J. Spectr. Theory 10 (2020), 927-953 Journal of Spectral Theory
DOI 10.4171/JST/317 © European Mathematical Society

Points on nodal lines with given direction
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Abstract. We study of the directional distribution function of nodal lines for eigenfunctions
of the Laplacian on a planar domain. This quantity counts the number of points where the
normal to the nodal line points in a given direction. We give upper bounds for the flat torus,
and compute the expected number for arithmetic random waves.
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1. Introduction

1.1. Nodal directions. One of the more intriguing characteristics of a Laplace
eigenfunction on a planar domain is its nodal set. Much progress has been
achieved in understanding its length, notably the work of Donnelly and Feffer-
man [6], and the recent breakthrough by Logunov and Mallinikova [11, 10, 9],
and several researchers have tried to understand the number of nodal domains
(the connected components of the complement of the nodal set), starting with
Courant’s upper bound on that number, see [4] for the latest result. In this note,
we propose to study a different quantity, the directional distribution, measuring
an aspect of the curvature of nodal lines.

Let © be a planar domain, with piecewise smooth boundary, and let f be
an eigenfunction of the Dirichlet Laplacian, with eigenvalue E: —Af = Ef.
Given a direction ¢ € S, let N¢(f) be the number of points x on the nodal line
{x € Q: f(x) = 0} with normal pointing in the direction £¢:

VW
IVl
In particular (1.1) requires that V f(x) # 0, i.e. x is a non-singular point of the
nodal line.

N;(f)=#{xegz:f(x)=o (1.1)
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In a few separable cases, such as an irrational rectangle, or the disk, one can
explicitly compute N¢ ( f): For the irrational rectangle, the nodal line is a grid and
Ne(f) = 0, oo, while for the disk the nodal line is a union of diameters and circles,
and we find N¢(f) < VE except for O(+/E) choices of ¢, when Ne(f) = oo,
see Appendix A. However, in most cases one cannot explicitly compute N¢(f).
The following heuristic suggests that generically the order of magnitude of N¢( f)
is about E: We expect a “typical” eigenfunction to have an order of magnitude
of E nodal domains [15], and looking at several plots of nodal portraits such as
Figure 1 would lead us to believe that many of the nodal domains are ovals, or at
least have a controlled geometry, with O(1) points per nodal domain with normal
parallel to any given direction. Therefore we are led to expect that the total number
of points on the nodal line with normal parallel to £¢ should be about E (if it is
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Figure 1. The nodal line of the toral eigenfunction sin(27(8x — y)) + sin(2w(4x + 7y)) +
cos(2m(4x — 7y)). A significant proportion of its components are ovals.

To try and validate this heuristic, we study N¢(f) on the standard flat torus
T = R?/Z? (equivalently taking € to be the square, and imposing periodic,
rather than Dirichlet, boundary conditions), for both random and deterministic
eigenfunctions. We prove deterministic upper bounds, and compute the expected
value of N, for “arithmetic random waves” described below.
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1.2. A deterministic upper bound. We want to establish individual upper
bounds on N¢(f). Strictly speaking, this is not possible, since there are cases
where N¢(f) = oo. For instance, the nodal set of the eigenfunctions f(x,y) =
sin(2mrmx) sin(2rny) (m,n > 1) is a union of straight lines with N¢(f) = 0
unless ¢ = £(1,0), &=(0, 1) in which case N¢(f) = oco. More generally, one can
construct toral eigenfunctions f so that their nodal lines contain a closed geodesic,
but also curved components, see Figure 2 where we display the eigenfunction

f(x,y) = 2(sin8x sin y + sin 7x sin4y + sin x sin8y + sin4x sin7y)
= 4sin(x) sin(y)(cos x + cos y)h(x, y)

where

h(x,y) =2cos(3x —5y) —2cos(2x —4y) — 2cos(4x — 4y)
+ 4cos(x — 3y) + 4cos(3x — 3y) + 2cos(5x — 3y)
—4cos(2x —2y) —2cos(4x —2y) + 6cos(x — y)
+ 4cos(3x — y) + 6¢cos(x + y) + 4cos(3x + y)
—4cos(2x +2y) —2cos(4x + 2y) + 4cos(x + 3y)
+ 4cos(3x + 3y) + 2cos(5x + 3y) —2cos(2x + 4y)
—2cos(4x + 4y) + 2cos(3x + 5y) — 4 cos(2x) + 2 cos(6x)
—4cos(2y) 4+ 2cos(6y) — 2.

(1.2)

Theorem 1.2 below asserts an upper bound for N¢(f) with the only exceptions
being when the nodal line contains a closed geodesic. It will follow as a particular
case of a structure result on the set

Ae(f) ={x € Q: f(x) = 0,(Vf(x).{) = 0} (1.3)

of “nodal directional points,” i.e. the set of nodal points where V f is orthogonal
to ¢ (thus co-linear to ¢). Note that, by the definition, in addition to the set on the
right hand side of (1.1), A¢(f) contains all the singular nodal points of f~1(0),
and could also contain certain closed geodesics in direction orthogonal to ¢, as
we shall see below. To state Theorem 1.2 we introduce the (standard) notion of
“height” for a rational vector.

