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Exercise 1. Let w(n) the number of distinct prime divisors of an integer
n, so for instance w(12) = 2. Show that w(n) < logn/loglogn.

Exercise 2. Let 2(n) be the number of prime divisors of n, counted with
multiplicity, i.e. the number of prime powers dividing n, so for instance
2(12) = 3. Show that the mean value of Q(n) is loglog n:

1
~ > Q(n) =loglog N + O(1) .
n<N
Exercise 3. Let 7(n) = 3_,,, 1 be the divisor function. Using >, 7(n) =
z(logz 4 C) + O(z'/?), show that
7(n) logy +C +2 1
Z n2 Y T O(y3/2)

n>Y

Exercise 4. Let a > 0, b be coprime integers. Find the density of integers
n for which an + b is squarefree.

Exercise 5. Let f(z) € Z[z] be a separable polynomial (i.e. with no re-
peated roots) of positive degree. Set B := ged{f(n) : n € Z} and let B’ be
the smallest divisor of B so that B/B’ is square-free. For each prime p, we
denote by p% the largest power of p dividing B’, and by rf(p) the number
of a mod p?*9 for which f(a)/B’ = 0 modp®. We set

o =T1(- %5

which is the conjectural density of integers n for which f(n)/B’ is squarefree.
For f(z) = z(x+1)(2+2)(z+3), find By and B}, and show that r¢(p) = 4
for p #£ 2, 3.
Hence ¢y = R[5 5(1 — ]%) for some rational number. Find R.

Exercise 6. Assume that B’ = 1. Show that c¢; > 0, i.e. that rs(p) < p?
for all primes p.



