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1. HECKE’S BOUND FOR FOURIER COEFFICIENTS OF CUSP FORMS

A key quantity associated to a modular form are its Fourier coeffi-
cients, that is the coeflicients as(n) of its g-expansion

F(m) = as(n)g".

n>0

For instance, we computed the coefficients of the Eisenstein series
Gy(1), which for n # 0 are divisor sums cxoy_1(n). In particular,
they are at least of size n*~!. In fact, this is also an upper bound, since

for Kk —1 > 1 we have
1

ak,l(n) < nk*
Exercise 1. Let o5(n) = 3_,, d* (the sum over all divisors of n).
a) Show that o, is multiplicative: os(mn) = os(m)os(n) if m,n are
coprime
b) Show that for s > 1, o4(n) <, n®.

As we shall see, the coefficients of cusp forms are much smaller, and
that is a key input into the theory of modular forms.
Before beginning this study, we need some preparations.
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Lemma 1.1. Let f € Sy be a cusp form. Then
a) f(z +1iy) < e *™ decays exponentially y — +00.
b) There is some C > 0 so that y*| f(z+iy)|? < C} for all x+iy € H.

Proof. a) Using the g-expansion f(7) = > ., ar(n)q", which has no
constant term when f is cuspidal, we see that f = O(q) as ¢ — 0,
which gives f(z +iy) <; e ?™ as y = Im7 — +o0.

In particular, there is some Cy > 0 so that y*|f(z + iy)|* < C} for
y > /3/2.

b) We note that the quantity h(7) = y*|f(z + iy)|? is invariant
under SL(2,7Z): h(yr) = h(7) for all v € SL(2,Z), because y = Im(7)

transforms as
Im(7) a b
Im(W)—ma Y= <c d)

Thus h(7) is determined by its restriction to the standard fundamental
domain F, and

sup h(7) = sup h(7)
T€H TeF

Since h < Cy for Im(r) > \/5/2, in particular h < C} for all 7 in
the standard fundamental domain, and by periodicity of h it therefore
satisfies this bound for all 7 € H. OJ

We can now present a bound for Fourier coefficients of cusp forms,
due to Erich Hecke (1930’s)

Theorem 1.2. (Hecke) Let f € Sy be a cusp form of weight k, with
g-expansion f =3 -, ay(n)q". Then

ar(n gcnk/2
f f

Compare to the lower bound of n*~1 for the coefficients o4_1(n) of
the Eisenstein series, which are much bigger for large n.

Proof. Write the Fourier series of f as
f(iU + Zy) _ Z af(m)e—27rmye2m'mx
m>1

Zﬂimx)

Hence by Parseval (orthogonality of the exponentials e , for all

y>0

1 ')
/ 1@+ iy)Pde = o S Jag(m)|2etmm
0

m=1
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By Lemma 1.1, we know y*|f(z + iy)|*> < C} so that we obtain

S
vy lag(m)Pe ™™ < O
m=1

for all y > 0.
In particular, if we truncate the sum after n terms (all terms are
non-negative so we can do this) for any n > 1 we have an inequality

n
> lag(m)Pe ™™ < Cpy~*
m=1

Now choose y = 1/n, and replace e=*™™/" > =4 for m < n to
obtain

1) S lag(m)? < nt

and in particular |as(n)| <; n*/? as claimed. O

The inequality (1) indicates that the expected size of af(n) is n:=1/2
rather than n*/2. This was dubbed the Ramanujan conjecture, and
eventually proven by Deligne in 1973: |as(n)| < n*=1/2+ for all

e > 0. We will return to this later.

Corollary 1.3. Let f € M be a modular form of weight k > 2, not
necessarily cuspidal. Then the Fourier coefficients satisfy

jag(n)] < n*!
Indeed, writing f = AGy + g with g € S} cuspidal, we see that
as(n) = co1(n) + ay(n)

Applying Hecke’s bound for a,(n) < n*/? and the bound o},_;(n) <
n*=1 for k — 1 > 1 gives the result.
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2. THE PETERSSON INNER PRODUCT

The hyperbolic measure on the upper half plane is the one with
volume element drdy/y?. A computation shows that it is invariant
under any hyperbolic isometry (Mobius transformation) g € SL(2, R).

Exercise 2. Check that dzdy/y? is invariant under an Mobius trans-
formation g € SL(2,R).

Exercise 3. Compute the hyperbolic area [ P dz;ly of the standard fun-
damental domain F for SL(2,7Z).