Notation 1.1 (height of a rational vector). (1) A rational direction ¢ € 8! is one
which is a multiple of an integer vector. Note that ¢ is rational if and only if the
orthogonal direction ¢+ is rational.
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Figure 2. Left: nodal set of the eigenfunction f(x,y) = 2(sin8xsiny + sin7xsindy +
sin x sin 8y + sin4x sin7y) = 4sin(x) sin(y)(cos x + cos y)h(x, y) for the trigonometric
polynomial % (x, y) in (1.2), on the full square [0, 27z] x [0, 27r]. Note the lines x, y € nZ,
x £y € n(l + 2Z). The scaled function f(x/2n,y/2n) is a toral eigenfunction. Right:
Contours of i(x, y) on the square [0, ] x [0, 7].

(2) For arational vector ¢ € 8! we denote its height by h(¢) = max(|k|, |k2|)
where (k1, k,) is a primitive integer vector (unique up to sign) in the direction
of ¢:

_ L kik)

Jee 1 i

¢

Note that 1(¢) = h(Z1).
Theorem 1.2. Let ¢ € 8! be a direction, and f be a toral eigenfunction: —A f =
Ef for some E > 0.
(1) If¢ is rational, then the set A¢( f) consists of at most
VE
mh(?)

closed geodesics orthogonal to ¢, at most % - E nonsingular points not lying

on the geodesics, and possibly, singular points of the nodal set.

(2) If ¢ is not rational, then the set A¢( f') consists of at most % - E nonsingular
points, and possibly, singular points of the nodal set.

(3) In particular, if A¢(f) does not contain a closed geodesic, then

N;(f)s%-E.
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The proof of Theorem 1.2, given in section 2 below, is sufficiently robust to
apply verbatim to the more general family of trigonometric polynomials on T? of
degree < +/E. We note that it is possible to construct Laplace eigenfunctions f
of arbitrarily high eigenvalues and ¢ € 8! such that N¢(f) = 0 vanishes, so that
a general lower bound for N¢(f') cannot exist. For example,

f(x,y) =2cos(2m - mx) 4 cos(2w - my)

has eigenvalue E = 472m? and satisfies N¢(f) = 0 for { = ¢'? with 6 near /2,
see Figure 3.
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Figure 3. The nodal line of f(x,y) = 2cos(2w - 10x) + cos(2x - 10y). For the choice
¢ = e!™/? we have N¢(f) = 0.

1.3. Expected number for arithmetic random waves. A better understanding
of several properties of nodal lines is obtained if one studies random eigenfunc-
tions. In 1962, Swerling [20] studied statistical properties of contour lines of a
general class of planar Gaussian processes, and gave a non-rigorous computation
of the expected value of N¢ for general contour lines, using the result to bound the
number of closed connected components of contour lines. We will compute the
expected value of N; for “arithmetic random waves” [17, 19]. These are random
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eigenfunctions on the torus,

f() = fax) = ene((A, x)), (14)
A€E,
where e(z) = e?™7 and
En ={A = (A1.X2) € Z* | A|*> = n} (1.5)

is the set of all representations of the integer n = A7 + A3 as a sum of two integer
squares, and c, are standard Gaussian random variables!, identically distributed
and independent save for the constraint

- =0Cx, (1.6)
making f;, real valued eigenfunctions of the Laplacian with eigenvalue
E =4n°n (1.7)

for every choice of the coeflicients {cj}ce, (i.e. for every sample point).
Equivalently f, : T? — R is a centred Gaussian random field with covariance

P ) = raly =) = 1 Y e(Phy — ), (18)

mreen

Since r(x, y) depends only on y — x, the random field f,, is stationary, meaning
that for every translation

Tzt fo() = a4 2)

with z € T2, the law of t, f; equals the law of f;:

o fr. (1.9)

This, in turn, is equivalent to the law of the Gaussian multivariate vector (f,(x1),
..., fu(xz)) being equal to the law of the vector (f,(x1 + 2), ..., fu(xx + 2)) for
every xq,...,x; € T?, z € T2,

In [19] we studied the statistics of the length of the nodal line of f,. Since
then, very refined data has been obtained on the nodal structure of such random
eigenfunctions (see e.g. [8, 12, 14, 18, 7]). It is opportune to mention that in
a different, complex geometric, context, Gayet and Welschinger [2, 3] studied a
quantity related to N¢, namely, the number of critical points of a deterministic

! After understanding the Gaussian case, one may try non-Gaussian ensembles, see e.g. [5].
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function restricted to the nodal set of a random field, also yielding an upper bound
for the expected number of nodal components for that random field.

We will compute the expected value of N for arithmetic random waves. The
answer depends on the distribution of lattice points on the circle of radius /n. Let
Wn be the atomic measure on the unit circle given by

1
Hn = > Suvm

ra(n) Acen

where r»(n) := #&,, and let

- 1 A1+ iAok
Hn () = ra(n) Z (%) cR
2 =€ty

be its Fourier coefficients.

