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Abstract

A fundamental result of Biichi states that the set of monadic second-order formulas true in the structure
(Nat, <) is decidable. A natural question is: what monadic predicates (sets) can be added to (Nat, <) while
preserving decidability? Elgot and Rabin found many interesting predicates P for which the monadic theory
of (Nat,<,P) is decidable. The Elgot and Rabin automata theoretical method has been generalized and
sharpened over the years and their results were extended to a variety of unary predicates. We give a sufficient
and necessary model-theoretical condition for the decidability of the monadic theory of (Nat, <, Py, ..., P,). We
reformulate this condition in an algebraic framework and show that a sufficient condition proposed previously
by O. Carton and W. Thomas is actually necessary. A crucial argument in the proof is that monadic second-
order logic has the selection and the uniformization properties over the extensions of (Nat, <) by monadic
predicates. We provide a self-contained proof of this result.
© 2007 Elsevier Inc. All rights reserved.

1. Introduction

In this paper, we provide necessary and sufficient conditions for the decidability of monadic
(second-order) theory of expansions of the linear order of the naturals w by unary predicates.
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The fundamental work of Biichi [1] shows that the monadic theory of w = (Nat, <) is decidable.
Even before the decidability of the monadic theory of @ has been proved, it was shown that the
expansions of @ by “interesting” functions have undecidable monadic theory. In particular, the
monadic theory of (Nat, <,+) and the monadic theory of (Nat, <, Ax.2 x x) are undecidable [12,18].
Therefore, most efforts to find decidable expansions of w deal with expansions of w by monadic
predicates.

It is clear that if M = (Nat, <,Py,...,P,) is an expansion of w by definable predicates, then the
monadic theory of M is decidable. However, only very simple monadic predicates are definable in
w. It is well known that a monadic predicate S is definable in w iff it is ultimately periodic, i.e., there
are m,d € Nat such that foralli > m:i € Siffi+d € S.

In order to prove decidability of the monadic theory of w, Biichi introduced finite automata over
w-words. He provided a computable reduction from formulas to finite automata. More precisely,
he proved that for every monadic formula ¢(X) with a free second-order monadic variable X there
is a finite automaton 4 such that a monadic predicate P satisfies ¢(X) if and only if A accepts the
characteristic w-word up associated with P (the ith letter of up is 1ifi € P anditis 0if i ¢ P). Hence,

the monadic theory of (Nat, <, P) is decidable iff for the corresponding w-string u, the following
decision problem is decidable

(Accy,): Given an automaton A, does A accepts up?

Elgot and Rabin [6] found many interesting predicates P for which the problem Acc,, and hence

the monadic theory of (Nat, <,P) are decidable. Among these predicates are the set of facto-
rial numbers {n! : n € Nat}, the sets of kth powers {n* : n € Nat} and the sets {k” : n € Nat} (for
k € Nat).

The Elgot and Rabin automata theoretical method has been generalized and sharpened over the
years and their results were extended to a variety of unary predicates (see e.g., [5,15,16,13,3,4]).

In [3.,4] a class of effectively profinitely ultimately periodic predicates was introduced by Catron
and Thomas. Many examples of effectively profinitely ultimately periodic predicates were pro-
vided. Catron and Thomas used an algebraic (semigroup) approach to show that for every effec-
tively profinitely ultimately periodic predicate P the corresponding problem Acc,, is decidable.

Consequently, they derived that if P is an effectively profinitely ultimately periodic predicate then
the monadic theory of (Nat, <,P) is decidable. We show that this is a necessary condition for the
decidability of the monadic theory of (Nat, <, P).

Unlike previous proofs of the decidability of monadic expansions of w our proof is based on
model theoretical methods developed by Shelah [14].

Let M = (Nat, <,P), where P is a unary predicate. For an interval [i, j), we denote by M|; ;) the
substructure of M over the set {k : i < k < j}. Structures are said to be =-equivalent if they satisfy
the same monadic second-order sentences of the quantifier depth at most k. A subset S = {51 <
sy < -+ <s; <---} of Nat is said to be k-homogeneous for M = (Nat, <,P) if S is infinite and
Mis;is,) =k Mys;.s,) for all pairs i < i"and j < j’. A set S is said to be homogeneous for M if for every
kthe set Sy =S N {n:n > s} is k-homogeneous.

Our main technical result is the following necessary and sufficient condition for the decidability
of M = (Nat, <,P):



872 A. Rabinovich | Information and Computation 205 (2007) 870-889

Theorem A. The monadic theory of M = (Nat, <, P) is decidable if and only if P is recursive and there
is a recursive set S which is homogeneous for M.

We also provide necessary and sufficient algebraic conditions for the decidability of M =
(Nat, <,P). An w-sequence q; is said to be ultimately constant with lag / if a; = a; for i, j > I.
Let M = (Nat, <,P) and let up = apa ... be the characteristic w-word over {0,1} associated

with P. For an infinite set S = {51 < sy < --- < s; < ---} € Nat define an w-sequence w; = wiS =
y;05,4105,42 - . - A5, —1 Of finite words over alphabet {0,1}. A set S C Nat is ultimately constant for
M if for every finite semigroup G and for every morphism /4 from the semigroup of finite non-
empty words over {0, 1} into G the sequence {A(w;)};cna 18 ultimately constant. A set S is effectively
ultimately constant for M if S is recursive and ultimately constant for M and there is a recursive
function which for every finite semigroup G and morphism 4 computes a lag of the ultimately
constant sequence {4 (w;)}ienar-

Theorem B. The monadic theory of M = (Nat, <, P) is decidable if and only if P is recursive and there
is a set which is effectively ultimately constant for M.

The “only if” direction is a difficult part of Theorems A and B; the “if” direction of these theorems
is easy.

The paper is organized as follows. In Section 2, we fix notations and terminology. In Section 3,
elements of the composition method are presented. Though our use of the composition method is
not very deep, it is unlikely that these results would have been found in the automata theoretical
framework. In Section 4, we give a proof of Theorem A. In Section 5, we reformulate this theorem in
the algebraic framework and we prove Theorem B. The algebraic condition of Theorem B is a special
case of Carton—-Thomas condition shown to be sufficient for decidability [3,4]; hence, we obtain
that the monadic theory of M = (Nat, <,P) is decidable if and only if P is effectively profinitely
ultimately periodic. A negative answer to a question raised in [3] is also provided here. Section 6
compares our results with the Semenov theorem [13] which provides another necessary and sufficient
condition for the decidability of the monadic theory of M. We also state here the generalization
of our results to other logics [11]. A proof of Theorem 17 is given in the Appendix. This theorem
is closely related to the uniformizatiion property for (Nat, <), which was stated without proof in
[9]. The Appendix also compares the uniformization property with the Church uniformization
problem.

