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Review of the basic theory of continued fractions: For an irrational real
number x ∈ R\Q, the continued fraction expansion is defined by

x = [a0; a1, a2, a3, . . . ] = a0 +
1

a1 +
1

a2 +
1

a3 + · · ·
where aj are integers (the “partial quotients”), a1, a2, a3, . . . ≥ 1, defined by
writing

x = a0 +
1

x1
, x1 = a1 +

1

x2
, . . .

with xn > 1, so that for n ≥ 1, an = bxnc, xn+1 = 1/{xn}. In particular

x = [a0; a1, a2, . . . , an−1, xn].

We also define recursively p−1 = 1, q−1 = 0, p0 = a0, q0 = 1, and for n ≥ 0

pn+1 = an+1pn + pn−1, qn+1 = an+1qn + qn−1.

Exercise 1. a) Show that pnqn−1 − pn−1qn = (−1)n−1.
b) Show that

[a0; a1, a2, a3, . . . , an] =
pn
qn

and x =
xn+1pn + pn−1

xn+1qn + qn−1
.

Exercise 2. a) Show

x− pn
qn

=
(−1)n

qn(xn+1qn + qn−1)

b) Show that

|x− pn
qn
| ≤ 1

an+1q2n
.

Hence the “partial convergents” pn/qn give good rational approxi-
mations to x: |x− pn/qn| < 1/q2n.

Exercise 3. Let x be an algebraic number of degree d ≥ 2, with partial
convergents pn/qn. Show that log qn � dn.

Hint:Use Liouville’s theorem and Exercise 2.
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