Theorem 1.3. For ¢ = ¢'% € S, the expected value of Ne(f) for the arithmetic
random wave (1.4) is

1
E[N¢] = —=n - (1 4 1, (4) - cos(40)) /2. 1.10
[NVe] 7 (1 + [tn(4) - cos(40)) (1.10)
The statement (1.10) of Theorem 1.3 is valid even if the right hand side of
(1.10) vanishes, i.e. if
n(4) - cos(40) = —1

either .
HUn = 1 (6x1 + 044)

(“Cilleruelo measure”) and 0 = +7%, & %’, or [y is the rotation by 7 of the latter
measure (“tilted Cilleruelo™) and ¢ is parallel to one of the axes. These cases are
exceptional in the following sense: It is known [16, 7] that for every probability
measure y on the unit circle 8! there exists a constant cys(14) > 0 (the “Nazarov—
Sodin constant”) such that if the measures u, converge weak-* to u, then the
expectation of the number C( f,,) of nodal domains of f, is

E[C(fn)] = (ens(n) + o(1)) - n.

Moreover, the Nazarov—Sodin constant cns() = 0 vanishes, if and only if u is
one of these exceptional measures [7]. In that case it was shown [7] that most
of the nodal components are long and mainly parallel to one of the axes (perhaps,
after rotation by 7); with accordance to the above, our computation (1.10) implies
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in particular that cns(p) = 0 for u (tilted) Cilleruelo measure, i.e. the “if” part of
the aforementioned statement from [7].

One can study an analogous quantity N¢(f) for eigenfunctions on the d-di-
mensional torus T¢ = R¢/Z¢, d > 3 with eigenvalue 472n. We can establish a
result analogous to Theorem 1.3 in the higher dimensional case, showing that for
d >3,

E[Ng] ~ Cdl’ld/z, n — oo,

for some positive constant C; > 0 independent of ¢, assuming that n # 0, 4,
7mod 8ifd = 3,andn # 0 mod 8 if d = 4.

Acknowledgements. We thank Jerry Buckley, Suresh Eswarathasan, Manju-
nath Krishnapur, Mark Shusterman and Mikhail Sodin for their comments. The
work was supported by the European Research Council under the European
Union’s Seventh Framework Programme (FP7/2007-2013)/ERC grant agreement
n°® 320755 and 786758 (Z.R.), and n°® 335141 (I.W.).

2. Deterministic upper bound: proof of Theorem 1.2

Before giving a proof for Theorem 1.2 we will need some preparatory results, all
related to the identification of the trigonometric polynomials on T? with Laurent
polynomials in C[zy, z5], via the natural embedding T? = 8! x8! < C? (see (2.2)
below).

2.1. From trigonometric polynomials to (Laurent) polynomials

Definition 2.1. (1) Let P be the space of all complex valued trigonometric poly-
nomials on T2. We define an operator ®: P — C[zy, 22, z7 !, z; '] between P and
the complex Laurent polynomials in the following way. For g: T? — R a trigono-
metric polynomial

gx) =) e, 2.1)
Aez?
finite sum
we associate the Laurent polynomial G = ®(g) € Clzy,z7%, 22, 25'] via the

embedding T? = 8! x §! — (?

(x1,X2) —> (21, 22) = (e271%1, @27ix2), (2.2)
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or, explicitly, B
G() = gx) =Y a2t
rez?

where for z = (z1,2,) € C? and A € &, we denote z* := zf‘ -z%z.

(2) Fork = 1,21et Dy, : C[zy, z2] — C|z1, z2] be the operator

(3) For & € 8! denote the operator
D¢ = (D1, D2). &) = &1 D1 + 6D>.
The following properties are immediate from the definitions:

Lemma 2.2. (1) For every & € 8! the operator D¢ (in particular, Dy and D») is
a derivation, i.e. it is a linear operator satisfying the Leibnitz law

De(p(2)q(2)) = Dgp(2) - q(2) + p(2) - Deq(x).

(2) For every g, a trigonometric polynomial as in (2.1), and x = (x1, x2) € T?,
we have

g(x) = (P)(2) = G(2), (2.3)
where z = z(x) is given by (2.2) and G = ®g.
(3) For& €8, if G = dg, then

1 ~
—®(0:g) = D:G, 24
57 ®0s8) = Dy (2.4)
i.e. if under ®, g maps to g — G, then its (normalised) directional derivative
550 g maps to DgG.