2. Preliminaries
2.1. Notations and terminology
We use &, [, m, n,i for natural numbers; Nat for the set of natural numbers and capital bold letters

P, S, R for subsets of Nat. We identify subsets of a set 4 and the corresponding unary (monadic)
predicates on 4. We use standard notations for ordinals, e.g., w is the order type of natural numbers.
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As usual in set theory, a natural number » can be viewed as a linear order, namely the initial segment
({0,...,n — 1}, <) of the standard ordering of natural numbers.

The set of non-empty finite words (strings) over an alphabet X is denoted by X7; the semigroup
of finite non-empty words over X with the concatenation operation will be also denoted by X¥;
this semigroup is the free semigroup generated by ¥, i.e., every function from X into a semigroup G
can be extended in a unique way to a morphism from X7 into G.

There exists a one-one correspondence between the set of all w-strings over the alphabet {0, 1}”
and the set of all n-tuples (Py,...,P,) of unary predicates over the set of natural numbers. With
an n-tuple (Py,...,P,) of unary predicates over Nat, we associate the w-string apaj ... ay ... over
alphabet {0,1}" defined by a; =4 (b’l‘,. .. ,b’,j ) where bf-‘ is 1 if P;(k) holds and bf-‘ is 0
otherwise.

Similarly, there is a one-one correspondence between the set of all strings of length m over the
alphabet {0, 1} and the set of all n-tuples (Py,...,P,) of unary predicates over the set {0, ...,m — 1}.

A linearly ordered set will be called a chain. A chain with » monadic predicates over its domain
will be called an n-labelled chain; whenever n is clear from the context an n-labelled chain will be
called a labelled chain.

We will sometimes identify an n-labelled chain M = (Nat, <,P1,...,P,) with the w-string over
the alphabet {0, 1} which corresponds to the n-tuples (Py,...,P,); this w-string will be called the
characteristic w-string (or w-word) of M. Similarly, we will identify finite n-labelled chains with
corresponding strings over {0, 1}".

We use standard notations for intervals, e.g., [a, b) denotes the set {¢ : @ < ¢ < b}. For a labelled
chain M and its interval [a, b) we denote by M|, ) the substructure of M over [a, b); we denote by
M_, the substructure of M over the interval {c : ¢ < a}.

2.2. Monadic logic of order

The syntax of the monadic second-order logic of order—AMLO has in its vocabulary individual
(first order) variables fg, #1, . . ., monadic second-order variables Xy, X1, . . ., monadic predicate names
Py, Py ... and one binary relation < (the order).

Atomic formulas are of the form X(¢),P(¢),f; < t and #; = fp. Well-formed formulas of the
monadic logic MLO are obtained from atomic formulas using Boolean connectives —, v, A, — and
the first-order quantifiers 3¢ and V¢, and the second-order quantifiers 3X and VX. The quantifier
depth of a formula ¢ is denoted by qd(¢).

A structurefor MLO isM = (4, <, P{V[, cee, PnM), where <M isalinear order over 4 and P{V[, R PnM
are one-place predicates (sets) which are the interpretations of the monadic predicate names Py, . . ., P,
in the structure M. Such a structure is called an n-labelled chain, or for brevity simply a chain.

We shall not repeat the standard inductive definition saying when a formula is satisfied. We recall
the notation:

M,t,...T; S, .. LS E e, .t X X))
which we also abbreviate to M = ¢[11,...,T%; S1,...,S;], where M is a structure, t1,...,T; are

elements of M, Sy,...,S,, are unary predicates (i.e., sets) over the domain of M, ¢ is a formula and
H,...,tr; X1, ..., X, include all the free variables of ¢.
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We use standard abbreviations, e.g., we write X C X' for V¢. X(r) — X'(¢); we write X = X’ for
Vt. X(1) < X'(1); symbols “3<!” and “31” stands for “there is at most one” and “there is a unique”.

Let M = (4,<,PY,...,P¥) be a labelled chain and a(X) be a formula. We say thata set S € 4
18 definable by a(X) in M if M = «[S] and M = ' Xa(X). We say that a set S C 4 is definable (in
M) if it is definable by a MLO formula.

The monadic theory of a labelled chain M is the set of all MLO sentences which hold in M.

We will deal with decidability questions for the monadic theory of expansions of w by monadic
predicates (i.e., of structures of the form M = (Nat, <,Py,...,Py)).

We say that a chain M = (Nat, <,Py,...,P,) is recursive if all P; are recursive subsets of Nat.

3. Elements of composition method

Composition theorems are tools which reduce sentences about some compound structure to
sentences about its parts. A seminal example of such a result is the Feferman—Vaught Theorem [7]
which reduces the first-order theory of generalized products to the first-order theory of its factors
and the monadic second-order theory of index structure.

Shelah [14] used the composition theorem for linear orders as one of the main tools for obtaining
very strong decidability results for the monadic theory of linear orders.

In this section, definitions and theorems which will be used later are collected. They are adapta-
tions of more general results proved by Shelah [14]. The proofs of the theorems stated here can be
easily extracted from the results in [14] or from surveys by Gurevich [§] and Thomas [17].

3.1. =g-equivalence

We use the notation =; to say that two labelled chains cannot be distinguished by an MLO
sentence of quantifier depth k. More precisely, let M and M’ be two n-labelled chains. We write
M =; M’ if and only if for every sentence ¢ with qd(¢) < k we have M = ¢ iff M’ = ¢.

Theorem 1.

(1) For every n and every k, the relation =y, defines finitely many equivalence classes T1,Ta,..., Ty
over the set of all n-labelled chains.

(2) For each equivalence class T; there is a MLO sentence B; with qd(8;) < k which characterizes
it; i.e., M € T, iff M = Bi. Moreover, there is an algorithm which for every k and n computes the
set Charﬁ of the characteristic sentences for =i over the n-labelled chains.

