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ABSTRACT

Fermat showed that every prime p = 1 mod 4 is a sum of two squares:
p = a® +b2. To any of the 8 possible representations (a,b) we associate
an angle whose tangent is the ratio b/a. In 1919 Hecke showed that these
angles are uniformly distributed as p varies, and in the 1950’s Kubilius
proved uniform distribution in somewhat short arcs. We study fine scale
statistics of these angles, in particular the variance of the number of such
angles in a short arc. We present a conjecture for this variance, motivated
both by a random matrix model, and by a function field analogue of this
problem, for which we prove an asymptotic form for the corresponding

variance.
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1. Introduction

1.1. ANGLES OF GAUSSIAN PRIMES. An odd prime p is a sum of two squares
if and only if p = 1 mod 4, and in that case there are exactly 8 representations.
Each representation corresponds to a Gaussian integer a + ib = \/pewavb. We
wish to understand the statistics of the resulting angles.

It is useful to formulate the results in terms of prime ideals of the ring of
Gaussian integers Z[i], which is the ring of integers of the imaginary quadratic
field Q(¢). The basic infra-structure that we need is complex conjugation z — Z,
the norm map Norm : Q(i)* — Q*, Norm(z) = zZ, and the norm one elements

S(é) ={2€Q(i): Norm(z) = 1} = Q(i) N S*.

For a Gaussian number o € Q(4)*, we have a direction vector given by

u(a) == (a)Q €S

so that u(a) = e*?, § = arga.

Let p be a prime ideal in Z[i]. If p = () is generated by the Gaussian
integer ar, we associate a direction vector u(p) := u(a) € Sb. Since all generators
of the ideal differ by multiplication by a unit Z[i|* = {£1, i}, the direction
vector u(p) = €*% is well-defined on ideals, while the angle 0y is only defined
modulo 7/2. We can choose 6, to lie say in [0, 7/2), corresponding to taking
a=a+1tb, witha >0,0>0.

Hecke [5] showed that as p varies over prime ideals of Z[i], the angles 6,
become uniformly distributed in [0, 7): For a fixed sector, defined by an interval
1<y

#{Normp <z :0, € I} |1]

(1.1) #{Normp < z} /2’

Tr — 0

where |I| is the length of the interval I.

The validity of (1.1) for shrinking sectors was studied by Kubilius and his
school [11, 12, 10, 14, 15, 16], obtaining that (1.1) holds for any sector as
long as |I| > x~% for some 1/4 < § < 1/2. See also [4] for existence of prime
angles in somewhat smaller sectors without the full force of (1.1). Assuming the
Generalized Riemann Hypothesis (GRH), we know that (1.1) holds for intervals
with length(I) > x~1/2t°(1)_ This regime is the limit of what can be expected
to hold for individual sectors, because it is easy to see that there are no Gaussian
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integers (let alone primes) in the sector
b
{a,b >0:a®+b><x,0<arctan < :1:*1/2}.
a

Hence for smaller sectors we can only hope for a statistical theory, rather than
individual results.
To formulate the theory, we introduce some notation: Given x > 1, let N be
the number of prime ideals p C Z[i] of norm at most x:
N := #{p prime : Normp < 2} ~ ,
log x
where the asymptotic holds by the Prime Ideal Theorem for Q(7). Given an
interval I (0) = [0 — 7,0+ [} ] of length 7/(2K’) centered at 0, define a sector

Sect(0,z) = {z € C: Norm(z) = 2z < z,arg(z) € Ix(0)}

of radius \/z and opening angle defined by Ik (6).
Given K > 1, we divide the interval [0,7/2) into K disjoint arcs

IK(91), . ,IK(QK)

of equal length, which in turn define K disjoint sectors Sect(6;,x), and study
the number of prime angles falling into each such sector. If the sectors are too
small, in the sense that the number K of sectors is larger than the number N
of angles involved, then the typical such sector will not contain any Gaussian
prime. We want to show that in the range K < N'~¢, almost all sectors with
opening angles of size ~ 1/K contain at least one angle 6,, Norm(p) < x. We
can do so assuming GRH (for the family of Hecke L-functions):

THEOREM 1.1: Assume GRH. Then almost all arcs of length 1/K contain at
least one angle 6, for a prime ideal with Norm(p) < K (log K)2+°().

Unconditionally, one may use zero-density theorems as in [16] to obtain a
result with Norm(p) < K279 for some small § > 0.

It is surprising that something like Theorem 1.1 does not seem to have been
considered long ago. It has come up independently in the recent work of Ori
Parzanchevski and Peter Sarnak [17].

1.2. THE NUMBER VARIANCE. One way to obtain such an “almost-everywhere”
result is by computing the variance of a suitable counting function. The study
of the structure of the variance is the main point of this paper.
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Let
(1.2) Nk 2(0) = #{p prime, Normp < z, 0, € Ix(0)}

be the number of angles 8, in Ik (6).
The expected number is

/2
Wica) = [ Nicat) 4 =
We wish to study the number variance
/2 do
Varic) = [ Wice = Wi 1

If N = o(K), then for almost all intervals, we do not have any angles 6, in
the interval Ik (). We can easily compute the variance in this “trivial” regime:
N
K )

For the interesting range, when K < N'~¢, we expect:

Var(Ng z) ~ N = o(K).

CONJECTURE 1.2: For1 < K <« N1—o()

logK)'

N
Var(Nk o) ~ % min (1, 21ogN

For random angles (N uniform independent points in [0,7/2)), the variance
would be ~ N/K. Thus we expect the Gaussian angles to display a marked
deviation from randomness, in that there is a crossover from purely random
behavior for very short intervals (K > N'/2), to a saturation for moderately
short intervals (1 < K < N'/2), where the variance is smaller than that of
random angles, so one can say that they display some measure of rigidity. See
Figure 1 for numerical evidence. For an explanation of the underlying rigidity
present here and for other deviations from randomness, see §2.

A related saturation effect was previously observed by Bui, Keating and
Smith [2], in the context of computing the variance of sums in short intervals
of coefficients of a fixed L-function of higher degree.

One of our main goals is to justify Conjecture 1.2. In §3 we define a suitably
smoothed version of the counting function N , and express the corresponding
variance in terms of zeros of a family of Hecke L-functions. This enables us,
in §4, to use GRH to give an upper bound for this variance and consequently
deduce the almost-everywhere result of Theorem 1.1. Moreover, in §5 we go
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Figure 1. A plot of the ratio Var(Nk .)/E(Nk.) versus
B =log K/log N, for z ~ 10%. The smooth line is min(1, 2/3).

on to develop a suitable random matrix theory model of this result, which
gives a result corresponding to Conjecture 1.2. We now turn to formulating a
similar problem in a function field setting, where we can prove an analogue of
Conjecture 1.2.

1.3. A FUNCTION FIELD ANALOGUE. Let IF; be a finite field of cardinality g,
from now on assumed to be odd. We want to write prime (irreducible monic)
polynomials as

(1.3) P(T) = A(T)* + TB(T)?

with A, B € Fy[T], which is equivalent to the constant term P(0) being a square
in F, (see, e.g., [1]). If additionally P(0) # 0, then there are exactly four such
representations, obtained from (1.3) by changing the signs of A and B. This
decomposition gives a factorization in Fy[T|[v/—T] = F,[v/—T] as

P=p-p=(A+V-TB)(A-V-TB)

and the corresponding factorization of the ideal (P) C F,[T] into a pair of
conjugate prime ideals of F,[v/—T]. The number N of such prime polynomials
p(v/—T) of degree v with p(0) # 0 satisfies

v/2

wo(", )

by the Prime Polynomial Theorem in Fy[v/—T7.

v

q
v

N =
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Denote S=+/—T and consider the quadratic extension F,(T)(v/—T) = Fy(S),
which is still rational (genus zero). Let F4[[S]] be the ring of formal power series.
It is equipped with the Galois involution

08 =S, o(f)(S) = f(-9),
and the norm map
Norm : Fo[[S]]™ — Fo[[T]]", Norm(f) = f(5)f(=5).

