Advanced Topics in Graph Algorithms

Technical Report

Lecturer: Ron Shamir Edited by: Sariel Har-Peled

Based on Notes from the Course Advanced Topics in Graph Algorithms © Tel-Aviv University, Spring 1994.

2

Contents

1 Lecture 1 11 1.1 Introduction to Graph Theory . . . . . . . . . . . . . . . . . . . . . . . . . . 11 1.1.1 Basic Definitions and Notations . . . . . . . . . . . . . . . . . . . . . 11 1.1.2 Intersection Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 1.1.3 Circular-arc Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 1.1.4 Interval Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 1.1.5 Line graphs of bipartite graphs . . . . . . . . . . . . . . . . . . . . . 23

2 Lecture 2 25 2.1 Perfect Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 2.1.1 Definition of perfect graph . . . . . . . . . . . . . . . . . . . . . . . . 25 2.1.2 Some Definitions and Properties . . . . . . . . . . . . . . . . . . . . . 26 2.1.3 Perfect Graph Theorem . . . . . . . . . . . . . . . . . . . . . . . . . 27

3 Lecture 3 35 3.1 Perfect Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 3.1.1 p-Critical Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 3.1.2 A Polyhedral Characterization of Perfect Graphs . . . . . . . . . . . 36 3.1.3 The Strong Perfect Graph Conjecture . . . . . . . . . . . . . . . . . . 36 3.2 Triangulated Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 3.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 3.2.2 Characterizing Triangulated Graphs . . . . . . . . . . . . . . . . . . . 37 3.2.3 Recognizing Triangulated Graphs . . . . . . . . . . . . . . . . . . . . 40

4 Lecture 4 43 4.1 Recognizing Triangulated Graphs . . . . . . . . . . . . . . . . . . . . . . . . 43 4.1.1 Generating a PEO . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 4.1.2 Testing an Elimination Scheme . . . . . . . . . . . . . . . . . . . . . 46 4.2 Triangulated Graphs as Intersection Graphs . . . . . . . . . . . . . . . . . . 49 4.2.1 Evolutionary Trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.2.2 Triangulated Graphs as Intersection Graphs . . . . . . . . . . . . . . 51

5 Lecture 5 57 5.1 Triangulated Graphs Are Perfect . . . . . . . . . . . . . . . . . . . . . . . . 57 5.1.1 Proving This Property . . . . . . . . . . . . . . . . . . . . . . . . . . 57 5.1.2 Other Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 5.2 Computing the Minimum Fill In . . . . . . . . . . . . . . . . . . . . . . . . . 60 5.2.1 The Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 5.2.2 Fill In is NP-Hard . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 5.2.3 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

6 Lecture 6 67 6.1 Some Optimization Algorithms on Triangulated Graphs . . . . . . . . . . . 67 6.1.1 Computing the chromatic number and all maximal cliques . . . . . . 67 6.1.2 Finding α and k . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 6.2 Comparability Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 6.2.1 Some Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 6.2.2 Implication Classes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72 6.2.3 The Triangle Lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 6.2.4 Decomposition of Graphs . . . . . . . . . . . . . . . . . . . . . . . . . 74

7 Lecture 7 77 7.1 Uniquely Partially Orderable Graphs . . . . . . . . . . . . . . . . . . . . . . 77 7.2 Characterizations and Recognition Algorithms . . . . . . . . . . . . . . . . . 84

8 Lecture 8 93 8.1 Some interesting graph families characterized by intersection . . . . . . . . . 93 8.1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 8.1.2 Permutation graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94 8.1.3 F -Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 8.1.4 Tolerance graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99 8.1.5 Bounded and unbounded tolerance graphs. . . . . . . . . . . . . . . . 101

9 Lecture 9 103 9.1 Comparability Graph Recognition . . . . . . . . . . . . . . . . . . . . . . . . 103 9.2 The Complexity of Comparability Graph Recognition . . . . . . . . . . . . . 105 9.2.1 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 9.2.2 Complexity Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 106 9.3 Coloring and Other Problems on Comparability Graphs . . . . . . . . . . . . 109 9.3.1 Comparability Graphs Are Perfect . . . . . . . . . . . . . . . . . . . 109

9.3.2 Maximum Weighted Clique . . . . . . . . . . . . . . . . . . . . . . . 111 9.3.3 Calculating α(G) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111 9.4 The Dimension of Partial Orders . . . . . . . . . . . . . . . . . . . . . . . . 113

10 Lecture 10 119 10.1 Comparability invariants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119 10.2 Interval graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

11 Lecture 11 127 11.1 Preference and Indifference . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127 11.2 Recognizing interval graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . 131 11.2.1 A quadratic algorithm 1 . . . . . . . . . . . . . . . . . . . . . . . . . 132 11.2.2 A Linear Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133 11.3 More about the consecutive 1’s property . . . . . . . . . . . . . . . . . . . . 137