(3) Every MLO sentence ¢ in the signature (<,Py,. .., P,) with qd(¢) < k is equivalent to a (finite)
disjunction of characteristic sentences from Chark. Moreover, there is an algorithm which for
every sentence ¢ computes a finite set D of characteristic sentences such that ¢ is equivalent to
the disjunction of all the sentences from D.

3.2. Lexicographical sum

Definition 2. (Lexicographic sum) Let Ind = (I, <'"?) be a chain and let M; = (4;, <™, le‘li, e, Pﬁ/[")
for iel be a family of (disjoint) n-labelled chains. The lexicographic sum of M; =
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(4;, <Mi ,P?’Ii,. L PM ) with respect to the chain /nd (notation )
M= {(4,<,Py,...,P,), where
(1) A= Uie[Ai and
(2) An element 7 € 4; precedes v € 4; in M if i precedes j in Ind or i = j and 7 precedes 7’ in A;.
(3)For/=1,...,n,anelementt € P, if 7 € P?/I" for somei € 1.

4 M) is the n-labelled chain

ieln

We refer to M; as the summand chains and to Ind as the indices chain of ) ,_;,; M;. We write
M() + M] for Zie{O,l} M

Theorem 3 (Composition theorem for chains). Let Ind = (I, <) be a chain and let M; (i € I) and
M (i €I) be two families of n-labelled chains such that M; =, M] for all i € 1. Then, Y, ;. M, is
=-equivalent to Y ;.. M';.

ieln

This theorem implies the following corollary:

Corollary 4.

(1) For every n and k there is a function B, from Chark x Chark into Chark such that for all
characteristic sentences Bi, B, B3 € Charf‘l and for all n-labelled chains M and M> such that M = B
and My = Bs the following equivalence holds:

B3 = D,.x(B1, B2) if and only if My + M k= Bs.

(2) For every n and k there is a function ®Z)k from Char,f into Charfj such that for every characteristic

sentences B, f2 € Charﬁ and for every family M; (i € Nat) of n-labelled chains such that M; = B
for every i, the following equivalence holds:

B2 = Qi (B1) if and only if (Ziew Mz) = .

Observe that My + (M + M3) is isomorphic to (M) 4+ M>) + M. Therefore, EBn,k is associative and
(Chark, D,.x) is a semigroup.

Note that for every n and & the domain and the range of the functions P, ; and ), are finite.
Our proofs will often rely on the following theorem of Shelah.

Theorem 5. The functions Anik @, and anrk Q) are recursive.

4. Homogeneous sets

In this section, we state and prove our main technical result—Theorem 8— which provides
necessary and sufficient conditions for the decidability of the monadic (second-order) theory of
M = (Nat, <,Pq,...,P,). We start with definitions.

Definition 6 (k-homogeneous sets). AsetR = {rj <ry <--- <r; <---} C Natis k-homogeneous for
M = (Nat, <,Py,...,P,) if R is infinite and for all i < i and j < j/ the substructures of M over
intervals [r;,7;7) and [r;, 7)) are =¢-equivalent.

Definition 7 (homogeneous sets). A set R={rj <r <--- <r; <---} is homogeneous for M =
(Nat, <,Py,...,P,) if for all m € Nat the set {r,, < rpy1 < ---} is m-homogeneous.
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In other words, a set R ={r; < < ---} is homogeneous for M if for all m € Nat and for
all i,j > m and all i/ > i and ;' > j the substructures of M over intervals [r;,7;y) and [r;,7;)
are =,-equivalent.

Assume that P is periodic with a period d, i.e., Vi(i € P) <> (i + d € P). Then, every periodic set
with a period &d is homogeneous for (Nat, <, P).

Now we are ready to state our main technical result:

Theorem 8. The monadic theory of M = (Nat, <,Py,...,P,) is decidable if and only if M is recursive
and there is a recursive homogeneous set for M.

The “if” direction of this theorem is easy and is proved in Theorem 10. The “only if” direction is
more difficult and it is proved in Theorem 11.

Remark 9. Instead of homogeneous sets one can consider weak/y homogeneous sets. A set R =
{r<rm<---<r; <---}is weakly homogeneous for M = (Nat, <,Py,...,P,) if it is infinite and
for all m € Nat and for all i, j > m the substructures of M over intervals [r;,7;11) and [rj,7;41) are
=,-equivalent. Theorem 8§ as well as all the results stated in this paper hold when “homogeneous”
is replaced by “weakly homogeneous.” Moreover, the proofs require only minor modifications.

Theorem 10. If M = (Nat, <,Py,...,P,) is recursive and there is a recursive homogeneous set for M,
then the monadic theory of M is decidable.

Proof. Assume that R = {r; < < ---} is a recursive set which is homogenecous for M. Assume
given a sentence ¢ of quantifier depth £. In order to verify whether ¢ holds in M we first find a
characteristic sentence g8 € Charﬁ of M,ie., B € Charﬁ such that M = 8.

Let M, and M, ., be the substructure of M over the interval [0,7;) and [rg,7%11),
respectively. The structures M_,, and M, .,  are finite and computable from (the decision
algorithm for) M and R, therefore we can compute the characteristic sentences «,y from the
(finite) set of sentences Chark such that M., o« and My, ., Ey. By Corollary 4(2) and
the fact that R is homogeneous we obtain that § = ®®“(y) is the characteristic sentence of
the substructure M, o) of M over [r,00). Hence, by Corollary 4(1), B = oD is the char-
acteristic sentence of M. Moreover, by Theorem 5, 8 is computable from « and 3§, therefore
it is computable from M and R.

By Theorem 1(3), we can compute D € Chark such that ¢ is equivalent to the disjunction of the
sentences from D. Finally, M = ¢ if and only if 8 € D.

This completes the description of our algorithm for the monadic theory of M. [J

Actually, our proof of Theorem 10 shows that the monadic theory of M = (Nat, <,Py,...,P,) is
recursive relative to Py,...,P,, R, where R is any set homogeneous for M. Similar assertions hold
for many results stated in this paper, but to avoid a tiresome exposition they will not be mentioned.

In the rest of this section we are going to prove the following theorem (more difficult direction
of Theorem 8):

Theorem 11. If the monadic theory of M = (Nat, <,P1,...,P,) is decidable, then M is recursive and
there is a recursive homogeneous set for M.