We denote
S':= {g € F,[[S]]" : 9(0) = 1, Norm(g) = 1}

the formal power series with constant term 1 and unit norm. This is a group,

which is our analogue of the unit circle. It is important to note that since ¢ is

odd, Hensel’s Lemma tells us that the square map u — u? is an automorphism

of S!, and in particular each element of S! admits a unique square root /u.
We put an absolute value |f| = ¢~ °"4() on F,[[S]], where

ord(f) = max(j : 57 | f).
We then divide S! into “sectors”
Sect(u; k) = {v € '+ |v —u| < ¢~}
We denote by
S1={f € F[S1/(S*) : £(0) = 1, Norm(f) := f(~$)(S) = 1 mod 5*}

the elements of unit norm and constant term unity in (F,[S]/(S*))*. The
group S} parameterizes the different sectors. The order of S}, is

K = #S} = ¢~,
where

k 2k + 1,
k:=1]_.], sothat k= "
2 2kK.

We next want to define the notion of direction (essentially an angle) for any
nonzero polynomial

f=AT)+V-TB(T) € F,[vV-T).
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To motivate the definition below, recall that for a nonzero complex number

a = |ale, we have a/a = ¢*?. To any nonzero f € F,[S] which is coprime

to S, we associate a norm-one element U(f) € S! via the map

_ f
(1.4) U'fH\/a(f)'

Note that since f(0) # 0, f/o(f) has constant term one, lies in F4[[S]], and has
unit norm, that is f/o(f) € S!, and hence /f/o(f) € S* exists and is unique.
Moreover,
Ulef) = U(f)

for all scalars ¢ € F)<, so that if f € F,[S] then U(f) only depends on the ideal
(f) C Fy[S] generated by f.

We want to count the number of prime ideals (p) C F,[S] with p(0) # 0,
whose directions U(p) lie in a given sector. For u € S, let

Niw(u) := #{(p) prime, p(0) #0: degp = v, U(p) € Sect(u, k)}.

The mean value is clearly

1 _N ¢/
New) = > Niw(u) = e

1
u€eSy,

For k < v we can show (see Corollary 6.5) that as ¢ — oo,
N
(1.5) Niow(u) = K +0(¢""?)
which gives an asymptotic result if k < v/2. For larger values of x, there are
sectors which do not contain prime directions, as in the number field case; see
Remark 6.6.
Our main result is the computation, in the large ¢ limit, of the number

variance )
qr Z |Nk,u - <Nk,V>|2-

1
u€Sy,

Var(Ng,,) =

THEOREM 1.3: Assume that x > 3, or if K = 2 that 51 q. Then as ¢ — oo,

Var(Ng,,) ~ qy;ﬁ X -2 vz
v v—1+4+n), c<v<25—2

where n(v) =1 if v is even, and 0 otherwise.
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To compare it to our number field conjecture, here the number of sectors
is K = ¢", the number of directions (the number of Gaussian prime ideals p of
degree v) is N ~ ¢”/v, so that the expected value is N/K, and the variance
satisfies, as ¢ — o0,

loqu 2 1
Var(Nka,V) N 2logq N log, N’ logq K < 2 logq N+ ]"
log, N)—1
N/K 14 f;qzv) ,  slog,N+1<log, K <log, N.

Our Conjecture 1.2 for the number-field variance is

Var (NK,N)

1
~ min (1,2 ogK)
N/K

log N

which is analogous to the above.

ACKNOWLEDGMENTS. We thank Steve Lester, for his help in the beginning of
the project, and to Jon Keating, Corentin Perret-Gentil and Peter Sarnak for
their comments.

The research leading to these results has received funding from the European
Research Council under the European Union’s Seventh Framework Programme
(FP7/2007-2013) / ERC grant agreement n° 320755.

2. Repulsion between angles

2.1. REPULSION AND ITS CONSEQUENCES. Let a be a nonzero ideal in Z[i].
If a = (@) is generated by the Gaussian integer «, we associate a direction vector
u(p) == u(a) € S. Since all generators of the ideal differ by multiplication by
a unit Z[i]* = {#1,4i}, the direction vector u(a) = e is well-defined on
ideals, while the angle 6, is only defined modulo /2. We can choose 6, to lie
say in [0, 7/2), corresponding to taking & = a+4b, with a > 0, > 0. If a = ()
for nonzero « € Z, then 6, = 0.

LEMMA 2.1: (i) If 64 # 0 then
1
00 > .
7 VNorma
(ii) Ifp # q are ideals with distinct angles 6, # 6, then
1
16 — b4l

> .
~ /Norm p Norm q
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Proof. (i) Write a = (a + ib) with a,b > 0. Then

b S 1 S 1 _ 1

a~a vaz+b /Norma
Since we may assume that 6, € (0,7/4), we have tanf, < /20, which gives
our claim.

(ii) Write p = (a +ib), g = (¢ + id), with a,b > 0 and ¢ > 0, d > 0. Consider
the triangle having vertices at the origin, a 4 b and ¢ + i¢d. Since 0, # 0, its
area is positive and being a lattice triangle, its area is at least 1/2.

On the other hand, its area is given in terms of the angle 6, — 64 between the
sides a + b and ¢ + id as

1
area = 2\/Normp\/Normqsin |6, — b4].

Thus we find
v/Norm p/Norm gsin |(6), — 04)| > 1
and hence 1
O, — b4 > sinl|b, — 04| > :
|0p — Oq| > sin |0 — Oq| > v/Norm p Norm q

Lemma 2.1 implies that the interval {0 < 6 < 1/y/x} will contain no angles 6,
for Normp < , so that the number Nk , of prime angles 6, in this interval
is zero. Hence we cannot expect an asymptotic formula Nk , ~ N/K to hold
for all intervals if K < N'/2, while it does hold (assuming GRH) for larger
intervals. Theorem 1.1 guarantees that almost all intervals will contain angles
if K < Ni—o(),

2.2. DEVIATIONS FROM RANDOMNESS. The existence of a “big hole” as above
displays a striking deviation from randomness of the angles, when compared
to N random angles in [0,7/2). For these, the maximal gap is almost surely
of order log N/N, while Lemma 2.1(i) guarantees a much larger gap, of size
N_1/2_O(1).

Another statistic which indicates that Gaussian angles behave differently than
random points is the minimal spacing statistic: For N random angles in [0, /2)
as above, the smallest gap is almost surely of size ~ 1/N? [13]. In contrast, the
minimal gap between the angles {f, # 0 : Normp < z} is by Lemma 2.1

min{|0, — 0,/| : Normp, Normp’' < z,p # p'} > :10 ~ Nl(igN’

which is much bigger than the random case.
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2.3. THE VARIANCE IN THE TRIVIAL REGIME. We want to study fluctuations in
the number Nk ., of angles falling in “random” short intervals. Take the interval
length 1/K =0(1/x), equivalently the number K of intervals, to be much larger
than the number N ~z/log x of angles: N =0(K). Then for almost all intervals,
we do not have any angles 6, in the interval Ix (0). Nonetheless we can compute

the variance in this “trivial” regime.

