The Quarterly Journal of Mathematics
Quart. J. Math. 00 (2018), 1-22; doi:10.1093/qmath/hay053

ON LOCALLY REPEATED VALUES OF ARITHMETIC

FUNCTIONS OVER F, [T]

by ZEEV RUDNICK"
with an Appendix by Ron Peled

(Raymond and Beverly Sackler School of Mathematical Sciences, Tel Aviv University,
Tel Aviv 69978, Israel)

[Received 27 March 2018. Revised 3 September 2018]

Abstract

The frequency of occurrence of ‘locally repeated’ values of arithmetic functions is a common
theme in analytic number theory, for instance in the Erd6s—Mirsky problem on coincidences of
the divisor function at consecutive integers, the analogous problem for the Euler totient function
and the quantitative conjectures of Erd6s, Pomerance and Sarkdzy and of Graham, Holt and
Pomerance on the frequency of occurrences. In this paper, we introduce the corresponding
problems in the setting of polynomials over a finite field, and completely solve them in the large
finite field limit.

1. Introduction

The frequency of occurrence of ‘locally repeated’ values of arithmetic functions is a common
theme in analytic number theory. For instance, the famous Erd6s—Mirsky problem asked to show
that there are infinitely many integers n for which d (n) = d (n + 1), where d (n) is the divisor
function; and the number of such occurrences was the subject of a series of papers of Erdds,
Pomerance and Sark6zy. One can replace the divisor function d (n) by the number w (n) of distinct
prime divisors of n; the problems turn out to be closely related. Replacing d (n) by the Euler
totient function ¢ (n) leads to somewhat different problems. These questions have generated a
large body of literature (some described below), with several open conjectures. In this paper, we
introduce the corresponding problems in the setting of polynomials over a finite field, and com-
pletely solve them in the large finite field limit.

1.1. The problem of Erdés and Mirsky

We begin with an account of the state of the art for the problems over the integers.

The problem of Erd6s and Mirsky [4] is to show that there are infinitely many integers n such
that d (n) = d(n + 1) where d (n) is the number of divisors of n. This was proved by Heath-
Brown [10] following an idea in Spiro’s PhD thesis [16], who showed that d (n) = d (n + 5040)
has infinitely many solutions, and Pinner [13] showed that for any k£ > 1, there are infinitely many
integers n with d (n) = d (n + k). We now know much more, for instance Goldston er al. [8]
show that there are infinitely many n’s so that both n and n 4+ 1 have prime factorizations of the
form pp,psp, with p; distinct primes, hence d (n) = 24 = d (n + 1).
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2 Z. RUDNICK AND

The same problem arises for other arithmetic functions, such as §2(n), the number of all prime
divisors of n [10], or w (n), the number of distinct prime divisors of n [15]. One can also ask about
multiple shifts, for instance are there infinitely many solutions of

din)=dn+1)=d@n+2)

of which nothing is currently known.
The quantitative aspect of the problem is to find the asymptotic of

Sax) =#{nh <x:am)=a@+ 1)},

where a = d, w, (2, and likewise for any shift. Erd6s et al. [5] conjectured that the order of magni-
tude is given by

Sa (%) (1.1)

1 x
247 Jloglogx
They proved an upper bound S, (x) < x/./loglogx of the correct order of magnitude [6] and
there is a lower bound which is not far from the upper bound S, (x) > x/(loglogx)?, due to
Hildebrand [11].

One can more generally ask for the asymptotic frequency of coincidences of any number of
shifts, that is given any distinct integers aj, ...,a,, for

Sa(ar.anx) =#{n<xan+a)=-=am+a,)}

and using the same heuristic as in [5], namely that the shifts are statistically independent, com-
bined with the Erd6s—Kac theorem, one is led to conjecture that

1 X

. 1.2
V7 (N2m)! (log logx)r—1)/2 (12)

Sa(ar....ar; x) ~

1.2. Locally repeated value of the Euler totient function

Given a non-zero integer k > 1, it was conjectured in [5] that there are infinitely many integers n
for which ¢ (n) = ¢ (n + k). This is not known for any value of k. Let P (k, x) be the number of
such integers n < x:

P(k,x):=#{n <x:p(n) =pn+k}
For instance, when x = 108, we have [9]
P(1,10%) =306, P(2,10%) = 125986, P(3,10%) =2, P(4,10%) =69131.