2mi

2.2. Auxiliary lemmas

Lemma 2.3. Let g : T?> — R be a trigonometric polynomial (2.1), xo € g~ '(0)
a nonsingular zero, G = ®(g) € Clz1,z7", 22,251, and G(z) = 25G(z2) €
Clz1, z2], so that

G(z0) = g(x0) =0,

where zog = z(x9) € C? is the point corresponding to xq via (2.2). Suppose also
that P | G is an irreducible factor of G such that P(z¢) = 0. Then P2 } G.
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Proof. Assume by contradiction that, under the assumptions of Lemma 2.3, we
have that
P2 |G (2.5)

we then claim that in this case necessarily Vg(xo) = 0, contradicting the non-
singularity of x¢ as a zero of g. We show that £c_gk(x0) =0,k=1,2.
Since Dy is a derivation in C[zy, z5], and by (2.4) we have that
1 d ~
cp(—,—g) = DG =Dz %G) =2 DyG+G-Dpz. (2.6
2mi Oy,

Since both G and Dy G are divisible by P by our assumption (2.5), we have
G(z9) = DiG(zp) = 0. Substituting this into (2.6), and bearing in mind (2.3),
this yields that ;Tgk(xo) = 0. Thus xo is a singular zero of g, contradicting our
assumption. O

Lemma 2.4. Let G € C|z,, z7Y, 22,251 be a Laurent polynomial, § € 72 so

that
G(z) = z°G(z) € C[z1, 22 (2.7)
is a polynomial, with § minimal in the sense that z; + G. Let Q; (z) = D¢ (G)(2)
and
Qe(2) :=z° - 0¢(2) € Clz1, 22 (2.8)
Suppose that
P | ged(G, Q¢) (2.9)

is an irreducible polynomial, such that P? } G. Then necessarily D¢ P is a scalar
multiple of P, i.e. there exists t € C so that

DgP =t - P. (2.10)
Proof. First, since by Lemma 2.2, D¢ is a derivation, we have that

D¢G = Dg(z-27°G) = Dg(x" - G) = De(x") - G +x° - D(G) (2.11)
= (8.&)x° -G +x* Q¢ = (8.£6)G + Q. '

by (2.7) and (2.8). Hence, since, by assumption (2.9), both summands on the right
hand side of (2.11) are divisible by P, sois D¢G, i.e.

P | D¢G. (2.12)

Now let us write
G=P-A (2.13)
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for some A € C|zy, z,]; since by assumption P is irreducible, and P? } G by
Lemma 2.3, this necessarily implies

gcd(P, A) = 1. (2.14)
Applying the derivation D¢ on (2.13) we obtain:
D¢G = Dg(P)-A+ P - DeA,

which, together with (2.13) yields that

P | Dg(P) - A,
which, by (2.14), forces
P | De(P). (2.15)
Note that if
P(z) =) paz®
‘erzzo

is a finite sum, then

Dg(P)(2) = ) (£, ) paz®

O‘GZzzO
is of degree at most the degree of P. Hence (2.15) implies that D¢ P is a scalar
multiple of P. U

Lemma 2.5. Let £ € 8',t € C, and P € C|zy, 2] nonconstant irreducible
polynomial such that z1,z, t P, and

D¢P =1-P. (2.16)

Then the following hold.
(1) the direction & is rational (i.e. the vector & is a multiple of a rational vector);

(2) the polynomial P is necessarily of the form
_ k1 ko
P(Z) = P11z + P22, (217)

for some py, po € C\{0}, and (k2,k1) € Zzzo is a primitive vector (unique
up to sign) satisfying
ko, k
(k2, k1) .
(k2. k1)
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Proof. Writing P as a finite sum

P(z) =) (E.a)paz®

o

(the finite sum over o € Zéo), the equality (2.16) is equivalent to

(£.a)  poa =1 pa

for every o € Zéo, ie.
(o) =1 (2.18)

for every o € Zéo with py # 0. Note that P is not a monomial (as otherwise P
would be divisible by either z; or z5), hence (2.18) is valid for at least two distinct
«. Therefore, for these «, one has

(6.0 ) = 0.

which forces & to be rational, i.e. yields the first statement of Lemma 2.5.

Now assume that the rational vector £ = ﬁ is a multiple of a primitive integer
vector u € Z?. We may then rewrite (2.18) as

(u,a) = s, (2.19)

with s = ||u||-¢, uniquely determined by £ and ¢, and to have any solution to (2.19),
necessarily s € Z. The integer solutions to (2.19), considered as an equation in «,
are

a=0a+k-v, (2.20)

where o is a particular solution to (2.19), and v € Z?2 is the primitive integer
vector orthogonal to u, unique up to sign, some of whose coordinates might be

negative. Note that
v

é‘ -

o]l

is a unit vector orthogonal to &.
Since the collection

{a € Z%: py # 0}

is finite (corresponding to a finite collection of k in (2.20)), we can choose a® a
particular solution of (2.19) so that

Pao # 0, (2.21)
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and the numbers k in (2.20) satisfy 0 < k < K for some K > 0; by (2.21) we
necessarily have o € Zéo- We may then write:

K K
Py =Y ezt =2 N e =2 02, (222)
k=0 k=0

where Q(w) € C[w] is a (one variable) complex polynomial, which, by above, is
not a monomial.

We claim that the irreducibility of P implies the irreducibility of Q, which, in
turn, implies that Q is linear. For if Q were reducible, we could write

O(w) = A(w) - B(w) (2.23)

for some nonconstant polynomials A, B € C[w]. Substituting (2.23) into (2.22),
we obtain

P(z) = z*° - A(z°) B(zY). (2.24)
As one or both components of v might be negative, (2.24) does not immediately
imply that P is reducible. Write

A(zY) = 27 A(2).