The Petersson inner product is defined on Sy, by (write 7 = x + iy)

(f.g) = / gyt
SL(2,2)\H

Y2
Check that the insertion of the factor y* makes this well defined, that is
independent of which fundamental domain we integrate over, because
f(7)g(r)y* is SL(2, Z)-invariant, and the measure dxdy/y? is invariant
under any hyperbolic isometry (Mobius transformation) g € SL(2, R).

The integral is convergent whenever one of the forms is cuspidal (and
the other is a modular form), since cusp forms decay exponentially
|f(x+iy)| < e®™ as y — +oo as is seen from the g-expansion f(7) =
ar(1)g + O(g*), while any modular form is bounded as y — ~+oc.

We will need to use the following “unfolding” principle:

Lemma 2.1. If h is any “nice” function on H, which is invariant
under ', (that is periodic: h(T + 1) = h(T)) then

O[5 e [ ()

YEL\I

Proof. If F is a fundamental domain for I', and {~,} are represnstatives
for the disjoint cosets of I's in I'j then N;7;F is a fundamental domain
for I's. Hence

dxdy / dxdy
h(~yt = h(t
/F\]HI Z ) y? Lo \H (7) y?

YEL s \I'

where now the integration is over a fundamental domain for I'y.

As a fundamental domain for 'y, = {+ ((1) T) :n € Z}, which is
just the subgroup of translations generated by 7 +— 7+ 1, we can take
the strip

{z+iy:0<z<1,y>0}
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dzdy /°° /1 , dy
YT = h(x +iy)dx ) —
/1“00\1141 ) y? 0 ( 0 ( v) >Z/2

vEl\T

Hence

as claimed. O

Using the Petersson inner product, we can see that the Poincaré
series are the dual of the Fourier coefficients

Theorem 2.2. Let f € Sy be a cusp form, with Fourier expansion

7)=> as(n)g

Then for m > 0,

Proof. We write

k e(my(7)) rdzdy
PP = T — Im(7)"——
(f, Pk F\Hﬂ >gj\F — ™)
using f(7) = T))/(CT—i—d) gives
Im(7)* mdxdy
/F o 2 SO G
using Im(y(7)) = Im(7)/|cT + d|* gives

-/ > FO ) (7))

YET o \I'

Applying the unfolding principle (2) with h(7) = f(7)e(m7) Im(7)*
(which is clearly periodic ) gives

dxdy

2

(f, Pty = / o 2 FGE ) e )

V€L \T y

- / ( / o+ im)elm(— + i)y “da) f,y

= /OOO (/01 flx+ iy)e(—ma:)da:)yk_le_zﬂmy%
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Inserting the Fourier expansion f(z + iy) = Y. o, as(n)e ?*™¥e(nx)
gives -
< _dy I'(k—1)
k\ dmmy, k—1 _
(f, Pp) = af(m)/o e My Y af(m)W
0

We deduce that for k > 12, the P* € S, span Sy, because a modular
form is determined by it’s Fourier coefficients (the g-expansion) and by
Theorem 2.2 a cusp for which is orthogonal to all the Poincaré series
must be zero.

Corollary 2.3. The space of cusp forms admits a basis consisting of
Poincaré series.

Exercise 4. Let £ > 12. Then the Poincaré series {Pffl,l <m <
14 £} span Sj.
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3. PETERSSON’S FORMULA

(without proof)

Hans Petersson (1932) gave a formula for the Fourier coefficients
of the Poincaré series P¥ as an infinite sum of “Kloosterman sums”
weighted by Bessel functions. This awkward-looking formula is in fact
very useful, allows to bring in consideration from the theory of ex-
ponential sums and the “Riemann Hypothesis for curves over a finite
field”, and we shall use it to improve Hecke’s bound for the Fourier
coefficients of any cusp form.

Theorem 3.1. Let m > 1, and k > 2 even. The g-expansion of the
Poincaré series is Py (1) = Y2, o pm(n)q" where

Prn() = 2mi%(

2)% Z Kl(m,n;c) Jk_1<4ﬂ\éﬁ>

C

3

c>1

Here Ji_(z) is the Bessel function of order k£ — 1, and Kl(m, n;c) is
a Kloosterman sum. We discuss both below.

The proof of Petersson’s formula, which we omit, runs along the
lines of our computation of the Fourier coefficients of the Eisenstein
series, but is more complicated, using a parameterization of the double
cosets I'oo\I'/T's. Recall that in our computation we encountered the
integral [°° 7 *e~"dr = 2mi* /(k—1)! (this is easy); here we will come
up against the integral

/ 2he AT g — ok 1 (2)).