First observe:
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Lemma 12. Every setS C Nat definablein M = (Nat, <,P1q,...,P,) isrecursive relative to the monadic
theory of M. In particular, if the monadic theory of M = (Nat, <,Py,...,P,) is decidable and a set S
is definable, then S is recursive.

Proof. For every natural number » we compute a formula ¢, (f) which defines n in = (Nat, <), i.e.,
w = gu[m] iff m = n.

Let S be a set definable by a formula «(X).

In order to decide whether # is in S we can check whether 3t3Xgp, (f) A a(X) A X(¢) holds in M.
O

Definition 13 (y-colored sets). Let y be an MLO sentence and let M = (Nat,<,Py,...,P,) be a
labelled chain. A subset R of Nat is y-colored for M if for all i, € R, y holds in the substructure
of M over the interval [, j).

Observe that R is =;-homogeneous for M iff R is infinite and y-colored for some y € Char,’f .
Lemma 14.

(1) For every MLO sentence y there is a formula col,(X) such that for every labelled chain
M = (Nat, <,Py,...,P,):

M = col,,[S] if and only if S is an infinite y-colored set.
(2) For every n and k there is a formula Hom(X) such that for every n-labelled chain M
M = Homi[S] if and only if S is k-homogeneous for M.
Proof. (1) is immediate; (2) follows from (1) and the observation that R is =¢-homogeneous for M
iff R is infinite and y-colored for some y € Charﬁf . O
Whenever 7 is clear from the context, we will write “Hom ” for “Hom}”.

Lemma 15. For every n-labelled chain M = (Nat, <,P1, ..., P,) and every k,every infinite set contains
a subset which is =¢-homogeneous for M.

Proof. Let V C Nat be an infinite set. Let Co/  be a function which assigns to every pair v; < v of
elements from V a sentence in Char’ as follows:

Col(vy,v2) = y; ff My, 1) = Vi

Recall that Char,’j is finite. Hence, by the Ramsey theorem, there exist y; € Char,’;f and an infinite
y;-colored subset S of V. Therefore, S is k-homogeneous infinite subset of V. [J

As a consequence of Lemma 15 we obtain that there is a =¢-homogeneous set for M. Moreover,
by Lemma 14(2), the family of all =;-homogeneous sets for M is definable by Hom ;(X). We are
going to show that if the monadic theory of M is decidable, then there is a recursive k-homogeneous
set for M. In order to prove it we will show that there is a definable =;-homogeneous set and
therefore by Lemma 12 this set is recursive.
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First, we need the following definition and theorem.

Definition 16 (selector). a(X) is a selector for B(X) over a class C of n-labelled chains iff the following
conditions hold:

(1) C E IX aX).
2) C E VX (a(X) — BX)).
(3) CE (AY B(Y)) = (AX aX)).

Here and below “3<!” stands for “there is at most one”. We say that «(X) is a selector
for B(X) over a chain M = (Nat,<,P1,...,P,) if a(X) is a selector for B(X) over the class
{M}.

Theorem 17 (computability of selector). There is an algorithm that for every formula B(X) constructs a
formula a(X) such that a(X) is a selector for B(X) over the class C = {{Nat, <,Py,...,P,) : P; C Nat}
of labelled chains.

Proof. This theorem follows from [9]; its proof will be given in the Appendix. [J

Now we are ready to prove Theorem 11. We are going to construct a sequence oo (X), a1 (X), a2 (X),
<o+, a;(X), - - - of formulas such that for all i € Nat and M = (Nat, <,Py,...,P,) the following con-
ditions hold:

A) M E3IX a;(X).
(B) M = VXY (0;(X) Aejy1(Y)) > ¥ C X.
(C) The set U; definable by «;(X) in M is i-homogeneous for M.

Basis. Let ag(X) be ViX(¢).
Inductive step. i — i + 1. Let o 1(X) be a selector for 3Y (Hom j411(X) A ;j(Y) AX C Y).

Note M = 3 Xo;(X) holds because «;(X) are selectors. By the induction on i it is easy to derive
from Lemma 15 that there is an infinite set U; that satisfies «;(X) in M. Therefore, (A) above holds.
From the definition of «;, it immediately follows that (B) and (C) hold.

Now we are ready to finish the proof of Theorem 11. Assume that the monadic theory of M is
decidable. Then, by Lemma 12, all U; defined above are recursive; by (B) and (C), we have that
Uit1 C U; and U; is i homogeneous for all i. Therefore, the set U defined as

U = {a; : a; 1s the ith element of U; for i € Nat}

is infinite, recursive and homogeneous for M.
Hence, we proved that if the monadic theory of M is decidable, then there is a recursive homo-
geneous set for M.

Remark 18. For our proof we need a theorem much weaker than Theorem 17. We only used
the following: if the monadic theory of M is decidable then there is an algorithm that for
every formula B(X) constructs a formula w(X) such that a(X) is a selector for B(X) over
M.
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5. Algebraic conditions for decidability

The purpose of this section is to provide necessary and sufficient algebraic conditions for the
decidability of the monadic theory of M = (Nat, <,Py,...,Py).

Recall that an w-sequence g; is said to be ultimately constant with lag / if a; = a; fori,j > [.

For M = (Nat, <,Py,...,P,) and an infinite set S = {571 < s < --- < 5; < ---} C Nat define an

w-sequence w; = wis of finite words over the alphabet {0, 1}, which correspond to the substructures
M, 5,.,) of M (see Subsection 2.1): the length of w; is /; = s;11 — s; and for j < [;: the jth letter of w;
is (b1,...,bm,...,by), Wwhere b, is 1 if 5; + j € P, and b, is 0, otherwise.

AsetS C Nat is ultimately constant for M if for every finite semigroup G and for every morphism
h from the semigroup of finite non-empty words over X = {0, 1}" into G the sequence {h(w;) }ienas 1S
ultimately constant. A set S is effectively ultimately constant for M if S is recursive and ultimately
constant for M and there is a recursive function which for every finite semigroup G and morphism
h: Xt — G computes a lag of the ultimately constant sequence {A(w;)}iena:-

Theorem 19. The monadic theory of M = (Nat, <,P1, ..., P,) is decidable if and only if M is recursive
and there is effectively ultimately constant set for M.