B(zY) = 2~ B(2),
where o', a® € 72 ; are minimal so that A(z), B(z) € C[z] are polynomial, so that
A, B are not divisible by z1, z2. We then have

P(z) = 227"~ 1(2)B(2). (2.25)

Since P is not divisible by z;, z, and neither are A and B, the equality (2.25)
implies that «® — a! — a? = 0, so that

P(z) = A(z) - B(2)

is a factorization of P into nonconstant polynomials, contradicting the assumption
that P is irreducible, and hence Q as in (2.22) is itself irreducible in C[w], so

Q(w) =qo + q1w (2.26)

with go, q¢1 € C*, is linear.
Substituting (2.26) into (2.22) gives

P(z) = qoz® + qlz“0+”, 2.27)

and ag, g + vV € Zéo. Since a9 # ap + v and z1, 2z, + P, the form (2.27) of P
reduces to (2.17), and it also forces

v = (—ki,k2),

hence (k,, k1) is a primitive lattice point of Z?2, co-linear with &. O
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2.3. Proof of Theorem 1.2

Proof. Let f = f, be a toral eigenfunction (1.4) (it is a monochromatic trigono-
metric polynomial whose frequency set &, is given by (1.5)), and

G =o(f) €Clzr, 21" 22,25 ]
be the Laurent polynomial associated to f as in Lemma 2.2, so that

G(z) = f(x) =) ezt (2.28)

rA€En

Note that for A € &,, we have |A1] + |[A2] < +/2n. To make G into a polynomial
in C[zy, z,] we multiply G by a monomial z with § € Zzzo satisfying

81 + 82 < ~/2n, (2.29)

to write
G(z) = 22 G(2), (2.30)

with § minimal, so that, in particular, G(z) is not divisible by z; or z,. By (1.4)
and (2.29), we have
deg(G) < 2v2 - /n. (2.31)

Now let O £ = ﬁ ®(0¢ 1) be the Laurent polynomial corresponding to the direc-

tional derivative d¢ f(x) of f where § = ¢t is orthogonal to ¢. By Lemma 2.2
we have

0c(2) = De(G() = =@ /) = Y Besz . 232)

A€E,
and
Qe(2) =2 - 0¢(2) € Clz1, 23] (2.33)
with 6 same as in (2.30), is a polynomial of degree
deg(Qg) <2v2- Vi, (2.34)

though might be divisible by z; or z,. By (2.28), (2.30), (2.32), and (2.33), for
some xo € T? we have

f(x0) = 9¢ f(x0) =0,
(without imposing V f(xg) # 0), if and only if zg = z(xg) is a joint zero of both
G and Qg i.e.

G(z0) = Q¢(z0) = 0.
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Now let
D = ged(G, Q¢)

be the greatest common divisor of G and Q¢

G(z) = A(z) - D(2)

and
Q¢(z) = B(z) - D(2),
where
gcd(4,B) =1 (2.35)
and

deg(D). deg(4) < deg(G) <2v2- v/n, deg(B) < deg(Q¢) <2v2- v
(2.36)
by (2.31) and (2.34), and, by the above, we are interested in z = (z1, z2) € C?, so
that |z1] = |z2| = 1 and G(z) = Q¢(z) = 0.
Given zo € C? we have that G(z9) = Q¢(zo) = 0, if and only if either

A(zo) = B(z0) =0,
or D(zp) = 0 (both cannot occur simultaneously). Denote
21(G, Q¢) :={z € C*: A(z) = B(z) = 0} (2.37)

and
22(G, Q¢) = {z € C*: D(z) = 0}, (2.38)

the nodal directional points of the first and second type respectively. The meaning
of the above is that, under the embedding (2.2) of 8! x §! C (2,

{x € T?% f(x) = (V£ &) = 0} — (2'(G, Q) UZ2(G, Q¢)) N 8! x 8. (2.39)
Hence understanding of

21(G, Qg) UZ*(G. Q¢)

will also allow for bounding the size of the left hand side of (2.39); note that,
unlike the definition (1.1) of N¢, the left hand side of (2.39) includes singular
points of f~!(0), having no bearing on giving an upper bound for N; via one for
the right hand side of (1.1). Since A and B are co-prime by (2.35), and bearing in
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mind (2.36) and the definition (2.37), it follows that Z! (G, Q¢) consists of finitely
many isolated points, and its cardinality is bounded, by Bézout’s Theorem?

121(G, Q¢)| < deg(A) - deg(B) < 8n = —=

—p (2.40)
on using (2.36) and (1.7).