[e.9]

3.0.1. The J-Bessel function. We also recall the J-Bessel function J,(z)
(for us a will be a positive integer): These are solutions of Bessel’s dif-
ferential equation

22y +ay + (22— o)y =0

that are finite at the origin (x = 0) for integer or positive a. They
admit a power series expansion around x — 0

Jalw) =D m!F(ir?#l—):z 1) (g)%m

m=0

In particular, near x = 0 we have

1 a
Ja(x)wa(g) <z <kl
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An integral representation used by Bessel, is that for a = n integer

1 g P
Jn<x> / 6—2(m smt—nt)dt

Y
For x — +o00, we have

Jo(x) = £<COS(J} _ % _ E) + O<£>> < 12

T 4

The Bessel function admits an integral representation that is espe-
cially relevant for us

Z'k +oo+1y ‘ )
(3) Jk_1(47]'t> = —/ Z—ke—QWzt(zJ,-;)dz

2m —oo+1y
where z = x + iy with y > 0.

3.0.2. Kloosterman sums. Let ¢ > 1 and m,n € Z integers. The
Kloosterman sum is defined as
Kl(m,n;c) := Z e(m—W)

C
x mod ¢

ged(z,c)=1

where we abbreviate
e(z) = ™

and T denotes the multiplicative inverse of x mod ¢: xZ = 1 mod c.
In view of the integral representation (3), they can be viewed as finite
field analogues of the Bessel function.

Clearly Kl is symmetric in m and n. It satisfied a property called
“twisted multiplicativity” which for some purposes allows to reduce its
study to the case when c is a prime power:

Exercise 5. (Twisted Multiplicativity). Let ¢ = ¢yco with ged(cq, ¢) =
1. Choose n; and ny such that ny¢; = 1 mod ¢y and necy = 1 mod ¢;.
Then

Kl(a, b; ¢) = Kl (nqa, nab; ¢1) Kl (nya, nyb; co) .

When m = n = 0 mod ¢, then Kl(m,n;c) = ¢(c) (the Euler totient
function), and is roughly of size ¢. For prime modulus ¢ = p, with
a,b coprime to P, André Weil showed in 1948, as a consequence of his
proof of the Riemann Hypothesis for curves over a finite field, that

| Kl(a,b;p)| < 2/p

Using the general properties of Kloosterman sums, such as twisted
multiplicativity, and a reduction of the case of prime power moduli to
Gauss sums and the prime modulus case, one deduces
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Theorem 3.2.

| Kl(a, b; ¢)| < v/ged(a, b, ¢)ao(c)Ve
where og(c) = Zd|c 1 is the number of divisors of c¢. In particular, for
fized a,b # 0, we have for all € > 0 there is some C(g) > 0 so that

(4) | Kl(a, b; ¢)| < C(g)ct/?*e

3.1. Kloosterman’s bound. It turns out that the hardest case to
handle in bounding Kloosterman sums is that of prime modulus. We
clearly have K1(0,0;p) =p — 1.

Exercise 6. If p is prime and a # 0 mod p then Kl(a,0;p) = —1.

In the case that both a,b # 0 mod p, Kloosterman (1926) already
gave a non-trivial bound:

Theorem 3.3. If p > 2 is a prime and a,b # 0 mod p then
| Kl(a, b; p)| < p*'*.
Proof. We look at the fourth moment

Vi= Y |Kl(a,b;p)[*

a,b mod p

We will show that
(5) v, < pt

On the other hand, we separate the term (a,b) = (0,0) which con-
tributes (p — 1)%, the 2(p — 1) terms Kl(a, 0; p) and KI1(0, b; p), which of
which contributes (—1)%, and the remaining ones:

Vi=(p-1D'+20 -1+ > [Kl(a,b;p)[*
a,b#0
We next use
Exercise 7. If a,b # 0 mod p then
Kl(a, b; p) = Kl(ab, 1;p)

Therefore
S IKIa,bp) = 3 Klab, Lp)|t = (0= 1) S Kl(e, 1;p)*
a,b#0 a,b#0 c#0

after changing variables ¢ = ab. Thus we find

(6) (p—1) |Kl(c,;p)|* =Vi—p*' —2(p— 1)
c#0
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On the other hand, expanding out
Kl(a,bip)[* = > eplalmitaa—yi—yo)+b(ay +a3 ' =y =5 "))
II)IQ’y17y27£O