PROPOSITION 2.2: If z = o(K) then

N

Var(Ng z) ~ K

Proof. We recall definition (1.2): Given an interval I (0) = [0 — 5,0+ ] of
length 7/2K centered at 6, let!

Nk o(0) = #{p prime, Normp <z :0, € Ix(0)} = Z Ik (6, —0)

Norm p<z
prime

be the number of prime angles 6, in I (). We will take the center 6 of the
interval to be random, that is uniform in (0,7/2).
We compute the second moment of N' = N , using its definition

W= > Y 0)Ix (0, — 0)).

Norm p<z Norm q<z

1 /2
)= 7_‘_/2/0 H(0)do

The contribution of pairs of inert primes, where 8, =0, p = (p), p = 3 mod 4,

where throughout we use

Normp = p? < z, is

(#{p =3 mod 4,p < Va})* - (Ixc(~0)%).
Note that I% = I and

length(1x) 1
I (-0 Ik (6 = .
(1 (=60)%) = ity = ) — L
Moreover, the number of p = 3mod 4, p < /z is <« /x/logz. Hence the

contribution of pairs of inert primes is O( K(logz)? ).

1 We abuse notation and use the same symbol for the interval and its indicator function.
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If p # q and at least one of p, q is not inert, so that 8, # 0, then Lemma 2.1
gives

1
|0p — 04 >

For the integral (Ix (6, —6)Ix (84 —6)) to be nonzero, it is necessary that there
be some 6 so that both 6,6, € Ix(6), which forces the distance between the
two angles to be at most 7/2K:
|9P o 9q| < 27;(-
Hence if = o(K) then such off-diagonal pairs contribute nothing.
We conclude that the second moment of Nk, is essentially given by the sum
of the diagonal terms

W= 30 Uk =07+ 0 r )

2
Norm p<z (IOg .T)
1 T N
= Z + O( 2) ~ g
Nomma<a K K (logx) K

We can now compute the variance:
N N2
— N2y 2 AV

Var(V) = (V) = (V)2 ~ o= ()

Since N = o(K) we find
N

Vi ~
ar(N) %
as claimed.

3. Almost all sectors contain an angle

3.1. A sMOOTH COUNT. Our goal in this section is to prove Theorem 1.1, which
claims (assuming GRH) that in the non-trivial range K < X!7¢ almost all
arcs of size & 1/K contain at least one angle 6,, Norm(p) < X. We can do so
assuming GRH (for the family of Hecke L-functions).

To count the number of angles 6, lying in a short segment of [0, 7/2), pick
a window function f € C°(R), which we take to be even and real valued, and

for K > 1 define
=15 0-1)
JEZ
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which is 7m/2-periodic, and localized on a scale of 1/K. The Fourier expansion

of I is
(3.1) =Y Pk, F <k>=1f(’“)
. K K K )
kEZ
where the Fourier transform is normalized as f(y = [7 f(x)e"*™¥=dz. Note

that since f is even and real valued, the same holds for f .
Let ® € C2°(0,00). Now set

i N
rox (0) = Z <I>( o;‘(mp) log Norm(p) Fi (6, — 6),
p prime
the sum over all prime ideals of Z[i], which gives a smooth count of prime
angles 0, lying in a smooth window defined Fi around 6. We also define

Vrx(®) = @(No;ma)A(a)FK(Ga —0),

the sum over all powers of prime ideals, with the von Mangoldt function
A(a) =logNorm(p) if a = p” is a power of a prime ideal p, and equal to zero
otherwise.

We next compute the mean value.

LEMMA 3.1: The mean values of {xc x and Py me are asymptotically

(3.2) (Vr.x) ~ };(”;n(e K/ f(z d:E/ O (u)du.
Moreover, /
1/2
rx) — (o) < 0
Proof. The mean value is
) = 700 Y (M)A,

p prime

We can evaluate this using the Prime Ideal Theorem to obtain

) ~ 3o [ st [~ e

and likewise for (¢Y37'¥°)

term of O(X;(/Z) for both.

. If in addition we use GRH, we obtain a remainder
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We bound the difference by

(Wi x) — prlmc B Z Ao (Norma) f}(?)

a#prime

1 X1/2
< g Yo A< :

K
Norm(a)<X
a#prime

which shows that the mean values are close.
Note that the inert primes p = (p) give angle , = 0, but that Normp = p?

so that in P2, we get a contribution of size v/ X if § ~ 0. This is significantly
larger than the mean value if K > X1/2.

3.2. VARIANCE IN THE TRIVIAL REGIME. The variance of 1/;"“”” in the trivial
regime X = o(K) is

(3 Var(se ) ~ VarWER) ~ ea(f,0) - 28,
where N _
= %d D(t)2dt.
|ty [~ ez

Indeed, if X = o(K) then the same argument of repulsion between angles as in
§2.3 allows us to compute the second moment as asymptotically equal to the
sum over the diagonal pairs

(e x2) ~ (Fic(6 zcb(NO”“ N A

By Parseval’s theorem, we have

<|FK<0>|2>=7T}2 / Fic(o |d9—Z|FK

keZ
— e )~ i 1w
keZ

and
za: @(NO?(“))QA@)? ~ /OOO O(t)2dt - X log X

by the Prime Ideal Theorem. This gives the second moment as

Xlog X
hrime 2 / F(y)2dy / O(t)2dt ;’{g ,
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and since X = o(K), we obtain (3.3) for Var(¢k x). The argument for
Var( 5’;};{“6) is identical.

prime

3.3. AN UPPER BOUND. We give an upper bound on the variance of ¥ " in
the non-trivial regime K < X, assuming GRH.

THEOREM 3.2: Assume GRH. Then

)[g(log K)?.

From this bound we easily deduce Theorem 1.1: We use Chebyshev’s inequal-

Var( %";?e) <

ity and Theorem 3.2 to deduce

rime rime 1 rime Var( §;1§C)
Prob{0 : [} ¥°(0) — E(R X°) > E(WrX)} < 7

2 LEERE))?
Xlog K)?2  K(log K)2
K(Xg ) < (log )_
(%)? X

Taking X = K (log K)?*°() we find that for almost all 6,

prime 0
Kx (0)> K

is nonzero. Therefore the sum defining %' is non-empty, and since it is a

sum over prime ideals giving angles 8, in the arc of length ~ 1/K around 6, we
find that for almost all 6, such arcs contain an angle 6, for a prime ideal with
Norm(p) < X = K (log K)?*o(1).

The proof of Theorem 3.2 will be presented in §4.4.

4. Relation to zeros of Hecke L-functions
4.1. HECKE CHARACTERS AND THEIR L-FUNCTIONS. The Hecke characters
Er(a) = (0/@)*, ke,

give well defined functions on the ideals of Z[i]. In terms of the angles associated

to ideals, we have

ei4k9,, == (p)
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To each such character Hecke [5] associated its L-function

= — Ek(a) — = —s\—1
LoZ0= 3 o, = T] 0= Sx(p)Normp) ™)™, Re(s) > 1.
0#aCZ]i] p
prime
Note that L(s,Z) = L(s,Z_%). Hecke showed that if k # 0, these functions
have an analytic continuation to the entire complex plane, and satisfy a func-
tional equation:

(4.1) Ei(s) == = CH2RDD (s 4 2|k|) L(s, Bx) = &x(1 — ).