12 Lecture 12 139 12.1 Temporal Reasoning and Interval algebras . . . . . . . . . . . . . . . . . . . 139 12.2 Interval satisfiability problems . . . . . . . . . . . . . . . . . . . . . . . . . . 141 12.3 Interval sandwich problems and ISAT . . . . . . . . . . . . . . . . . . . . . . 143 12.4 A linear time algorithm for ISAT(Δ_1) . . . . . . . . . . . . . . . . . . . . . 145 12.5 Bandwidth, Pathwidth and Proper Pathwidth . . . . . . . . . . . . . . . . . 148

6 CONTENTS

List of Figures

1.1 Three pictures of the same graph. . . . . . . . . . . . . . . . . . . . . . . . . 12 1.2 Some orientations of a triangle. . . . . . . . . . . . . . . . . . . . . . . . . . 12 1.3 (a) The graph K_3.(b) is the complement of (c) and vice versa. . . . . . . . . 13 1.4 Examples of subgraphs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 1.5 (a) A graph G.(b) A maximal clique in G.(c) A maximum clique of G.(d) A 1-clique. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 1.6 Graph examples. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 1.7 (a) A graph G.(b) An interval representation of G.(c) A proper interval representation for P_3.(d) A unit interval representation for P_3. . . . . . . . . . . 16 1.8 (a) A graph G.(b) A circular-arc representation of G. . . . . . . . . . . . . . 17 1.9 (a) The traffic flow. (b) The intersection graph of the arcs. (c) The clock cycle. 18 1.10 The matching diagram of [4,3,6,1,5,2], and the corresponding permutation graph. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 1.11 A triangulated graph which is not an interval graph. . . . . . . . . . . . . . . 20 1.12 Transitive orientations of Three comparability graphs. . . . . . . . . . . . . . 21 1.13 Two graphs which are not transitively orientable. . . . . . . . . . . . . . . . 21 1.14 (a) A graph G.(b) The line graph of G. . . . . . . . . . . . . . . . . . . . . . 23

2.1 The matrix M: each row correspond to a vertex in V , and each column to an ω−clique K(S) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.1 A graph and its clique matrix . . . . . . . . . . . . . . . . . . . . . . . . . . 36 3.2 Two graphs, the left one is triangulated, and the right one is not. . . . . . . 37 3.3 Code for MCS algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 3.4 Two different possible running of the MCS algorithms. . . . . . . . . . . . . 40

4.1 The path μ. Vertices appear ordered from left to right according to the MCS algorithm output. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 4.2 The vertices x and v_j . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 4.3 The path μ0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 4.4 The path μ00 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4.5 A forbidden structure in a chordal graph . . . . . . . . . . . . . . . . . . . . 45 4.6 Code for PEO testing algorithm . . . . . . . . . . . . . . . . . . . . . . . . . 46 4.7 An input chordal graph and elimination order . . . . . . . . . . . . . . . . . 47 4.8 X_v \ {u} is a clique . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 4.9 The intersection graph of a set of subtrees of a host tree is triangulated . . . 49 4.10 An evolutionary tree describing the properties A, B, C, D, 1, 2, 3, and the corresponding triangulated intersection graph . . . . . . . . . . . . . . . . . . . 50 4.11 The left family has the Helly property, while the right family does not . . . . 51 4.12 The paths P_1, P_2, and P_3 must intersect . . . . . . . . . . . . . . . . . . . . 51 4.13 The tree T = (K̄, Ē) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 4.14 The paths P_0, . . . , P_k�_1 form a cycle . . . . . . . . . . . . . . . . . . . . . . . 54 4.15 The case B ≠ Y . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 4.16 The case B = Y . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5.1 The Graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 5.2 Some examples of Meyniel graphs (which are not chordal!) . . . . . . . . . . 59 5.3 Example-A Chain Graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 5.4 Ordering Q, in the same chain graph . . . . . . . . . . . . . . . . . . . . . . 61 5.5 Independent edges (broken lines denote non-edges) . . . . . . . . . . . . . . 61 5.6 Independent edges that form an induced C_4 . . . . . . . . . . . . . . . . . . 62 5.7 C(G) for the graph G of Figure 5.3 . . . . . . . . . . . . . . . . . . . . . . . 62 5.8 a graph (left) with two possible layouts of cost 8 (center) and 6 (right) . . . 63 5.9 the graph G (left) and G’ (right) . . . . . . . . . . . . . . . . . . . . . . . . 64 5.10 Example-Edges we have to add . . . . . . . . . . . . . . . . . . . . . . . . . 64 5.11 x and v . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