In [5, 9], it is shown that P (k, x) = o (x) for any k > 1.
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ON LOCALLY REPEATED VALUES OF ARITHMETIC FUNCTIONS 3

There is a significant difference between k being even or odd, due to the ability to find solutions
to the problem when k is even: Leo Moser [12] observed that for integers of the form
n=2(2p—1) where p is a prime such that 2p — 1 is also prime, then
w(n) =2p — 2= ¢(4p) = ¢(n + 2), and Schinzel [14] extended this observation to the family
n=k(2p — 1) where p is a prime for which 2p — 1 is also prime, and both are coprime to k.
Therefore, assuming a suitable quantitative version of the twin prime conjectures gives at least
>x/(logx)? solutions when k is even. However, when k is odd, we have a smaller upper bound

P(k, x) < x/exp{(logx)'/3}, k odd.

It is also conjectured [5] that for any & > 1, there is a lower bound of P (k, x) > x!—e,
Graham et al. [9] systematized these observations and used them to conjecture that for k even,

Lo o AWK
xP(k’ ) (log x)?

as x — 00, (1.3)

where A (k) = 2C, - ¢ (k), with Cy = [, (1 — (p — 1)7%) = 0.6601... is the twin prime con-
stant, and

ged(j,j+ k)« p— 1
c(k) = — I1 ,
JiTk jG+k 5 p=2

same prime divisors

where the sum is over all j’s so that j and j + k have the same prime factors, and the product is
over primes p > 2 dividing jk (j + k)/ged(j, j + k). For instance, ¢ (2) = 1/2.

One can more generally ask the same question for multiple shifts, and to replace the Euler
totient function ¢ by the sum-of divisors function o (n) = 3, d.

1.3. The problem of Erdds and Mirsky over ;[T |

Let [, be a finite field of ¢ elements, and I, [T] the ring of polynomials with coefficients in If,. For
n >0, let M, C F,[T] be the set of monic polynomials of degree 7. Let & be an arithmetic func-
tion, that is a complex-valued function on the set of monic polynomials. For each finite field I,
we are given 7 distinct polynomials aj, ...,a, € F,[T] of degree <n. We want to compute the prob-

ability that o (f + a1) = ... = a(f + a,) for random f € M,, as ¢ — oco. That is, setting
So(asn, q)=#{feEM:alf+a)=..=a(f+a)}
then
1
Prob{fe M,: a(f+ a) = =a(f+a,)} = —nSa(7; n, q).
q

We treat the case when the arithmetic function « is such that for squarefree f, the value o (f)
depends univalently on the number w (f) of distinct prime (monic irreducible) divisors of f, that
is for squarefree f, g € M,, a(f) = a/(g) if and only if w(f) = w(g). Examples are: Q(f) the
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4 Z. RUDNICK AND

number of all prime divisors, d (f) the number of monic divisors of f, and more generally
di(f) =#{(g----&): f= cg....> & monic, ¢ € [F;}, the number of ways of factoring f as a
product of k factors.

The result is

TueorReM 1.1 Let « = w, Q, or dy. For any r distinct polynomials, ay, ...,a, € I, [T] of degree <n

. 1 — Cy
lim —S,(a’;n,g) ~ ————, 1 — 00,
o g ( q) (log n)— D72

with

1
(27‘1’)“71)/2\/7.

¢ =

If we make the translation X < ¢", logx < n, then we see that we have an analog for the con-
jecture (1.1) of Erd6s, Pomerance and Sark6zy (including the same constant).

We prove Theorem 1.1 in two steps: for a permutation o € S, on n letters, let w, be the number
of (disjoint) cycles of 0. We set

1
(n1)’

which is the probability that r random permutations on n letters all have the same number of
cycles.

E,(n) = #{(on,....0;) € (S,)": wy(0o1) = -+ = wy(oy) }

THeoREM 1.2 For any n > 1, there is some c., >0 so that for any choice of distinct
aj, ...,a, € F[T], with max; dega; < n,

1.,(a’s n, q) — Er(n)q"] < crag" /2.
Our key tool for this is the independence of cycle structure for shifted polynomials [1], see
Theorem 2.1.

We then show that

cr 1

E(n) ~ ———————, n— oo, G =——
( ) (10gn)<r71)/2 - (271_)(1‘71)/2\/7

(1.4)

(the case r = 2 is due to Wilf [17]) which will prove Theorem 1.1.

