
EXERCISE 3
NUMBER THEORY RESEARCH SEMINAR 2017/18

DUE DATE: JANUARY 4, 2018

1. In class we explained why the least common multiple of the first N
integers is given by

log lcm
(
{1, 2, . . . , N}

)
= ψ(N) ∼ N, N →∞

Let f(x) = x(x+ 1) ∈ Z[x]. Show that

log lcm
(
{f(n) : n = 1, 2, . . . , N}

)
∼ N, N →∞

2. For the polynomial ring Fq[T ], show that the degree of the least
common of all monic polynomials of degree n is given by

deg lcm{f ∈ Fq[T ] : deg f = n, f monic} =
n∑

j=1

qj

3. For a polynomal f ∈ Z[x], let

ρf (m) := #{t mod m : f(t) = 0 mod m}
be the number of solutions of the the congruence f(x) = 0 mod m. For
the polynomial f(x) = x2 + 1, show that

ρf (p) =


2, p = 1 mod 4

0, p = 3 mod 4

1, p = 2

Then show that if p 6= 2 is an odd prime, then ρf (pk) = ρf (p) for any
k ≥ 1.
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