The completed L-function &i(s) has all its zeros in the critical strip
0 < Re(s) < 1 (the non-trivial zeros of L(s,Zj)), and the Generalized
Riemann Hypothesis asserts that they all lie on the critical line Re(s) = 1/2.
The growth of the number of non-trivial zeros of L(s, =) in a fixed rectangle is

Tylogk

(4.2) #{p:0<Im(p) <To} ~ , k—o00, Tp>0 fixed,
T
in other words, the density of zeros is loilkl.
LEMMA 4.1:
kg L o k Norma
_ —i4k0 -
45 dwx(® = P ;cb( o)A @E (@)
and
. —ap 1~ K Norm p

prime _ i4k6 =

(4.4) R0 =3 e Kf(K)p%@( o D) ARE(p)-

Proof. Inserting the Fourier expansion (3.1) of Fi gives
. ) 1~k Norm p ;
prime _ —i4k6 4k
K50 =3 e Kf(K)?b( D) A(pet .

Now note that e**% = Z;(p) is the Hecke character, to obtain (4.4). The same
argument gives (4.3).

The zero mode k=0 in (4.4) is the mean value (3.2). The same holds for ¢k x.
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4.2. AN EXPLICIT FORMULA.
PROPOSITION 4.2: Let ® € C2°(0,00), and let
B(s) = / O(x)x®
0

be its Mellin transform. Then for k # 0 and X >4 1,
Norm(a)
A(a)=
DA e ()
- 1 I I’
d(p)X7* 2|k 1-— 2|k ) X3d
D I L L) CORe

&k(p)=0

where the sum on the RHS is over all non-trivial zeros of L(s,Z}).

dzr
T

Proof. We abbreviate Ly(s) := L(s, Ej). Using Mellin inversion

1 ~
O(x)=_ . / O(s)x™%ds
2mi Re(s)=2

we obtain

3 A(a)Ek(a)<I>(NOI;(n(a)) _ /2) o) fn S(a)s B(s)ds

L/
27”/(2) L (6)B(s) X ds.

In terms of the completed L-function & (s), the logarithmic derivative of L(s, Zg)
is
L) I &
- s)=—logm+ _ (s+ 2|k k
Lh(e) = —logm+ (s + 2k - o

Inserting into the above gives

! L 9@ 1 r .
- P(s)X*ds = _1 o1k (s Xd
2ri /<2> L, WP =g /(2)( o+ . (s -+ 2/k]) ) B(s) X "ds

().

&k
We shift the contour in the integral to Re(s) = —1, picking up the poles

1 g;c 5 s
+ - /(2)— (8)®(s)X*ds.

of fg’; (s), which are all simple poles with residue —1 at the non-trivial zeros
of Ly(s), giving

L . £ i
27”'/(2) fk() (5)Xds = - Zcb )X +2m/ fk() (s)X"d

P (_1)
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Changing variables s — 1 — s gives

1 _g;g ~ s _ 1 _g;c T _ 1—s
i /(_1) ., (8)®(s)X°ds = o /(2) ‘. (1=9)P(1—s)X " ~%ds.

The functional equation (4.1) of L(s, Zj) implies

& &k

&k (5= &k

(175)5

which gives

1 75;6 . T . 1—s _
27”,/(2) fk(l $)P(1— )X ~%ds

Returning to the incomplete L-function gives

1

&k

) $)P(1 — ) X1 5ds.
i [y € V0=

5’“( )B(1 — )X %ds
(2) &k

1 I L -
_ —1 k 1— 1-s
) ./(2)( ogm+ 1. (s +2/k) + * (s))@( $)X1%ds

!/

1 ~ 1 r -
—logm . / O(s)X%ds + . / (1 —s+42|k|)®(s)X%ds
2) 211 (2) r

+ ! / L;“(s)é(l—s)Xl_sds
21 (2) Lk '

By Mellin inversion,

271”_ /(2) B(s) X ds = @()1(),

which vanishes for X > 1 as ® is compactly supported in (0, c0). Likewise,
Lo oL 1
, s)®(1 —s) X "%ds
- /(2) EB )
1 S F 1—
/2) Z Norm O(1 — s)ds
- ®(1—s)(XN 1=5q
Z Norm (a) 2m /(2) ( ) orm(a)) 8

T ; Nor;nk(a) (I)(X Nolrm(a)) =0,

since each term vanishes for X > 1 (independently of a, since Norm(a) > 1).
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Collecting terms, we find

Zﬂ: A(a)Ek(a)Cb(Nor;l(a))

- zp: B(p)XP + 271”, /(2) {E(s +olk)) + 11: (1—s+ 2|k|)}ci>(s)XSds,

as claimed.

LEMMA 4.3: For k # 0,

X1/21og 2|k|

(log X)100

1 I’ I’ ~
2|k 1-— 2|k]) 1 ®(s)X°d
i oy L 642D 1 (054200} X s <

Proof. Note that the integrand is analytic in —2 < Re(s) < 3, so we may shift
the contour of integration to Re(s) = 1/2. Let

hio(t) == {I; (; +it+2|k|) + I; (; —it+2|k|)}<i>(; —l—it).

The integral is essentially X'/2 times the Fourier transform /ﬁk (log X), that is

1 > .
X1/2 or / hk(t)eztlongt-

We can estimate the derivatives of hi(t) by using Stirling’s formula and the
rapid decay of é(é + it) as being bounded by

log 2| k|
(1 + [£])200°
Hence integration by parts shows that the Fourier transform of hj is bounded
by

I (1) <

log 2|k|

hi(log X
|hi(log X)| < (log X)100°

which proves the Lemma.
From Lemma 4.1, Proposition 4.2 and Lemma 4.3 we deduce
COROLLARY 4.4: Assume GRH. Then

Y x(0)— (YK x)
12N, iake L gk (1 log &
=—x! kaﬂ)e 4k9Kf(K)<gk(ﬁ%;n)j)(Q—i-Wk,n)X VE +0((10gX)100))'

Averaging Corollary 4.4 over 6 we find
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COROLLARY 4.5: Assume GRH. Then
Var(wKX)
X o/ k\2 -1 log K 2
T K? ];f(K) ( 2. QI)(2“7’“’"))(% +0((1ogX)100)) '

&k (3 +ivVi,n)=0

COROLLARY 4.6: Assume GRH. Then

X
Var(vr,x) < K(logK)z.
Proof. We use GRH to obtain |X**~| =1 so that
1 . 1
(4.5) ‘;@(QJrryk,n)X Ve, S;’@(Qsz'ykm) .

We use a standard bound for the number of zeros of L(s,Zj) in an interval (see
[6, Proposition 5.7]):

(4.6)  #{n:Im(pay) € [T —1,T +1]} < log (‘; n iT‘ n 2|k|).

Note that ® decays rapidly in vertical strips, say
1

~r1
B(y +iu)] ’
‘ 9 +iu )| <o (1+|u|)100

which together with (4.6) gives

DILICREIE DD DI UIGEE Y
13

JELM:j<Yk,n<j+1

(4.7

1 .
<o Z (14 [j])100 log(|2k| + |j]) < log(2|k|).
JEZ

Inserting (4.7) into Corollary 4.5 gives
X ~ kN2 s X 5
Var(vk x) < 2 ,; ’f(K)‘ (log 2k)* <« K(logK) ,
as claimed.

4.3. PRIMES VS PRIME POWERS. We pass from a sum over prime ideals to a
sum over all prime powers:

LEMMA 4.7: Assume GRH. For k # 0 such that log |k| < log X,

S a@z@e( ) = 3 apz@e(NEP) + o)

p prime
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Proof. We denote

Sprime(X, 5, @) == > A(p)Ex(p (Nogr(n(p))

p prime

and

San (X, k, ®) : ZA a)E ( (NOI}I{H@).