1.4. Locally repeated values of  in T, [T

The Euler totient function for I, [T'] over the finite field I, is defined as ¢ (f)=# (I, [T]/(f))", the
number of invertible residues modulo f. Fix r > 2. Given r distinct polynomials
a[T],,....a,[T] € E,[T], all of degree dega; < n, let
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ON LOCALLY REPEATED VALUES OF ARITHMETIC FUNCTIONS 5

Sp(@in, qQ)=#{f €My p(f+a) =(f+a) = =¢(f+a)}

Given a permutation o € S,, one says that the cycle structure of o is (\,...,\,) if o has X
cycles of length i (the notation A = (1M2%...n™) is also used in the literature). Thus n = Y,i)\;,
and the number of cycles is w (o) = Y_;A;. Let W, (n) be the probability that 7 random permuta-
tions on n letters have the same cycle structure and

1

NgE

m

We have

Ay = 42634, A3 =2.59071..., A, = 2.23647...

TrEOREM 1.3 For any choice of distinct a,(T), ...,a,(T) € F,[T|, with dega; < n,

1 A
lim —S,(a’;n, q) ~ ==, asn — oo.
g—00 qn nr

This is in analogy with the conjecture (1.3), once we use the dictionary x < ¢" = X, and
logx < n = log X.

The same result holds if we replace ¢ with any arithmetic function « for which there is g, so
that if f, g € M, C IF,[T] are both squarefree, then for all ¢ > g,, a(f) = a/(g) is equivalent to f
and g having the same cycle structure: A(f) = A(g). Examples are the sum-of-divisors function
o(f) = Ya7ld| (the sum over monic divisors), where |d| = # [, [T]/(d) = g%, or more gener-
ally o, (f) = Zd[f|d|s~

We prove Theorem 1.3 in two steps. First, we fix n, and show:

THeoREM 1.4 For any n > 1, there is some C,, >0 so that for any choice of distinct
aj, ...,a, € F [T, with max; deg a; < n,

1S, (@5 1, q) = W (n)q"| < Crag '

It remains to asymptotically evaluate W, (r). This was done by Flajolet et al. [7, Section 4.2] for
r = 2 (see also [3]). In Section 4.3, we sketch an adaptation of their method for general 7, and
show

W, (n) ~ =, asn — oo. (1.5)

Thus we obtain Theorem 1.3. Appendix A, by Ron Peled gives a completely different, self-
contained, proof of (1.5).
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6 Z. RUDNICK AND

2. Erd6s and Mirsky over I, [T
2.1. Background on polynomial arithmetic

For a polynomial f € I,[T] of positive degree n = deg f, the cycle structure is A (f) = (A, ..., \y)
if in the decomposition of f into primes (monic irreducibles) f = c[[; P, ¢ € [Fy, there are exactly
A; primes of degree i. A simple extension of the Prime Polynomial Theorem states that given a par-
tition A - n (so that ) ,i\; = n), the number of monic polynomials f & M, with cycle structure
equal to A is

#FEM:N(f) =2 =p(N)g" + 0.(¢" "), (2.1)

where p () is the probability that a random permutation on n letters has cycle structure A, which
by Cauchy’s formula is given by

PN =1 —

APV

The number of squarefree f € M, is ¢"(1 — 1) for n > 2, and hence if aj,...,a, € F,[T] all

have degree less than n, then as g — oo, for all but O(g"~') polynomials f € M,, all of
f+ ay,....f + a, are squarefree.

For f € IF,[T] of positive degree, let w (f) be the number of distinct prime divisors of f. Let «
be an arithmetic function such that «(f) depends only on w(f) if f is squarefree, and that the
dependence is 1-to-1, that is for squarefree f and g, we have o (f) = a(g) if and only if
w(f) = w(g). Examples are Q(f), the number of all prime divisors, d (f), the number of all
(monic) divisors, and more generally dy ( f), the number of all ways of writing f (assumed monic)
as a product of kK monic polynomials (so d = d,):

dk(f) = #{(al,...,ak) l’IlOl’liCZf: ap - ... Clk}

which for squarefree f is given by dy (f) = k< /).

For such «, if all of f + aj,... f + a, are squarefree (which happens for all but O, (¢"~!) of the
f € M,), then

a(fta)=-=alfta) & w(f+a)=-—=o(f+a)
Thus, for such ¢,
Sa (?? n,q) =S, (?’ n,q) +0(q"") (2.2)

and so in the sequel we may take o = w.