Now we turn to understanding 22(G, Q¢) as in (2.38). Let P|D be an irre-
ducible divisor of D = ged(G, Q¢), and let xo € A¢(f) € T? be a nonsingular
nodal directional point so that P(z¢) = 0, where zg = z(x¢), the map in (2.2).
Then, thanks to Lemma 2.3, P2 } G, so that we may apply Lemma 2.4 to deduce
that

D¢P =t P, 2.41)

for some scalar ¢ € C. By invoking Lemma 2.5, the equality (2.41) in turn implies
that £ is a rational direction, and

P(z) = !712]1cl + 1722]2(27

where the primitive vector

(ka, k1) € Z;O is co-linear to § = ¢+,  i.e. orthogonal to . (2.42)
Thus
K
D= (]‘[ P; (z)) E(2), (2.43)
i=1

where for every j = 1,2, ... K the polynomial P; is of the form
Pi(2) = pujzy' + paszh?,

for some pi;;. p2.; € C, and E(z) is the product of irreducible factors P | D

of D so that P2 | D (corresponding to the singular points xo € T?), and those

irreducible P | D that don’t vanish on 8! x 8! C C2. It then follows that

_ _ deg(D) <2«/ﬁ :2«/5
T max(ki.k2) T h(§) ()

by (2.36).
Now using (2.3) on (2.43), (2.38), we have that, under the embedding (2.39),
the zeros of D(z) correspond to the zeros of

K
d(x) = D) = ([T(pre ™1 + pyje o)) E(x), (2:44)
j=1

2which states that if A,B € C[z;,z2] are co-prime polynomials, then the number of
common zeros of A and B is bounded by deg 4 - deg B.
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where E(x): T2 — R is the trigonometric polynomial corresponding to E(z) =
E(x), that only has singular zeros. Let

. 2wix 1k 2mwixsk
hj(x) = pr;j e 1 + pa et

be a factor of (2.44); by construction (2.43) we know a priori that the zero locus of
hj on T? is non-empty. In this case, necessarily | p1:;| = |p2:;|, and upon writing

_p2§j —- eZnitp
PL;j
for ¢ € [0, 1), the zero locus of 4; is given by
-1 2, P2;j
hj 0) = {(Xl,xz) € T*:e(x1k1 — x2kp) = _p_}
1;j

= {(xl,xz) € Tz:xlkl —)Czkz =@ mod 1},

hence is a closed geodesic in T? (it has a single connected component, since,

by assumption, ged(kq,k2) = 1), orthogonal to (k1, —k2), of length (/k? + k2,
and, recalling (2.42), the geodesic hj_l(O) is orthogonal to . In summary, under
the embedding (2.2), the nonsingular points on f~!(0) corresponding to the set
Z2%(G, Qg) N (8! x 8') consist of

N _VE
=%h® T O

closed geodesics orthogonal to £, concluding the statement of Theorem 1.2. O

3. Expected nodal direction number for arithmetic random waves.
Proof of Theorem 1.3

In this section, we compute the expected value of N; for arithmetic random
waves. The formal computation is along the lines of Swerling’s paper [20], but
his argument relied on several assumptions, some implicit, on the nature of the
relevant Gaussian field, which are difficult to isolate and check separately. Thus
we carry out the computation ab initio.

3.1. Proof of Theorem 1.3

Proof. Let & = {1 be the orthogonal vector to ¢, and define,

Ne(f) = #x € T2 f(x) = (V f(x),£) = 0}
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to be the size of the set A¢(f) in (1.3), finite or infinite. Equivalently,

Ne(f) = Ne(f) + #Sing(f),

where
Sing(f) = {x € T*: f(x) =0, V f(x) = 0}

is the set of singular nodal points of f.

Since by Bulinskaya’s Lemma [1, Proposition 6.12], the singular set Sing( /)
is empty almost surely (that the statement of Bulinskaya’s Lemma is valid in our
concrete case was established in [17, Lemma 2.3]), we have that

Ne(f) = Ne(f) = #lx € T% f(x) = (Vf(x). §) = 0} (3.1)

That is, upon defining the Gaussian random field G: T? — R?

G(x) = Ge(x) = (f(x). (VS(x).§)). (3.2)

then N¢ equals almost surely the number of zeros of G. Let Jg (x) be the Jacobian
of G given by

B 11 f2
JG(x) = det (fllél + fi2br  fi2b1 + fzzfz)

= f1(f1261 + f2252) — f2(f11é1 + f1262),

where we denote f; = df/dx;, f;; = 0 f/0x;0x;, and all the derivatives of f
are evaluated at x.
The zero density function is

Ki(x) = K1£(x) = ¢6x)(0,0) - E[|Jg(x)| | G(x) = 0], (3.3)

where ¢g(y) is the probability density function of the random vector G(x) € R?;
by the aforementioned stationarity (1.9) of f;, we have

Ki(x) = Kq1(0).
By Kac-Rice [1, Theorem 6.3] and (3.1), we have that
E[Ne] = / Ki(x)dx, (3.4)
']I‘Z

provided that the distribution of G(x) is non-degenerate for every x € T2.
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By stationarity, it is sufficient to check non-degeneracy of G(0), which is valid
since (f(0), V£(0)) € R? is non-degenerate by the computation below. The
statement of Theorem 1.3 follows upon substituting the statements of Lemma 3.1
and Proposition 3.2 below into (3.3) so that