Assuming GRH, we have
San (X, k, @) < X% 1og(2|k|).

Indeed, from the Explicit Formula (Proposition 4.2), Lemma 4.3, and GRH we

have

San(X, k, ®)
/1 1 I I -
3 <1>( +m)X%+W+ / { (s+2k)+ (175+2k)}<1>(s)Xsds
- 2 211 (2) I I
&k (5 +iv)=0

-1 X1/210g 2|k|

X #(, )

< Z 2—1—27 + (log X)100
Er(3+iy)=0

<X Y2 1og(2|k|)
on using the density of zeros of L(s,Zy) (4.2).

Next we crudely bound the contribution ¥>2(X, k, @) to Xn(X, k, ®) of the
higher prime powers p?, j > 2:

Saa(X k)= S STAR)E @(Nor;n((pj))

p prime j>2

< Z log Norm(p) Z o (Nor;n((p)j )

p prime j>2

< Z log Norm(p)

p prime
Norm (p)< X /2

< X2,

log X
log Norm(p)

Therefore we obtain a crude a priori bound on the contribution of primes:

(48)  Sprime(X, k, ®) = San(X, k, ®) — Lx2(X, k, @) < X'/*log(2|k]).
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We now seek a more refined estimate. In the sum X,y (X, k, ®) over all prime
powers, we separately treat the contributions of primes, of squares of primes,
and of higher powers:

Ezmll()(v ka q)) = Eprimc()(; kv (I)) + EQ(Xv ka q)) + 223(){7 ka q))v

where
Saa(X, k@) = 3 SOAR)E (Nori(p]))
p prime >3
and
Norm(p?)
2(X, k, D) A(p
= 3 awEehe( )

orm(p)?
3 1ogNorm(p)Ezk(p)<1>(N X(p) ).

p prime
By definition,
EQ(Xv ka q)) = 21;)1rimc()(1/27 2ka @2)

where ®3(u) = ®(u?). Therefore inputting the a priori bound (4.8) (which uses
GRH to get cancellation) gives

Yo (X, k, ®) < X4 1og(2]k]).

For the contribution of higher powers, we use

Yx3(X K, Q) K Z log Norm(p) Z @(Norm(P)j)

- ‘ X
p prime 7j>3
log X
logN
< p ;ﬂe og Norm(p) log Norm(p)
N01rm(p)<<X1/3
< XV/3,

Thus we obtain
San(X, k, @) = Sprime(X, k, @) + O(X '/ log(2]k])) + O(X/?),

which gives us the result since log|k| < log X.
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LEMMA 4.8: Assume GRH. Then
rime X2/3
([Wrx —¥EXT) <

Proof. We use Lemma 4.1 to write

bre.x(0) — ?i;?e KZ 7l4k0f( ) Z Aa (Norma)ik(a)-

a#prime

The term k = 0 is the difference between mean values, which by Lemma 3.1 is
O(X'/?/K). Hence

Y x (0) — YRR(0)

KZ 714k0f( ) Z Aa (Norma)uk(a)jLO(X;{/Q)

k#0 a#prime
X1/2
—1+0(", )
+ K
say. Hence it suffices to show that (I?) < X?/3/K.

‘We have

Z Aa (Normﬂ)uk(a) 2

a#prime

1 ~r k
2y _
P= X ()
k0
By Lemma 4.7, the sum over a non-prime is O(X'/3) (assuming log K < log X),

1 kN2 X2/3
2 2/3
X
< K2 %;)f(K) < K

and therefore

as desired.

4.4. PROOF OF THEOREM 3.2. We want to show that

Var( prlme) — ||wpr1me < prlme> | |2 <<

1 /2
1=y [ 1r@)Pae

is the standard L? norm on [0, 7/2].

Using the triangle inequality, we have

(B — (R [o <[[B%° — v x|z + |[¥k.x — (W x)|l2
+ (K x) — (VR

X
K(logK)Q,

where
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By Lemma 4.8
X2/3)1/2

prime _ prlme 1/2
RS = drexll = (emx — R < (7

by Corollary 4.6,

X 1/2
Wosex = (o)l = (Var(ue )/ < (o (log K)2)
and by Lemma 3.1, the mean values are close:

X1/2

[(Yr,x) — (W) < i

Thus we obtain

e — il < (V) +( (log K)*) "+ 7

( (log K) )

rime X
Var(vi ') < K(logK)2

hence
which proves Theorem 3.2.

5. A random matrix theory model

In this section we present a conjecture for the variance of the smooth count

VK, X"
CONJECTURE 5.1:

Var(¢Yx, x) ~ ca(f, @); -min(log X, 2log K)

- [ O; oy | T a2

Note that Conjecture 5.1 coincides with our result (3.3) in the trivial regime
range K > X.
To recover Conjecture 1.2 from Conjecture 5.1, we can (at a heuristic level)

where

pass to an actual count with sharp cutoffs: Take f = 1_ /5 1/9) and & = 1g 4,
and replace the weight A(p) by log X throughout, and ignore the contribution
of higher powers of primes.
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We use Corollary 4.5 with X = K¢ for a > 0, and note that since fis even,
and £_1(s) = &k(s), we can pass to a sum over positive ks, to obtain

2
(5.1) Var(wKX Z 7 )2‘ Z(i)(; i ’L"Wg,j)emlogK%'j
J

the inner sums over all non-trivial zeros of L(s,Zj); we have ignored the re-
mainder term in Corollary 4.5 as it can be seen to be o(X/K) by using (4.7).
Let
alog K

2 =
(52) ni= 01

1 .
=30 (2 iy Jermos,
J
Since the density of zeros of L(s,Zy) is about = log |k|, the sum in S, (Zg) is

and

over O(log K) zeros.
Conjecture 5.1 is clearly implied by

CONJECTURE 5.2: Fix a > 0. Then as K — oo,
(5.3) o Zf( ) 1S (Z0)|2 ~ ca(f, ) log K min(a, 2).

5.1. THE MODEL. We model the sum S, (Z)) by replacing the zeros of L(s,Zf)
by the eigenvalues of a fictitious N x N (diagonal) unitary matrix

U = diag(e*™ )1, N-

We may want to require that U be symplectic,? in which case N = 2g is even
and the eigenphases «y; will come in conjugate pairs yv—; = —v;, 5 =1,...,9.