Our fundamental tool going beyond (2.1) is the independence of cycle structure for shifted
polynomials [1, Theorem 1.4]:

TrHEOREM 2.1  For fixed positive integers n, r and partitions AD b A0 g,
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ON LOCALLY REPEATED VALUES OF ARITHMETIC FUNCTIONS 7
1 1
—#{f € My A(f+ a) = XV, A(f + a5) = X} = p(AD)--p(AD) + O, <CI‘5>’
q

uniformly for all distinct polynomials ai, ...,a, € F,[t] of degrees deg(a;) < n, as g — oo.

2.2. Proof of Theorem 1.2

For a permutation o € S, on n letters, let w, be the number of cycles of o, and Gy (n) be the prob-
ability that a permutation on 7 letters has k cycles:

G (n) = Prob(w, () = k) = %#{a € Syt wn(0) = K}
Then
E.(n) = zn:Gk (n)".
k=1

Note that w(f) may be written in terms of the cycle structure A (f) = (A,...,\,) of f as
w(f) = wa(A(f)) = X -, the number of parts of A(f) (we had earlier used w, (o) for the
number of cycles in a permutation o). Thus,

Prob{fe M,;: w(f+ a) = - =w(f+a,)}
= iProb{fe My w(f+a)=-=w(f+a,) =k}
k=1
= Z ST Prob{fe M;: A f+ a) = XV, A(f+a,) = A},
k=1, A0 g
wp (ADY=k

where the inner sum is over all r-tuples of partitions of n with the same number of parts:
wpy (AU = k.
Using independence of cycle structures of f + ay,...,f + a, (Theorem 2.1), we obtain

Prob{f € M,: A\(f+ a) = AV, X (f+ a,) = A}

— H Prob{f € M,: A(f) = \O} + 0, (¢""/?)

i=1

and hence
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8 Z. RUDNICK AND

Prob{fe M, w(f+a) = =w(f+ a,)}

=> > I Prob{fe My: A(f) = X0} + 0,,(¢7'/?)
k=120, A b pi=1

= Z Prob{f € M,: A(f) = A} + On,r(qil/z)

Z(Prob{fE My w(f) = k})" + Our(q'/?)

k=1

as g — oo.
We know that the cycle structure of polynomials of degree n in [,[T] is modeled by that of
random permutations on 7 letters (2.1):

Prob{f € M,: A\(f) = A} = Prob(w,(0) = k) + 0,(¢7")
and plugging that in will give
Prob{fe My w(f+a) = =w(f+a,)}

= ZGk (n)" + On, (qil/z) =E, (n) + O, (q71/2)
-1

which proves Theorem 1.2. |

3. Coincidences of shifted values of ¢ over I, [T]
3.1. Proof of Theorem 1.4

We notice that if f is squarefree, then ¢ (f) only depends on ¢ and on the cycle type of f: if
f=TIP is a product of distinct primes, with cycle type A(f) = (X\;,...,\,), meaning that it is
divisible by exactly ); primes of degree j, so that Z’]’.: JAj = n =degf, then since

o) =1, 1 -

! ) it follows that
[ B

We define a function ® (\; z) on partitions A F n by the above recipe, namely

(N z) =] (1 =)

Jj=1

so that

e(f) = N2 A (F); 1/9).
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ON LOCALLY REPEATED VALUES OF ARITHMETIC FUNCTIONS 9

Likewise, for the sum-of-divisors function o (f) = >ayldl, if f=TIF is a product of distinct
primes, with cycle type A(f) = (A, ..., A\,), then

n >‘i
o(f) =11 (IPI+1) = H( q—) = =) 1/a),

PIf

where for a partition A - n, we set
n
=] (1 + )
i=1

Both ®()\; z) and X ()\; z) are polynomials with integer coefficients, with constant term 1, with
all zeros being roots of unity.

Lemma 3.1 If X = X are distinct partitions of n, then

(i) The polynomials ® (\; z) and ® ()\'; z) are distinct.
(ii) There is some €, > 0 so that for all 0 < |z| < €,,

D(N;z) = @(N; 2).

The same conclusions hold for ¥ (\; z).