The “only if” direction of Theorem 19 immediately follows from Theorem 8 and Lemma 20(2); the
“if” direction immediately follows from Lemma 21.
In the next lemma, we identify words and the corresponding labelled chains.

Lemma 20.
(1) For every n,l € Nat there is k € Nat such that:
for all finite non-empty words u and v over X = {0,1}" and for every semigroup G of size at most
[ and every morphism h : £+ — G if u = v then h(u) = h(v).

Moreover, k is computable from n and 1.
(2) If a recursive set S is homogeneous for M, then S is effectively ultimately constant for M.

Proof. Observe that for every finite semigroup G, an element a € G and a morphism 4 : £+ — G
one can construct an MLO sentence & ,, such that for every word u € £+

ul§g,, fand onlyif h(u) = a.
Forevery [ € Nat let k; , be defined as the maximum of quantifier ranks of €5 4, over the semigroups
G of size at most /, elements a € G and morphisms # : ¥+ — G.
Observe that the function Anil. k;, 1s recursive. Observe also that for words uy, us:
if =g, U2 then h(uy) = h(up)

for every semigroup G of size < / and every morphism /2 : ¥ — G.

Lemma 20(1) follows from these two observations. Lemma 20(2) is an immediate consequence of
Lemma 20(1). O
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Lemma 21. If M = (Nat, <,P1,...,P,) is recursive and there is a set which is effectively ultimately
constant for M, then the monadic theory of M is decidable.

Proof. The proof is similar to the proof of Theorem 10.

Assume that R = {r] < < ---} is a (recursive) set which is effectively ultimately constant for
M. Given a sentence ¢ of quantifier depth £. In order to verify whether ¢ holds in M we first find a
characteristic sentence 8 € Charf,c of M,ie., B e Charf,‘ such that M = B.

Let ¥ = {0,1}". Define u; : & — Char,’j as follows: ux({b1,...,b,)) = y, if y is the characteristic
sentence of the one element chain ({0}, <,Py,...,P,), where 0 € P; if b; is 1 and 0 ¢ P; otherwise.
(In other words, ux(a) = y iff y is the characteristic sentence of the chains that corresponds to the
letter a = (by,...,b,).) Let by : T+ — Charff be the (unique) morphism which extends p.

From Corollary 4(1) it follows that for every string u € 1 :if h;(u) = y, then y is the character-
istic sentence of the labelled chain which corresponds to u.

Let u; (for i € Nat) be the string that corresponds to M, ,,,,)—the substructure of M over the
interval [r;, 7;1+1), respectively.

Since R is effectively ultimately constant, we can compute / € Nat and y € Char,/f such that
hi(u;) = y for all i > . By Corollary 4(2) we obtain that § = K)“(y) is the characteristic sentence
of the substructure M|, ) of M over [r;,00). Let v be the string that corresponds to the substruc-
ture of M over the interval [0, 7;); note that « defined as 4z (v) is the characteristic sentence of this
substructure. Hence, by Corollary 4(1), 8 = o €p § is the characteristic sentence of M. Moreover, by
Theorem 5, B is computable from « and §.

By Theorem 1(3), we can compute D C Charﬁ such that ¢ is equivalent to the disjunction of the
sentences from D. Finally, 8 € D if and only if M = ¢.

This completes the description of our algorithm for the monadic theory of M. [J

We conclude this section with a discussion on a class of effectively profinitely ultimately pe-
riodic structures which was introduced by Carton and Thomas. In [3,4] numerous examples of
effectively profinitely ultimately periodic structures were provided and it was shown that if M =
(Nat,<,Pq,...,P,) is effectively profinitely ultimately periodic, then the monadic theory of M is
decidable. The algebraic condition of Theorem 19 is a special case of the effectively profinitely
ultimately periodic condition. Hence, we derive that the effectively profinitely ultimately periodic
condition is a necessary condition for the decidability of the monadic theory of M.

Let as recall that an w-sequence a; is said to be ultimately periodic with lag / and period d if
a; = ajqq fori > 1.

For M = (Nat, <,Py,...,P,) and an infinite set S = {s] <2 < --- < §; < ---} C Nat define an

w-sequence w; = wl-s of finite words over the alphabet {0, 1} which correspond to the substructures
Mis,,s;.p) of M (see Section 2.1).

A'set S C Nat is ultimately periodic for M if it is infinite and for every finite semigroup G and for
every morphisms 4 from the semigroup of finite non-empty words over {0, 1}" into G the sequence
{h(w)) }iena 18 ultimately periodic. A set S is effectively ultimately periodic for M if S is recursive
and ultimately periodic for M and there is a recursive function which for every finite semigroup G
and morphism 4 computes a lag and a period of the ultimately periodic sequence {A(w;)};cna. Note
that if S is an effectively ultimately constant set for M, then it is effectively ultimately periodic for
M.
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A labelled chain M = (Nat, <,Py,...,P,) is effectively profinitely ultimately periodic if M is
recursive and there is a set S which is effectively ultimately periodic for M.

Theorem 22. The monadic theory of M = (Nat, <,P1,...,P,) isdecidable if and only if M is effectively
profinite ultimately periodic.

Proof. The “only if” part: assume that the monadic theory of M is decidable. By Theorem 19, M is
recursive and there is effectively ultimately constant set for M. Every effectively ultimately constant
set is effectively ultimately periodic (with period one). Hence, M is effectively profinite ultimately
periodic.

The “if” part: this direction was proved in [3]. A proof similar to the proofs of Theorems 10 and
21 can also be easily obtained. [

Carton and Thomas asked in [3], whether the monadic theory of (Nat, <,P1,P») is decid-
able if it is known that (Nat, <,P1) and (Nat, <,P;) are effectively profinitely ultimately pe-
riodic.

The negative answer to this question can be obtained as follows. Semenov [13] constructed
P and P such that the monadic theories of (Nat, <,P;) and (Nat, <,P,) are decidable, yet the
monadic theory of (Nat, <, P1, P») is undecidable. Hence, by Theorem 22 it follows that (Nat, <, Py)
and (Nat, <,P»,) are effectively profinitely ultimately periodic and (Nat, <, Py, P») has undecidable
monadic theory.

6. Related works and further results
We proved that the following conditions are equivalent:

() M = (Nat,<,Py,...,P,) is recursive and effectively ultimately constant.
(2) M = (Nat,<,Py,...,P,) is recursive and there is a recursive homogeneous set for M.
(3) The monadic theory of M = (Nat, <,P1,...,P,) is decidable.