We choose N so that the density of angles, namely N, matches the density
of zeros of L(s, =) by requiring
(5.4) N~ sl

T

We replace <I>( +47) by a periodic function w(y) = w(y + 1), to get a linear

statistic

N
= E ,w 271'1717/]
Jj=1

2 or orthogonal
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Expanding w(y) = > ,c, W(l)e 2mitY in a Fourier series we obtain
(5.5) Sp(U) = Z w(L) Z e?minthms — Zw —n)tr(U™).
L J

We obtain the following model for the sum (5.3):

63) 2 F() ISP,

k>0
where the unitary matrices Uy are picked uniformly and independently from
a certain subgroup G(N) C U(N) of unitary N x N matrices, N = }Tlog K,
say G(N) = U(N) is the full unitary group, or the symplectic group
G(N) = USp(N) (possible only when N is even).
We now replace the discrete average
2 ~/ k2
P () HwY
by the continuous average
cy H(U)dU
G(N)
with respect to the Haar probability measure on G(IV), with ¢ chosen so that
the two averages coincide when the test function H(U) = 1 is constant, that is

2
= i
¢ Kgnoo K P / f

(recalling that f is even and real valued). Therefore we model (5.3) by the
matrix integral

(5.6) (5.3) +— ¢y / 1S, (U)|?dU,
G(N)
where n = N grows linearly with the matrix size IV, precisely so that under the

correspondence (5.4) and (5.2), n «—
We claim that for all the classical groups (G = U, USp, O) under these con-

log K .
5 °%" is assumed to be an integer.

ditions the answer is

PROPOSITION 5.3: For G(N) = U(N), USp(2N), SO(2N), and n =~ N, as

N — o0
1
[ 18u)Pav ~ wminga, N) [
G(N) 0
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Therefore we are led to Conjecture 5.2, once we understand the analogue of
fol lw(v)|?dy: Recall that w(y) corresponded to ®(} + i), which we can write
in terms of ¢(t) := ®(et)et/? as

~ /1 o 1. dr o0 - ~ ~
) — iy &Y Y\ e¥/260Y oy —
@(2 + w) /0 O(x)x2 / O(e¥)eV “edy ¢( 27r)'

€ —0o0

Hence fol |w(v)|?dy corresponds to

/_OO $( a 2777)2@ =2m /_OO ¢(t)?dt = 2 /OOO ®(x)2dx.

oo oo

Thus we obtain Conjecture 5.2

e log K
(5.3) ~ cf27r/ () dx - %% min (3, 1) = co(f, ®) - log K min(a, 2).
0 m

5.2. PROOF OF PROPOSITION 5.3.

Proof. We use the Fourier expansion (5.5) to obtain

/G . 1S, (U)|2dU = n;n @(m — n)B(m’ — n) /G . tr (U™ (U™ )dU.

We trivially have [trU™| < N, and since n ~ N and @ is rapidly decreas-
ing, only the terms with say m, m’ = n + O(log N) contribute anything non-
negligible. Thus

/G - Sp(U)PdU ~ @(m—n)w(m' —n) / tr(U™)tr(U™)dU.

m,m’=n+0(log N) G(N)

THE UNITARY CASE G(N)=U(N):
We use Dyson’s lemma [3]

N2, m=m' =0,

/ tr(U™tr(U™))dU =
U(N) d(m,m/)min(|m|, N), (m,m’) # (0,0).

In particular, only the diagonal terms contribute. In our case, m,m’ ~ n are

nonzero, hence we get

/ ST~ Y [@(m — ) min(jm], N).
U@) m=n+0O(log N)
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Since m varies very little around n, we can replace min(|m/|, N) by min(n, N)

with negligible error to obtain

/ 1S, (U)[2dU ~ min(n, N) > |W(m —n)|?
U(N) m=n+0O(log N)

1
~min(n, N) Y |@(m)[* = min(nvN)/ w(y)[Pdy
all m 0
by Plancherel.

THE SYMPLECTIC CASE G(N) = USp(2g):
The expected values for the symplectic group (N = 2g) are [8, Lemma 2]:
(i) If m = n then

n+n(n), l<n<y,
/ [trU"PdU =< n—1+n(n), g+1<n<2g,
USp(29)

2g, n > 2g.

(ii) If 1 < m < n then

n(m)n(n), m+n < 2g,
/ U™ e gy < d 1) —n(m+n), m <n <29, m+n>2g,
USp(29) —n(m+n), n>2g, n-—m<2g,

0, n—m > 2g,

and, in particular, if m # m’ (and neither is zero) then

(5.7) / tr(U™)te(U™)dU = O(1)
USp(N)
while for m = m’ # 0 we obtain
(5.8) / |t (U™)[2dU = min(m, N) + O(1)
USp(NV)
so that

USp(N) m=n+O(log N)

+ > @(m — n)@(m’ —n)O(1).

m,m’=n+0(log N)
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The second term is O(log N), while the first is as in the unitary case, so that
again we recover

1
[ 1su@Pd ~mingn,N) [ )P,
USp(N) 0

For the orthogonal group G(N) = SO(N) with N even, we have the same
result because (5.7), (5.8) are still valid (see [8, Lemma 2]).

6. A function field model

6.1. THE GROUP OF SECTORS. Our goal in this section is to formulate and
prove an analogue of Conjecture 1.2 and of Conjecture 5.1 in the setting of
the ring of polynomials over a finite field of ¢ elements (¢ odd), in the limit of
large ¢q. Using the notation in the Introduction, we denote by3

Sk ={f € Fy[S]/(5%) : f(0) = 1, f(=5)f(S) = 1 mod S*}
the elements of unit norm and constant term 1 in (F,[S]/(S*))*, and by
Hy, := {f € (F4[S]/(8%))* : f(=5) = f(S) mod S*}
the subgroup of even polynomials.

LEMMA 6.1 ([7, Lemma 2.1]): (i) We have a direct product decomposi-
tion

(Fq[S1/(5%))* = Hi x S}

(ii) The order of S}, is

#S) = d",
where
k—1 k
“::1“17{ 2 J:bJ’
so that
2k + 1,
N 2kK.

3 Katz [7, §2] denotes Blven = Hy, and B, = SL.
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Proof. (i) is stated in [7] for k even, but the proof is valid for arbitrary k& > 1.
(ii) The order of Hy, is

#H) = (g—1)gt =
since we can write any element of Hj as
k—1
h= Y hS%=>" h;8% € Hy, ho#0
0<2j<k j=0

and the number of such elements is clearly (¢ — 1)qu51J. Since the order of
(F,[S]/(5%))* is (¢ — 1)¢* 1, we obtain that the order of S} is

#SE =g = g,
as claimed.

We put an absolute value
1= g o

on F,[[S]], where ord(f) = max(j : S/ | f). We then divide S! into “sectors”
Sect(u; k) = {v e S': v —u| < ¢},

so that by definition, for u,v € S' C F,[[95]]

(6.1) v € Sect(u; k) < u = v mod S*¥.

Consequently, the sectors Sect(u; k) are in bijection with the group S}, and their
number is

K = #S;. = ¢".
Expanding in F,[[S5]]:

o0
uzg u; 87, ug =1,
Jj=0

and likewise for v, we see that v € Sect(u; k) is equivalent to
vi=uj, j=1,...,k—1
We have a modular version of the homomorphism U from (1.4)
Uy : (Bg[S1/(S*)* = S}, f = /f/o(f) mod S*

whose kernel is Hy. Note that f/o(f) € Si as it has unit norm and constant
term 1, and in S}C the square root is well defined since S}C = ¢" has odd order.
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LEMMA 6.2: The homomorphism Uy, : (F,[S]/(S*))* — S} is surjective.

Proof. The kernel of Uy, : (F,[S]/(S*))* — S} is Hjy because the kernel of
f = f/o(f) is, by definition, H, and the square root map is an automorphism
of S}. According to Lemma 6.1(i), the map is therefore onto.

6.2. SUPER-EVEN CHARACTERS AND THEIR L-FUNCTIONS. A super-even char-
acter modulo S¥ is a Dirichlet character

=+ (Fg[8]/(8%))* — C*

which is trivial on Hy. In particular, = is even (trivial on the scalars ).
These are the analogues of Hecke characters in §4.1. The group of super-even
characters mod S* is the character group of (F,[S]/(S*))*/H) ~ S}. Hence
by general orthogonality relations for characters of a finite Abelian group, the
super-even characters separate the cosets of Hy, that is the elements of S}C.