Proof. () If A(z) =1Ij_, (1 — /)% and B(z) =IIj_, (1 — z/)% with non-negative integers
a;, bj and A (z) = B(z) as polynomials, we want to show that a; = b; for all j. We compare loga-
rithmic derivatives (we seta; = 0 = b; if i > n):

and likewise for B. Therefore, for all m > 1:

S ia; = S ibi. (3.1)

ilm ilm

In particular, taking m = 1 gives a; = b;. Now we assume by induction that a; = b; for i < I,
then (3.1) for m = I gives

Ia] + Z = Ib[ + Zlb,
il il7
i<l i<l

and the inductive hypothesis gives a; = b;. The proof for S ()\; z) is similar.

(ii) By part (i), the different polynomial F, \(z) :== ®(\; z) — ®()\; ) is not the zero poly-
nomial if n > 1. It is a polynomial of degree <n — 1, which vanishes at the origin, since the ori-
ginal polynomials have the same constant term (equal to 1). Its other zeros are bounded away from
the origin, hence part (ii). |

8102 1200100 G| U0 Jasn Aselqi| [e)uad Aysenos-AlisiaAiun AIAB |81 AQ 19/ ZE 1 S/SS0ARY/U1eWb/S601 "0 L /IopAoRaSqe-gdILe-00uBApER/YIewb/woo dno olwapeose//:sdiy Woil papeojumo(]



10 Z. RUDNICK AND

Given distinct aj, ...,a, € F;[T] with dega; < n, we define for an r-tuple N = (A, A0 of
partitions A\/) - n, a function

Af+a) =D X(f+a,) = A0

R(\;n,q;d)=# S €My
f+ ay...f+ a, all squarefree

Then

S, (@3 n, q) = Z R(N3n, ¢; @) + 0(q""), (3.2)
X
AN/ g)=-=(A":1/q)
where the sum is finite, as there are a finite number (depending on 1) of partitions \ F n.
By Lemma 3.1(ii), there is some g, > 1 so that for all ¢ > g, if A= X Fn then

®(\; 1/q) = ®(X; 1/q). Hence, for ¢ > g,, we have that the only contribution to the outer sum
in (3.2) is the diagonal term A\(V) = ... = \("):

So(asn, q)= > R((\...N\);n, q; @)+ 0(g" Y.
Abn

Now we use independence of cycle structures (Theorem 2.1) to write

R((A,...,A);n,q;z’):#{fe My Mf+a)=\.. \f+a)= )\}

f+ay,....f+ a, squarefree

=gq" ( #{fe Mlqj‘(f) - )‘} )r + O(qnfl/Z)

(uniformly in @). By (2.1),
#{F €M A(f) = A} =p(Ng" + 0.(¢" ), (2.1)

where p () is the probability that a random permutation on 7 letters has cycle structure \. Hence
we find that uniformly in a,

Sy(din,q)=q" S.p(\) + 0(¢q""'/?).

Now note that

> p (A" =Prob((oy,...,0:) € (S0)": A(or) = -+ = A(ay)) = W (n)
Abn

is the probability that an r-tuple of random permutations in S, have the same cycle structure, that
is
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ON LOCALLY REPEATED VALUES OF ARITHMETIC FUNCTIONS 1 ]
— —
Sy(a’sn, q) = W.(n)g" + 0(q""'/?)

(uniformly in @’). This proves Theorem 1.4. The case of the sum-of-divisors function is
identical. u

3.2. Discussion

The crux of the argument is that we are given an arithmetic function « for which, there is g, > 1
so that if f, g € M, are both squarefree, then o (f) = a/(g) is equivalent to f and g have the
same cycle structure:

al(f) =a(g) « A(f) = Ag), VS, g €M, squarefree, Vg > g,

More generally, consider an arithmetic function « such that for squarefree f, g € M, satisfies:
for ¢ > q,. a(f) = a(g) if and only if f and g have the same cycle structure: \(f) = A(g).
Examples are ¢, 0, and more generally o; (f) = >, ldI’.

For such «, given qy,...,a, € IE"q[T] all of degree less than n, for all f& M, such that
f+ ay...f + a, are all squarefree, we have

a(f+ al) — .. = a(f+ ar) < A(f+ al) = = >\(f+ ar)’ Vq > 4,

and, therefore,

which makes the argument go through.

4. Random permutation theory

In this section, we will prove (1.4) and (1.5). For both, the case r = 2 is known and we verify that
similar arguments work in general.