6.1 An example for maximal cliques in a graph . . . . . . . . . . . . . . . . . . . 67 6.2 Chromatic Number Calculation . . . . . . . . . . . . . . . . . . . . . . . . . 69 6.3 An example for finding maximal stable set . . . . . . . . . . . . . . . . . . . 70 6.4 some comparability graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 6.5 An example for implication classes . . . . . . . . . . . . . . . . . . . . . . . 71 6.6 The triangle lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

7.1 The composition graph of P_3[K_3, K_1, C_4] . . . . . . . . . . . . . . . . . . . . 78 7.2 The composition graph of F_1[F_2, F_3, F_4] . . . . . . . . . . . . . . . . . . . . . 78 7.3 The decomposition of a graph . . . . . . . . . . . . . . . . . . . . . . . . . . 80 7.4 Module in a graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 7.5 Uniquely partially orderable graph . . . . . . . . . . . . . . . . . . . . . . . 82 7.6 A graph with a color class that induce all vertices . . . . . . . . . . . . . . . 83 7.7 A graph G-decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

7.8 Algorithm to construct G-decomposition . . . . . . . . . . . . . . . . . . . . 85 7.9 A triangle forcing the merge of two implication classes . . . . . . . . . . . . 86 7.10 The classes bF , bC must be equal. . . . . . . . . . . . . . . . . . . . . . . . . . 87 7.11 bA + cA_1 is an implication class in E \ cD. . . . . . . . . . . . . . . . . . . . . 87 7.12 A graph G and its quasi-transitive graph G0 (in G0, edges (x, y) ↔ (y, x) are not drawn) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

8.1 A permutation graph for the permutation [4,2,6,1,3,5] . . . . . . . . . . . . . 94 8.2 An orientation on a permutation graph . . . . . . . . . . . . . . . . . . . . . 95 8.3 An F-graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 8.4 Not an F-graph,point A have two values of the function. . . . . . . . . . . . 97 8.5 The air controllers strike problem. . . . . . . . . . . . . . . . . . . . . . . . 98 8.6 The composition of permutation diagrams. . . . . . . . . . . . . . . . . . . 100 8.7 A tolerance graph. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100 8.8 An unbounded tolerance graph. . . . . . . . . . . . . . . . . . . . . . . . . . 102

9.1 Code of The TRO Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 103 9.2 Example 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 9.3 Example 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 9.4 Example 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 9.5 Procedure EXPLORE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 9.6 The main procedure of the algorithm . . . . . . . . . . . . . . . . . . . . . . 108 9.7 Two elements for each Edge- . . . . . . . . . . . . . . . . . . . . . . . . . . . 108 9.8 Example 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109 9.9 Example 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110 9.10 Example 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110 9.11 Procedure EXPLORE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112 9.12 The main procedure of the algorithm . . . . . . . . . . . . . . . . . . . . . . 112 9.13 Example 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113 9.14 Example 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113 9.15 Example 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114 9.16 Example 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115 9.17 Example 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115 9.18 Example 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116 9.19 Example 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117 9.20 Example 14 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

10.1 a) not SP poset; b) - e) SP posets . . . . . . . . . . . . . . . . . . . . . . . 121 10.2 a) interval graph; b) it’s interval representation; c) chordal, but not interval graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

10.3 example for lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122 10.4 example for theorem of Gilmore-Hoffman . . . . . . . . . . . . . . . . . . . . 123 10.5 a) interval graph; b) it’s clique matrix. . . . . . . . . . . . . . . . . . . . . . 124 10.6 Example for Lekkerkerker - Boland theorem . . . . . . . . . . . . . . . . . . 125

11.1 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128 11.2 Wegner 1967 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130 11.3 Example of function l, h . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132 11.4 a P Q-tree. The FRONTIER here is [F J I G H A B E D C] . . . . . . . . . 134 11.5 Example of execution of CONSECUTIVE . . . . . . . . . . . . . . . . . . . 136

12.1 A consistent scenario . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140 12.2 The 13-valued interval algebra A_{13}. Single line: x interval. Double line: y interval. 140 12.3 Two interval realizations for Example 12.2 . . . . . . . . . . . . . . . . . . . 142 12.4 (a) The 5-chain (v_{i1}, x^1_i , v_{i2} , x^2_i , v_{i3} ). (b) An interval realization of the 5-chain. 144 12.5 Algorithm to construct Delta_1-CONSISTENCY . . . . . . . . . . . . . . . . 147 12.6 Complexity of ISAT on all fragments of A_3. T : satisfied by setting all intervals disjoint or identical. The four asterisk cases were shown to be NPC by Webber (1994). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148