PROPOSITION 6.3: For f € (F,[S]/(S*))*, and u € S}, the following are equiv-
alent:

(1) Uk(f) € Sect(u; k),
(i) Ux(f) = Uk(u),
(iii) f-Hy=wu- Hyg,
(iv) Z(f) = Z(u) for all super-even characters mod S*.

Proof. For u € S we have Uy(u) = y/u/o(u) = Vu? = u mod S*, and so com-
bining with (6.1) we find that U (f) = Uk(u) is equivalent to Uy (f) € Sect(u; k).
According to Lemma 6.2, the map Uy is onto. Therefore, since the kernel of
Ui(u) is Hy, we obtain that Uk (f) = Ug(u) is equivalent to f - Hy = u - Hy, in
(F,[S)/(5%)) <.
Using the orthogonality relations for characters of S}, (super-even characters)
we obtain the final equivalence.

The Swan conductor of an even non-trivial character = mod S* is the maximal
integer d < k such that = is non-trivial on the subgroup

Pa = (1+(87)/(8%) € (Fq[S1/(S)*.

Then Z is a primitive character modulo S¥®)+1 For a super-even character,
the Swan conductor is necessarily odd, since super-even characters are auto-
matically trivial on I'y for d even.
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Let E be a non-trivial even character modulo S*. The L-function associated
to = is
(62) L(z,E)= Y Z(fze/ = J[ a-2(P)2=h)" |2 <1/q,
f monic P prime

which for non-trivial even Z is a polynomial in z of degree exactly d(Z) (the
Swan conductor of Z), including a trivial zero at z = 1. Thus we write for any
non-trivial super-even character

(6.3) L(z,E) = (1 — z)det(I — 2¢'/?0z)
for a unitary matrix Oz € U(N) (N =d(2) — 1).

For any non-trivial super-even character mod S¥, let
= > AHE(
deg f=v
be the sum over all monic polynomials of degree v, with A(f) being the
von Mangoldt function. The Explicit Formula (obtained by comparing the
logarithmic derivative of (6.2) and (6.3); see, e.g., [9]) shows that for non-trivial
super-even =, the sum over prime powers ¥(r; =) is a sum over zeros of the
L-function associated to =:

(6.4) U(v;E) = —¢"/?tr 0% — 1.

6.3. A WEIGHTED COUNT. We introduce a weighted count in terms of the
von Mangoldt function on F,[S], defined as A(f) = degp if f = cp’ for some
prime p € Fy[S] and j > 1 and scalar ¢ € F, and A(f) = 0 otherwise. Set

Upp(w)= > A,
U(f)€eSect(u;k)

the sum over monic f € F,[S] with deg f = v and f(0) # 0.
We want to average over all directions u € Sl. The mean value is

\I/k 1/ = Z \Ilk I/
u€eS;
By definition, the sum is just the sum over all monic feM,, (with f(0)#0), that is
q" =1
E(Tg,) = A(f ( A(f ) =
Ly =iy .

g f=v deg f=v

F(0)70
by the Prime Polynomial Theorem in Fy[S].
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We use Proposition 6.3 to pick out prime powers lying in a given sector, and
obtain a formula for the sum ¥y, (u) in terms of super-even characters.

LEMMA 6.4:

v_1 v/2 1
q =13 Ewwes—swul)+

Wpp(u) =~
q " 2z q

the sum being over all non-trivial super-even characters mod S*.

Proof. From Proposition 6.3 and the orthogonality relations we find

S

g~
= super-even mod Sk

(WE(f) = 1, U(f) € Sect(u; k),

0, otherwise,

(1]

which gives

1 — -
Vew(w) = Y A= > Ew) Y AEM),
deg f=v 4 = super-even mod Sk deg f=v
Uk (f)€Sect(u;k)

with the sum over all monic f € F,[S] of degree v. Hence

1 - -
(6.5) Upo(u) = > Z(u) U (v; ).

VA !

= super-even mod S

The contribution of the trivial character Zg is

s X A= (X an-)=T 0t

deg f=v deg f=v q
F(0)#0
Inserting the Explicit Formula (6.4) gives
¢’ —1 1 ) v/2 v
Uy, (1) — s T Z E(u)(¢"/?tr 0% +1)
E super-even mod S*
=F 0
ql//2 _ 1
== > E(u) tr 0% — §(u, 1) + o
= super-even mod S*
E#£E,

on using the orthogonality relations in the form

! > E(u) =6(u,1) - !

K K’
q 2#£Eo q

We use |tr©%| < 2k — 2 for E # Zy to obtain
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COROLLARY 6.5: As g — o0,

U (w) =1 +0(g"?).

Hence for k < v/2, we obtain an asymptotic formula.
By a standard argument, this implies that N, (u) = N/K + O(q”/2).

Remark 6.6: Note that for k > v/2, it is no longer necessarily the case that
Uy (u) ~ g:, in fact there may not be any polynomials g € F,[S] of degree
deg g = v < 2k with direction U(g) € Sect(u; k). As an example, assume that
k — 1 is odd, take

1+ §k1
YT o gE

and suppose that degg = v < 2k < k — 1 satisfies

=1+ 25! mod S¥

U(g) € Sect(u; k) = Sect(1 + 25%71; k).

By Proposition 6.3, this is equivalent to g € (1 + 2S*~1)H},. Reducing mod-
ulo S*=1 gives g € Hy_1, so that g(—S) = g(S) mod S¥~1. But degg < k — 1
hence g(—S) = g(9), that is g is an even polynomial, hence U(g) = 1. But then
U(g) = 1¢ Sect(1 +2S*~1; k), a contradiction.

6.4. THE VARIANCE OF Uy ,. The variance of ¥y, is

1 v—1)2
Var(¥y,) = KZ:WhNW*qu .

THEOREM 6.7: Assume q is odd, and k > 3, or that k = 2 and additionally 5 1 q.
Then as ¢ — oo,

v+n(v), 1<v<k—1,
Var(Wg,) ~¢" " qv—14+n), &<v<2k-1),
2k — 2, v>2Kk—2.

In other words, if we denote X = ¢” the number of all monics of degree v,
then

Var(¥y ) log, X — 1+ n(log, X), é log, X + % <log, K <log, X,
1 1
X/K 2log, K — 2, log, K < ;log, X + .
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This is to be compared with Conjecture 5.1. Note that the range v < « is the
“trivial regime”, where there are more sectors than directions; in that case the
result is elementary, but of little interest.

LEMMA 6.8:

wmwm»q”“<;;§j|m®aﬁ-u+cxWW%>

E£E
the sum over all non-trivial super-even characters mod S*.

Proof. Inserting (6.5) we find

1 1 _ P
Var(¥y,) = " Z . Z E(u)¥(v; E)
u€eS; E super-even mod Sk
=F20
1 — -1 — e
— 2 Z \I/(V;:,l)\IJ(V;ZQ)qK Z Z1(w)Eq(u).
Z1,22 super-even mod S¥ uESi

Do

Zo

We use the orthogonality relations in the group of super-even characters,
which is the character group of S}

K
q u€eS;
This gives
1 -
Var(U,) = Z [T (v;2)|?
= super-even mod S*
=£5,

Set c(u) = §(u,1) — qlm. From Lemma 6.4 we obtain, on denoting by (e)s:
the average over all u € S}, that

Var(¥y ) :;% Z Z tr O, tr 0% (Z1(u) Ez(u))st
E1#£E0 E2#E0

v/2
T Re Y w(O%)Eweu))s + (e(u )
E£5,

+2
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Using the orthogonality relations, the averages over u € S! are

q
1 1
= E(1)— (EE)=
" (1) " (E;Z0) ”
since = # =g, and
1 1
e@?e = (1= )
q" q"
Substituting into our formula gives
1
Var(Uy,) =¢" " > [trOg?
" =2z,
v/2 1 1
—|—2q2ﬁ Re Z tr(©%) + K(l— K).
q =z, q q

Finally we use |tr ©%] < 2x — 2 for Z # = to get our claim.