4.1. Random permutations with the same number of cycles

ProrosiTiON 4.1

cr 1

E.(n)~— n— oo, = ——-.
( ) (logn)(”*l)/z (27r)(r71)/2\/7

The case r = 2 can be found in the preprint [17].

8102 1200100 G| U0 Jasn Aselqi| [e)uad Aysenos-AlisiaAiun AIAB |81 AQ 19/ ZE 1 S/SS0ARY/U1eWb/S601 "0 L /IopAoRaSqe-gdILe-00uBApER/YIewb/woo dno olwapeose//:sdiy Woil papeojumo(]



12 Z. RUDNICK AND

Proof. Let f, (1) :== E(e™") be the characteristic function of w,, which, by definition, has Fourier

expansion
= > Prob(w, = k)e* => "Gy (n)e™.
k=0

Now note that

with convolution given by

frglx f F(y)gx —y)dy.
27T
Indeed, the convolution has Fourier coefficients

Frgk)=F (k)8 k)
so that the Fourier expansion of the r-fold convolution f, * ... * f, is

Sk f(x) = ZGk(n)’eikx
k

whose value at x = 0 is Y_,n)" = E, (n).
As n— oo, f (t) is asymptotic to (It is known (see [2, Section

fi0) =B =11, (1- 1+ 7))

Indeed, we have

= Y Prob(w, = k)e = 3" p(N)e 2N

k=0 Abn
and hence the generating function F (z, 1) = 32, f, (t)2" is given by

Zj)\jezt/\

that is

1.1])

that

(4.1)
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ON LOCALLY REPEATED VALUES OF ARITHMETIC FUNCTIONS 13
it
F(z )= (1 -2)¢

so that f, (t) is the nth Taylor coefficient of F (z, t) = (1 — z)~¢". The nth Taylor coefficient of
(1 — z)™v is asymptotic to

R U o M 4 o
= = T+ 0~ Tw)

which gives (4.1).
Therefore

E, (n) ~ (glogn ook glogn) (0)
So we need an asymptotic evaluation, as L — oo, of the r-fold convolution (g, * ... * g )(0).
LEmma 4.2 As L — oo,

cr _ 1
s ) O~ hm o= o

This will give our claim E, (n) ~ a;ﬁ O
ogn

4.2. Proof of Lemma 4.2
We have

(g, * ... x g)(0) = [ - [T &.(;) dn...dt,_y,
—T,T j=1

where we set
tr=—(l+ ... +t_1).
Outside of the cube { (max;|t;|) < L~%4}, we have

Lmax (1 — cost;) > L%2
J

and so

_ 02

1 T (e™)]

T e—L(l—cost)

ﬁ 8 (1)
j=1

J

is very rapidly decreasing. So we have
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14 Z. RUDNICK AND

1 r
(g * -+ 8)(0) ~ Wj(ﬂmax-m)d*“-“ H g (1)) dn...dt,y.

For |t| < L% we may write

1 it _ iLt— —
8.(t) = F(e?)eL(e V= MR 4 0(L702).

Hence, in this small cube,

r

t:) dg...dt,_
j(‘manItj|)<L*0»4 ,'1;[1 8. (1)) dn 1

Nf eLyjtie 2215 dy...dt,_
(max;|#]) <L=04

= e_izf’f dy...dt,_,

(max; ;) <L™04

since Z;:ltj =0.
Changing variables u = \/g t gives

r—1
L 2 "
f eifzjt’zdt]...dl‘r_] ~ — f H 67”1'2 - duyy...du,_q,
(max;|#;]) <L~04 L RS

where u, = — (u;+---+u,_1). Therefore, we find
(8 * - x81)(0) ~ ——

with

\/Erl

&= 27Tr 1

fHHe fduj

It remains to determine the Gaussian integral. This is precisely the 7-fold convolution of e~ with
itself (convolution over R):

er 1 [1 e du; = (e #5 ...xpe) (0).

j=1

Using Fourier inversion, this equals

(e*“2 *R ...*Re*”‘z) (0) = ff:o (E‘f”2 *R ~--*Refu2)(x) dx = fj:c (e/*?(x) )" dx.

