = ESy = 0 (using the fact that
STan is a martingale), hence E[Spa, — M] = 10 7 0.

An interesting example of the use of the martingale convergence theorem is Polya’s Urn: An
urn contains b blue balls and r red balls. At each time we draw a ball out, then replace it
with ¢ more balls of the color drawn. The proportion of red balls (for instance) in the urn is
a non-negative martingale, and hence this proportion converges to a RV (which must take
values in [0, 1]). In the special case where initially r = b =1 and ¢ = 2 it turns out that the
limiting RV is uniformly distributed on [0, 1].

Theorem (uniformly integrable submartingale). For a submartingale {My}n>0, the
following are equivalent:

o [t is uniformly integrable.
e [t converges a.s. and in L.

o [t converges in L.
If {M,} is a martingale then also:
e 3 an integrable RV M s.t. M, =E[M | F,] .

Corollary (Levy 0-1 law). Denote F,, / Fs (that is Foo = 0(UFy,), the smallest o-field
containing the union), then for every integrable RV X it holds

E[X | Fn] — E[X | Fo] a.s.andinly

The special case where X = 14 for A € F and then P(A | F,) — 14 generalizes the
Kolmogorov 0-1 law (this last remark is left as food for thought for the reader).

3 Harmonic Functions

From this point on we assume G to be a locally finite graph (that is deg(v) < oo Vv € G ).

Definition. h: G — R is said to be harmonic if

W) = i O hw)

YEN(z)
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where N(x) = {y | y isaneighbor of x in G}.

In other words, for every z, if we start a SRW on G {Z,,},,>0 beginning at x, then h(z) =
E[h(Z1)]. Notice that this means that {h(Z,)}n>0 is a martingale for any starting vertex x
(acknowledging that h(Z,) takes only finitely many values and thus is integrable).

Examples.

1. Constant functions are harmonic.

2. On Z4, linear functions are harmonic. (exercise)

Definition. The space of bounded harmonic functions is called the Poisson Boundary of
G. G is called Liouwville if it has no non-constant bounded harmonic functions.

Remark. All the above can be defined with respect to other RWs than the SRW.

Example. Consider T? the infinite binary tree (for our purposes we define the tree to
be infinite both upwards and downwards from the origin, in order to be coherent with the
general case of Cayley graphs, which would not be further discussed here). We define an end
of the tree to be an infinite simple path from the origin. Then, for a collection of ends A we
can define h(x) = P*(in finite trajectory beginning at x agrees with some endin A i.o.). It
is easy to check that h is a bounded harmonic function, indeed

h(z) = P*(Pendingin A”) = E[P%(Pendingin A” | Z,)] = E[P? ("ending in A”)] = E[h(Z1)].

But, h is non-constant, for certain choices of the group A. For instance, if we choose A to be
the bottom half of the graph, then the probability of “ending in A” is different for vertexes
from the top half and vertexes in A. A RW beginning at the top half has a 2/3 probability
of going up at every step (until it, possibly, crosses the origin downwards), as where on the
bottom half the 2/3 probability is “directed” down. Thus, the further up we begin the RW
(with respect to the origin) - the smaller the probability to end at the bottom half. Hence,
T? is not Liouville.

Remark. Z is Liouville.

Proof. For h harmonic on Z, the definition implies that h(z 4+ 1) — h(x) = h(x) — h(x —1).
So, if h is non-constant, there exists a y s.t. h(y + 1) — h(y) = a # 0, which means h has a
fixed slope, and thus cannot be bounded.

Question is, what about Z?? Is it Liouville?

Proposition. On any connected recurrent graph (meaning a SRW on it is recurrent), any
non-negative harmonic function is constant.

In particular, the graph is Liouville (because any bounded harmonic function must be con-
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stant, otherwise by adding a large enough constant we would obtain a non-negative non-
constant harmonic function).

E.g. Z? is Liouville.

Proof. Fix z,y € G and let h be a non-negative harmonic function. We need to show
that h(x) = h(y). Define {Z,,}n>0 to be a SRW on G starting at x. {h(Z,)}n>0 is now a
non-negative martingale, and so the martingale convergence theorem holds. Consequently,
h(Z,) — H a.s. (where H is some RV). We have assumed G is recurrent, thus P(Z, =

x i.0.) = 1, so h(Z,) must converge to h(z) a.s. But by recurrence it also holds that
P(Z, =y i.0.) =1, and similarily h(Z,,) — h(y) a.s. Therefore h(xz) = h(y) and we’re done.
O

In the next lecture we will discuss the question - is Z¢ Liouville for all d?
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