The equivalence (1) < (2) is easy. The implication (2) = (3) is easy as well. The difficult part of our
proof was the implication (3) = (2).

In [13], Semenov provided another necessary and sufficient condition for the decidability of the
monadic theory of M. The Semenov theorem states that (3) is equivalent to

(4) There is an algorithm that for every regular expression E finds whether every suffix of the
w-word u = ajay ... which corresponds to M contains a word from the language L definable
by E or returns n such that no word from L occurs in the nth suffix a,a,+1 ... of u.

The implication (3) = (4) is an easy part of the Semenov theorem. The difficult part is the implication
4= ().

In [11] we extended the results of this paper and obtained alternative proofs. We provided a
Ramsey type condition which is equivalent to the four conditions above and generalized results of
this paper to a class of logics for which the composition theorem holds.
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For two k-characteristic sentences «, y of n-labelled chains, consider the following condition:

Hom, ,:
There is a k-homogeneous set H = {hy < h; < ...} such that « is the characteristic sentence of
M]|O0, hg) and y is the characteristic sentence of M [hg, hy).

We proved in [11] that each of the conditions (1)—(4) above are equivalent to the following condition:

RecRamsey(M):
There is a recursive function assigning to each k a pair of k-characteristic sentences «, y such that
Hom,,, holds in M.

Now we illustrate the extension of our results to the first-order monadic logic of order.
This logic is defined like MLO , but the quantifications over monadic variables are not al-
lowed.

We use the notation =£7 to say that two labelled chains cannot be distinguished by an first-order
MLO sentence of quantifier depth k. More precisely, let M and M’ be two n-labelled chains. We
write M E;;O M’ if and only if for every first-order MLO sentence ¢ with qd(¢) < k we have M = ¢
iff M = .

All the results of Section 3 hold when = is replaced by Efo. In particular, for every k and n
there are first-order characteristic sentences for the Efo-equivalence classes over n-labelled chains.
The notions of first-order k-homogeneous set for M and of first-order homogeneous set for M are
defined like in Definitions 6 and 7.

It was proved in [11] that the following conditions are equivalent:

First-order Decidability. The first-order monadic theory of
M = (Nat, <,Pq,...,P,) is decidable.

First-order RecHom. M = (Nat, <,P,...,P,) is recursive and there is a recursive first-order ho-
mogeneous set for M.

First-order RecRamsey(M). There is a recursive function assigning to each k a pair of first-order
k-characteristic sentences «, y such that Hom,,, holds in M.
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Appendix A

The first subsection of appendix discusses the relationship between selectors, the uniformization
property and the Church uniformization problem. The second subsection is independent from the
first and contains a proof of Theorem 17.
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A.1. Selector, uniformization and the Church uniformization problem

In Definition 16, it was defined when a(X) is a selector for B(X) over a class of structures. For a
sequence of variable X one can define in a similar way when «(X) is a selector for S(X) over a class
of structures.

Lemma 23. Let C be a class of structures. Assume that every formula B(X) has a selector over C. Then
every formula y(X, . ..,X,) has a selector over C.

Proof. By induction on n. The base case is just the assumption of the lemma.

Inductive step: n — n + 1. Assume that every formula with » free variables has a selector over C.

Let y(X1,...,X,+1) be a formula. Let y,,41(X], ..., X,) be defined as 3X,,,1y. By the inductive as-
sumption y,4+1 has a selector «,4+-1(X1, . . ., X;;) over C. Let 6(X,,41) be defined as 3X13X5 . . . AX, (a1 A
y). By our assumption 6(X,1) has a selector §(X,+1) over C.

It is easy to verify that o, 41(X1, . ..,X,) A §(X,41) is a selector for y over C. [

Note that in the above lemma it was not assumed that C is a class of labelled chains. Observe
also that the reduction used in the proof is effective. Therefore, Theorem 17 and Lemma 23 imply.

Theorem 24 (computability of selector). There is an algorithm that for every formula (X, . . ., X,) con-
structs a formula a(Xy, . .., X,) such that a is a selector for B over the class C = {{(Nat, <,P1,...,P,) :
P; C Nat} of labelled chains.

Let us recall now the uniformization problem also known as the Rabin uniformization problem.

Definition 25 (Uniformization). a(X,Y) uniformizes (X, Y) over a class C of n-chains iff the fol-
lowing conditions hold:

() C EVYFX aX,Y).
(2) C EVYVX (a(X,Y) > BX,T)).

(3) C V(3282 7)) > (AXa(X, 1))).

Here and below X, Y and Z stand for sequences of monadic variables.

A class C of structures has the uniformization property if for every formula B(X, Y) there exists
a formula «(X, Y) which uniformizes B(X, Y) over C.

The following observation is immediate

Observation 26. Let C be a class of structures and let £ = {4 : 4 is an expansion of a structure in
C by monadic predicates}. Then

(1) C has the uniformization property iff £ has the uniformization property.
(2) C has the uniformization property iff for every (X)) there is a selector over E (see Definition
16).
Lifsches and Shelah (cf. Corollary 6.4 [9]) proved the following theorem:

Theorem 27. An ordinal w has the uniformization property iff © < w®.
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Moreover, from the proof of [9] an algorithm which for every ordinal 4 < w® and every formula g
constructs a formula that uniformizes B8 over u can be extracted.

These results imply Theorem 17. The proof of the “if” direction of Theorem 27 in [9] consists
of three parts: (1) The proof that the class of finite ordinals has the uniformization property; (2)
The proof that w has the uniformization property; (3) The proof that if ordinals u and v have the
uniformization property, then the ordinals i 4+ v and & x v have the uniformization property.

The Lifsches and Shelah proof that w has the uniformization property (the base of the induction)
consists of just five characters—“By [2]”. However, in [2] the Church uniformization problem is
considered and itis proved to be decidable. Unfortunately, we could not show that either decidability
of the Church uniformization problem or the proof given in [2] imply that w has the uniformization
property. In the next subsection we provide a direct proof of Theorem 17 (which implies the assertion
that w has the uniformization property).

Below, we recall the Church uniformization problem in order to emphasize its difference from
the uniformization property of w.