Now the Fourier transform of e is
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ON LOCALLY REPEATED VALUES OF ARITHMETIC FUNCTIONS 15

—

2

—u — 0 —u?\—2miux — —m2x?
e (x) = e e du = Jme .
—00

Hence,

o0 0 (
(e g ...xge ") (0) = ﬁw (VTe ™) dx = w’/zf e gy = 1

—00 r
Thus

(\/E)r—l 71.()'71)/2 B 1
(271’)'"71 Jr - (27T)(r_l>/2ﬁ

Cr —

concluding the proof. |

4.3. Random permutations with the same cycle structure: Proof of (1.5)

Let W, (n) be the probability that r random permutations on 7 letters have the same cycle structure.
Arguing as in [7, Section 4.2] (who treat the case r = 2, for which a completely different argument
is also given in [3]) shows that

W, (n) ~ A—r’, as n — oo, (4.2)
n
where
o0 o0 1
A=Y W(n)=1]] 1,(—r>
n=1 k=1 k
with
Ir(y) = Z 1\ = OFrfl(;&;Ll/;y)
jZO(]‘) r—1

is the generalized hypergeometric function. Thus, we evaluate

Ay =4.2634, A3 =259071..., Ay =2.23647...

Indeed, the generating function of the probability that r random permutations share the same
cycle structure is

S W () —ZZ A2 :H (Z oy r)'

n>0 msonew IO Akzokw()‘k!)
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16 Z. RUDNICK AND

Thus,

k>1 k”
with
0 yJ
L) =22 = oFroi (L 1iy)
j:O(J ) r—1
We have
Hy(y) =1logh(y) = Y h"y' =y + 0(?)
r>1
and so
Zk
W(V) (Z) = exp ZH,- - = exp Zhér) Lir[ (Z[) 5
k>1 k r>1
where
J
Li,(z) = Z—V
>t

is the polylogarithm function.
The expansion converges in the unit disk |z| < 1, and the dominant singularity on the unit circle
|z] = lisatz = 1, where

. (_ —1 1 _
Li,(z) ~ ———(1 —z)" 'lo , 1
@~ (= s

so that

W (z) ~ W(r)(1)<1 + %(1 - z)”llog1 iz + ) 7> I

By the argument of [7], the nth coefficient in the expansion of W) (z) /W) (1) at z = 0 is asymp-

totic to that of% (1 —z)~'log %, which is
r— ! -2

R —1 1
T (- 2o ~—, n—
(r_l)![z]( 2) gl—z —» m 0
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ON LOCALLY REPEATED VALUES OF ARITHMETIC FUNCTIONS 17
and hence
w1
W(r) ~ ( ), n— 0o
nr
which is the claimed result. O
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Appendix A. Permutations with the same cycle structure by Ron Peled

For integer n > 1, a vector A = (..., \,) of non-negative integers is said to be a partition of n, denoted
Abn, if Z’}:]j)\j = n. The cycle structure of a permutation on n letters is the partition of n given by
A = (A, ..., Ay), where ); is the number of cycles of length j.

Let W, (n) be the probability that r uniformly random and independent permutations on 7 letters have the
same cycle structure. Define also W, (0) := 1. In this section, we prove that

THEOREM A.1  Forr > 2 integer,

where

Fix an integer » > 2. Cauchy’s formula says the probability that a uniformly sampled permutation on 7
letters has cycle structure A is

PN =]Hl jAlej! (A1)
so that
AXF:p(A) =1 (A2)
and

We denote by w, (\) the number of cycles in A:
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wy (A) = Z)‘"
J

and by 7 () the length of the longest cycle:
T ()\) =max (j: \; = 0).
Forn > 1, we set

L = L(n) = log,(2n%), a=a(n) = %n2/3

(log, is the base 2 logarithm) and from the set of cycle structures A I n, we form three subsets:
o A= A(n):w,(\) > L;

e B=Bn)w,(\) <Landn/L<T(\ <n-—a;

e C=Cn)in—a<T(\<n.

Further, set

Sa=3un) = Y p(N)
AeA

and likewise for X5, ¢.
We claim that A U B U C exhausts all cycle structures A - n. Indeed, note that A - n means 37;j); = n,
and the sum takes place only over j < T (\) by definition. Hence,

T(X\)
n=YN<TWYN=TNw, (N
j=1 J

so that T (\) > n/w, (). Now if A € A, that is w, (A) < L, then
T(\) >n/w,(N\) >n/L

so that A € B U C. Note that we omitted the requirement that w, (\) < L from C, so we do not get a disjoint
union: C N A = &. Nonetheless, we have

and we will see that the dominant contribution to W, (n) for large 7 will be from X.