(where e,(x) = €**/P), summing over a,b mod p and switching order
of summation gives

Vi= Y Y elalwita—yi—u) Y epblart +ayt -yt

x1,22,Y1,Y270 a mod p b mod p
=p’ {1, 20,1, 2 ZO0mod p a1 + 22 = Y1 + 42, 77 + 23! =
on using
p ,t=0modp
Z ep(at) =
ool p 0, t# 0modp

Now given y1, ys, if yo # —y; then 1, o are determined up to order
by the system

(7) Tyt =y, a =y =y
as the solutions of

v = (i typ)e+ (g + 1)/ (i +u37) =0
which gives 2((p — 1)? — (p — 1)) < 2p? solutions, and if y, = —y; then

necessarily o = —x1, which gives (p — 1)? solutions. Altogether we
find that the system (7) has at most 3p? solutions. Hence
Vy < 3p'

Inserting (6) we obtain for p > 1 that

p—1) Z\ch p)|[* < 2pt
c#0
Dropping all terms but one (which we may as we are summing non-
negative quantities) gives fr p > 1

| Kl(a, 1;p)[* < 2p°
which gives | Kl(a, 1;p)| < 21/4p3/4, ]

As we have mentioned, Weil showed that |Kl(a, 1;p)| < 2,/p for p
prime. Nick Katz (1988) showed that for large p, as we vary over a
coprime to p, the normalized sums — Kl(a,1;p)/2,/p become equidis-
tributed with respect to the Sato-Tate measure, that is the p — 1 num-
bers {Kl(a;1;0)\/p : 1 < a < p — 1} have the same distribution as

-4 1))

__yQ}
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the trace of a random matrix in the compact Lie group SU(2), equiv-
alently writing — Kl(a, 1;p) = 2,/pcosf(a,p) then as p — oo, for any
subinterval [, 3] C [0, 7],

B
lim L#{a €l,p—1]):0(a,p) € |a,p]} = %/ (sin 0)?df

p=oop—1
It is conjectured that an analogous statement holds for the angles of
KI(1,1;p) as p varies.

3.2. Application to bounding Fourier coefficients of cusp forms.
We use Petersson’s formula to give an upper bound for the Fourier co-
efficients |p,,(n)|. To emphasize the arithmetic input, we highlight the
dependence on bounds for Kloosterman sums. Suppose that we are
given a bound

(8) | Kl(m, n;c)| < '™
whenever ged(m,n,c) = 1.

Proposition 3.4. Assume the bound (8). Then for fived m > 1, and
n — 0o,

pm(n)| < 05 n'E
Before proving Proposition 3.4, we deduce:

Corollary 3.5. Assume the bound (8). Then for any cusp form f €
Sk, [ =2 ps105(n)q", we have the bound

k_3s
272

lag(n)| < n
Proof. As we saw, the space of cusp forms admits a basis of Poincaré
series P¥, m € M = {my,...,my}, d = dim S;. Then we write f as a
linear combination f =" _\ ¢, Pk to obtain

ap(n) =Y cupm(n)
meM
373, O
The trivial bound | Kl(m, n;¢)| < ¢ (6 = 0) therefore recovers Hecke’s
bound (Theorem 1.2) |as(n)| < n*/2.
Kloosterman’s bound (6 = 1/4, Theorem 3.3) gives the better esti-
mate

and inputting Proposition 3.4 gives |as(n)| < n

ag(n)| < 0’z s
Inserting Weil’s bound (essentially 6 = 1/2) (4) gives

lap(n)| < n'z ti
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However, this falls short of the Ramanujan conjecture (proved by Deligne
in 1973):
k—1 k—1
las(n)] < n 2z op(n) <Knz ™=, Ve>0
3.2.1. Proof of Proposition 3.4.
Proof. For simplicity, take m = 1. Using Petersson’s formula we obtain
(h—1)/2 | K1(1, n; c)|J 4m\/n
()] < n ; ()

For the Kloosterman sum, use the bound |KI(1,n;¢)| < ¢'7°. For
the Bessel function, use Jj,_(z) < 2F71 for x = \/n/c < 1, and for
r=+/njc>1use J_i(v) < 2~/

Ipr(n)] < n=/2 Z 0_5(\/_5)_1/2+n(k_1)/2 Z C—(S(\/_ﬁ)k—l

c c
1<c<y/n c>y/n
kE_3 1 k=1 1-6
b3 1/2-§ k-1
—= 2 4 _— 2 . 2
n g c +n E pUS; <n n
1<c<y/n c>\/n