Hence we get an inequality (for all x and v)

COROLLARY 6.9:
Var(¥y ) < ¢7 " (2k — 2)2

This is analogous to Theorem 3.2. To do better, we invoke an equidistribution
result for the zeros of these L-functions.

6.5. PROOF OF THEOREM 6.7. We use Lemma 6.8. We separate the characters
according to their Swan conductor, which is necessarily an odd integer d(Z) < k,
whose maximal value is 2k — 1 (recall k = 2k or 2k + 1). Characters with such
maximal conductor make up all primitive super-even characters modulo S2%. As
in [9], the contribution of characters with smaller Swan conductor d(E) < 2x—1
is negligible, and up to lower order terms one finds

1
(6.6) Var(¥y,,) ~ ¢" " 4 > |tr %2,

= super-even mod S$2*
primitive

the average over all primitive super-even characters modulo S2*.



36 Z. RUDNICK AND E. WAXMAN Isr. J. Math.

Katz [7, Theorem 5.1] showed that for any sequence of odd* ¢ — oo, the
Frobenii

{©z= : Z primitive super-even mod S**}
become uniformly distributed in the unitary symplectic group USp(2k — 2)
provided 2k — 2 > 4, and that the same holds for 2x — 2 = 2 if the ¢ are co-
prime to 10 (i.e., the characteristic of Fy is not 2 or 5). Katz’s equidistribution
theorem allows us to replace the average over primitive super-even characters
in (6.6) by the corresponding continuous average over the unitary symplectic
group USp(2k — 2), to get
Var(Vy,,) ~ q”_”/ | tr(U")|?dU.
USp(2k—2)

The matrix integral equals, for v > 0 [8, Lemma 2],

v+n(v), 1<v<k-1,
/ (e (U)2dU = v — 14 n(), K <v < 2(s—1),
USp(2k—2)

2k — 2, v>2Kk—2,

where 7(v) =1 for v even, and equals 0 for v odd. This proves Theorem 6.7.

6.6. RELATION BETWEEN VARIANCE OF N}, AND WUy ,. We can now proceed
to prove Theorem 1.3, which follows from Theorem 6.7 once we establish the
following relation between the variance of Ny, and of ¥y, ,:

PROPOSITION 6.10: Under the conditions of Theorem 6.7,

1
Var(Ny,,) ~ 2 Var(Vg,,)
as ¢ — 0o.

Let 1gect(usk) be the indicator function of the sector Sect(u; k). We write

Uiw(w) = > AP seer(ury (U (F))

deg f=v

=v Z Lsect(usk) (U(P)) + R (u)

deg P=v
prime

=vNg,(u) + Ry (u)

41 [7, Theorem 5.1], ¢ is allowed to be even for 2k — 2 > 6.
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with the sums over monic polynomials, where

R(u) = Rip(u) = > AF)scer(ury (U (F))-

deg f=v
f not prime

We subtract the expected value of ¥, which is

where we write (o) for the average over all sectors u € S}. Compare this with
the expected value of N' = N, ,,, which is

B N B qu qu/2
<N> N qr B vgr +O(yq“)
by the Prime Polynomial Theorem. Therefore
l//2
(6.7) Wi () = (¥) = v+ W) = (A)) + R(u) + O * q ).

We claim that the mean square of R is bounded by

LEMMA 6.11:

Z R << ql/72li +q§1/7l€.

uesS;

This bound is certainly negligible compared to the variance of ¥y ,,, which
by Theorem 6.7 is of order ¢~ *. Using (6.7) gives

v

I = (NP = (0 = @)F)] < (B2 +0( 5, ).
and we obtain
v? Var(N) = Var(¥) + 0(¢" (¢ ™" +q7"%)).
Hence by Theorem 6.7
Var(W) ~ & Var(®)

v

as ¢ — Q.
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6.7. PROOF OF LEMMA 6.11. To prove Lemma 6.11 we write

<R2> = Z A(f)A(g)<1Scct(u,k) (U(f))lscct(u;k) (U(g))>

deg f,deg g=v
not prime

We compute

(Tsect(usk) (U () Lsectusk) (U(9))) = qln > Tseer(ury (U (F) Lseet(usk) (U(9))

uesS;

L. U(f) =Ulg) mod 8,

0, otherwise.
By Proposition 6.3, the condition U(f) = U(g) mod S* is equivalent to

E(f) = E(9)

for all super-even characters modulo S*, that is

<1sw<u;k>(U(f))lsm<u;k><u<g>>>:ql,c- Ly ==

= super-even mod Sk
Therefore
B)= Y A, Y =N

deg f,deg g=v 4 = super-even mod Sk

not prime

1
(68) = q2fi Z

= super-even mod Sk

2

> ANE)
w0 i

1 =
= g > |B(v,E)I%,

= super-even mod Sk

where

B(w2)= Y, M.
deg f=v
not prime
We will show below that if == 1, then
(6.9) B(v,1) <, ¢"/?,
and if = # 1, then

(6.10) |B(v,2)| <., ¢"/3.
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Assuming (6.9) and (6.10), we use the expansion (6.8) for (R?), and insert the
bounds (6.9) for = =1, and (6.10) for = # 1 to obtain

<R2> < qu72n +q§v7:<a

proving Lemma 6.11.
It remains to prove (6.9) and (6.10). We set

Aw,E)= > vE(P)

B time

so that

(6.11) B(v,2) =Y A(5,E/°).
4

The trivial bound for A(v, Z) is
|A(v, 2)| < A(v,1) = v#{P prime, deg P =v} < ¢".
This gives (6.9), because
Br,1) =Y A(0,1) <> ¢ <, ¢
o]

Slv
o<v o<v

since the largest divisor ¢ | v which is smaller than v is not larger than v/2.
If 2 # 1 then we have a better bound:
(6.12) A, 2)| <, ¢/%, Z#1.
Indeed, write
A(Va E) = \I/(Va E) - B(Vv E)v

and then use the trivial bound (6.9):

|B(r,B)| < ¢
and (6.4):

(v, 2)| < ¢,

to obtain (6.12).
Next, we use the expansion (6.11) of B(v, =) to write

B, 2)| < Y A1)+ Y JA@GE)].

Slv, d<v Slv, d<v
Er/0=1 Er/0#1
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To bound the contribution of divisors § with =%/% = 1, note that the order
of Z divides #S' = ¢”, so that if Z # 1 but Z/% = 1 then necessarily p | v/4,
where ¢ = p” with p an odd prime (since ¢ is odd). Hence using the trivial
bound A(4,1) < ¢° gives

S OAG <D ¢

S|y, d<v Slv
=v/5=1 Pl

Now if p | ¥, then § | ; so 0 < Z, and we obtain

S A <

S|y, 6<v
r/0=1

We bound the contribution of divisors § with Z¥/% £ 1, using (6.12), by

S AGE) < Y P <,

Slv, d<v Slv, d<v
=v/041

again using that the largest divisor § | ¥ which is smaller than v is not larger
than v/2. Thus we find that for E # 1,

|B(v,2)| <, ¢"/P +¢"/*

which proves (6.10) since p > 3.

(1]
2]
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