LemMma A.1  Forn > 1,

Proof. We use, for \; > 0, that
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20 Z. RUDNICK AND

(where the factor 2 is only needed when j = 1 and 1 < )\ < 3). Therefore,

Lemma A2 Forn > 1,

Proof. Note that for A € C, if t = T (\) > n — a, then since a < n/2 there is a unique cycle of length t.
Thus

position 7
~ ~~

A= T ,0..)

empty and we define p (\) := 1). Hence,

Se= >, >, p(\

n—a<t<n AeC

T (\)=t
= X

1 ~
o Z p(A)

nfagtﬁnt Sk n—t
1
= > —SWn-1

n—a<t<n

with X a partition of n — 7, and then p(\) = p(X) - 1 by Cauchy’s formula (A.1) (where for r = n, X is
t

(recalling that W, (0) = 1). Changing variables to m = n — t gives our statement. O
We next want to use induction to give upper bounds for W, (n) and an asymptotic bound for 3.

LemMma A3 There is a constant C, > 0 so that for alln > 1,

W.(n) <

3*‘@

. (A4)

In addition
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ON LOCALLY REPEATED VALUES OF ARITHMETIC FUNCTIONS 21

EB=0<L'_> as n — oo. (A.5)
n

Proof. Fix an integer N, > 1 for which (recalling that r > 2)

. (%)r and sup M <

P (A.6)

I
3
Let C, > 0 be a sufficiently large constant, satisfying several lower bounds imposed below. We take
C, > (N,)" so that (A.4) is satisfied for 1 < n < N,, as W, (n) < 1 for all n.

Let £ > N, and assume by induction that (A.4) holds with 1 < n < k. We proceed to establish (A.4) with

n = k. To this end, we first give upper bounds for 3, (k), X5 (k) and X¢ (k).
By Lemma A.1, using that 3(r — 1) > r and taking C, > 3,

C

1
< < ——. .
Z‘A(k) - kS(r—l) = 3k (A 7)
For A € B(k), such that T (\) = ¢, note that since A, > 1,
1 1 1
< - -
N T e (N = 1))
and then by Cauchy’s formula (A.1),
W= < (T ) e = ()
P iV APV A0 Vi B S e P VL A A OV O LA
~ ——t
where A = (\,..., A, — 1, 0,...) is a partition of k — ¢. Hence
Ss(k)=>2 > PO
k<ick—a NeB
L T(\)=t
1 ~
< X - 2 PO
%§t<k—a Ak k=t
1
= —W.(k —1)
%§t<k—at
Using the induction hypothesis for n = k — ¢, we obtain
1 G
SR
L]Ek) <t<k—a (k)
LK)\ -(3L(k))
co (WY _ceLmy 1c a8)
k a (k) k" gl 3k

where we substituted the definition of a (k) and applied (A.6).
Next, using Lemma A.2,
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22 Z. RUDNICK AND
1 3 C
Yelk) < ——— Z Wr(m)S(*) N, + E -1,
(k — ay 0<m<a 2k Ny<m<a

where we used the fact that W, (m)
Applying (A.6) and taking C, > 6(% '

1 for all m and the induction hypothesis for N, < n =m < a.

<
N,, we conclude that

Se(k) < (%) (N, + %(%)6) <32 (A9)

Finally, applying (A.3) and substituting (A.7), (A.8) and (A.9), we conclude that

W@S&®+%®+&®s%

finishing the proof by induction of (A.4).
To see (A.5), note that as the bound (A.8) is now verified for all large k and as r > 2, we have

ZB(k)S%M:0<L) as k — oo. O

ki‘

We are now in position to obtain the asymptotics of ¥¢:

Se~ A A = S W (m). (A.10)

Indeed, by Lemma A.2,

Yie = Z

0<mea (n = m)' ™ 0<m<a
since (n — m)" ~ n" uniformly for 0 < m < a = o(n). We now extend the sum, using our upper bound

(A.4) and the fact that a (n) — oo, and obtain (A.10).
We can now prove Theorem A.1: by (A.3),

A
W.(n) = Z¢ + O(Z4 + Zp) ~ ;:

using (A.10), Lemma A.1 (recalling that » > 2 so that 3(r — 1) > r) and (A.5).
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