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1. a) Let φ(n) be Euler’s totient function, giving the number of invert-
ible residues modulo n. Show that the Dirichlet series attached to φ
satisfies

∞∑
n=1

φ(n)

ns
=
ζ(s− 1)

ζ(s)
, Re(s) > 2

b) Let d(n) =
∑

d|n 1 be the number of divisors of n. Show that

∞∑
n=1

d(n)2

ns
=
ζ(s)4

ζ(2s)
, Re(s) > 1

2. Let ω(n) be the number of distinct prime divisors of n, e.g. ω(12) =
2.

a) Show that ω(n) ≤ log2 n.
b) Let nK =

∏
p≤K p (the product of all primes ≤ K). Show that

ω(nK) ∼ log nK
log log nK

, K � 1

c) Show that the mean value of ω(n) satisfies

1

N

∑
n≤N

ω(n) ∼ log logN, N →∞

Hint: Use ω(n) =
∑

p|n 1 and switch order of summation.

3. Let Q > 1, and for χ a Dirichlet character modulo Q let L(s, χ) be
the Dirichlet L-function corresponding to χ. Show that for s = σ + it,
σ = Re(s) > 1, and Q prime,

1

φ(Q)

∑
χ mod Q

∣∣∣L(s, χ)
∣∣∣2 = ζ(2σ) + o(1)
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Let w ≥ 0 be a weight function, satisfying
∫∞
−∞w(x)dx = 1, so

that its Fourier transform ŵ(x) =
∫∞
−∞w(t)e−2πixtdt is smooth and

supported in [−1, 1], and set Ew,T
{
F (t)

}
:=
∫∞
−∞ F (t)w( t

T
)dt
T

.

4. Fix σ > 1. Show that for t real,

lim
T→∞

Ew,T
{
|ζ(σ + it)|2

}
= ζ(2σ)

Hint: Ifm 6= n are positive integers, show that | log m
n
| > 1/(2 min(m,n)).

5. Let

RX(t) = − 1

π

∑
p≤X

sin(t log p)
√
p

Show that for T δ < X < T 1/2−δ (0 < δ < 1/4 small), the 4-th moment
of RX(t) is asymptotically given by

Ew,T
{

(RX(t))4
}
∼ 3(

1

2π2
log log T )2, T →∞