A function F from the set P(w) of all monadic predicates over Nat into P(w) is called retrospective
if for every n € Nat whenever X; and X, coincide on the interval [0, #] then their images F (X7) and
F (X») coincide on the interval [0, #]. A function is retrospective iff it can be computed by an (may
be infinite state) input—output deterministic automaton.

The Church Uniformization Problem: Given a formula (X, Y). Check whether there is a retro-
spective function ' which uniformizes (X, Y), i.e., VX(B(X, F(X)).

It was proved in [2] that the Church uniformization problem is decidable. Moreover, the following
theorem holds:

Theorem 28. There is an algorithm which for every B(X,Y) checks whether there is a retrospective
function which uniformizes B(X,Y) and if so, outputs a formula a(X,Y) which defines a retrospective
function F which uniformizes (X, Y); moreover, F is computable by a finite state deterministic input—
output automaton A and there is an algorithm that constructs A from .

A.2. Proof of Theorem 17

First recall the following theorem of Lifsches and Shelah (cf. Fact 6.2 in [9]):

Theorem 29 (computability of selector over the class of finite chains). There is an algorithm that for
every formula B(X) constructs a formula o(X) such that a(X) is a selector for B(X) over the class of
finite chains.

Proof. Below WO(X, Y) denotes the formula
A (=X(0) A YO AV (1 <t > (X)) < Y(1))).

For every finite chain M the formula WO(X,Y) defines a well order on the set of all monadic
predicates over M. Hence, B(X) AVY (B(Y) — (WO(X,Y) VX =Y)) uniformizes B(X) over the
class of finite labelled chains. [

Note that the relation definable by WO(X, Y) on the set of all monadic predicates over Nat is not
a well-order. It is unlikely that there is any definable well order on this (uncountable) set.
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We will also use the following simple Lemma.

Lemma 30. Assume that

D) «;(Z) is a selector for A;(Z) (fori=1,...,m) over a class C and
(2) C EB(Z) < (VI 4i(2)).

Then

m i—1

\ @ A | \VZ-4;2)

i=l1 Jj=l1

is a selector for B(Z) over C.

In order to prove Theorem 17, we are going to present the selection algorithm. (Below we often
denote by P both a predicate name and its interpretation.)

A.2.0.1. Selection algorithm

Instance: A formula B(Z,P,, ..., FPy,).
Task: Find a selector «(Z,P,...,P,) for B(Z,P,...,P,) over the class of chains C, = {(Nat,
<,P,...,P,) : P, C Nat}.

Step 1. Let k be the quantifier depth of 8 and let
Chart | = (W(Z,P,....P),....vi(Z,P,...,P))
be the set of characteristic sentences for =;, over the class of n + 1-labelled chains.
Step 2. For y(Z,P,,...,P,),y'(Z,P,...,P,) € CharﬁJrl let 4, ,(X,Z,P,...,P,) be a formula such
that for every n + 1-labelled chain M = (Nat,<,Z,P,,...,P,)
M E=A4,,(S,Z,P,...,P,) iff the following conditions hold

(1) Sis a cofinal subset of Nat \ {0} which is y’-colored for M and
(2) y is the characteristic sentence of the subchain My ,), where x| is the minimal element of S.

Compute:

e aselectoray, (X, P, ..., P,) for3Z4, ,,(X,Z,P,...,P,) over theclass C, = {(Nat, <,P,...,P,) :
P; C Nat} of n-labelled chains.

e aselector B,/ (Z, P, ...,P,) for3X4, ,,(X,Z,P,...,P,) over the class C, = {(Nat, <,P,...,P,) :
P; C Nat} of n-labelled chain.
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Step 3. Compute D| C Char’; 1 Such that

BZ,Py,....P) < \/ vj(Z.Pi,...,P) (AD)
J€Di

Compute D> € Chark L X Char* .1 such that

B(Z,P,...,P,) < \/ x4, ., X,Z,P,...,P,) (A2)
(ysy')eDs

Step 4. Compute a selector a(Z, P, . . ., P,) for \/<},’},,)ED2 x4, (X,Z,P,...,P,) overtheclass C, =

{(Nat,<,P,,...,P,) : P C Nat} of n-labelled chains.

The correctness of the algorithm is immediate by Step 4 and Eq. (A.2).
Below we will show how each step can be algorithmically implemented.

A.2.0.2. Implementation of Step 1

This step of the selection algorithm can be implemented by Theorem 1.

A.2.0.3. Implementation of Step 2

Throughout the proof of this step we sometimes do not display Z, A, . . ., P, and write “4,, ,/(X)”
or“4, ,(X,Z)” for “4,,,,(X,Z,P,...,P,)”; we also will treat a free variable Z as a predicate name.

First we are going to show how to write the formulas 4, ,/(X).

For every sentence y we denote by y=(¢) the formula obtained by replacing all first-order quan-
tifiers “Yv” or “Iv” in y by their relativized versions “(Vv)"<"” and “(3v)’~"” which are shorthand
for “Vvov <t — ...” and “Jvv <t A ...”, where ¢ is a fresh variable. For every labelled chain M

M = y~laliff Mo, =, (A3)
where M_, is the substructure of M over the elements less than a.
Let first(¢,X) be a formula that says that ¢ is the minimal element of X.
For characteristic sentences y, )’ € Char’; 1 let4,,,/(X) be defined as the conjunction of col, (X)
(see Lemma 14), Vi3’ (t < ¢ A" € X) and
3t((3/ﬂ <0 A (first(t.X) A y<(t))).

ForeverysetS = {s; <57 < ...} C Nat:

M = A,/ [S]iff (S is an infinite y'-colored set and My, = y) (A4)
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Aselectora,, (X, P, ..., PB,) for 374,y (X,Z,P,,...,P,) over theclass C,, = {{(Nat, <,P,,...,P,) :
P; C Nat} can Ee defined as the conjunction of 3Z4,,,/ (X, Z) and of the formula which says:

for every Y which satisfies 324,/ (Y, Z) and for every ¢, whenever Y and X coincide on
the interval [0, 7) and Y contains ¢ then X contains .
Let us show that a,,,/(X) is a selector for 3Z4,,,/(X, Z), ie., that all the requirements of the
Definition 16 are fulfilled over the class C,,.
The second conjunct ensures that there is at most one X that satisfies e,/ (X).
Hence, the first requirement of Definition 16 holds. The second requirement holds because
374, ,/(X,Z) is the first conjunct in the definition of «,, .,/ (X).
Finally, assume that (Nat, <,P,...,P,) = 3X3Z4,,(X,Z). In order to show that the last re-
quirement of Definition 16 holds, we will show that there is a set R = {r; < r, < ---} which satisfies
oy (X)in (Nat, <, P, ..., P,). Define

D Ry ={m: (Nat,<,Zy,P,...,.P) e E V(Z,P,...,P,) forsome Zyand m is the minimal element
of an infinite subset of Nat \ {0}, which is y’-colored for (Nat, <,Zy, P, ...,P,)}. Let r| be the
minimal element of Ry and let Zy be any set used for the inclusion of 7| in R;.