1 _ 1/2
Kix)=—n-(1+ 4) - cos(46 ,
1(x) 7 (14 fn(4) - cos(40))
and then finally into (3.4). O

In course of the proof of Theorem 1.3 we used the following results established
in §3.2 below:

Lemma 3.1. Let G : T? — R? be the Gaussian field defined by (3.2), and DG(x)
the probability density function of G(x). Then for every x € T? we have

1 1
2\ /detCq(x) 23/2m2yn’

PG (x)(0,0) = (3.5)

Proposition 3.2. Let G : T?> — R? be the Gaussian field defined by (3.2), and
Jg (x) its Jacobian. Then the conditional expectation of |Jg (x)| conditioned on
G=0is

E[lJ (x)] | G(x) = 0] = 27> (1 + [in (4) - cos(46))"/% - n3/?
3.2. Proofs of Lemma 3.1 and Proposition 3.2: evaluating the zero density

Proof of Lemma 3.1. The covariance matrix of ( f(x), V f(x)) was computed in
[19, Proposition 4.1] to be

1
C(f,Vf) = ( 27'[2]112)’

in particular f(x) is independent of V f(x); hence the covariance matrix of G is

o =(" 5,

where we used

Var((V f(x). £)) = & Var(f1) + & Var(f>) = 27°n,
since
e =1

Thus
1

1
2 /detCq(x) 232m2n’

$G(x)(0,0) =
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Proof of Proposition 3.2. We are going to work under the assumption & # 0;
one can easily see that the same result holds true for & = 0, e.g. by switching
between £; and &,; by stationarity we may assume x = 0. Since f is a Laplace
eigenfunction of eigenvalue 4725, we have that3

J(x) =—

and therefore

E[lJeg(x)| | G(x) = 0] = E[|Jg(x)| | fi1 + faa =0, f1&1 + f2€2 = 0].
Then (recall that we assumed &, # 0)
E[|J6 (x)[|G(x) = 0]

=E[lJc(X)| | fir + f22 =0, fi&1 + f262 =0]

= E[| f1(f1261 + f2282) — fa(f1161 + f1262)] |
Ji1+ f22 =0, fi§1 + 262 = 0]

= E[| f1(f1261 — f1182) — fa(f1161 + f1252)] |
S+ f22 =0, fi§1 + 262 = 0]

= ]E”fl : (flzfl —fuk + flli_i + f12$1)‘ ‘

Jii+ fo2 =0, fik1 + 262 = 0]

—E”fl (2f12§1 f11 )Hfll"‘f”_o f1§1+f2§2—0]

Hence we are interested in the distribution of ( f1, f11. f12)(x) conditioned on

Ji1+ f22 =0, fik1 + 26 = 0.

The covariance matrix of ( f1, f2, f11, f12, f22) is given by Lemma 3.4, we will
then compute the covariance matrix of ( f1, fi1, f12, fi&1 + f262, f11 + f22), and
then condition on the last two variables. To avoid carrying on the constants we
transform the variables

(X1, X2). (X3, X4, X5)) = (flaf2) 4)1/2 (/1. /12, fzz))

(o

3 This fact helps in simplifying the computation of the first intensity by allowing us to reduce
the size of the covariance matrix, as seen in another few steps.
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with covariance matrix

Irxo
Cx,,..xs = ( 6( A3x3)’

with
3+ 1n(4) 0 1—tn(4)
A= 0 1—tn(4) 0
1 — i, (4) 0 3+ tn(4)

and we are to compute

— (1 — ~3,3/2 L 8-8
E[|J6(x)| | G(x) = 0] = 273n -EHXI-(2X4§1 Xste

|
X3+ Xs =0, X1& + X262 = O]-

Next we compute the covariance matrix of (X1, X3, X4, X3+ X5, X161 + X262)
to be

B3x3 Dixz
Ezxa ]’

C(X1,X3,X4, X3+ X5, X181+ X282) = Dt
2x3

where

B = CX1,X3,X4
is the covariance matrix of (X1, X3, X4),
E = Cxy1x5,%181+ X265

is the covariance matrix of

and
D = E[(X1. X3, X4)" (X3 + X5. X151 + X26)].

From the above it follows directly that

1 0 & g 0
B = 3+ 1 (4) , D=4 o], E=( )
1— i (4) 0 0

Let Y = (Y1, Y2, Y3) be the vector (X, X3, X4) conditioned on

X3+ Xs = X1§1 + X286, =0,
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so that under the new notation (3.6) is

2 &2
E[|Jg(x)] | G(x) = 0] = 2n3n3/2EHY1 : (21/351 - qu)u. (3.7)
133
The covariance matrix of Y is

1—&
Cy =B—-DE™'D' = 1+ 1, (4)
1 —n(4)
&
= 1+ ftn(4)
1 —n(4)

where for the above we computed

0 & 1
DE™'D'=1|4 o0 (§ )-(O 40)

o o 1 g0 0
_(_1)501'(040)