(2) Fori > OletR;4| = {m :for some Z; C Nat,mis the i + 1th element of an infinite set S C Nar \
{0}, which is y’-colored for (Nat, <,Z;, Py, ..., P,) and the first i elements of S are {ry,... ,ri}}.
Let 7;51 be the minimal element of R, | and let Z; be any set used for the inclusion of 7,1 in
Riy1.

Let us verify that (Nat,<,P,...,P,;) = a,,/[R]. The only non-immediate part is to show that
(Nat,<,P,...,P,) l= 374, (R,Z).

Define My as (Nat, <,Zy, Py, . . .,Py)0,,) and for i > 0 define M; as (Nat, <,Z;, P, ..., Py)[rr10)-
Note that y is the characteristic sentence of My and y’ is the characteristic sentence of M; fori > 0.

Observealsothaty’ =y’ P, iy y'.Indeed let ay, as, as be the first three elements of the y’-colored
set for M’ = (Nat, <,Zy,P,, . .., P,). The substructures of M’ over the intervals [a}, a2), [a2,a3) and
[a1,a3) have the same characteristic sentence ’. But the last substructure is the sum of the first two
substructures. Therefore, y' = y' @, 1, V-

Let M = (Nat,<,Z,P,...,P,) be )., M;—the lexicographical sum of M; over w. Note that
> jem Mi+j is the substructure of M over [r;, ri1,) for m > 0 and all i. Its characteristic sentence is
Y D, Lk YD, Lk ¥’ (m summands); hence, by the above observation its characteristic sentence
is equal to y’ and therefore, R is y’-colored for M. Together with the observation that y is the
characteristic sentence of My = Mjo,,), this implies that M = 4, ,/(R,Z).

Therefore, a,,,/(X) is a selector for 324, (X, Z).

Note that from the above definition of R it follows that

if R is defined by «,, ,/(X) in (Nat, <, P, ..., P,) then
<Nata <)1)1: e 5PI’I>[O,V]) |: HZ)/(Z,PI,. . 9Pl’l)

and
(Nat, <,Pi,....P) s = 3zy'(Z,P,...,P,) fori> 0.
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Lets,(Z,P,...,Py) and 8, (Z,A,...,P,) beselectors for (Z,A,...,P,) and y'(Z,P,,. .., P,) over
the class of finite labelled chains (these selectors exist by Theorem 29).

A selector B,/ (Z,P,...,P,) for3X4, ,,(X,Z,P,...,P,) can be defined by the following instruc-
tions:

(D) Select R = {r; <y <---}bya, (X,P,...,B).
(2) Let Zbesselected by 6,,(Z, P, . . ., P,) on the subchain over theinterval [0, 1) and by §,/ (Z, P, . . ., P,)
on the subchain over the intervals [r;, ;1) fori > 0.

This definition can be easily formalized by a formula in the monadic logic.

Itis clear thatif (Nat, <,P,,...,P,) =3Z3X 4, ,,(X,Z,P,...,P,), then there is a unique Z which
is chosen by the above instructions.

Let us demonstrate that the set Z, selected as above, satisfies 3X 4, (X, Z, P, ..., P,). Indeed,
let R and Z be sets which are selected in (Nat, <,P,,...,P,) by the above instructions. Let M =
(Nat,<,Z,P,,...,P,). Theny'isthe characteristic sentence of My, ., ) fori > 0.Since y’ = y' P, Iy v,
we obtain that y’ is the characteristic sentence of My, ;) for all j > i > 0. Therefore, R is y’-colored
for M. By the choice of Z on the interval [0,7]), y is the characteristic sentence of Mj,,); there-
fore, (Nat, <,R,Z,P,...,P,) =4,,X,Z,P,...,P,). Hence, Zsatisfies X4, ,,(X,Z,P,...,P,) in
(Nat,<,P,...,P,).

This completes the proof that g,,,/(Z) is a selector for 3X4, ,/(X,Z).

A.2.0.4. Implementation of Step 3

D1 can be easily computed by Theorem 1.
Let Dy = {(y,y): (;@n—i-l,k (i1 y’)) € D1}. The set Dy can be easily computed by

Theorem 5.
We have to show that the following formula holds

VZ|Bz.P.....P) o \/ 3IX4,,(X.Z.P,....P)]. (A.5)
(ysv'yeDy

Let us show first the implication from left to right. Assume that M = (Nat, <,Z,P,,...,P,) =
B(Z,P,...,P,). By Lemma 15, there is an infinite set R = {r; < < ---} € Nat \ {0} which is ho-
mogeneous for M. Let y be the characteristic sentence of Mg, and y’ be the color of R in M.
Then

M = 3X4, (X, Z,P,...,Py). (A.6)

Note that y’ is the characteristic sentence of M,y for i > 0. Hence, ), ¥’ is the charac-
teristic sentence of My, oc) and y @, 14 (@414 ') is the characteristic sentence of M. Since
MEB(Z,P,...,P,),itfollows that y ®n+l,k (®Z)+1,k )/) — B and therefore (y,y’) € D;. Together
with Eq. (A.6) this shows that the implication from left to right in Eq. (A.6) holds.

The implication from right to left easy follows from the definitionsof D and 4, ,, (X, Z, P, . . ., P).
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A.2.0.5. Implementation of Step 4

In step 2 we constructed selectors g, ,/(Z,P,...,P,) for X4, ,,(X,Z,P,...,P,). In step 3 we
found D, such that Eq. (A.2) holds. Therefore, by Lemma 30 we can construct a selector for
IB(ZaPh LI aPn)

This completes our proof of Theorem 17.
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