(2)0 & 0 0

£
= 2

0

We may simplify the expression (3.7) using the fact that the Y; are independent:

— 0] — 9+3,,3/2 _ 512—522
Bll/6 (0] | G() = 0] = 22w BIIY |- B[ Y3ty — o2 2]

= 2125512312 | 2Y31E, — Ya(E2 — £2))]] G9
= 212552312 [ E[| Z, sin(26) + Z3 cos(26)]],

where (Z; = Y3, Z, = —Y,) is a centered Gaussian with covariance

(1 ~ () )
L+ @)

also valid for & = 0 (@ is the direction of ¢, or of £ by the sign invariance of the
distribution of Z{, Z,).
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The random variable
A := Z;sin(20) + Z, cos(20)
is centered Gaussian, whose variance is
Var(A) = (1 — iy (4)) sin(20)% + (1 + 1, (4)) cos(26)?
=1+ j1,(4) cos(40),
and (3.8) is
E[lJg ()| | G(x) = 0] = 2/273/2n* . E[|4]]

_ 21/27r5/2n3/2 . \/z /Var(A)
T
= 272132 . (1 + [5;(4) cos(46)) "2,

which is the statement of Proposition 3.2. |

3.3. Auxiliary lemmas

Lemma 3.3 (cf. [8], Lemma 8.1). We have

and

2
5 aR="Ta-me.
A€En
Lemma 3.4. Let f = f, be the arithmetic random waves (the random field (1.4)
where c), are assumed to be i.i.d. standard Gaussian save to (1.6)), and X =
(f1, f2, f11, f12, f22) vector of various derivatives evaluated at x = 0. Then X is
centered multivariate Gaussian with covariance matrix

272n 0 0 0 0
0 272n 0 0 0
— 0 0 27%*n2Q+in4 0 27402 (1—jin (4
Ctifonfi1: franfon = 7N (3+4un (4)) PR 74n=(1—wn (4))
0o 0 0 2402 (1—j1n (4)) 0
0 0 27*n’(1—n(4) 0 2412 (34107 (4)

Proof. Recall that the covariance function of f, is given by (1.8). We have, using
the symmetries,

E[f1(x)*] = =r11(0) = E[2(x)*] = 27°n,
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E[f1(x) f2(x)] = —r12(0) = 0,
E[f1(x) fi1(x)] = =r111(0) = 0,
E[f1(x) f12(x)] = —r112(0) = 0,

2 2 167 4
E[f11(x)°] = E[f22(x)7] = r1111(0) = Z A

N A€E,
3 1
_ 4 2(2 | L~ — 42 —
= 1670 (5 + g (@) = 272G + fin (4).
by Lemma 3.3, and
2 l67* 292
E[f12(x) ] = E[fll(x)f22(x)] = T Z )kl)k2
A€E,
= 27*n?(1 — [ip (4)). O

Appendix A. Separable domains

We describe some cases when the nodal sets, hence N¢(f), can be explicitly
computed.

A.1. Irrational rectangles. Take a rectangle with width /./a and height 7,
with aspect ratio /a, and assume that « is irrational. Then the eigenvalues of the
Dirichlet Laplacian consist of the numbers am? + n? with integers m,n > 1, and
the corresponding eigenfunctions are

Jmn(x,y) = Sin(\/&mx) sin(ny).

The nodal lines consist of a rectangular grid, and one has N¢(f,,) = 0 or oo.

A.2. The unit disk. Let @ = {|x| < 1} be the unit disk, and (r, §) be polar
coordinates. The eigenfunctions of the Dirichlet Laplacian are

fm,k(r’ 6) = Jm(jm,kr) cos(m@ + ¢)

where J,,,(z) is the Bessel function, with zeros {j, x : k > 1}, and ¢ € [0,27) is
arbitrary. The corresponding eigenvalue is

E=j2L (A1)

In particular, for m > 1 the eigenspaces have dimension two.
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We will need McCann’s inequality [13]
1\2
j2az (k- Z) +m?. (A2)

For m = 0 (the radial case), the eigenfunctions are fox(r,0) = Jo(joir),
0 < r <1, and have k — 1 interior nodal lines, which are the concentric circles
r = jou/jok.€=1,...,k—1. Thus for any direction ¢ € S1, we have

Ne(for) = 2(k —1).

For m > 1, the nodal line of the eigenfunction f, s is a union of the m
diameters cos(mf + ¢) = 0 and k — 1 concentric circles r = ju¢/jmk,
£=1,...,k—1(for k = 1 there are only diameters), see Figure 4. Thus there are
2m values of ¢ where N¢(fim k) = oo, and for all other directions we have

Ne(fmp) =2(k —1).

Using McCann’s inequality (A.2), and (A.1), the above yields that for m > 0,
k > 1, except for 2m < 2/E directions where Ne(fn k) = 00, we have

Ne(fmg) < %\/E

Figure 4. The nodal line of the disk eigenfunction f3 5(x) = J3(j3.5r)cos(36), which
consists of 3 diameters and 4 circles.
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